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Welcome to the ﬁrst issue of the Gazette in 2008.
In this issue, Peter Kloeden writes in Maths Matters about the diﬀerences between the German and the Australian University systems, the attitude towards
mathematics in both countries, and the changes that have been imposed upon the
German system to conform with the Bologna Treaty. Having come through the
old Diplom system myself, I (Birgit) thoroughly enjoyed reading this contribution,
which brought a smile to my face on numerous occasions. We look forward to a
locally organised ‘Year of Mathematics’ — the challenge is on!
We would like to congratulate Peter Pleasants from the University of Queensland
for winning the $50 Puzzle Corner book voucher! If you have been reading the
Puzzle Corner solutions, you will have noticed that he is a regular contributor.
We are pleased to publish Sharleen Harper’s T.M. Cherry Prize winning paper
on modelling droplet transport from last year’s ANZIAM conference, as well as a
technical paper by John Miller ‘Pantographs and Cyclicity’, and Amie Albrecht
and Kevin White’s paper on ‘Counting Paths on a Grid’.
Apart from the regular contributions, this issue features Cheryl Praeger’s reﬂection on mathematics, a report on the J.H. Michell Medal winner Carlo Laing
(congratulations!), and three book reviews.
We would like to invite submissions for the Classroom Notes and for Maths@Work.
If your teaching practice is innovative, or has resulted in unexpected (positive)
results, you are encouraged to share with others through this column. If one of
your past students is working on exciting projects outside academia, we would like
to hear about it.
You will have noticed the change in layout and functionality of the AustMS (and
the Gazette) website. For example there is now a blog-style news module to which
you can subscribe via RSS feeds to be notiﬁed of new items. We would like to
ask for your patience while the Gazette site is updated, but at the same time to
let us know if links to articles or whole issues of the Gazette are broken. Books
available for review will be listed on the site shortly. But as usual if you would
like to suggest a book for review, please contact us.
Enjoy this issue!
Birgit and Eileen

Peter Hall∗

What will follow the RQF?
The election is behind us, and so too apparently is the Research Quality
Framework, which was to have been a major tool for the Howard Government’s
‘reform’ of block research funding in Australian universities.
The RQF was developed from a proposal made to DEST by a committee chaired by
the late Gareth Roberts, a British physicist and higher education expert, who had
earlier been commissioned to review research assessment in the UK. As originally
envisaged the RQF would have been similar to the UK Research Assessment
Exercise. However, alterations to the RQF, subsequent to Roberts’ proposal,
would have made it far more cumbersome, and probably also more expensive,
than a research assessment based on the RAE.
DEST’s plan for a ranking of all mathematics journals was to many mathematicians the aberration that proved the inanity of the department’s formulaic approach to research assessment. As one colleague said when disputing the ranking
suggested for a particular journal: ‘The only rational reason I can imagine justifying nonsense such as [the ranking for Journal X] is to make the list so ridiculous
that it attracts a wave of derision which brings the whole process into disrepute.’
Many of us, myself included, will be pleased to see the last of the RQF. However,
it is unclear what will replace it, and just as uncertain whether any new proposal,
coming from the new Labor government, will be more palatable to Australian
mathematicians and statisticians than the RQF.
If, as the Howard government did, Labor looks to the UK for advice, then it
seems likely that an assessment based signiﬁcantly on citations will be scrutinised
carefully. The issue of The Times Higher Education Supplement for 9 November
2007 headlined a story on its front page with the words, ‘New RAE based on
citations.’1 Commented THES,
. . . after next year’s RAE, funding chiefs will measure the number of citations
for each published paper in large science subjects as part of the new system
to determine the allocation of more than $1 billion a year in research funding.
A report published by Universities UK enforces such a “citations per paper”
system as the only sensible option among a number of so-called bibliometric
quality measurements. It concludes that measuring citations can accurately
indicate research quality.

I don’t believe we’d ﬁnd this proposal any more reasonable than one that
was signiﬁcantly inﬂuenced by journal rankings, as the RQF threatened to
be. Citation behaviour diﬀers widely across the mathematical sciences, and
∗ E-mail:
1 Zoe

President@austms.org.au

Corbyn, ‘New RAE based on citations’, The Times Higher Education Supplement, 9 November 2007; http://www.timeshighereducation.co.uk/story.asp?sectioncode=26&storycode=311023 .
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if block research incomes were determined signiﬁcantly by citation counts then
appointment decisions would be too. The outcome could be quite detrimental
to areas of mathematics enjoying very high intellectual standing but having low
citation rates.
These waters are essentially uncharted; few western nations (the Netherlands is an
exception) currently apportion a signiﬁcant part of the block research budgets for
their universities by explicit use of citation data. The UK plans to use the 2008
RAE to inform its decision about which metrics to use, and possibly also about
how to combine them. No such guide will be available to us. In the past we have
tended to follow the UK’s lead in decisions of this type. (However, that is not to
say that being a follower has prevented us from making serious errors!)
To be fair, although Labor has expressed support for assessing research performance in science by using citation analysis and grant earnings, it has not pushed
this idea more generally. In the context of the humanities, the performing arts
and social sciences, Senator Kim Carr gave an undertaking before the election to
consult, with a view to developing alternative approaches. However, even in these
cases Carr seeks a metrics-based method, since a major aim is to reduce the expense
of research assessment. We may wish to argue that the mathematical sciences be
included in Carr’s non-science group, rather than bundled in with science. That
possibility is under discussion in the UK too, where there is a proposal to ally
mathematics and the humanities in the search for suitable performance metrics.
A recent, careful analysis of UK grant-funding data in statistics has shown that
research income will signiﬁcantly decline if, as has been suggested, it is tied closely
to grant earnings. My strong impression is that the same conclusion is valid in
Australia too, for the mathematical sciences. ARC grants in mathematics and
statistics are notoriously much smaller than their counterparts in the other ﬁelds
(e.g. theoretical areas of engineering and computer science) represented by the
ARC panel that also considers the mathematical sciences.
The key to making progress, for both the new Labor government and academics, is
surely to consult widely and fully. It is not in the interests of either side to make a
poor choice about research assessment, for example by slavishly applying metrics
where other approaches might be more eﬀective. The Universities UK report, from
which I quoted earlier, notes that: ‘The metrics system will be assaulted, from
the day it is promulgated, by 50,000 intelligent and motivated individuals deeply
suspicious of its outcomes. There will be consequences.’

Peter Hall is a statistician, with interests in a variety
of areas of science and technology (particularly the
physical sciences and engineering). He got his ﬁrst
degree from The University of Sydney in 1974, his MSc
from The Australian National University in 1976, and
his DPhil from University of Oxford in the same year.
Peter is interested in a wide variety of things, from
current aﬀairs to railways and cats.

What! University reforms again?
Peter E. Kloeden∗
When I arrived here in Germany 11 years ago after some very hectic and unpleasant years at my last position in Australia, the last thing that I wanted to hear
about again was the reform of the university system. But that is exactly what
has been going on here for the past decade. The pace has become more intensive
in recent years, but I had a few quiet years in the beginning to recover and to
experience the old system here. How very diﬀerent it was!
I did not have a permanent position to go to when I resigned my chair in Australia, just a contract position in a research institute in Berlin. However, I did
have strong research links in Germany and had spent several study leaves here as
well as numerous shorter visits. I had also been applying for positions at German
universities for a number of years (I could sense something nasty looming where I
was) and had even been invited to interviews a few times, in particular in Frankfurt six months before I left. However, I never really expected to be successful.
Competition for chairs in Germany is very tough and hard enough for native-born
Germans, let alone for others with a nebulous connection to the country. Often I
was asked (and still am): ‘Why would anyone want to leave a paradise like Australia for a dismal place like Germany?’ (Post-nationalistic Germans still seem
worried about saying something nice about the place.) Well, there was also a lady
involved and that saved me from venting my feelings about university reforms,
Australian style, to an uncomprehending audience at interviews.
When I checked my email for the last time just before going to the airport in
Melbourne, there was a message from Frankfurt to say I was ﬁrst on their list
for their Chair of Applied and Instrumental Mathematics (essentially numerical
mathematics), which made leaving very much easier. And I knew it was time to
leave, when, several months earlier, I had read in a student’s teaching evaluation
that: ‘The professor knows too much’.
The good old days rediscovered
On research trips or even study leaves one never really gets caught up in the dayto-day routine of the host university.
The ﬁrst noticable diﬀerence for me in Germany was the structure of selection
committees for professorial positions. Just professors and some students from the
department, plus a few more professors from cognate disciplines. Not a single
administrator, personnel manager, head hunter, business consultant or ﬁnancial
advisor to be seen. That does wonders for scientiﬁc quality1 .
∗ Institut für Mathematik, Johann Wolfgang Goethe Universität, D-60054 Frankfurt am Main,
Germany.
E-mail: kloeden@math.uni-frankfurt.de
1 The selection procedure is a very thorough and serious business, which often goes on for a good
year or more. These are decisions to last a life-time. Tenure means tenure here.
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Once here and having to teach, I was amazed at just how diverse, almost anarchistic, the system was. Nothing resembling the old Prussian army, rather a maze
of very diﬀerent course structures within the same discipline at diﬀerent universities and between disciplines at the same university, all with their own quirks
and regulations. The students were also much older than in Australia, due to 13
years of school followed by military or civil service as well as the length of the
courses. And, the other professors in the department were mostly all older than
me too. I am not so young myself, but I thought I had landed in an old people’s
home. (School is now a year shorter, military and civil service are shorter too, and
my department is in the middle of a major retirement wave with much younger
replacements, who, I suspect, consider me to be one of the Gruftis 2 ).
The department here is organised into Arbeitsgruppen (work groups), usually based
around a chair. Mine is called Numerik, Dynamik und Optimierung and we are
obliged to teach the numerics courses to mathematics and other students as well as
in an English-language masters of computational sciences. Besides me, there is another professor, a tenured Akademischer Rat (like a principal tutor with a service
teaching role), two assistant positions (one occupied by someone with a doctorate,
the other divided between two doctoral students), and a half-time secretary. We
also teach specialist courses in diﬀerential equations, numerical dynamics, stochastic numerics and optimisation.
The basic qualiﬁcation in mathematics in Germany until recently was the Diplom,
which is something like bachelors and masters rolled in one. It consists of two
parts. The initial Vordiplom lasts about three years, students attend compulsory
and optional lectures and obtain a certiﬁcate for each if they complete the assignments. There are no end-of-semester written examinations but when the students
have all the necessary certiﬁcates and feel ready, they undertake four 30-minute
oral examinations over four weeks in analysis, algebra, applied mathematics and
in a submajor like computing or physics. During the next two or three years students attend higher-level lectures, present seminars and do guided research for a
masters thesis. Then there is a similar round of oral examinations, which can be
taken at any time in the year. (Of course, this can vary widely from discipline to
discipline and university to university. Many have a mixture of oral and written
examinations).
The Diplom oﬀers a lot of ﬂexibility and choice to students and, depending on
their interests, many take very broad combinations of courses. One can also take
some hard topics without fear of being punished with a bad grade. It worked very
well in the days when only a very small percentage of the population studied. A
weakness is that the Vordiplom is not a recognised qualiﬁcation like a bachelors
degree. It is everything or nothing, and many students often discover too late that
they had made the wrong choice or have no ability in even elementary research.
Although about six years is typical, it can drag on for many years (recentlyintroduced semester fees are having a countereﬀect), though one of my current
doctoral students did it all in ﬁve semesters ﬂat with a perfect 1.0 average (the
best grade here, Queenslanders rejoice!), plus a research paper in a top journal.
A visit to a university in Glasgow during its examination period about ﬁve years
ago brought home to me just how much examinations dominate academic life in

2 Crypt(Gruft)-dweller,

slang for old person
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the British university system and its Australia oﬀshoot. Semester in Frankfurt
usually ends with a whimper rather than a bang. This absence of continual examination pressure certainly aﬀects one’s attitude to university life. I have the
impression that most former students in Germany, especially the nation’s political
and managerial elite (many of whom have doctorates) actually enjoyed their time
at university and feel that they got something useful from the experience. This
deﬁnitely has long-term positive beneﬁts for the country’s universities.
Lest I have given the impression that we are living in some kind of Professors’
Valhalla here, I need to mention German bureaucracy. This is one of the great invariants of German society, which has survived kaisers, dictators, wars and peace.
It is robust and reliable, but extremely thorough and slow. Heaven help you if
you don’t ﬁll the forms in right. It is said that we don’t have revolutions in this
country because nobody has ever been able to ﬁll in the application form correctly
for a permit.
Slow decline
Although German universities were generously funded in the past, the massive
costs of reuniﬁcation have had a deep eﬀect over the past 18 years. As an example close to home, my group gets considerably less in running costs (i.e. for
telephone, photocopying, printing, stationary, etc.) than my predecessor’s, which
was smaller, and even less than we had in Australia.
Research funding through the DFG (German Research Association) was also generous. An interesting diﬀerence to Australia is that professors in universities and
research institutions elect the discipline panel members (eight in mathematics)
every three years. Moreover, proposals can be submitted at any time of the year.
The success rate was historically around 50 per cent, but has dropped to about
20 per cent in recent years to the dismay of many. A success rate of 20 per cent was
a very good year when I was on the ARC mathematics panel in Australia (1993–
1995). In fact, the success rate was always better than the oﬃcial one since applied
mathematicians often got grants through physics or engineering. One mathematician was even awarded a grant by the archeology panel3 . Most of my grants were
through engineering, although what I really did was just discretise attractors, approximate invariant measures and prove ﬁltering theorems for fractional Brownian
motion, relevantly dressed up.
A very big diﬀerence between the German university system and that of most
other countries is that there are no permanent middle-level positions. This eﬀects
women in particular and far fewer of them have permanent university positions
here than, say, in France or Spain. There is no internal promotion and people are
not allowed to apply for professorial positions (roughly chair, reader and senior
lecturer level) in their own department. On the other hand, assistants in temporary (roughly tutor or lecturer level) positions do not have such heavy teaching
loads as in Australia and have considerable encouragement, support and time to
really get ahead in research.
3 They

were very enthusiastic about it and came to us for advice on the mathematics. It was
hard not to share their enthusiasm when they said that they would pay for it.
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A problem is that many more people are awarded doctorates and habilitations
(something like second doctorate and a prerequisite for a professorial position)
than there are vacant professorships. Many go to industry, particularly ﬁnance
or management consulting. (A good number of heads of major companies here
have doctorates in mathematics and have a positive appreciation for the value of
mathematics). Young mathematicians who want to stay in a university often have
to go to other countries. British universities are full of German mathematicians at
all levels, much to the detriment of local doctoral graduates. German mathematics
can hold its own with Daimler and Porsche in the quality of its exports.
Cold winds of change
There are now many far-reaching changes underway in the German university
system. The very management structure of the German universities is changing.
Formerly, most ﬁnancial matters were handled directly by the relevant state government ministry, and the university concerned itself with academic matters. The
Rektor represented the university community to the ministry and each department
had a yearly rotating speaker to deal with the university administration. This has
now changed — we are moving to large-scale management units, strategic plans,
devolved ﬁnances, and so on, and the more powerful head of department position has become a research killer suitable only for those who have lost interest in
research or feel destined for greater things in management.
A very signiﬁcant change throughout the European Community is due to the
Bologna treaty under which all traditional course structures such as the Diplom in
Germany are to be changed to a common bachelors and masters structure. This
is meant to bring greater transparency, uniformity and transferrability. In Frankfurt we have just started our second year of the bachelors. There now have to
be written examinations in each unit at end of each semester and the maximum
duration of study will be restricted. People aren’t used to such regimentation here.
I suspect that university life will not be as enjoyable as in the past.
On the positive side, each department must have its degree program accredited
by a panel of experts in the discipline, plus a student and a representative from
industry4 . The bachelors will also provide a welcome intermediate qualiﬁcation for
those who cannot go on for some reason. The worry is that it and not the masters
will become the main qualiﬁcation. Some smaller departments are also concerned
that they could lose the right to have a masters if enrolments are too low, and a
lot of thought is given to ﬁnding suitable niches.
Departments themselves are also undergoing major restructuring and amalgamation. Mathematics in Frankfurt has been combined with computer science and the
number of professorial positions in mathematics is being reduced from 26 to 13
through a wave of retirements (fortunately the 20 untenured assistant positions
are not being cut). A panel of mathematics professors from other universities was
appointed to advise the university on the restructuring and future specialisations
in mathematics. Of course, a lot of political fun and games went on behind the
4 In

content and standards our three-year bachelors corresponds roughly to a good honours degree
in Australia about 30 years ago.
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scenes, but the university administration more or less accepted the advice given5 .
Expertise still means something here.
Professors in Germany have very secure positions6 as a kind of upper-level state
civil servant and are, in fact, employed by the state government and not the actual
university where they are based. In principle, we could be moved to other universities. This has been done a few times during restructuring of departments, e.g. when
three of four geoscience professors retired almost at the same time at a provincial
university in Hessen, the government closed the discipline there and shifted the
remaining professor to Frankfurt. Much more humane than in Australia.
The University of Frankfurt has recently been reconstituted as a Stiftungs-Universität, essentially an independent, nonproﬁt foundation. This will allow the university to act autonomously, more or less independently of the government ministry,
but it has some very long-term implications. The ﬁrst to notice are the administrative and technical staﬀ. They will no longer be civil servants, but will now
become employees of the university without the previous level of job security or
comfort. I have no doubt that new professors will ﬁnd themselves in this situation in a decade or so. It is argued that this will give the university much more
ﬂexibility, but I have heard things like that before.
As the reader can see, we also have our problems here and people are becoming
apprehensive. I suspect, however, that most mathematicians in Australia would
share the opinion of a leader of an Eastern European country who told the German
Chancellor recently: ‘We would be very happy to have your problems!’.
Hope for the future
The overall organisation of the university system in Germany is in our favour.
The state governments are responsible for the universities in their states and the
federal government is constitutionally restricted to a coordinating role and to supporting research7 . A takeover of the entire system by one-dimensional neoliberal
5I

found myself being demolished academically for the second time in 10 years. Since numerics
is very strong at the Technical University in nearby Darmstadt, the experts recommended that
it should be reduced to a minimum in Frankfurt and discrete mathematics expanded, supposedly
to help cement the new relationship with computing. They said I should be shifted to stochastics,
but after some protests from that quarter and . . . (expletives deleted) . . . I ended up in discrete
maths. I do too many diﬀerent things in mathematics to ﬁt well into the German penchant for
neat precise classiﬁcations, but only an administrator could imagine that I do discrete maths.
Anyhow, life goes on. With some help from the accreditation procedure, it was realised that a
specialisation in mathematical ﬁnance needs a strong computational input, so my group is now
moving in the direction of computational ﬁnance.

