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The Hamiltonian cycle problem (HCP) is a classical graph theory problem that has
attained a heightened notoriety in modern times because of its placement in the
NP-complete set of problems. The HCP can be stated as: given a graph contain-
ing N vertices, determine whether a simple cycle of length N exists in the graph.
Despite this simple description, the HCP possesses a rich structure that can be
exploited. One approach to take advantage of this structure has been to embed
the HCP in a Markov decision process [3]. This enables the use of techniques and
expressions from Markov chain theory that would otherwise never be considered
for the HCP.

By considering the fundamental matrix, an important matrix in Markov chain
theory, an optimisation problem was developed that is equivalent to the HCP [1].
This optimisation problem involves the maximisation of a particular determinant
matrix function, subject to a small number of linear constraints. Although not a
convex program, this reformulation of the HCP has significant structure that can
be exploited by optimisation algorithms. Additionally, the sparsity inherent in dif-
ficult instances of the HCP is retained, and enables the use of sparse factorisations
to improve efficiency.

During my PhD candidature, in conjunction with Professor Jerzy Filar (UniSA)
and Professor Walter Murray (Stanford University), an interior point algorithm
was developed that solves the aforementioned optimisation program [2, 4]. Al-
though this algorithm was successful in solving moderate-sized instances of the
HCP, there was additional structure to be used to our advantage. The Lift-off
Fellowship enabled me to visit Stanford University to continue collaboration with
Professor Murray on two further adaptations of this algorithm.

In the first adaptation, we consider only symmetric graphs. This assumption is not
particularly restrictive, and admits the set of connected cubic graphs, for which the
HCP is known to be NP-complete. Through a change of variables, we reformulate
the optimisation program in such a way that it is still equivalent to the HCP.
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Initial development of an interior point algorithm to solve this reformulation indi-
cates that the benefits gained from this approach are far in excess of those usually
gained by this type of symmetrisation. One explanation for the large improvement
is that this particular change of variables enables us to impose a new penalty term
and some new constraints that eliminate almost all extreme points of the polyhe-
dral feasible region that do not correspond to Hamiltonian cycles. This results in
a much smaller search space. Computationally, this method is just as efficient per
iteration as the original interior point method.

In the second adaptation, we consider as variables the nonzero elements within
the sparse factorisations, and propose a new algebraic system that is equivalent
to the HCP. This algebraic system is entirely novel, as the variables used only
arise as an extension of the Markov decision process embedding. We can think
of the algebraic system as an optimisation program, by considering the nonlin-
ear constraints as an objective function. Unlike the original determinant objective
function, which can be thought of as a polynomial of degree N , this reformula-
tion provides a polynomial objective function of a bounded degree. Specifically, it
is a mathematical program with an objective function that is a quartic polyno-
mial constrained only by relatively few linear constraints. The novel nature of the
variables and the resulting low-order optimisation program give us hope that this
direction of research will prove fruitful. This notion is backed by initial testing of
an interior point algorithm designed to solve this reformulation.

Ultimately, we will combine both approaches, by the use of variables from sparse
factorisations from the symmetrised reformulation. We expect that combined ben-
efits from both approaches will emerge.
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