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My research uses combinatorial and algebraic techniques to investigate structures
of importance in cryptography and information theory.

I used the Lift-off funding for three things. Time to write a publication from my
thesis [1], a research visitor and attendance at the AustMS conference and Early
Career Workshop.

I arranged for Associate Professor Diane Donovan from the University of Queens-
land to visit RMIT for one week. Associate Professor Asha Rao (RMIT), Associate
Professor Diane Donovan and I spent some intensive time around a whiteboard
working on the problem outlined below.

I presented some results from my PhD thesis at the 55th Annual AustMS Meeting
in Wollongong, and attended the Early Career Workshop held in the days be-
fore. The highlight of these events for me was the discussion on balancing family
responsibilities with a research career.

In the final stages of writing my thesis I had an idea surrounding the construction
of mutually unbiased bases. This idea was the focus of my research during the
Lift-Off Fellowship.

Mutually unbiased bases (MUBs) are an important tool in quantum information

theory. Two orthonormal bases B1 and B2 of Cd are unbiased if |〈~x|~y〉| = 1/
√

d
for all ~x ∈ B1 and ~y ∈ B2. A set of bases for Cd which are pairwise unbiased is a
set of mutually unbiased bases (MUBs).

It is known that there can be maximum of d + 1 MUBs in Cd [5]. A set of d + 1
MUBs in Cd is called complete. It is known that complete sets of MUBs exists
when d is a power of a prime [5], however it is unknown if complete sets of MUBs
exist in non-prime power dimensions. There are two known families of construc-
tions of complete sets of MUBs, the Planar function construction, and the Alltop
construction.
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Theorem 1 (Planar function construction). [4, Theorem 4.1.] Let Fq be a field of
odd characteristic p. Let Π(x) be a planar function on Fq. Let Va := {vab : b ∈ Fq}
be the set of vectors

~vab =
1√
q
(ωtr(aΠ(x)+bx)

p )x∈Fq =
1√
q
(χ(aΠ(x) + bx))x∈Fq with a, b ∈ Fq . (1)

The standard basis E along with the sets Va, a ∈ Fq, form a complete set of q + 1
MUBs in Cq.

Theorem 2 (Alltop Construction). [3, Theorem 1.] Let Fq be a finite field of odd

characteristic p ≥ 5 and ω := e2iπ/p. Let Va := {~vab : b ∈ Fq} be the set of vectors

~vab :=
1√
q
(ωtr((x+b)3+a(x+b)))x∈Fq

=
1√
q
(χ((x + b)3 + a(x + b)))x∈Fq with a, b ∈ Fq . (2)

The standard basis E along with the sets Va, a ∈ Fq, form a complete set of q + 1
MUBs in Cq.

Let fab(x) = (x + b)3 + a(x + b). Then fab is not of the form αΠ(x) + βx for any
planar function Π or any α, β, a, b ∈ Fq . However

fab − fcd = 3(a− c)x2 + (3a2 − 3c2 + b− d)x + (a3 − c3 + ba− dc) (3)

is a quadratic function. Since all quadratic functions are planar, fab−fcd can there-
fore be written in the form αΠ(x) + βx for some α, β ∈ Fq . Hence the differences
between the vectors of Alltop type MUBs are Planar function type MUBs.

Conjecture 1. The set of functions {fab(x) = (a + b)3 + a(x + b) : a, b ∈ Fpr ,
p > 3}, as used in the Alltop construction, is the only set of functions which cannot
be written in the form αΠ(x) + βa but the difference of any pair of functions can.

Initial results have ruled out several families of planar functions [2]. New planar
functions are currently being discovered, thus solving for individual families of
planar function will not prove (or disprove) this conjecture. A deeper result may
be required. On the other hand if we do find a counter example, then we will have
a new construction of mutually unbiased bases; a perhaps more interesting result.
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