6 I have a life time contract as a Beamter (oﬃcial) with a C4 professorship (chair). Contracts
cannot be changed retrospectively, but new professors are now being appointed under a much
less favourable W structure. They are guaranteed 80 per cent of a base salary with no annual
increments but with possible productivity loadings. The scheme is meant to be cost neutral and
was originally meant to be balanced out within each department until someone realised what
that would do to interpersonal relationships within a department. Of course, everyone thinks
they will get the loadings, but I suspect that we will see some very anguished people here in
future. Worse still, the pension will be with respect to the base salary.
7 The

federal government has recently started an ‘elite’ universities program with big boosts in
research funding to suitably selected universities. What vanity! Professor Ertl, the German
Nobel prize winner for Chemistry in 2007, said that the government would do better by giving
more money to the DFG.
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ideologues is all but impossible. There is also healthy competition between the
diﬀerent states. In Hessen we are certainly happy to know that mathematics is
very strong in other German states and we are even happier to know that it is not
at our cost.
There is also a strong intellectual tradition here and elsewhere in Europe, especially France. In Germany there is a very strong commitment to quality and a
willingness to pay for it with both money and personal eﬀort. There is also a very
deep historical commitment to the nexus between research and teaching within
the universities (the Humboldt tradition) and there has been a very long tradition
of close collaboration between universities and industry. Mathematics and physics
are held in high regard here, as much so outside of the universities as inside them.
The federal ministry of science and research has declared 2008 to be the ‘Year of
Mathematics’8 . The word ‘mathematics’ is used almost in the same breath as ‘key
technologies’. Indeed, mathematics is not just seen as the language of science, but
also as the key to the high technologies.
And for Australia?
Australia and its institutions, its previous university system in particular, seem to
have remained too long a branch oﬃce of another country. I thought it a great
joke when I was told long ago by the head of an Australian university mathematics
department: ‘You are here to teach; research is for a few dreadfully clever chaps
at Cambridge’. It was surprising for me to discover just how many people in senior university positions in Australia actually believed that, or something similar9 .
Many still do now (just ask some Australian university managers). The answer I
got just before I left, to a question about what four grants (one industry linked)
were worth was: ‘We can’t aﬀord internationally competitive research’. Here in
Germany one hears that with a double negative: ‘we can’t aﬀord not to’.
Australia was never a particularly intellectual country (though pragmatism and
a pioneering spirit are not to be overlooked). Just consider the derogatory use
of the word ‘academic’ in Australia, politicians can kill any argument with it.
Sure, I wouldn’t try to start a conversation about category theory in a Frankfurt
pub that was more than a few hundred metres from the university, and I never
expected to be able to do so in Australia, but what always astonished me was
how anti-intellectual the atmosphere was in Australian universities. I am sure this
is one of the reasons that the university reforms in Australia have gone the way
they have. The USA is another country that prides itself on its pragmatism and
it is well aware of the value of money too, to put it mildly, but just compare the
management structure and the relationship between academics and administration
in any reasonably good American university with those in Australian universities.
What to do in Australia? I made some suggestions in my submission to the recent
National Strategic Review of Mathematical Sciences Research in Australia, which
is available at http://www.review.ms.unimelb.edu.au/PeterKloeden.pdf (complete

8 See

http://www.jahr-der-mathematik.de

9 Research

was sometimes grudgingly acknowledged with: ‘You are really lucky to have a job
which pays you to do your hobby’, which is what the registrar of an Australian university once
told me.
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report: http://www.review.ms.unimelb.edu.au/Report.html) . I doubt if it had
any eﬀect other than therapeutic; i.e. for me by sitting down and writing it. As
I said there, Australian mathematicians cannot expect anything from Australian
university managers. These people have too many important things on their minds
like building new law schools, medical schools or management centres than to worry
about what they seem to perceive as barely proﬁtable marginal groups with limited potential. In fact, although mathematics has been hurting for more than a
decade, other areas seem to have been booming and there are probably now more
people in the Australian universities who have beneﬁted from the changes to the
university system than those who have been hurt. I cannot imagine that they
would see any particular need for change.
Initiatives must come from the Australia mathematics community itself, such as
organising its own ‘Year of Mathematics’ in Australia. I am convinced, however,
that only external pressure will be really eﬀective. The international accreditation
of all degrees including those in mathematics would help to regain and maintain
international standards, just as it has here and elsewhere in Europe through the
Bologna program — Australia is too far away for many there to see just how diﬀerent standards are now from those in other countries. Pressure from the industries
(key technologies!) which make extensive use of mathematics and quantitative
methods like the ﬁnancial and communications industries will be very hard to
dismiss. The university managers and politicians are much more likely to listen
to them than to us academics. Academic mathematicians in Australia should do
much more to cultivate strong personal and professional links with industry. In
the USA about 40% of the members of SIAM work outside of the university sector.
And for me?
I am here to stay. The noncontributory pension scheme alone now makes it diﬃcult to leave, but the strong mathematical tradition and the short ﬂights as well
as the cultural, culinary, historical and linguistic richness of Europe are great incentives to stay, especially now that the dictatorships of both right and left are
dead and buried. I have strong research links with a very active group in Sevilla,
Spain. Lots of gum trees there and, at this stage of my career, a pleasant evening
with las senoritas matematicas 10 beats another long hard day alone with Fräulein
Mathematik 11 .
Peter was born in Melbourne where he also went to school. He studied Engineering for two years at UNSW which was followed by a Maths Honours
degree at Macquarie University, a PhD at the University of Queensland
in early 1975 and a D.Sc. from there in 1995. After more than 20 years
in the Australian university system (one spends less time these days in
prison on a murder charge!), he has now been working at the Johann
Wolfgang Goethe University in Frankfurt am Main since 1997, but also
often visits Spain. He has published over 200 papers, a number of books
and was awarded the WT and Idala Reid Prize by SIAM in 2006.
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and feminine in German

Norman Do∗

Welcome to the Australian Mathematical Society Gazette’s Puzzle Corner. Each
issue will include a handful of entertaining puzzles for adventurous readers to try.
The puzzles cover a range of diﬃculties, come from a variety of topics, and require
a minimum of mathematical prerequisites to be solved. And should you happen
to be ingenious enough to solve one of them, then the ﬁrst thing you should do is
send your solution to us.
In each Puzzle Corner, the reader with the best submission will receive a book
voucher to the value of $50, not to mention fame, glory and unlimited bragging
rights! Entries are judged on the following criteria, in decreasing order of importance: accuracy, elegance, diﬃculty, and the number of correct solutions submitted. Please note that the judge’s decision — that is, my decision — is absolutely
ﬁnal. Please e-mail solutions to N.Do@ms.unimelb.edu.au or send paper entries to:
Gazette of the AustMS, Birgit Loch, Department of Mathematics and Computing,
University of Southern Queensland, Toowoomba, Qld 4350, Australia.
The deadline for submission of solutions for Puzzle Corner 6 is 1 May 2008. The
solutions to Puzzle Corner 6 will appear in Puzzle Corner 8 in the July 2008 issue
of the Gazette.
Pasting pyramids
Take one solid pyramid with a square base, where all edges have unit length. Take
another solid pyramid, this time with a triangular base, where all edges have unit
length. Paste the pyramids together by matching two of the triangular faces. How
many faces does the resulting solid have?

In a particular nation, the currency consists of notes
of four diﬀerent values: $1, $10, $100, and $1000.
Can one have exactly half a million notes with a
total value of exactly one million dollars?
Collecting coins

Photo: Nauris Mozolevs

Million dollar question

One hundred coins of various denominations lie in a row on a table. Alex and Bree
alternately take a coin from either end of the row. Alex goes ﬁrst which means
that Bree will take the last coin on the table. Show that Alex can guarantee to
end up with at least as much money as Bree.
∗ Department of Mathematics and Statistics, The University of Melbourne, VIC 3010.
E-mail: N.Do@ms.unimelb.edu.au
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Symmetric sets
Determine all ﬁnite sets S of points in the plane which satisfy the following condition: for any two distinct points A and B in S, the perpendicular bisector of the
line segment AB is an axis of symmetry for S.

A deck of 50 cards contains two cards labelled 1,
two cards labelled 2, two cards labelled 3, and so on.
There are 25 people seated around a circular table,
with each holding two cards from the deck. Every
minute, each person passes the card that they are
holding with the smaller label to the right. Prove
that someone must eventually have two cards labelled with the same number.

Photo: Ian Barber

Double deck

Photo: ©Miro Schaap

Monks on a mountain
(1) A monk begins to ascend a mountain at dawn
on Monday, reaching the summit at dusk on
the same day. After spending the night at
the peak, he begins to descend the mountain
at dawn on Tuesday, reaching the bottom by
dusk on the same day. Prove that at some
precise time of day, the monk was at exactly
the same altitude on Monday as he was on
Tuesday.

(2) Two monks start at sea level at points A and B on opposite sides of a mountain chain. There is a path running from A to B which has ﬁnitely many
peaks and troughs and never dips below sea level. Is it always possible for
the monks to travel along the whole path from one end to the other so that
they always remain at the same altitude?

Solutions to Puzzle Corner 4
The $50 book voucher for the best submission to Puzzle Corner 4 is awarded to
Peter Pleasants.
Digital sequences
Solution by Gerry Myerson: If the leftmost digit is k, then the next digit greater
than k in the sequence must be k + 1, the next digit greater than k after that
must be k + 2, and so on. Therefore, the digits greater than k must occur in the
order k + 1, k + 2, . . . , 9 and similarly, the digits less than k must occur in the order
k − 1, k − 2, . . . , 0. Since the digits
  less than k may appear in any of the 9 positions
after the leftmost, there are k9 ways to write such a sequence where the leftmost
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digit is k. So the total number of ways is
     
 
9
9
9
9
+
+
+ ··· +
= 29 = 512.
0
1
2
9

Blindfold balance
Solution by James East: Divide the coins into two groups, one with 13 coins and
the other with 17 coins. If there are n coins showing heads in the ﬁrst group, then
there must be 17 − n coins showing heads in the second group. Now simply turn
over all the coins in the second group and there will be n coins showing heads in
both groups.
Chicken O’Nuggets
Solution by Kevin McAvaney: The smallest positive number of nuggets we can
order is six. Also, note that if there are no colossal packs, then the number of
nuggets is a multiple of three. We can get 6k nuggets by ordering an appropriate
number of large packs and 6k + 3 nuggets by ordering one humongous pack and
an appropriate number of large packs, where k is a positive integer. To order
43 nuggets, one must use 0, 1 or 2 colossal packs which leaves either 43, 23 or
3 nuggets to make up with large and humongous packs, respectively. Clearly, none
of these is possible, so one cannot order 43 nuggets.
However, the number of nuggets can be 38 = 1 × 20 + 3 × 6, 39 = 13 × 3 or
40 = 2 × 20. Hence, any number larger than 43 can be ordered by adding the
appropriate multiple of three.

Photo: Hans Thoursie

Plane passengers
Solution based on work submitted by Ben Smith:
When the last passenger boards the plane, the
seat remaining either belongs to them or to the
ﬁrst passenger. Note that there is no preference
shown by the remaining passengers toward one or
the other of those two seats. Therefore, the probability that the last passenger gets their own seat
is simply 50%.

Crime investigation
Solution by Natalie Aisbett: Denote the judge’s original plan involving no more
than 91 questions by P . If the witness may answer at most one question falsely,
then the judge may modify the scheme as follows. They should divide the 91 questions of P into 13 groups consisting of 13, 12, 11, . . . , 3, 2, 1 questions, respectively.
(Note that 1 + 2 + 3 + · · · + 13 = 91.) At the end of each group, the judge should
ask the following additional check question: ‘Did you lie while answering any of
the questions in the previous group?’

Puzzle corner 6
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If the answer to the check question is ever ‘No’, then there were no wrong answers
in the previous group. At the end of questioning, if there were no ‘Yes’ answers
to the check questions, then all questions of P were answered truthfully. In this
case, the judge uses 91 + 13 = 104 questions.
If the judge receives the answer ‘Yes’ to the check question after the kth group, the
judge should repeat this group and then continue to ask the remaining questions
of P without using the check questions. In this case, the judge needs k check
questions and 14 − k repetitions of the questions of the kth group. In all, the
judge requires 91 + k + (14 − k) = 105 questions.
A facetious function
Solution by Peter Pleasants: The eﬀect of the function f on a positive integer
n is to reverse the binary representation of n. For example, f (100) = 19 since
the binary representations of 100 and 19 are 11001002 and 100112 , which are the
reverse of each other. (We ignore any leading zeros after the reversal is performed.)
We will continue to use a subscript 2 to denote binary representations, S to denote
an arbitrary string of binary digits, and S to denote the reversal of the binary
string S.
We start by observing that 12 = 12 , 112 = 112 and S02 = S 2 . These correspond
precisely to the ﬁrst three deﬁning equations for the function f . We also have
S012 = 10S 2 = 2 × S12 − S 2
and

S112 = 11S 2 = 3 × S12 − 2 × S 2 .
These correspond to the last two deﬁning equations of f and conﬁrm that f does
indeed have the eﬀect of reversing the binary digits of its argument.
The number of integers 1 ≤ n ≤ 1988 with f (n) = n is therefore equal to the
number of such n whose binary representations are palindromic. To calculate this,
we notice that there are 2/2−1 numbers with symmetric binary representations
of length . Hence, there are
1 + 1 + 2 + 2 + 4 + 4 + 8 + 8 + 16 + 16 + 32 = 94
such numbers up to 2047, the largest 11-digit binary number. From this we have to
subtract the number of positive integers with palindromic binary representations
in the range 1989 to 2047. The binary representation of 1988 is 11111000100 and
the only numbers greater than this with 11 binary digits and palindromic binary
representations are 2015 = 111110111112 and 2047 = 111111111112 . Hence there
are 92 positive integers less than or equal to 1988 for which f (n) = n.
A mathematician is lost in the woods. . .
Solution by Ian Wanless:
(1) The mathematician should walk along the circumference
of a circle of area A
√
square kilometres. Such a path has length 2 πA kilometres.

(2) The mathematician should walk along a semicircular arc of radius 2A/π
kilometres. √Such a semicircle has area A square kilometres and such a path
has length 2πA kilometres.
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(3) A circle of radius A/π kilometres has area A square kilometres so a circle
of any greater
radius necessarily contains a point not in the woods. So by

walking A/π kilometres, it must be possible to reach the boundary of the
woods.
(4) Suppose that the woods lies on the coordinate plane, where one unit represents one kilometre. The mathematician should walk in a straight
line from
√
3 1
1
√
(0, 0) to ( 3 , 1) and then in another straight line to the point ( 2 , 2 ). At this
point in time, the mathematician is distance 1 from the origin. He should
continue walking around the unit circle until he reaches the point (−1, 0). He
should then complete his path by walking in a straight line from (−1, 0) to
(−1, 1). Such a path has length
√
7π
+ 1 = 6.397 . . . kilometres.
3+
6
The convex hull of the path includes the circle of radius 1 around the mathematician’s starting point, so it must take him to the edge of the forest at
some point.
(5) Suppose that the woods lies on the coordinate plane, where one unit represents one kilometre. Starting at the point (− 12 , 0), the mathematician should
walk clockwise along the circle with radius 1 and centre ( 12 , 0) for a distance
of arctan(2) − arctan( 12 ). At this point, the mathematician is facing the
point (0, 1) and distance 12 from it. He should continue by walking there in
a straight line. The remainder of the path is the same, but reﬂected through
the line x = 0. Therefore, the mathematician should ﬁnish at the point ( 12 , 0).
Such a path has length
 
2 arctan(2) − 2 arctan 12 + 1 = 2.287 . . . kilometres.
The mathematician’s path cannot be placed completely within a strip one
kilometre wide.

Norman is a PhD student in the Department of Mathematics and Statistics at The University of Melbourne.
His research is in geometry and topology, with a particular emphasis on the study of moduli spaces of algebraic curves.

Write to read breadth first, not depth first
Tony Roberts∗
Technical writing is not like writing a detective novel: in your introduction, as
well as describing the background, tell your reader upfront in plain language
your conclusions.

We discuss how to structure the information over a technical document. The fallacy to dispense with is that humans relate to a logical progression: this is false. A
progressive logical development, putting in place ‘brick by brick’ your arguments,
to a triumphant ﬁnale is wasted on most readers. Instead, recognise that readers
have varying levels of interest and technical knowledge, thus we should present information in a sequence of increasing technical diﬃculty. Humans are more likely
to keep reading when they feel they are learning something useful, thus present
useful information early. To eﬀectively communicate you must write to be read
‘breadth ﬁrst’, not read ‘depth ﬁrst’.
Simple level

Very technical level
Figure 1. Simplistic schematic diagram of the tree of knowledge in your document. Each major topic you want to discuss is represented by a diﬀerently formatted branch, for example: black may be the background; grey, the development of
an algorithm; dashed, the performance analysis; and dotted, some examples. The
statements you may make will be at diﬀerent levels of technicality using diﬀerent
amounts of jargon: put the simple easily understood statements higher in the tree;
and the very technical statements redolent with jargon deep in the tree.

Consider the knowledge you wish to communicate in the schematic tree structure
of Figure 1: technical statements are deep down in the tree; simple statements you
∗ Department of Mathematics and Computing, University of Southern Queensland, Toowoomba,
QLD 4350. E-mail: aroberts@usq.edu.au
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may make are higher in the tree. Place a sort of ordering on the tree by having
prerequisite knowledge to the left. This is a simplistic model of the knowledge
you wish to write about, but I believe adequate in many cases. Now, many people
write in a depth ﬁrst fashion: they set themselves the task to write about ‘blah’,
so they write everything about ‘blah’; then move on to the next topic and write
everything about that; and so on for all topics in the document. Figure 1 represents each topic by a diﬀerent styled branch. What does this style of writing mean
for the reader? The reader:
• is rapidly enmeshed in deep technicalities about ‘blah’ as they are swiftly led
deep into some very technical level material;
• has little idea where the discourse is going;
• gets nothing out of the document because of the diﬃculty discerning the main
points among the multitude of details; and
• quits.
Instead, write breadth ﬁrst. Write your information so it is read in the order of
level of technicality as shown in Figure 2. First, in the title and abstract, a reader
sees an overview of the entire document in plain language and including the results.
Second, in the Introduction, overview the entire document again, but at a little
more technical level. Third, the body of the document records the gory details.
Conventionally we also place a conclusion at the end — such a conclusion is out of
place in this structure, but nonetheless readers do like a recapitulation (recall that
humans are not logical). And lastly, as indicated in Figure 2, appendices include
any deviously technical material.
Simple level

Title + Abstract/Summary

Introduction/Overview

+ + + + + + + + + + + + + + + + + + + +

Sections/Chapters

× × × × × × × × × × × × × × × × × × × × × × × × ×

Very technical level

Appendices

⊕ ⊕ ⊕ ⊕ ⊕ ⊕

Figure 2. Allocate various parts of a document to the ‘tree of knowledge’ of your document so that the simplest set of statements overviewing your material is read ﬁrst.

Urging you to ‘write breadth ﬁrst’ is a misnomer; instead write so the document is
read breadth ﬁrst. Usually you will write the detailed technical parts, then winnow
out of these the lower-level, jargon-free, introductory and conclusion statements
to form the overview in the Introduction. Similarly the title and abstract are extracted as the plainest statements about the setting, your achievements, and how
a reader can use the results. Thus at any stage the reader will have an overview
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of what you are doing and why — readers will be empowered to place increasingly
technical material upon the framework you have already constructed for them.
This is the structure to keep readers interested in pursuing your eﬀorts.
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Tony Roberts is the world leader in using and further developing a branch of modern dynamical systems theory, in conjunction with new computer algebra algorithms, to derive mathematical models of complex systems. After a couple of decades
of writing poorly, both Higham’s sensible book on writing and
Roberts’ role as electronic editor for the Australian Mathematical Society impelled him to not only incorporate writing skills
into both undergraduate and postgraduate programs, but to
encourage colleagues to use simple rules to improve their own
writing.

The essential elements of mathematics:
a personal reflection
Cheryl E. Praeger∗
The essence of Mathematics is three-fold. It encompasses truth, beauty and power.
Mathematics attracts us because of its beauty, because with it we can conﬁdently
speak the truth, because it is ‘unreasonably eﬀective’ in describing the world.
The description by any individual of the essential elements of Mathematics is
unavoidably inﬂuenced by that individual’s experience of Mathematics. This document is written from my personal viewpoint, and so reﬂects my own experiences.
It was a mixture of things that attracted me to Mathematics, including especially
• the way Mathematics helped explain how things worked in the world;
• the excitement of solving previously unsolved problems;
• the sheer beauty of mathematical patterns and structure;
and this same mix sustained my commitment to the discipline.
The power of Mathematics
If I were forced to choose the single most important aspect of Mathematics, that
epitomizes it, then I would choose its power. If I were asked to nominate the most
important outcome for a student of Mathematics, at any level, I would say: an
understanding of the power of Mathematics, or diﬀerently put, an understanding
of the ‘unreasonable eﬀectiveness’ of Mathematics in making sense of the world.
Many mathematicians from all ages have professed this same conviction. The ﬁrst
record of this seems to date back to Pythagoras around 500 BC. Pythagoras believed that all parts of the world were governed by mathematical principles, and is
credited as saying ‘Mathematics is the way to understand the universe’ [1]. Some
two thousand years later Galileo, who discovered that the earth rotates around
the sun, held the view that ‘the laws of Nature are written in the language of
mathematics’ [2, p. 171].
In 1960 the physicist and Nobel Laureate, Eugene Wigner described Mathematics
as being ‘unreasonably eﬀective’ [3] because of its sometimes surprising power in
solving ‘real-world problems’. Wigner argued that ‘the ability of mathematics to
∗ School of Mathematics and Statistics, The University of Western Australia, 35 Stirling Highway,
Crawley, WA 6009.
E-mail: praeger@maths.uwa.edu.au
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successfully predict events in [science] cannot be a coincidence, but must reﬂect
some larger or deeper or simpler truth in both’ [1].
The dual aims of mathematics education in schools must be
• to provide students with the personal conﬁdence and competence to solve
mathematical problems by developing in them a mathematical way of thinking, and also
• to give students an awareness of the power and inﬂuence of Mathematics in
their everyday life.
The crucial role of Mathematics in our technological society is recognised far beyond the ranks of the practitioners (academics, teachers, and those using Mathematics in industry or commerce). For example, E.E. David, the former President
of Exxon Research and Engineering wrote: ‘too few people recognise that the high
technology that is so celebrated today is essentially mathematical technology’ and
Barry Jones, former Australian Federal Minister for Science, wrote in 1988 when
he held that position: ‘Science and Maths are part of the language and the only
way to avoid our becoming mere passive users of technology is to ensure that more
children are educated in mathematics and science’ [4].
However it is not only in the area of technology that Mathematics is important.
Its universality is diﬃcult to capture in a few words. As Solomon Marcus, an eminent Romanian mathematician, writer and educator said: ‘all professions need a
mathematical training related to their way of thinking and a mathematical background. Mathematics has a kind of universality and any form of education should
exploit this fact’ [5].
It is not clear how to translate this sentiment into a prescription for school mathematics curricula. However, I consider the most important outcome from a mathematics education to be an automatic expectation by students that mathematical
thinking will play a key role in their understanding and problem-solving in every
part of their lives. Solomon Marcus attempted to list various types of mathematical thinking. Each of us could make a similar list, and I am in broad agreement
with Marcus’ list and views: ‘combinatorial thinking, recursive thinking, algorithmic thinking, step-by-step thinking, deductive thinking, inductive thinking,
thinking by analogies, probabilistic thinking, are only a part of the many types of
mathematical thinking. They are essential not only in Mathematics, not only in
science, but also in all aspects of life, even in the absence of mathematical jargon.
. . . Mathematics is a part of the cultural heritage of mankind’ [5]. Each of these
types of thinking, when explored, is very wide-ranging, and most of them should
feature in the mathematical experience and training of school students.
A school Mathematics curriculum is designed to prepare children for life in a
world that may be diﬀerent from anything we can imagine. The ability to think
mathematically is the best gift we can give our children from their mathematics
education.
For example, I studied Mathematics a long time before the modern Information
Technology revolution. Indeed, my children ﬁnd it diﬃcult to believe that I never
had an electronic calculator before they were born. However, by the time I was in
high school much of the preparation was in place for this IT revolution. I just did
not know about it. For example,
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• already in 1948, Claude Shannon, now called the Father of Information Theory, had established the mathematical basis for electronic communication;
• W. Edwards Deming’s statistical methods, that assisted the post-war recovery of the Japanese economy, had laid the foundations for the mathematical
theory of quality management and quality control so fundamental for industry
today;
• R.W. Hamming had completed much of his mathematical work on error-correcting codes that, perhaps unknowingly, we use every day for reliable use of
our personal computers.
I chose to study Mathematics without knowing anything about these incredible
Mathematical breakthroughs, but I had seen in school the power of Mathematics
in describing many natural phenomena. As a rather simple example, I remember being quite incredulous of my physics teacher’s claims that we could predict
mathematically the exact position of our reﬂection in a mirror. I needed to see this
with my own eyes in my ﬁrst laboratory experiment before I was willing to believe
it. The fact that I learned nothing at school about the breakthroughs in IT is of
no consequence. What did matter was that I saw mathematical principles applied
successfully to describe a range of phenomena within my everyday experience.
When we think of the crucial impact of Mathematics in today’s world, one of the
principal areas of impact is computer and communications technology mentioned
above. However, there are many others.
• Modern weather forecasting is based on the output of large-scale computer
models which, in turn, are based on fundamental mathematical principles.
• (quoting from a public lecture I gave at the 2003 Malaysian Science and Technology Congress): In the areas of health and biology, mathematical and statistical methods are the foundations for biostatistics, epidemiology and randomised clinical trials that, according to a recent report produced in the US,
‘have been cornerstones of the systematic attack on human disease that has
dramatically increased life expectancy in advanced societies during the past
half century’ [6]. It is not widely known that Florence Nightingale (1820–1910),
who is best known for her pioneering of modern nursing and the reform of hospitals, and in particular for her care of British soldiers wounded in the Crimean
War (1854–1856), is also regarded as a pioneer of epidemiological methods for
her use of public health statistics. She was a highly respected member of the
(Royal) Statistical Society, and indeed she was the ﬁrst woman to be elected
a member. She is quoted as saying: ‘to understand God’s thoughts we must
study Statistics, for these are the measure of his purpose’ [7, Volume II, Chapter xiii].
• Some years ago, we learned with excitement and wonder that the human
genome has been sequenced successfully. We anticipate that recent progress
in molecular biology and genetics will lead to rapid advances in understanding fundamental life processes at the molecular level. Long-term goals of this
research include the alleviation of malnutrition and starvation by improving
agriculturally important plant species and domestic animals, the improvement
of public health, and better defence against bio-terrorism. Statistical and computational methods have played and will continue to play an important role [6]
in this research.

23

• Global competition and increased customer and government requirements are
transforming the world of business. A wide range of diﬃcult mathematical challenges is associated with the problems of analysing large complexstructured data sets; using simulations to reduce requirements for physical
testing of new products; modelling and interpreting data related to reliability
and safety of existing products; and, in general, developing new and emerging
technologies, such as wireless communication technology.
In order to help students appreciate how crucial Mathematics will be for their future, it is essential that they learn through their school experience how Mathematics has transformed society over the past century (at least) and how it underpins
the society in which they now live.
Mathematics and truth
I asked a young graduate student in Teheran why she was studying Mathematics.
Her answer has stayed with me over the years. She said ‘because with Mathematics I know that I speak the truth’. The precision of mathematical language,
and the requirement of rigorous logical reasoning, underpin the unique claim of
Mathematics to absolute truth.
In mathematical discourse the demand is both for clarity in the assumptions made
and also for clarity in the logical rules used in making deductions from those assumptions.
Thus, an education in mathematical discourse is an excellent training for someone
who aims to become an outstanding lawyer! Other examples abound where mathematically based discourse is essential to a discipline or profession. For example,
in cosmology, deductions are made about the past or future that are based on
mathematical reasoning, and are conditional on the truth of equations describing
current observations.
Part of the gift of a mathematics education for students is the power of critical and
logical thinking. Many years ago, H.G. Wells displayed great foresight in asserting
that ‘statistical thinking will one day be as necessary for eﬃcient citizenship as
the ability to read and write’2 , and in my view his assertion applies to all mathematical thinking, not just statistical thinking. Moreover, in the words of the
contemporary mathematician Hyman Bass: ‘the characteristic that distinguishes
mathematics from all other sciences is the nature of mathematical knowledge and
its certiﬁcation by means of mathematical proof’ [8].
It is essential that students learn critical thinking, and facilitating this learning is a
key responsibility of a mathematics education. In the past, school students gained
an understanding of the nature of proof from their study of Euclidean geometry.
They learned by experience what it meant to prove a statement about a general
class of geometrical objects. That is to say, based on certain assumptions and
using certain allowable rules of deduction, students learned that they could prove
a general statement that held true whenever the assumptions were satisﬁed. This
2 See,

for example, www.keypress.com/fathom/quotes.html (accessed 11 November 2007). This
quote appears in many other places on the internet.
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is a sophisticated concept for a student to grasp. An example is Pythagoras’s Theorem: ‘the square of the hypotenuse of a right angle triangle is equal to the sum
of the squares on the other two sides’. Although Chinese and Babylonian mathematicians had used this result for almost a thousand years before Pythagoras
lived, Pythagoras’s contribution, and the reason why this theorem has his name,
was to prove that it was true for every right-angled triangle.
Whether this understanding of the nature of mathematical proof is learned through
studying geometry or from some other area of Mathematics is not important. What
is important is that students of Mathematics have the opportunity to learn critical
and logical thinking, and that they do learn it.
The beauty of Mathematics
Beauty is a major part of our fascination with mathematical patterns, and these
patterns are used eﬀectively in school mathematics courses to attract students and
develop their problem-solving skills.
We also perceive as beautiful the simple ideas and concepts that inspired John
Nash’s mathematical work on non-competitive games that had enormous inﬂuence
on economic theory, and resulted in Nash’s award of a Nobel Prize.
However, fascination turns to awe when confronted with the proof by Andrew
Wiles in 1993 of Fermat’s Last Theorem: there are no integer solutions x, y, z to
the equation xm + y m = z m for any m > 2. This was a massive and diﬃcult proof;
proving at last an assertion of Pierre de Fermat more than 300 years earlier in the
margin of his copy of Diophantus’s Arithmetica. The proof had both eluded and
fascinated mathematicians throughout those years.
My experience of beauty in Mathematics is bound up with feelings of awe and
admiration for the power that underlies the beauty. A wonderful quote from the
mathematician and philosopher Bertrand Russell gives further expression to this:
‘Mathematics, rightly viewed, possesses not only truth, but supreme beauty; a
beauty cold and austere, like that of sculpture, . . . , and capable of a stern perfection such as only the greatest art can show’ [9, Chapter 4].
Conclusion
In this paper I have discussed my convictions about the fundamental elements of
a mathematics education. I have said almost nothing about the content of school
mathematics curricula for Years 1 to 103 . Indeed those with experience in Mathematics teaching at school level will have greater expertise than I in designing a
curriculum to achieve the outcomes deemed essential for a successful mathematics education for these years. The current discourse, for which I hope this paper
will prove useful, is aimed at achieving agreement on the essentials of the school
mathematics experience and its outcomes.
I have argued that the essential outcomes for students from their mathematics
education must include
• an awareness of the power of Mathematics to make sense of the world;
3 The

focus of the Framework of Essential Learning developed by the VCAA.
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•
•
•
•
•

a personal conﬁdence and competence to solve mathematical problems;
an understanding of the nature of proof in Mathematics;
an appreciation of the beauty of Mathematics;
the ability to think logically and critically, learned through Mathematics; and
an automatic expectation that mathematical thinking will play a key role in
their understanding and problem-solving in every part of their lives.

I am aware that school mathematics curricula often divide Mathematics into a
number of areas or strands: number, chance and data, space, etc. While this may
be appropriate for teaching and assessment, it runs the risk of students developing
an incorrect and fragmented view of Mathematics. A wise curriculum designer
will ensure that students meet striking examples showing how apparently heterogeneous ﬁelds can interact strongly with each other. As an example, Solomon
Marcus [5], in addressing this issue, observed that the mathematical object called a
Mobius strip over the past few decades became a basic point of reference in anthropology (Claude Levi-Strauss), in art (M.C. Escher), in biology (Jesper Hoﬀmeyer)
and in many other ﬁelds.
Mathematics has been in the vanguard of all important technological and social
change. Because of this, our children, who are after all our future, need strong
mathematical skills. This is essential for the future health and wealth of Australia.
My vision is for our children to know that Mathematics is both beautiful and powerful, and moreover, to understand, if only in part, the ‘unreasonable eﬀectiveness’
of Mathematics in describing the world.
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J.H. Michell Medal awarded to Dr Carlo Laing
Larry Forbes∗
The Committee for the ANZIAM Outstanding New Researchers Award — the J.H.
Michell Medal — is pleased to announce that the 2008 Medal has been presented to
Dr Carlo Laing of Massey University in New Zealand. The award was announced
at the Conference Dinner of the 2008 ANZIAM Conference at Katoomba NSW.
The Committee is impressed by the breadth and depth of Dr Laing’s achievements,
and in addition it is particularly pleasing that the Michell Medal is being awarded
for the ﬁrst time to a mathematician in New Zealand.

Figure 1. Carlo Laing (right) receives the J.H. Michell Medal
from Larry Forbes (left). Photo by Mark McGuinness.

Carlo Laing did his schooling and undergraduate degrees in Auckland, and received
his BSc degree in 1991. He took a Masters’ Degree in Mathematics and Physics
from the University of Auckland in 1994, and a PhD degree from Cambridge University (DAMTP) in 1998. He has held postdoctoral and visiting positions in
Cambridge, Surrey, Pittsburgh and Ottawa before taking up a lecturing position
at Massey University in Auckland, New Zealand in 2002. He is currently a senior
lecturer in Mathematics at that University.
Carlo has already an extensive publication record, containing some 32 journal
papers and two book chapters. The broad theme of his work is in the area of
dynamical systems, which he has applied to a variety of problems in wave propagation and the analysis of mathematical models of neuronal activity. His work
has appeared in prestigious journals in the ﬁeld, such as Physica D and Dynamics
and Stability of Systems, the SIAM journals, Nonlinearity and others. He has also
published with leading international researchers in the area, such as Glendinning,
Troy, Ermentrout, Kevrekidis, Coombes and numerous others. A couple of these
international ﬁgures volunteered their opinions on Carlo Laing’s work, pointing
∗ Department of Mathematics, University of Tasmania, GPO Box 252-37, Hobart, TAS 7001.
E-mail: Larry.Forbes@utas.edu.au
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out that he has developed many of the tools in the area of neuronal modelling,
and that his work is beautiful, deep and original.
In addition to his deep research work, Carlo has been an active teacher at all levels,
from service subjects for business majors to undergraduate calculus and specialist
graduate courses in mathematical methods and neuroscience modelling. He won a
distinguished teaching award from Massey University in 2006. He has given talks
to a mathematics teachers’ evening and a university open-day activity, in addition
to a large number of technical seminars at conferences and in universities around
the world. He is a regular contributor to ANZIAM conferences and Mathematics
meetings in New Zealand. He has held a Marsden Fund grant and is currently the
Chair of the New Zealand branch of ANZIAM.
The Committee strongly commends Dr Carlo Laing as the 2008 Michell Medal
winner. He has proved himself to be a leader in research as well as a capable
and enthusiastic expositor of Applied Mathematics on a wide variety of levels, and
will doubtless continue to make strong contributions to our subject well into the
future.
The committee consisted of Larry Forbes (Chair, University of Tasmania), Andrew
Bassom (University of Western Australia) and Mick Roberts (Massey University).
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Modelling droplet transport and interception
by a shelterbelt: a continuum approach
Sharleen Harper∗

Introduction
Agrichemical spraying is a widely-used method of pest and disease control. Sprays
contain a wide range of droplet sizes; because of their light weight, smaller droplets
are carried by the atmosphere and may leave the sprayed block as airborne spray
drift. This is a particular concern for the orcharding industry with the use of
airblast sprayers; these sprayers propel droplets upwards and into fruit trees with
the assistance of air jets, and so the potential for drift is high. In New Zealand
the issue is being targetted by the kiwifruit industry: spraying is estimated to be
worth $60 million each year to the industry [1], and while grower spray practices
are generally eﬀective in minimising drift, public concerns aﬀect the image of the
industry and its relationship with local communities [2].
Most orchard blocks are surrounded by shelterbelts, one of the many beneﬁts of
which is that they signiﬁcantly reduce spray drift. Holland et al. [3] report ﬁeld
trial results showing drift reduction by up to eight times over no shelter, and that
less than 3% of the applied spray escapes a well sheltered kiwifruit block. Considerable research has gone into understanding the eﬀect of a shelterbelt on the
local air ﬂow (for example Wang et al. [4]), and recently Raupach et al. [5] provide
information on the droplet capture eﬃciency (that is the fraction of droplets captured by the shelterbelt) in terms of its optical porosity. However, there is little
work aimed at quantifying the deposition downwind, particularly in the case of a
fully-sheltered orchard block.
The object of this work is to develop a simple mathematical model for the transport
of drifting spray droplets by the atmosphere, and the trapping of these droplets
within the shelterbelt. We seek, if possible, analytical solutions so that the trapping and the deposition may be easily calculated, and the eﬀect of parameter
variations observed. We use the term trapping to refer to the droplets captured
by the shelterbelt, and the term deposition to refer to the droplets which land on
the ground. Our approach is to consider a cloud of spray droplets as a continuum
and formulate an advection-dispersion model, including a sink term to represent
the trapping. This approach is based upon previous analysis of particle transport within a forest canopy by McKibbin [6]. In this article, we brieﬂy present
Received 9 July 2007; accepted for publication 15 January 2008.
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the model, and show how analytic solutions for the trapping and deposition are
obtained by ﬁrst analysing the simple case of trapping at a single point, then
discretising the shelterbelt using a three-dimensional array of trapping points.

Trapping at a single point
Drifting spray droplets are advected by the wind and dispersed by turbulence, all
the while falling under the inﬂuence of gravity. Within the shelterbelt, droplets
may impact on the foliage and be trapped.
Accurate simulation of the wind ﬁeld around a shelterbelt is diﬃcult and heavily
computational; wind speed is reduced to varying degrees both upwind and downwind, and some air ﬂow may be directed up and over the shelterbelt (Mercer &
Roberts [7]). Our advection-dispersion model is diﬃcult to solve analytically for
any kind of varying wind parameters, so to simplify we assume that the mean
wind speed is horizontal and uniform, and that the wind ﬂows through the shelterbelt undisturbed. Our reasoning is that we are concerned with a fully-sheltered
orchard block, so within the block (where the spraying takes place), and for some
considerable distance downwind, the air ﬂow is likely to be slow and relatively
uniform.
Ideally in our model the shelterbelt would be represented by a region of continuous
trapping, but this approach is problematic. Instead, in search of an analytic solution we concentrate the trapping to a single point. Later we will use the results of
this basic case to construct a solution for the entire shelterbelt.
The trapping is governed by the constant parameter k, called the background trapping rate, and deﬁned as the mass of droplets trapped per unit time per unit mass
of droplets [s−1 ]. Values of k will depend on shelterbelt characteristics such as
the porosity; Raupach et al. [5] provides information on droplet capture eﬃciency.
The rate of droplet mass removal per unit volume of air is given by
T = kRc ,

(1)

where c = c(x, y, z, t) is the droplet mass concentration per unit volume of air
(with dimensions kg m−3 ), and R is a dimensionless function which is nonzero
only where trapping occurs. For trapping at a single point we take a small volume
∆x∆y∆z, then multiply by Dirac delta functions to concentrate the trapping to
the point (X1 , Y1 , Z1 ) at the centre of this volume:
R = ∆x∆y∆zδ(x − X1 )δ(y − Y1 )δ(z − Z1 ) .

(2)

Next, an eﬀective trapping rate for the point is introduced; denoted by k, it is the
background trapping rate scaled by the volume:
k = k∆x∆y∆z .

(3)

With substitution of expressions (2) and (3), (1) becomes
T = kc(X1 , Y1 , Z1 , t)δ(x − X1 )δ(y − Y1 )δ(z − Z1 ) .
This is the rate of mass removal per unit volume of air for the trapping point.

(4)
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Advection-dispersion model
Derived using the principle of conservation of mass, our advection-dispersion model
with trapping at a point is
∂c
∂c
∂2c
∂2c
∂2c
∂c
+u
−S
= DL 2 + DT 2 + DV 2
∂z
∂z
∂y
∂t
∂x
∂x
+ Qδ(x − X0 )δ(y − Y0 )δ(z − H)δ(t)

(5)

− kc(X1 , Y1 , Z1 , t)δ(x − X1 )δ(y − Y1 )δ(z − Z1 )
where u is the mean wind speed (the coordinate axes are aligned such that the positive x-axis points directly downwind), S is the downward droplet settling speed,
and (DL , DT , DV ) are the dispersion coeﬃcients in the alongwind, crosswind and
vertical directions. Note that the source term is a point release of mass Q at time
t = 0 from the point (X0 , Y0 , H). The initial and boundary conditions are
c(x, y, z, 0− ) = 0, c(x, y, z, t) → 0 as x, y → ±∞,

and z → +∞,
(6)
∂c
and
(x, y, 0, t) = 0.
∂z
The ground is assumed to be impervious to the droplets, so there can be no vertical dispersion through the ground. This gives rise to the last boundary condition
∂c
, and the dispersion coefabove, since the vertical dispersive ﬂux is given by DV ∂z
ﬁcient DV is nonzero. Applying Fourier transforms (in x and y) to (5) and using
a Green’s function we obtain
c(x, y, z, t) = Qf (x, y, z, t; X0 , Y0 , H)
 t
kc(X1 , Y1 , Z1 , τ )f (x, y, z, t − τ ; X1 , Y1 , Z1 ) dτ,
−

(7)

0

where
f (x, y, z, t; X, Y, Z)
=

exp(−(x − X − ut)2 /4DL t − (y − Y )2 /4DT t − S 2 t/4DV )
√
8(πt)3/2 DL DT DV







(8)
(z + Z)2
S(z − Z)
(z − Z)2
+ exp −
exp −
exp −
2DV
4DV t
4DV t
√




S πt
z + Z + St
SZ
S2t
√
.
−√
erfc
exp
+
2DV
4DV
DV
2 DV t

This ‘solution’ (7) contains the concentration at the trapping point, which is unknown. It is possible to approximate the concentration numerically, however the
quantities of most interest to us are the amount trapped and the deposit on the
ground, and these may be found explicitly using Laplace transforms by noting that

0

∞

c(x, y, z, t) dt = c(x, y, z, 0) ,

(9)

where c(x, y, z, p) is the Laplace transform of c(x, y, z, t) with respect to t. The
total mass of droplets trapped is given by
 ∞
MT T =
kc(X1 , Y1 , Z1 , t) dt = k c(X1 , Y1 , Z1 , 0) ,
(10)
0
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where
c(X1 , Y1 , Z1 , 0) =

Qf (X1 , Y1 , Z1 , 0; X0 , Y0 , H)
1 + k f (X1 , Y1 , Z1 , 0; X1 , Y1 , Z1 )

(11)

is found by transforming (7) at (x, y, z) = (X1 , Y1 , Z1 ). The total mass deposited
is simply MDT = Q − MT T , and the deposition density (mass per unit area) is

MD =

∞

0

Sc(x, y, 0, t) dt

= S c(x, y, 0, 0)
= SQf (x, y, 0, 0; X0 , Y0 , H) − Sk c(X1 , Y1 , Z1 , 0)f (x, y, 0, 0; X1 , Y1 , Z1 ) .
(12)
Analytic expressions may be found for the Laplace transforms in (11) and (12),
allowing easy calculation of the trapping and deposition.

Trapping within a shelterbelt
Using the results for trapping at a single point, we can construct a solution for
trapping within a shelterbelt by treating the shelterbelt as a three-dimensional
array of blocks, with a trapping point at the centre of each block. Figure 1 shows
a rectangular shelterbelt divided in such a manner; there are M × N × L blocks,
each of size ∆x∆y∆z, with a trapping point at the centre of each block.

ZM
ZM–1

YL
YL–1

Z3
Z2
Z1
X1 X2

XN

Y1

Y2

Y3

Figure 1. A rectangular shelterbelt divided into an M × N × L
array of blocks with a trapping point at the centre of each block

The shelterbelt has background trapping rate k. The eﬀective trapping rate for
each point, k = k∆x∆y∆z, is dependent upon the block size: the more blocks
the shelterbelt is divided into, the smaller each block and the lower the eﬀective
trapping rate for each point. The total rate of mass removal per unit volume
of air for the shelterbelt is the summed eﬀect of all the trapping points. Our
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advection-dispersion model is
∂c
∂c
∂c
∂2c
∂2c
∂2c
+u
−S
= DL 2 + DT 2 + DV 2
∂t
∂x
∂z
∂x
∂y
∂z
M

N

L

+ Qδ(x − X0 )δ(y − Y0 )δ(z − H)δ(t) −

(13)

m=1 n=1 l=1

× kc(Xn , Yl , Zm , t)δ(x − Xn )δ(y − Yl )δ(z − Zm )
with the same initial and boundary conditions as for the single trapping point.
Again, Fourier transforms and a Green’s function are used to obtain
c(x, y, z, t) = Qf (x, y, z, t; X0 , Y0 , H)
 ∞ M N L
−
kc(Xn , Yl , Zm , τ )f (x, y, z, t − τ ; Xn , Yl , Zm ) dτ ,
0

m=1 n=1 l=1

(14)

where f (x, y, z, t; X, Y, Z) is given by (8). Note that this ‘solution’ (14) shows the
concentration at each trapping point is aﬀected by the concentration at all of the
others. As for the single trapping point case, we can ﬁnd explicit expressions for
the trapping and deposition using Laplace transforms in time. The total mass of
droplets trapped is given by
 ∞ M N L
N
L
M
MT T =
kc(Xn , Yl , Zm , t) dt =
k c(Xn , Yl , Zm , 0) .
0

m=1 n=1 l=1

m=1 n=1 l=1

(15)
To evaluate this expression we need the Laplace transform of the concentration at
each of the trapping points. But the trapping points all inﬂuence each other, so
we must solve the system of simultaneous equations formed by transforming (14)
at each of the trapping points. The total mass deposited is then Q − MT T , and
the deposition density is
 ∞
MD =
Sc(x, y, 0, t) dt
0

= S c(x, y, 0, 0)
= SQf (x, y, 0, 0; X0 , Y0 , H)
M

N

(16)

L

−

Sk c(Xn , Yl , Zm )f (x, y, 0, 0; Xn , Yl , Zm )
m=1 n=1 l=1

Analytic expressions may be found for these Laplace transforms, allowing easy
calculation of the trapping and deposition.

Example
We show the following example to illustrate the model, using the scaled parameter
values in Table (1). The chosen shelterbelt is rectangular, of size 2 m wide × 4 m
long × 4 m high, and centred at coordinates (2, 0, 2) m. It is divided into 4 × 8 × 8
blocks, each of size ∆x∆y∆z = 0.125 m3 ; with a trapping point at the centre of
each block this makes 256 trapping points. The background trapping rate for the
shelterbelt is chosen as k = 1 s−1 , thus the eﬀective trapping rate for each point
is k = k∆x∆y∆z = 0.125 m3 s−1 .
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Table 1. Scaled parameter values used in the example
u
1ms

(DL , DT , DV )

S
−1

1ms

−1

2

(0.5, 0.5, 0.5) m s

−1

Q

(X0 , Y0 , H)

k

1 kg

(0, 0, 3) m

1 s−1

The eﬀect is best observed by looking at the change in deposition density, as calculated from (12), with and without trapping in the shelterbelt. This is shown in
Figure 2. As expected, the greatest reduction in deposit is in the immediate lee of
the shelter. Note that there is also some reduction in deposit upwind and around
the sides of the shelter, which is a result of the dispersion: the droplets disperse
into areas of lower concentration, and so droplets disperse into the shelterbelt from
all around as the concentration is lowered by trapping.
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Figure 2. Percentage reduction in deposit with trapping in the shelterbelt

Summary and future work
We have used an advection-dispersion model to simulate the transport of airborne
drifting spray droplets, including a sink term to represent trapping of the droplets
within a shelterbelt. For the simple case of trapping at a single point, we have
determined an analytic solution for the mass trapped and downwind deposition,
then used these results to construct a solution for trapping in an entire shelterbelt.
Our current focus is on incorporating the eﬀect of evaporation into our model. As
the droplets travel through the air they evaporate at a rate proportional to the
relative humidity and ambient temperature. Droplet evaporation has been studied
extensively, and expressions are available for the rate of mass loss. The settling
speed of a droplet is dependent upon its mass, so including evaporation means
the settling speed is no longer constant in time. We have successfully included
evaporation for the case where the vertical dispersion coeﬃcient DV is negligible,
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however obtaining an analytic solution in the case of nonzero vertical dispersion
is proving challenging, and is work in progress.
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Pantographs and cyclicity
John Boris Miller∗
Abstract
Every parallelogram Λ generates a doubly-inﬁnite family of quadrilaterals
called its pantograph. The types of quadrilaterals so arising can be characterised by tiling the plane. The family contains a single inﬁnity of cyclic
quadrilaterals. The locus of their circumcentres is a rectangular hyperbola or
orthogonal line-pair passing through the vertices of Λ.

Any non-degenerate parallelogram Λ = FGHI generates in its plane a doublyinﬁnite system of quadrilaterals called its pantograph, denoted by Q(Λ). Its elements are just those plane quadrilaterals having the vertices of Λ as the midpoints
of their sides, taken in order. More precisely, let P be any point in the plane,
and draw the straight line segment PQ having I as its midpoint, from Q draw a
segment QR with F as its midpoint, draw RS with G as its midpoint, and ﬁnally
join SP. It is easily veriﬁed that SP has H as its midpoint. (This is true even
if P is not in the plane of Λ. Then Ω = PQRS is a quadrilateral of Q(Λ), and
every element of Q(Λ) can be constructed in this way. Λ is called the median
parallelogram of Ω. Clearly Ω is uniquely determined by speciﬁcation of any one
of its vertices. The diagonals of Ω are parallel to the sides of Λ respectively and
twice their length, and the area of Ω is twice that of Λ. See [1], where it was shown
how, in the representation of quadrilaterals explained there, the members of Q(Λ)
are representable by the points of a surface Σ of degree 12 in the Euclidean space
E6 , modulo an equivalence. In what follows we suppose that the vertices of Λ and
Ω are related as described above.
R
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convex
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P
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dart

I

H
Q
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Figure 1. The three non-degenerate types of quadrilaterals
and their median parallelograms.

Of interest is the location within Q(Λ) of the cyclic quadrilaterals; these are representable by a curve C in E6 of degree 24 on Σ. This high degree may be a
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multiple of the eﬀective degree, but it suggests an order of complexity which is
belied by the apparent simplicity of the geometry. We show here how the cyclic
quadrilaterals can be located more directly by means of a rectangular hyperbola
in the plane of Λ. This does not in itself contradict the assertion of the degree of
C, for the representations are diﬀerent.

Tiling of the plane
In order to distinguish the diﬀerent types of quadrilaterals in Q(Λ) (the nondegenerate types (convexes, darts, zigzags) and the partially degenerate types (ﬂags,
triangles, . . . ; see [1]), we ﬁrst ask: For what locations of a speciﬁed vertex is the
member of Q(Λ), having that vertex, of a particular type? It turns out that the
answer can be given in terms of tiling.
We tile the plane using copies of Λ in the obvious manner. The tiles are isomorphic
copies of Λ∪ inside (Λ), any distinct two being disjoint or having an edge or vertex
as intersection. It is suﬃcient, for two quadrilaterals to be of the same type, that
their speciﬁed vertices are interior to one and the same tile.
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Figure 2. Tiling of the plane near Λ, when P is the speciﬁed vertex.

There is only one tile, t(P) = HIJK, for which Ω is convex. All other tiles on the
cross through t(P) produce darts, and all remaining tiles give rise to zigzags. If P
belongs to the boundary of t(P) then Ω is a triangular degenerate. Of course, if
another vertex is speciﬁed then the labelling of tiles is diﬀerent, in an obvious way.

Cyclic quadrilaterals in Q(Λ)
We suppose that Λ = FGHI is a given nondegenerate parallelogram, and seek
to characterise the cyclic members of Q(Λ). They may be convex or zigzag, but
cannot be a dart or degenerate.
Theorem 1. If Ω is a cyclic quadrilateral in Q(Λ), and O is the centre of its
circumcircle, then angles ∠FOG, ∠HOI are
• supplementary if O is inside Λ
• equal if O is outside Λ
and the same is true for the angles ∠FOI, ∠GOH.
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Proof. Suppose that O is inside Λ. PQ, QR, RS and SP, being chords of the
circle, have their right bisectors meet at O, creating cyclic quadrilaterals FOGR,
HOIP, so angles ∠FOG, ∠R are supplementary, and so are ∠HOI, ∠P. But since
Ω is cyclic, angles ∠P and ∠R are also supplementary. The result follows. If O is
outside, the proof is analogous. See Figure 3.
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Figure 3. Illustrating Theorem 1 and Lemma 1.

Lemma 1. If O is the centre of the circumcircle of Ω as in Theorem 1, then O is
inside Ω if and only if it is inside Λ.
Proof. When Ω is convex the parallelogram Λ is inside Ω, and the geometry is as
shown in Figure 3, from which the lemma’s statement is immediate. The reader
may like to draw the corresponding ﬁgures when Ω is a zigzag. If O is on a side
of Ω then that side is a diameter and O coincides with a vertex of Λ. Note that O
cannot be an internal point of a side of Λ.
We propose now to prove the converse of Theorem 1. The arguments here are more
delicate, and involve various cases. For ease of exposition an enabling lemma is
postponed until after the main result.
Theorem 2. Let Λ = FGHI be a parallelogram. If O is any point inside Λ and
such that angles ∠FOG, ∠HOI are supplementary, or outside Λ and such that
these angles are equal, then O is the centre of the circumcircle of some cyclic
quadrilateral Ω of Q(Λ).
Proof. Join O to F, G, H, I, the vertices of Λ. Through these points draw lines
perpendicular to OF, OG, OH, OI respectively, and call the intersection points of
adjacent lines R, S, P, Q (see Figure 4).
Case 1. The point O is inside Λ and the angles ∠FOG, ∠HOI are supplementary.
Then so are angles ∠P, ∠R, and Ω = PQRS is therefore cyclic. We shall suppose
ﬁrst that Ω is convex.

38

Pantographs and cyclicity

R

F'

Λ'

Q

Λ

F

R
F

G
G'

O
O'

H'

I'

G
G'

O

S
I

Λ

F'

Λ'

Q

O'

S
H

H

I'

H'

I

P

P

Figure 4. Cases (α) and (β).

It remains only to prove that O is its circumcentre. This will ensure that F, G,
H, I are the midpoints of the sides and that Ω ∈ Q(Λ). Suppose on the contrary
that the circumcentre is another point O . Drop perpendiculars O F . . . , onto the
corresponding sides with feet F , . . . , thereby making these points the midpoints
of the sides of Ω and making Λ = F G H I the median parallelogram of Ω; that
is ΩQ(Λ ), and Λ is inside Ω.
Suppose O were outside Λ , and therefore outside Ω, by Lemma 1. Then by Theorem 1 the angles ∠F O I , ∠G O H are equal. But these are equal respectively
to ∠FOI, ∠GOH, which are supplementary by assumption. Thus all four angles
∠P, ∠Q, ∠R, ∠S are rightangles, Ω is a rectangle and therefore its circumcentre
O is inside Ω and hence inside Λ by Lemma 1 again, a contradiction. So O is
indeed inside Λ .
The discussion now separates into several cases. Point O determines a partition of the inside of Ω into four disjoint open regions, ins(O F RG ) etc., together
with their boundaries. Setting aside for the moment the cases where O lies on a
boundary, suppose without loss of generality that O ∈ ins(O F RG ). Then
FG < F G .

(1)

For a proof of this seemingly obvious fact see Lemma 2 below. Now, the position
of O implies that O belongs to the inside of one of OFQI, OIPH or OHSG. We
consider these cases separately.
(α) Let O ∈ ins(OIPH). Then I H < IH by Lemma 2, so FG < F G = I H <
IH. But FG = IH, being opposite sides of the parallelogram Λ. Hence this
case is not possible.
(β) Let O ∈ ins(OFQI). This subcase is more delicate, relying on the ways in
which two parallelograms can intersect. Note that FG is outside Λ , and
FG < F G . Likewise F I does not meet Λ, and F I < FI; on the other hand
IH meets I H and GH meets G H . Moreover all vertices of Λ are outside
Λ , and vice versa: for all sides of Ω are outside both parallelograms except
at their vertices. The two parallelograms cannot intersect in this way, so the
case is not possible.
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(γ) Let O ∈ ins(OHSG). This case is similar to (β).
Thus in all subcases, we conclude (except where O or O lies on the boundary) that
O = O is impossible, and O is indeed the centre of the circumcircle. We invite
the reader to verify the boundary cases (which must follow however by appeals to
continuity), and then to adapt the proof above in the case where Ω is a zigzag.
Then ﬁnally the reader can try his or her hand at Case 2.
Case 2. O is outside Λ and angles ∠FOG, ∠HOI are equal. The proof in this
case is in the same vein as Case 1.
Lemma 2 is the enabling lemma used in the above proof.
Lemma 2. Let ABCD be a quadrilateral in which angles ∠A and ∠C are right
angles, and let K be any point inside ABCD. Let MK and NK be the feet of the
perpendiculars from K onto CD and AD respectively. Then MK NK < CA, and the
segments MK NK and CA do not meet.
Proof. The case where B is obtuse is illustrated in Figure 5. Let M1 be any chosen
point on CD; the points K for which the construction gives MK = M1 all lie on the
perpendicular to CD at M1 . Suppose that this perpendicular meets DA (not DA
produced) in U1 . Then lengths M1 NK have upper bound M1 U1 , corresponding to
K = U1 . If M0 is the foot of the perpendicular from A to CD then M1 U1 < M0 A
since these two lines are parallel, and
MK NK < M1 U1 < M0 A < CA.
It is clear that MK NK and CA cannot intersect. If K lies inside M0 ABC the proof
is similar. The case where ∠B is acute and ∠D is obtuse is handled in a like
manner.
C

M0
MK = M

B
K

A

U1

NK

D

Figure 5. For Lemma 2.

Locus of circumcentres of cyclic quadrilaterals in Q(Λ)
We shall call any point O which is the circumcentre of a cyclic quadrilateral in
Q(Λ) a circumcentre for Λ, and write Cen(Λ) for the set of all such points. The
reader can easily verify the following theorem.
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Theorem 3. Each vertex of Λ is a circumcentre for Λ, and these are the only
points on Λ which are circumcentres.
For example, to ﬁnd the cyclic quadrilateral with centre G, draw lines α through
I perpendicular to IG, β through F perpendicular to FG, and γ through H perpendicular to HG; then in the notation of Figure 1, Q = α ∩ β, P = α ∩ γ, and
R, S are such that RF = FQ and SH = HP.
Theorems 1, 2 and 3 characterise completely the points of Cen(Λ). The angle
properties in Theorems 1 and 2 will now allow us to calculate the locus of circumcentres. We have to ﬁnd those points O inside FGHI at which each pair of
opposite sides subtends supplementary angles. This can be done as a somewhat
irksome exercise in analytic geometry.
Let O be a circumcentre lying inside Λ. First observe that if Γ denotes the circle
through O, F and G then O lies also on a circle Γ of equal radius through I, H:
this is equivalent to the property of supplementary.
η
Γ

f

F

g

G

ξ

X
O

I

H

'

Figure 6. Circles Γ and Γ .

Write, for the sidelengths and angle measure,
f = FG = HI,

g = GH = IF,

ω = angle ∠FGH,

and assume without loss of generality that g ≤ f and 0 < ω < π/2. Let X denote
the point of intersection of the diagonals of Λ, take X as the origin for coordinate
axes Xξ, Xη with Xξ parallel to and in the sense FG. Using the geometry of circles
Γ, Γ we ﬁnd, for the coordinates (ξ, η) of O,
(ξ 2 − η 2 ) sin ω − 2ξη cos ω − 14 [(f 2 − g 2 ) sin ω] = 0.

(2)
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Let the axes be rotated clockwise through an angle (π − ω)/2 to new axes Xλ, Xµ;
the equation becomes
λµ = E 2 ,

1
2
8 (f

where E :=

− g 2 ) sin ω.

(3)

Λ is a rhombus if and only if f = g. This and a little further calculation leads to
the following theorem, where we write S = sin(ω/2), C = cos(ω/2):
Theorem 4. When Λ is not a rhombus, the locus Cen(Λ) of circumcentres is a
rectangular hyperbola (2) through the vertices of Λ, with centre X and asymptotes
λ = Sξ − Cη = 0

and

µ = Cξ + Sη = 0.

When Λ is a rhombus, Cen(Λ) is an orthogonal line-pair, namely the lines containing the diagonals of Λ.
η

R

µ
G

F

ω/2
X

Q

ξ

O

S

ω
I
H

λ

P

Figure 7. The rectangular hyperbola Cen(Λ), and an arbitrarily chosen point O on it.

Now suppose that Λ is not a rhombus. A typical point on Cen(Λ) is O = (ξ, η) ≡
O(t) where
ξ = E(St + Ct−1 ),

η = E(−Ct + St−1 ).

(4)

As t grows from 0 to +∞, O describes the right-hand arm of the hyperbola downwards; as t grows from −∞ to 0, O describes the left-hand arm downwards.
To ﬁnd the radius r(t) of the circumcircle (call it Θ(t)), we draw the lines FR
perpendicular to OF and GR perpendicular to OG: the radius we seek is OR (see
Figure 3). In principle, calculating the coordinates of R is quite straightforward;
but it is in fact a formidable piece of algebra, at the end requiring ﬁnding the
factors of a quartic in t whose coeﬃcients feature the ﬁve related constants E, f ,
g, S, C. When Λ is a rhombus the parametrisation of the line-pair is diﬀerent but
the subsequent calculations are simpler. The eventual result is:
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Theorem 5. When Λ is not a rhombus, the radius of the circumcircle Θ(t) having
centre O with parameter t as in (4) is given by
r(t) =

E 2 C −2 t2 + 12 (f 2 + g 2 ) + E 2 S −2 t−2 .

When Λ is a rhombus, the
 circumcircle with centre O(u) on diagonal line GI(λ =
2 S −2 , and that with centre O(t) on diagonal line
Cu, µ = Su) has radius f 2 + u
FH(λ = Cu, µ = Su) has radius f 2 + u2 C −2 .
We can easily prove the following converse of Theorem 4:
Theorem 6. Let H be any rectangular hyperbola in the ξXη plane with equation
λµ = constant referred to some axes λXµ, where Xλ is obtained by a clockwise
rotation through an angle φ, π/4 < φ < π/2. If G is any point on H and in the
ﬁrst quadrant for ξXη, there exists a unique parallelogram Λ = FGHI, with FG
parallel to and in the direction of Xξ, such that H = Cen(Λ).
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Counting paths in a grid
A.R. Albrecht∗ and K. White
Abstract
We consider a problem of counting the total number of paths from a cell
in row 1 to a cell in row m of an m × n grid of cells, with restrictions on
the permissible moves from cell to cell. The problem arises in the context of
counting the total number of train paths through a rail network. We develop
a recurrence relation, which we solve by means of a generating function. The
result is interpreted combinatorially.

Problem statement
We consider the problem of counting the total number of paths from a cell in row
1 to a cell in row m of an m × n grid of cells. The permissible moves from cell
(i, j) are to (i, j + 1), (i + 1, j) or (i + 1, j + 1). Such a path will therefore begin
in cell (1, p) and end in (m, q), for some p and q such that 1 ≤ p ≤ q ≤ n.
A possible path is illustrated in Figure 1, where each cell on the path is represented
by a 1, and each other cell by a 0. In this representation the three move types are,
respectively, horizontal to the right, vertically down, and diagonally to the right
and down.
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Figure 1. One possible path in the m × n grid.

We deﬁne Sm,n to be the set of such paths and let Pm,n be the count of them. We
ﬁnd and solve a recurrence relation for Pm,n and interpret the solution combinatorially.
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Application
This problem arises when considering the total number of possible train paths
through a rail network, where the paths are deﬁned not only by the track segments
included but also by the timing of movements from segment to segment. The
simple version discussed here is the case where all segments are included and need
to be traversed in some particular order, and the only distinction between paths
is the timing of the movements.
Each track segment in the rail network is represented in the grid by a row and
each time period in the scheduling horizon (typically discretised in ﬁve-minute
intervals) is represented by a column. A 1 in cell (i, j) indicates that track segment
i is occupied by the train during time period j.
The three permissible move types represent, respectively, the train staying on the
same segment in the next time period, moving to the next segment within the
same time period, and moving to the next segment on commencement of the next
time period.
We have some interest in the order of magnitude for Pm,n for large values of m
and n. We have formulated the train timetabling problem as a set covering model.
The variables of the integer linear program represent diﬀerent feasible train paths
through the rail network. In the optimal solution, one path is selected for each
train so that the total cost of the paths chosen is minimised.
If all possible paths for each train are included in the set covering model, then
the solution is guaranteed to be optimal. Intuitively, we may already conclude
that there are too many diﬀerent possibilities for this approach to be viable. This
is conﬁrmed by the solution to the recurrence relation established later. Instead,
to solve our integer program, we use a column generation approach in which new
columns (train paths) are only generated as required.

Recurrence relation and solution
In this section we demonstrate that the recurrence relation for the number of
paths, Pm,n , is
Pm,n = 2Pm,n−1 − Pm,n−2 + Pm−1,n − Pm−1,n−2

m ≥ 2, n ≥ 3

(1)

with boundary values P1,n = n(n + 1)/2 and Pm,1 = 1, Pm,2 = 2m + 1, m ≥ 2.
Consider the subset Rm,n of Sm,n consisting of all the paths that begin in cell
(1, 1). The number of paths in Rm,n is clearly Pm,n − Pm,n−1 , since those paths
that are in Sm,n − Rm,n must begin in one of the other n − 1 cells in row 1, and
so are paths in an m × (n − 1) grid. Deﬁne the cardinality of Rm,n to be am,n .
Thus
am,n = Pm,n − Pm,n−1

for m ≥ 1, n ≥ 2 .

(2)

On the other hand, am,p for 1 ≤ p ≤ n is also the number of paths in an m × n
grid that commence in cell (1, n − p + 1), so
n

Pm,n =

am,p .
p=1

(3)
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The number of paths that commence in cell (1, p), therefore, is am,n−p+1 for
1 ≤ p ≤ n so Pm,n may also be expressed as
n

am,n−p+1 .

Pm,n =

(4)

p=1

Now the paths in Rm,n can be partitioned into three subsets, according to the
direction of the ﬁrst move from (1, 1).
If the ﬁrst move is to (1, 2), then the remainder of the path can be thought of as
one of the am,n−1 paths that begin in cell (1, 1) of an m × (n − 1) grid (members
of Rm,n−1 ).
If the ﬁrst move is to (2, 1), then the remainder of the path can be thought of as
one of the am−1,n paths in Rm−1,n .
If the ﬁrst move is to (2, 2), then the remainder of the path can be thought of as
one of the am−1,n−1 paths in Rm−1,n−1 .
This covers all of the possibilities, so
am,n = am,n−1 + am−1,n + am−1,n−1

for m ≥ 2, n ≥ 2.

(5)

Thus, from equation (2), the recurrence relation for P is
Pm,n − Pm,n−1 = Pm,n−1 − Pm,n−2 + Pm−1,n − Pm−1,n−1
+ Pm−1,n−1 − Pm−1,n−2 ,

(6)

or
Pm,n = 2Pm,n−1 − Pm,n−2 + Pm−1,n − Pm−1,n−2

m ≥ 2, n ≥ 3 ,

(7)

as promised by equation (1).
The boundary values for the sequence Pm,n are now determined. When m = 1
there is only one row. The path may begin in any column p and end in any column
q, where 1 ≤ p ≤ q ≤ n. For each value of p there are n − p + 1 possible values of
q; hence, P1,n = n + (n − 1) + . . . + 2 + 1 = n(n + 1)/2. When n = 1 there is only
one column and hence there is only one path. Therefore, Pm,1 = 1. When n = 2,
there are three possible types of path, as shown in Figure 2.
(a) There are two paths consisting entirely of vertical moves.
(b) There are paths containing one horizontal move. This may be in any one of
the m rows, so there are m such paths.
(c) There are paths containing one diagonal move. This may be from any row
k, k = 1, . . . , m − 1, so there are m − 1 such paths.
The sum of these three possibilities gives Pm,2 = 2 + m + m − 1 = 2m + 1.
These boundary values and recurrence relation give us an easy method for calculating Pm,n for small m and n. These are shown in Table 1. The ﬁrst row consists
of the triangular numbers and the second row is the sequence of square pyramidal
numbers, that is, P2,n = 12 + 22 + . . . + n2 = n(n + 1)(2n + 1)/6. These two rows
are listed in The On-Line Encyclopedia of Integer Sequences [1], as are the next
two. However, the formulae for these do not throw much light on our quest to
approximate the order of magnitude of P for large m and n. It suﬃces to say that
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Case (a)

1 0
0
0
0
0
1 1
0
0
0
0 1

1 0
0
0
0
1 0
0 1
0
0
0
0 1

Case (b)

Case (c)

Figure 2. Calculating Pm,2 as the sum of the three diﬀerent cases (a), (b) and (c).

Table 1. Values of Pm,n for small m and n.

m

1
2
3
4
5
6
7
8
9
10

1

2

3

4

5

6

1
1
1
1
1
1
1
1
1
1

3
5
7
9
11
13
15
17
19
21

6
14
26
42
62
86
114
146
182
222

10
30
70
138
242
390
590
850
1178
1582

15
55
155
363
743
1375
2355
3795
5823
8583

21
91
301
819
1925
4043
7773
13923
23541
37947

n

7

8

9

10

28
140
532
1652
4396
10364
22180
43876
81340
142828

36
204
876
3060
9108
23868
56412
122468
247684
471852

45
285
1365
5301
17469
50445
130725
309605
679757
1399293

55
385
2035
8701
31471
99385
280555
720885
1710247
3789297

we do not want to list and analyse all of the nearly four million train paths for
m = n = 10.
We now solve the recurrence relation and boundary conditions for P . We do
this via the generating function for sequence a. Note that a has boundary values
am,1 = Pm,1 = 1 and a1,n = n.
We rewrite (5) so that the smallest subscripts are m and n, and rearrange for am,n
to give
am,n = am+1,n+1 − am+1,n − am,n+1

m ≥ 1, n ≥ 1 .

(8)

Let G(x, z) be the generating function for am,n deﬁned by
∞

∞

G(x, z) =
m=1 n=1

am,n xm z n .

(9)
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It follows from (8) that:
∞

∞

G(x, z) =
m=2 n=2

am,n xm−1 z n−1 −


1
−
= G(x, z)
xz

1
= G(x, z)
−
xz

∞

∞

∞

am,n xm−1 z n −

m=2 n=1

∞

am,n xm z n−1

m=1 n=2


∞
∞
∞
∞
1
1
−
−1−
xm
xm−1 −
nz n−1 +
nz n +
x z
n=1
m=1
m=2
n=2

1
1
1
+
−
,
where |z| < 1 .
z−1
x z

Therefore,
xz
(z − 1)(xz + x + z − 1)
xz
=
(1 − z)(1 − x − z − xz)

 ∞  ∞
(x + z + xz)j
zj
= xz

G(x, z) =

j=0

(10)

j=0

where |z| < 1 and |x + z + xz| < 1.
By ﬁnding the coeﬃcient of xm z n , m ≥ 1, n ≥ 1, in the generating function given
by the right-hand side of (10), we can determine the corresponding member am,n
of the sequence given by the recurrence relation in (5). To ﬁnd the coeﬃcient of
xm z n in G(x, z) we look at the contribution from each of the three terms in the
product.
The xz term contributes and has a coeﬃcient of 1, so we are left with selecting
∞
∞
xm−1 z n−1 from [ j=0 z j ][ j=0 (x + z + xz)j ].
∞

The contribution from j=0 z j is z i , where i ∈ {0, . . . , n − 1}, which also has
a coeﬃcient of 1. It now remains to determine the coeﬃcient of xm−1 z n−1−i in
∞
j
j=0 (x + z + xz) , and then to sum over permissible values of i.
∞

We must determine which values of j in j=0 (x + z + xz)j give rise to the term
xm−1 z n−1−i . Consider the term (x+z +xz)j for an arbitrary j. From this product
of j copies of x + z + xz, we could select
xz from k = (m − 1) + (n − 1 − i) − j,
x from (m − 1) − k = j − (n − 1 − i),
z from (n − 1 − i) − k = j − (m − 1).
The reader can easily verify that the resultant term has x to the power m − 1 and
z to the power n − 1 − i, both as required, and that the total number of selections
is j, also as required. We can immediately observe that max{n − 1 − i, m − 1} ≤
j ≤ (m − 1) + (n − 1 − i).
The relevant coeﬃcient for this arbitrary value of j is
j!
.
(j − (n − 1 − i))! (j − (m − 1))! ((m − 1) + (n − 1 − i) − j)!

(11)
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Hence, the coeﬃcient am,n of xm z n in G(x, z) is
(m−1)+(n−1−i)

n−1

am,n =
i=0 j=max {m−1,n−1−i}

j!
(j − (n − 1 − i))! (j − (m − 1))! ((m − 1) + (n − 1 − i) − j)!
for m, n ≥ 1.
Now, from equation (4),
n

Pm,n =

am,n−p+1
p=1
n

n−p

(m−1)+(n−p−i)

=
p=1 i=0 j=max {m−1,n−p−i}

j!
.
(j − (n − p − i))! (j − (m − 1))! ((m − 1) + (n − p − i) − j)!

(12)

Having found this expression for Pm,n we can interpret it combinatorially. Consider an arbitrary term in the sum in the right-hand side of (12). The arguments
of the factorials in the denominator sum to j, and the numerator is j!, so it is a
trinomial coeﬃcient. Speciﬁcally, it is the number of diﬀerent arrangements of a
set of j objects that contains j − (n − p − i) identical objects of type 1, j − (m − 1)
identical objects of type 2, and (m − 1) + (n − p − i) − j identical objects of type 3.
In the context of our problem, these objects are moves that constitute a path from
(1, p) to (m, n − i) in the grid. The total number of moves is j. The total number
of vertical steps to be taken is m − 1 and the total number of horizontal steps to
be taken is n − p − i. A horizontal or vertical move is a single step, but the eﬀect
of a diagonal move is simultaneous horizontal and vertical steps. So the number
of diagonal moves must be (m − 1) + (n − p − i) − j; these are type 3 objects. Thus
the number of vertical moves is m − 1 − {(m − 1) + (n − p − i) − j} = j − (n − p − i)
(type 1) and of horizontal moves is n−p−i−{(m−1)+(n−p−i)−j} = j −(m−1)
(type 2).
Clearly, j must be greater than or equal to each of m − 1 and n − p − i, and less
than or equal to (m − 1) + (n − p − i). Summing over permissible j yields the total
number of paths from (1, p) to (m, n − i), and the limits of summation for i and p
ensure that (12) counts all the relevant paths in the grid.
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Topics in mathematical modelling
K.K. Tung
Princeton University Press, 2007, ISBN-13: 978-0691116426
We think that many students whose interests are mainly in applications have
diﬃculty in following abstract arguments, not on account of incapacity, but
because they need to ‘see the point’ before their interest can be aroused.
Jeﬀreys and Jeﬀreys [7]

From a community wide perspective, mathematical modelling is the new emerging
image of and expectation for mathematics.
The comprehensive availability of inexpensive and powerful computing, the ease
with which knowledge can be quickly accessed using search engines, such as Web
of Science and Google, and the speed with which symbolic and algebraic calculations can be performed using packages, such as Maple, Matlab and Mathematica,
are having a profound eﬀect on how mathematics is now viewed, performed and
utilised. In many endeavours, through the use of an appropriate mathematical
model, computational experimentation has become the less expensive alternative
to direct experimentation. This is most apparent in industrial and biological applications. By using the Navier–Stokes equation as the appropriate mathematical
model, wind tunnel experiments now play quite minor roles in the design of new
aircraft. The Boltzmann causal integral equation models of linear viscoelasticity
play a central role in the analysis and interpretation of the stress–strain response
of biological cells [3] to controlled deformations.
In this book, one ﬁnds a variety of examples of the use of mathematical models as
an alternative to direct experimentation. Chapter 4 discusses the role of ﬁrst-order
diﬀerential equation models in carbon dating, the estimation of the age of the
Universe and HIV modelling. Under the heading ‘Interactions’, Chapter 9 surveys
predator–prey dynamics and the control of pests by spraying, and hypothesises
about the lack of large carnivores in Australia today.
The title of the book aptly describes its essential content: various topics about
the application of mathematics to practical real-world problems. It contains a
comprehensive variety of independent examples of mathematical modelling. Its
appeal is the novelty of the various choices and the innovative way in which they
have been presented.
As a direct result of this increasing importance of mathematical modelling in everyday activities, as well as other factors, the way that we do science is changing [2].
There is a need to take such matters into account in terms of how mathematics
is communicated. The future prospects for the mathematics profession hinges
on how this is achieved. The community’s perception and response will depend
heavily on how the mathematics profession makes the practice of mathematical
modelling accessible to and stimulating for physical and social scientists, engineers,
ﬁnancial and managerial professionals, teachers and students. The philosophy and
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methodology of mathematical modelling must be marketed, communicated and
taught in innovative, interesting and enthusiastic ways. For achieving this, an
appropriate rationale and strategy would be to respond to the advice implicit in
the above comment by Jeﬀreys and Jeﬀreys — assist the student to see the point.
Through interesting historical facts and novel details, included in each chapter, to
stimulate the interest of the reader as well as present a comprehensive background
to the modelling involved, the present book goes a long way to accommodating
that implicit advice. In addition, for the audience for whom it has been written,
this book is a very good introduction to mathematical modelling for the following
reasons:
• The breadth of the applications covered in the diﬀerent chapters: phyllotaxis;
scaling laws; HIV modelling; carnivores in Australia; marriage and divorce;
El Niño and the southern oscillation index; collapsing bridges. In this way,
it highlights the role of mathematical modelling in everyday activities: HIV
modelling; marriage and divorce; El Niño.
• It illustrates that mathematical modelling, as well as a mathematical endeavour, is a thoughtful problem-solving process where the relevant background
and insight comes from a variety of sources.
• Its use of a common structure for each chapter, which involves painting the big
picture in which the modelling problem sits through the inclusion of interesting
historical facts and novel insights.
• The care and thought with which it has been put together. The simple models
discussed illustrate a key aspect of mathematical modelling: use no more
mathematical sophistication than is necessary to answer the question under
examination.
There is no unique way to teach mathematical modelling. There are a variety of
good books depending on the circumstances. They include:
• Fowkes and Mahony’s [4] book is for the teaching of the dedicated mathematics student who wants to be able to participate in challenging mathematical
modelling endeavours with skill and conﬁdence. The emphasis is strongly
motivated by mathematical modelling that has arisen in industrial situations,
and stresses how the same mathematical model can arise in entirely diﬀerent
contexts.
• Harte’s two books, Consider a Spherical Cow and Consider a Cylindrical Cow
([5], [6]), are for learning about the essence of mathematical modelling at a
more philosophical and intuitive level, where environmental science problemsolving is the principal focus.
• The current book is for the advanced undergraduate student who is already
familiar with the concepts of ordinary diﬀerential equations etc. and who wants
mathematical modelling to be a skill that complements and supplements their
chosen professional expertise.
No matter who we are, we are doing mathematical modelling in one way or another.
At the level of our basic mathematical knowledge, we do it with skill and conﬁdence
and take it for granted. For some, it is planning a holiday, for others it is their
tax return, for the engineer it is often the repeating of a standard calculation with
diﬀerent inputs, etc. The approach taken in this book will stimulate the awareness
of students to this fact.
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No book is perfect, even if, from some perspective, it is a very good book. For the
current text, some oversights include:
• The birth–death dates for Henri Poincarè, on p. 213, should be 1854–1912 not
1647–1727.
• The index is not suﬃciently comprehensive given the purpose of the book
(e.g. Poincarè is mentioned in the contents, but not listed in the index).
• There is an over-emphasis on the role of ﬁrst-order ordinary diﬀerential equations.
• The importance for mathematical modelling of symbolic manipulation packages such as Maple, Mathematica and Matlab are not suﬃciently strongly
stressed.
• The lack of an initial overview introductory chapter that explains the philosophy and rational of mathematical modelling as a strategy for action. Some
relevant remarks are included in the preface, but are insuﬃcient.
There are some strongly diﬀering views on how introductory mathematics and
mathematical modelling should be linked and taught. The views range between
the two extremes of
(a) having skill and conﬁdence with the mathematics that will arise in the mathematical modelling to be taught, and
(b) using mathematical modelling to discover new mathematics.
The current book opts for the former approach. For the student learning mathematics to complement and supplement some chosen profession (engineer, medical
professional, scientist, sociologist etc.) this is the appropriate strategy [1]. The
latter approach should be reserved for the mathematically talented.
In summary, this is a good introductory book about the nature and purpose of
mathematical modelling. The topics chosen and the way in which they have been
motivated and presented will help a wide range of students to ‘see the point’ and
thereby arouse and stimulate their conﬁdence about their mathematical problem
solving skills.
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A course in calculus and real analysis
S.R. Ghorpade and B.V. Limaye
Springer, 2006, ISBN 978-0-387-30530-1
The important new text A Course in Calculus and Real Analysis by S.R. Ghorpade and B.V. Limaye (Springer UTM) is a rigorous, well-presented and original
introduction to the core of undergraduate mathematics — ﬁrst year calculus. It
develops this subject carefully from a foundation of high-school algebra, with interesting improvements and insights rarely found in other books. Its intended
audience includes mathematics majors who have already taken some calculus, and
now wish to understand the subject more carefully and deeply, as well as those
who teach calculus at any level. Because of the high standard, only very motivated
and capable students can expect to learn the subject for the ﬁrst time using this
text, which is comparable to Spivak’s Calculus [1], or perhaps Rudin’s Principles
of Mathematical Analysis [2].
The book strives to be precise yet informative at all times, even in traditional ‘hand
waving’ areas, and strikes a good balance between theory and applications for a
mathematics major. It has a voluminous and interesting collection of exercises,
conveniently divided into two groups. The ﬁrst group is more routine, but still
often challenging, and the second group is more theoretical and adds considerable
detail to the coverage. However no solutions are presented. There are a goodly
number of ﬁgures, and each chapter has an informative Notes and Comments
section that makes historical points or otherwise illuminates the material.
The authors based the book on some earlier printed teaching notes and then spent
seven years putting it all together. The extensive attention to detail shows, and an
honest comparison with the calculus notes generally used in Australian universities
would be a humbling exercise. Here is a brief indication of the contents of the book
by chapter.
Chapter 1 (Numbers and Functions) introduces integers, rational numbers and the
basic properties of real numbers, without deﬁning exactly what real numbers are
— this diﬃculty seems unavoidable in an elementary text. Inequalities and basic
facts about functions are introduced, and the main examples are polynomials and
their quotients, the rational functions. This book is notable for not using the log,
exponential and circular functions until they are properly deﬁned: these appear
roughly half-way through the book.
Boundedness, convexity and local extrema of functions are deﬁned, and a function
f (x) is said to have the Intermediate Value Property (IVP) if r between f (a) and
f (b) implies r = f (x) for some x in [a, b]. The geometric nature of these notions
is thus brought to the fore, before the corresponding criteria for them in terms of
continuity and diﬀerentiability are introduced.
Chapter 2 (Sequences) introduces the basic idea of convergence used in the text: a
sequence an of real numbers converges to a if for every ε > 0 there is n0 ∈ N such
that |an − a| < ε for all n ≥ n0 . Convergence of bounded monotonic sequences
is shown, and the little-oh and big-oh notations are brieﬂy introduced. Every
real sequence is shown to have a monotonic subsequence, and from this follows
the Bolzano–Weierstrass theorem that every bounded sequence has a convergent
subsequence. Convergent sequences are shown to be Cauchy and conversely.
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In Chapter 3 (Continuity and Limits), the book strikes out into less charted waters.
A function f (x) deﬁned on a domain D, which is allowed to be an arbitrary subset
of R, is continuous at c ∈ D if for any sequence xn in D converging to c, f (xn )
converges to f (c). So continuity, deﬁned in terms of sequences, occurs before the
notion of the limit of a function, and works for more general domains than the
usual setup. This approach is probably more intuitive for students, and has been
used in other texts, for example, Goﬀman’s Introduction to Real Analysis [3].
The usual ε − δ formulation is shown to be equivalent to the above condition. A
strictly monotonic function f deﬁned on an interval I has an inverse function f −1
deﬁned on f (I) which is continuous. A continuous function deﬁned on an interval
is shown to have the IVP. Uniform continuity is also deﬁned in terms of sequences:
if f is deﬁned on D, then it is uniformly continuous on D if xn and yn sequences
in D with xn − yn → 0 implies that f (xn ) − f (yn ) → 0. If D is closed and bounded
then a continuous function on D is shown to be uniformly continuous on D. If
D is a set which contains open intervals around c then a function f deﬁned on
D has limit l as x approaches c if for any sequence xn in D\{c} converging to c,
the sequence f (xn ) converges to l. So again the notion of the limit of a function
comes down to the concept of limits of sequences. The usual ε − δ formulation is
shown to be equivalent to this deﬁnition. Relative notions of little-oh and big-oh
between two functions as x → ∞ are introduced, and more generally there is a
careful discussion of inﬁnite limits of functions and asymptotes, including oblique
asymptotes.
Chapter 4 (Diﬀerentiation) introduces the derivative of a function f (x) at a point
c as the usual limit of a quotient. Then it proves the Lemma of Carathéodory,
which becomes crucial in what follows: that f is diﬀerentiable at c if and only if
there is an increment function f1 such that f (x) − f (c) = (x − c)f1 (x) for all x
in the domain D of f , and f1 is continuous at c. By replacing diﬀerentiability
of f at c with the continuity of f1 (which depends on c) at c, routine properties
of derivatives — continuity, sums, products, quotients and especially the Chain
rule and the derivative of an inverse function — have more direct proofs which no
longer require mention of limits.
There is then a discussion of normals and implicit diﬀerentiation and the Mean
Value Theorem (MVT), which is used to prove Taylor’s theorem: we can express
an n-times diﬀerentiable function f (x) on [a, b] by an n degree Taylor polynomial
with an error term involving the (n + 1)th derivative at some interior point c.
The connection between derivatives and monotonicity, convexity and concavity are
discussed, and the chapter ends with an unusually careful and thorough treatment
of L’Hôpital’s rule, treating both 0/0 and ∞/∞ forms with some care.
Chapter 5 (Applications of Diﬀerentiation) begins with a discussion of maxima
and minima, local extrema and inﬂexion points. Then the linear and quadratic
approximations to a function f at a point c given by Taylor’s theorem are studied
in more detail, including explicit bounds on the errors as x approaches c. The
most novel parts of this chapter are a thorough treatment of Picard’s method for
ﬁnding a ﬁxed point of a function f : [a, b] → [a, b] provided |f  (x)| < 1 , and
Newton’s method for ﬁnding the zeros of a function f (x). Conditions are given
that insure that the latter converges, one such condition uses Picard’s method, the
other assumes the monotonicity of f  (x).
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Chapter 6 (Integration) is the heart of the subject. Many calculus texts introduce
the integral of a function as some kind of ‘limit of Riemann sums’, even though this
kind of limit has not been deﬁned, as it ranges over a net of partitions, not a set of
numbers. Ghorpade and Limaye choose another standard approach: to deﬁne the
Riemann integral using supremums and inﬁmums of sets of real numbers. Given
f (x) on [a, b], they deﬁne the lower sum L(P, f ) and the upper sum U (P, f ) of f
with respect to a partition P of [a, b] in terms of minima and maxima of f on the
various subintervals, then set
L(f ) ≡ sup{L(P, F ) : P is a partition of [a, b]}
U (f ) ≡ inf{U (P, F ) : P is a partition of [a, b]}
and declare f to be integrable on [a, b] if L(f ) = U (f ), in which case this common
b
value is the deﬁnite integral a f (x) dx. This is a deﬁnition which is reasonably
intuitive, and respects Archimedes’ understanding that one ought to estimate an
area from both the inside and outside to get proper control of it. Nevertheless one
must make the point that no good examples of using this deﬁnition to compute
an integral are given — while the book shows that f (x) = xn is integrable, an
evaluation of the integral must wait for the Fundamental theorem.
A key technical tool is the Riemann condition: that a bounded function is integrable if and only if for any ε > 0 there is a partition P for which the diﬀerence
between the lower and upper sums is less than ε. The Fundamental theorem
is established, in both forms: that the integral of a function may be found by
evaluating an antiderivative, and that the indeﬁnite integral of a function f is
diﬀerentiable and has derivative f . Integration by parts and substitution are
derived, and then the idea of a Riemann sum is introduced both as a tool to
evaluate integrals, and to allow integration theory to evaluate certain series.
Chapter 7 (Elementary Transcendental Functions) introduces the logarithm, the
exponential function, and the circular functions and their inverses. The book
deﬁnes ln x as the integral of 1/x and the exponential function as its inverse,
and develops more general power functions using the exponential function and
the log function. The number e is deﬁned by the condition ln e = 1. This is
familiar territory. Deﬁning sin x, cos x and tan x is less familiar, but a crucial
point for calculus. Most texts are sadly lacking, pretending that these functions
are somehow part of the background ‘ether’ of mathematical understanding, and so
exempt from requiring proper deﬁnitions. More than ﬁfty years ago, G.H. Hardy
spelled out the problem quite clearly in his A Course in Pure Mathematics [4],
stating ‘The whole diﬃculty lies in the question, what is the x which occurs in
cos x and sin x’. He described four diﬀerent approaches to the deﬁnition of the
circular functions.
The one taken by Ghorpade and Limaye is to start with an inverse circular function. There are several good reasons to justify this choice. Historically the inverse
circular functions were understood analytically before the circular functions themselves; Newton obtained the power series for sin x by ﬁrst ﬁnding the power series
for arcsin x and then inverting it, and indeed the arcsin x series was discovered
several centuries earlier by Indian mathematicians in Kerala. In addition, the theory of elliptic functions is arguably easier to understand if it proceeds by analogy
with the circular functions, and starts with the inverse functions — the elliptic
integrals.
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The book begins with arctan x, the integral of 1/(1 + x2 ) which, after 1/x, is the
last serious barrier to integrating general rational functions. Deﬁning tan x as the
inverse of arctan x only deﬁnes it in the range (−π/2, π/2), where π is introduced as
a
twice the supremum of the values of 0 1/(1 + x2 ) dx. Then the circular functions

tan x
1
and cos x = √
1 + tan2 x
1 + tan2 x
are deﬁned on (−π/2, π/2) as suggested by Hardy, extended by continuity to the
closed interval, and then to all of R by the rules
sin x = √

sin(x + π) = − sin x and cos(x + π) = − cos x.
I would suggest an alternative: to deﬁne
sin x =

2 tan(x/2)
1 + tan2 (x/2)

and

cos x =

1 − tan2 (x/2)
1 + tan2 (x/2)

on (−π, π) and then extend by continuity and 2π periodicity. This more algebraic approach connects to the rational parametrisation of the circle, Pythagorean
triples, and the well-known half-angle substitution.
After sin x and cos x are pinned down, the book ﬁnds their nth Taylor polynomials and derives the main algebraic relations, namely cos2 x + sin2 x = 1 and
the addition laws. After deﬁning the reciprocal and the (other) inverse circular
functions the book establishes their derivatives. It then discusses a good source
of counterexamples: the function sin(1/x).
Having deﬁned the circular functions precisely, the authors deﬁne the polar coordinates r and θ of a point (x, y) = (0, 0) in the Cartesian plane precisely: r =

x2 + y 2 as usual, while
 

−1 x

if y ≥ 0
cos
r
θ=
 

− cos−1 x
if y < 0.
r
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A madman dreams of Turing machines
Janna Levin
Anchor Books, 2007, ISBN 978-1-4000-3240-2

A Madman Dreams of Turing Machines by Janna Levin is a ﬁctionalised biography
of Alan Turing and Kurt Goedel. The book takes us from Turing’s days as a school
boy at Sherbourne School to his death in 1954, and from Goedel’s life in Vienna
at around the time he proved his Incompleteness Theorems, to his death in the
US in 1978.
The lives of both men were tragic. The main facts of Turing’s life — his involvement with the war-time code breaking at Bletchley Park, his being charged with
homosexual practices and his suicide by eating a poisoned apple — are well known
and have even become a part of popular culture. But what came as news (to
me, at least) were the circumstances leading to Goedel’s death. As portrayed by
Levin, from his early manhood Goedel displayed an unusual degree of concern
about possible poisons in his environment. He was worried that burning coal
gave oﬀ harmful fumes. As he got older, these worries deepened into paranoia.
He became convinced people were trying to poison him. Eventually, he stopped
eating altogether and died of self-inﬂicted starvation. Turing died from deliberately
eating poison, Goedel from not eating due to a fear of poison.
Levin’s book interweaves the lives of the two mathematicians. She spends a few
chapters, or even just a few pages, on one of them and then switches to the other.
But I never found this to be at all confusing or disturbing: it gives an impression
of the two lives progressing in parallel.
Although Levin does sketch, in very broad
outline, some of their mathematical ideas,
this is not a book about mathematics.
It is a book about their personal lives,
but also about the broader intellectual
and cultural environment in which their
thought developed. Goedel was a member of the Vienna Circle, a passionately
anti-metaphysical group of thinkers centred
around Moritz Schlick. Goedel’s Incompleteness Theorems, and his Mathematical
Platonism, were not congenial to the general
intellectual mood of this group. Later in
his life Goedel developed a variant of the
Ontological Argument for the existence of
God and, according to Levin, also believed
in the immortality of the soul. Turing, by
contrast, was a dyed-in-the-wool materialist
who ﬁrmly believed that human beings were
nothing but machines. But, oddly enough,
there is also a letter written by Turing in which he expressed the view that an
early school boy love who had died of tuberculosis was in some sense still alive.
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As portrayed by Levin, both men had very unusual personalities. Although in his
early years Goedel was something of a dandy and a ladies’ man, as he got older he
became increasingly diﬃcult and paranoid. He had to be spoon fed by his wife and
would wear many layers of clothing even in warm weather. Turing is portrayed as
a strange man, indiﬀerent to personal grooming and almost blind to the emotional
sub-text in social interactions.
One thing that I (as a philosopher) found surprising was the extent of the (not
always entirely benign) inﬂuence that Ludwig Wittgenstein had on both men.
Wittgenstein’s ideas dominated the Vienna Circle. Turing attended Wittgenstein’s
lectures at Cambridge, and Levin gives a detailed account of their exchanges.
It seems to me that Levin’s book is very well written. The prose is ﬁnely polished. She sometimes achieves a strange, dream-like quality in her writing in
which the distinction between past and present somehow becomes unimportant,
and events in the natural world seem to take on something of the ‘timeless’ quality
of mathematics. She has a ﬁne feeling for language. It is worth noting that Levin
is a Professor of Physics and Astronomy at Columbia University, and is also an
accomplished visual artist and award winning novelist(!).
This is an impressive, in some ways beautiful, but also very sad book about two
great thinkers. I strongly recommend it.
J.N. Wright
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Philip Broadbridge∗

Our graduates in the workforce
Quantitative skills and a logical approach to problem-solving are highly valued attributes that help mathematics graduates in the workplace. The recently published
DEST SET Skills Audit shows that the period 1997–2005 has already experienced
52% employment growth in the mathematical sciences, compared to 37% over all
natural sciences1 .
Average starting salaries for mathematics graduates are ahead of those for life
sciences, accounting, computer science, architecture and law. They are close to
those of engineers, although the latter have recently moved ahead during the recent
mining boom2 .
Despite these advantages, surveys show that a number of mathematics graduates
take a considerable time after graduation to ﬁnd suitable employment. Journalists
from two newspapers have been asking questions about the veracity of these data
and the possible causes. I believe that more work needs to be done nationally to
understand the role of mathematicians in the workforce, and to form strategies to
better prepare them. I have my own opinions but these are based largely on my
own experience and on the anecdotes of colleagues.
It is not contradictory that mathematical skills are in demand while mathematics
graduates are experiencing delays in ﬁnding suitable employment. Mathematicians
are not part of a recognised profession. Whereas accreditation of engineering and
accounting degrees is viewed as necessary, very few job advertisements ask for
accredited mathematicians. In the workplace, mathematics graduates almost always need to develop knowledge or skills from another discipline such as computer
science, ﬁnance, management, healthcare, engineering or environmental monitoring. I have known students to work on applied mathematics honours projects in
applications such as ecology and ﬁnance, and then to walk into closely related
jobs. Lack of formal training in these other areas can be a stumbling block when
applications are ﬁrst assessed. However, our graduates should bear in mind that
a sizeable set of employers realise that the mathematical skills are important and
that it’s easier to pick up other knowledge from on-the-job training.
Some employers are happy to take on a mathematics graduate who has identiﬁed
the relevant disciplines of the business and who has expressed willingness to be
trained in those areas. However, communication skills are always as important as
∗ Australian Mathematical Sciences Institute, The University of Melbourne, VIC 3010.
E-mail: phil@amsi.org.au
1 Commonwealth

of Australia, Audit of Science, Engineering and Technology Skills, ISBN 0 642
77627 X (viewed 2006). http://www.dest.gov.au/NR/rdonlyres/AFD7055F-ED87-47CB-82DD3BED108CBB7C/13065/SETSAsummaryreport.pdf .
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Australian Graduate Survey, Graduate Careers Council (viewed 2007).
http://www.graduatecareers.com.au/content/view/full/24 .
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quantitative skills. Their job applications will be more highly regarded if they can
demonstrate where they have previously written project reports in clear English.
I encourage mathematics educators to discuss whether and how to include some
vocational training within their degree programs. If some institutions do not teach
their mathematics students where and how to look for employment, then I am
wondering whether academic mentors should make themselves available for several
months beyond graduation. This would help to attract students to our programs,
help to deﬁne a professional identity and help to maintain contact with our alumni.
In the mid-1990s, I commissioned a survey of mathematics graduates from Wollongong and found a high level of job satisfaction in a wide variety of occupations3 .
Our graduates need to be made aware that they have the advantage of a broad
ocean over which they can cast their nets but that this requires considerable eﬀort;
not only to cast the net but to repair the holes.
Helped by Commonwealth funding, we have now set up an internship scheme,
whereby advanced students and recent graduates can work for 3–5 months in
an industrial setting, with some assistance from an academic supervisor. See
http://www.amsi.org.au/Industry internships.php# (and ad on next page).
The industry partner has the opportunity to view a potential employee without
having to initially commit to long-term obligations. The intern gains signiﬁcant
professional development, recognised by some universities, including the University of Melbourne, on transcripts of student records. Already, one company has
signed up with a partner university and a recent graduate. We are looking for another postgraduate student to work in the area of transport planning. Two more
companies have expressed interest.
One area of expanding industrial demand for mathematics and statistics is that of
water resources management. From 14 to 16 July, AMSI will be running a short
course and workshop on the mathematics of water supply and pricing. The workshop will be supported by MASCOS, MITACS, ICE-EM and the International
Centre of Excellence in Water Resources Management (ICE-WARM). For details,
see http://www.amsi.org.au/water.php .
This follows the format of the very successful workshop on electricity supply and
pricing held in Surfers Paradise last April.
Director of AMSI since 2005, Phil Broadbridge was previously
a professor of applied mathematics for 14 years, including a
total of eight years as department chair at University of Wollongong and at University of Delaware.
His PhD was in mathematical physics (University of Adelaide). He has an unusually broad range of research interests,
including mathematical physics, applied nonlinear partial differential equations, hydrology, heat and mass transport and
population genetics. He has published two books and 100 refereed papers, including one with 150 ISI citations. He is a
member of the editorial boards of three journals and one book
series.
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General News
2008 Australian Museum Eureka Prizes
Entries in the 2008 Australian Museum Eureka Prizes are now open, and close on
2 May 2008.
Presented annually by the Australian Museum, the Australian Museum Eureka
Prizes reward excellence in the categories of Research and Innovation, Science
Leadership, School Science, and Science Communication and Journalism
There is something for everyone in this year’s competition with 20 prizes worth
over $200 000 available including the brand new Action Against Climate Change
(School Science), Taxonomic Research (Research and Innovation), and Research
in support of Defence or National Security (Research and Innovation).
In addition, the always-popular Sleek Geeks Science Prize has been expanded to include Primary, Secondary and University students. And the New Scientist science
photography prize is open to anyone over 17 years of age.
For further information on the prizes and how to enter, go to australianmuseum.net.
au/eureka or email eureka@austmus.gov.au .
CSIRO
On 12–13 December, CSIRO Mathematical and Information Sciences hosted a
workshop for CSIRO scientists on computational and simulation science. Held
in Sydney at the Macquarie University campus, about 125 scientists from across
CSIRO attended.
The objectives of the workshop included building a greater understanding within
CSIRO of the potential contributions to research of computational and simulation
science, and growing networks of researchers to develop CSIRO’s capability in this
area.
Geoﬀ Garrett, CSIRO CEO, opened the workshop. Invited speakers included Kent
Winchell, Systems and Technology Group–Deep Computing, IBM, USA, and Ian
Gorton, Chief Architect, Data Intensive Computing Initiative, Paciﬁc Northwest
National Laboratory, USA.
For more information, contact Dr John Taylor (john.a.taylor@csiro.au).
Monash University
Monash School of Mathematical Sciences Shares Piece of Nobel Prize
Two scientists from the School are sharing in the prestige of the 2007 Nobel Peace
Prize, awarded jointly to the intergovernmental Panel on Climate Change and former US Vice-President Al Gore. Associate Professor Steve Siems and Professor
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Michael Manton were among the scientists honoured with the award as a result of
their involvement in the international network of scientists. For more information,
see http://www.monash.edu.au/news/monashmemo/stories/20071017/nobel.html .
JSTOR All-Stars
The work of two of Monash University’s Honorary Members in the School of Mathematical Sciences ﬁgures prominently in the JSTOR All-Stars list at http://www.
maa.org/news/101807jstor.html. Released in October 2007 by the Mathematical Association of America, this list contains the most accessed articles of those
published in American Mathematical Monthly and placed in electronic form on
JSTOR. Of 37 094 articles, John Stillwell’s Galois theory for beginners comes in
at number 5 and Mike Deakin’s Hypatia and her mathematics at number 8. Congratulations to both John and Mike.

Completed PhDs
Australian Defence Force Academy, University of New South Wales
• Dr James Caunce, Modelling the wool scour bowl, supervisors: Steve Barry,
Geoﬀ Mercer (and Tim Marchant from the University of Wollongong).
• Dr Leesa Sidhu, Analysis of recovery/recapture data for Little Penguins, supervisor: Ted Catchpole.
La Trobe University, Bundoora
• Dr Anthony Nielsen, Topological transitivity of group actions, supervisor: Grant
Cairns.
Monash University
• Dr Mark Williams, A diagnosis of the tropical global circulation from the perspective of four planetary waves driven by multiple heat sources, supervisor:
Associate Professor Steve Siems.
• Dr Valerio Bisignanesi, Scalar plumes in canopies and atmospheric surface
layers, supervisor: Associate Professor Steve Siems.
• Dr Bernard Kuowei Ee, Weakly dispersive hydraulic exchange ﬂow through a
contraction, supervisor: Dr Simon Clarke.
• Dr Andrew Craig Tupper, The eﬀect of environmental conditions on the nature
and detection of volcanic clouds, supervisor: Professor Michael Reeder.
University of Ballarat
• Dr Shahnaz Kouhbor, Optimal number and placement of network infrastructure in wireless networks, supervisors: the late Professor Alex Rubinov, Professor Sid Morris, Dr Julien Ugon and Dr Alex Kruger.
University of Melbourne
• Dimetre Triadis, Indentation models for colloid science and nanotechnology,
supervisor: Barry Hughes.
• Jennifer Slater, Growing network models with an application to neurogenesis,
supervisors: Kerry Landman and Barry Hughes.
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• Judy-anne Osborn, Combinatorics of pavings and paths, supervisors: Richard
Brak, Aleks Owczarek and Ole Warnaar.
• Armando Rodado, Weierstrass points and canonical cell decompositions of the
moduli and teichmüller spaces of Riemann surfaces of genus two, supervisor:
Iain Aitchison.
University of Queensland
• Dr Xin Liu, Inner geometric structures of gauge ﬁelds and topological excitations, supervisors: A/Prof Yao-Zhong Zhang and Prof Tony Bracken.
• Dr Benjamin Angus Mee Gladwin, Long timescale path integral molecular dynamics from equations of motion, supervisor: Dr Thomas Huber.
• Dr Carlo Hamalainen, Latin bitrades and related structures, supervisor: A/Prof
Diane Donovan.
University of Sydney
• Dr Lucy Gow, Yangians of Lie superalgebras, supervisor: Associate Professor
Alex Molev.
• Dr Mark Hopkins, Quantum aﬃne algebras: quantum Sylvester theorem, skew
modules and centraliser construction, supervisor: Associate Professor Alex
Molev.
• Dr Brad Roberts, On bosets and fundamental semigroups, supervisor: Associate Professor David Easdown.
• Dr Karl Rodolfo, A comparative study of American option valuation and computation, supervisor: Dr Peter Buchen.
• Dr Christopher Ormerod, Associated linear theory of ultradiscrete Painlevé
equations, supervisor: Professor Nalini Joshi.
• Dr Shona Yu, The cyclotomic Birman–Murakami–Wenzl algebras, supervisor:
Associate Professor Bob Howlett.
University of Western Australia
• Dr Geoﬀrey Pearce, Transitive decompositions of graphs, supervisors: Professor
Cheryl Praeger and Dr John Bamberg.

Awards and other achievements
The Australian National University
• Neil Trudinger has been awarded the prestigious American Mathematical Society’s Leroy P Steele Prize for Mathematical Exposition for his book Elliptic
Partial Diﬀerential Equations of Second Order written with the late David
Gilbarg. The award was presented to Neil at the New Zealand Mathematics
Research Institute, Auckland recently.
See http://www.ams.org/ams/press/steele-exposition-2008.html
• Xu-Jia Wang has been awarded the prestigious Morningside Gold Medal of
Mathematics at the International Congress of Chinese Mathematicians. The
award was recently presented to Xu-Jia at the International Congress of Chinese Mathematicians, Hangzhou.
See http://news.xinhuanet.com/english/2007-12/17/content 7269051.htm
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University of Queensland
• Leesa Wockner has been awarded a Smart State PhD Scholarship.
• Gareth Evans has won the I-Sim/ACM-SIGSIM Best Student Paper Prize
for his paper, ‘Parallel cross-entropy optimization’, at the Winter Simulation
Conference held in Washington.
University of Southern Queensland
• Patricia Cretchley has been awarded a USQ Citation for Outstanding Contribution to Student Learning.
• Birgit Loch has been awarded the Faculty of Sciences Award for Teaching
Excellence (Early Career), and a USQ Associate Teaching Fellowship for 2008.
Victoria University
• The Vice-Chancellor’s 2007 Peak Award for Excellence in Research in the Research Team category was awarded to the Research Group in Mathematical Inequalities and Applications (RGMIA) Team from the Faculty of Health, Engineering and Science, School of Computer Science and Maths, Associate Professor Neil Barnett, Associate Professor Peter Cerone, Professor Sever Dragomir,
Associate Professor Anthony Sofo and Dr Xun Yi.

Appointments, departures and promotions
Australian Defence Force Academy, University of New South Wales
• Harvinder Sidhu has been appointed as Associate Professor from 1 January
2008.
La Trobe University, Bundoora
• David McLaren has retired.
La Trobe University, Bendigo
• Lex Milne retired in February this year.
Macquarie University
• Xuan T. Duong has been promoted to Professor of Mathematics.
Monash University
• Dr Boris Buchmann commenced in September 2007 as Lecturer (Level B). His
research interests are in statistics and ﬂuctuation theory of stochastic processes
and time series.
• Dr Justin Peter commenced in October 2007 as Research Fellow. Although
his appointment is at Monash, Justin will be located mainly at the Bureau of
Meteorology.
• Dr Daniel Delbourgo commenced in November 2007 as Senior Lecturer
(Level C). His research interests are elliptic curves and modular forms; automorphic representations; Iwasawa theory of motives; deformations of Galois
representations; Euler systems attached to varieties.
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• Dr Zhenyang Li commenced in December 2007 as Research Fellow. His research interest is in diﬀerential geometry.
• Dr Steve Siems was promoted to Associate Professor in January 2008.
Murdoch University
• Professor Ian James has begun a secondment for four years at the Centre
for Clinical Immunology and Biomedical Statistics at Royal Perth Hospital/
Murdoch University.
• Associate Professor Ross Taplin has resigned to take up a position as Professor
in the Curtin Business School.
• Ha Nguyen has been appointed as a Lecturer for a three-year term.
• Dr Helen Middleton has been appointed as a Lecturer for a one-year term.
Swinburne University of Technology
• Dr Patrick Tobin has resigned as Lecturer in Mathematics at Swinburne University of Technology as of the end of January. He will be taking up a new
position of Lecturer in Mathematics at Australian Catholic University.
University of Ballarat
• Allison Plant joined the School on 2 January 2008 as a lecturer in mathematics,
after submitting her PhD at the University of Tasmania.
University of Melbourne
• Dr Ben Binder, Dr Kerem Akartunali and Mr Chris Ormerod have been appointed as research fellows.
• The following academic staﬀ members retired on 31 December 2007: Dr Ian
Aitchison, Ms Karen Baker, Dr Dave Coulson, Dr Meei Ng, Dr Ken Sharpe
and Dr Moshe Sniedovich.
University of Queensland
• Dr Murray Elder and Dr Ian Wood have both started as Lecturers, and in
July Dr S. Ole Warnaar takes up a Chair in Pure Mathematics.
University of Sydney
• Dr Jean Yang and Dr Martin Wechselberger have been promoted to Senior
Lecturer.
• Dr Alex Molev has been promoted to Associate Professor.
• Dr Samuel Mueller has started as a Lecturer in Statistics.
• Associate Professor Holger Dullin has been appointed for three years to lecture
in biomechanics.
• Dr James East has been appointed as a University Postdoctoral Fellow for ﬁve
years.
• Dr Lucy Gow and Dr Vivek Jayawal have been appointed as Research Associates.
University of Western Australia
• Dr Samuel Mueller, Dr Elena Pasternak and Professor Jiti Gao have left.
• Professor Kaipillil Vijayan has retired.

66

News

New Books
LaTrobe University, Bundoora
• Kulinskaya, E. (Imperial College, London), Morgenthaler, S. (École Polytechnique Federale de Lausanne, Switzerland) and Staudte, R.G. (LaTrobe University) (2008). Meta Analysis: A Guide to Calibrating and Combining Statistical Evidence, Wiley Series in Probability and Statistics. John Wiley &
Sons, Chichester.
University of Ballarat
• Hofmann, K.H. (Technische Universität Darmstadt, Germany) and Morris,
S.A. (University of Ballarat) (2007). The Lie Theory of Connected Pro-Lie
Groups, European Mathematical Society, EMS Tracts in Mathematics Vol. 2.
University of Queensland
• Rubinstein, R.Y. and Kroese, D.P. (2007). Simulation and the Monte Carlo
Method, 2nd edn. John Wiley & Sons.
• The companion solutions manual is: Kroese, D.P., Taimre, T., Botev, Z.I. and
Rubinstein, R.Y. (2007). Solutions Manual to Accompany the Monte Carlo
Method, 2nd edn. John Wiley & Sons.

Conferences and Courses
Conferences and courses are listed in order of the ﬁrst day.
Mathematical Evolutionary Biology
Date: 25–30 March 2008
Venue: Blanche Cave, Naracoorte Caves National Park, SA
Web: http://www.adelaide.edu.au/acad/events/
Conference enquiries: Maria Lekis (maria.lekis@adelaide.edu.au)
We are pleased to announce that the Adelaide Conference on Mathematical Evolutionary Biology, the ﬁrst of an annual series, will take place within Blanche
Cave, Naracoorte Caves National Park, South Australia on 25–30 March 2008
(Comm. Vac. Week). This ﬁve-day meeting is designed to bring together mathematicians and biologists from Australia and internationally, in an informal collaborative atmosphere limited to just 50 places. The meeting is closely modelled
on the very successful Phylogenetics Meeting series held annually in New Zealand
http://www.math.canterbury.ac.nz/bio/whitianga08/. We are particularly interested in talks that discuss work in progress and present current biological problems with the aim of developing new collaborative research projects and areas.
Four of the leading members of the New Zealand group will help lead and direct
the Naracoorte meeting, and facilitate communication between the mathematical
and biological ﬁelds — identifying key conceptual and terminology diﬀerences,
and overcoming the domain barriers which currently prevent interaction of these
groups within Australia.
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ICTAM 2008
Date: 24 August 2008
Venue: Adelaide Convention Centre
Web: http://ictam2008.adelaide.edu.au
ICTAM 2008 will be held at the Adelaide Convention Centre, and hosted by the
Adelaide Theoretical and Applied Mechanics community.
Important dates: 1 May 2008: notiﬁcation of acceptance of short papers; 27 June
2008: early-bird registration deadline; 24 August 2008: Congress starts.
To keep abreast with developments regarding the organisation of ICTAM 2008
please subscribe to the Congress RSS feed through our web site.
Asiacrypt 2008
Date: 8–11 December 2008
Venue: Deakin University
Contact: Lynn Batten (lmbatten@deakin.edu.au)
Deakin University is hosting Asiacrypt 2008, the premier cryptography conference
in the Asia-Paciﬁc region, on 8–11 December 2008.
7th Australia – New Zealand Mathematics Convention
Date: 8–12 December 2008
Venue: University of Canterbury, Christchurch, New Zealand
Web: http://www.math.canterbury.ac.nz/ANZMC2008/
Contact: ANZMC2008@math.canterbury.ac.nz
The next annual meeting of the Society, and the 52nd AGM, will be held at the
University of Canterbury, Christchurch, New Zealand, as the 7th Australia - New
Zealand Mathematics Convention, from Monday 8 to Friday 12 December 2008.
Group Theory, Combinatorics and Computation Conference
Date: 5–16 January 2009
Venue: The University of Western Australia, Perth
Web: http://sponsored.uwa.edu.au/gcc09/welcome
ICM 2010
Date: 2010
Venue: Hyderabad, India
Web: http://www.mathunion.org/Publications/CircularLetters/2008-03.pdf
The IMU is calling for nominations for invited plenary and sectional speakers at
the ICM 2010 in Hyderabad, India.
Any names people wish to propose should be forwarded to Professor Hyam Rubinstein (rubin@ms.unimelb.edu.au) since he is Chair of the National Committee
for the Mathematical Sciences.

68

News

Visiting mathematicians
Visitors are listed in alphabetical order and details of each visitor are presented
in the following format: name of visitor; home institution; dates of visit; principal
ﬁeld of interest; principal host institution; contact for enquiries.
Dr Steen Andersson; University of Indiana; 13 March to 21 April 2008; –; UWA;
A/Prof Les Jennings
Azizollh Azad; University of Isfahan, Iran; 28 October 2007 to 28 April 2008; –;
UWA; Prof Cheryl Praeger
Prof Cathy Baker; Mount Allison University, Canada; 3 January to 30 April 2008;
combinatorics; UQ; Elizabeth Billington
Prof Rudy Beran; University of California at Davis, USA; 3 February 2008 to 15
March 2008; –; UMB; Prof Peter Hall
Dr Daniela Bubboloni; University Firenze, France; March 2008 to April 2008; –;
UWA; Prof Cheryl Praeger
Prof Song X Chen; Iowa State University, USA; 21 January 2008 to 6 April 2008;
–; UMB; Prof Peter Hall
Dr Angelina Yan Mui Chin; University of Malaya; 1 to 30 September 2008; computational algebra; USN; J.J. Cannon
Dr Tim Burness; University of Southampton; 21 January to 21 March 2008; –;
UWA; Prof Cheryl Praeger
Dr Ashraf Daneshkhah; Bu-Ali Sina University; 3 September 2007 to June 2008;
–; UWA; Prof Cheryl Praeger
Mr Chris Davies; Leeds University; 24 January 2008 to 31 March 2008; geomagnetic dynamo theory; USN; D.J. Ivers
Dr Silvo Dolﬁ; University Firenze, France; March 2008 to April 2008; –; UWA;
Prof Cheryl Praeger
Prof Alireza Ematollahi; Shiraz University; 15 September 2007 to 15 September
2008; –; ANU; Alan Welsh
Prof Philip Griﬃn; Syracuse University; 1 February to 30 April 2008; Centre for
Financial Mathematics; ANU; Alan Welsh
Prof David Gubbins; Leeds; 20 September 2007 to 19 September 2008; magnetohydrodynamic dynamo theory and the geodynamo; USN; D.J. Ivers
Dr M. Iranmanesh; Yazd University, Iran; 22 October 2007 to 10 March 2008; –;
UWA; Prof Cheryl Praeger
Rishabh Kothari; Indian Institute of Technology; 1 May to 10 July 2008; –; UQL;
Dirk Kroese
Dr Felipe Leitner; University of Stuttgart; 5 March 2008 to 11 March 2008; –;
UNE; Gerd Schmalz
Ms Nan Li; The Sichuan Normal University, China; 1 February 2008 to 31 January
2009; –; UWA; A/Prof Song Wang
Dr Youyun Li; Hunan Changsha University; 1 May 2006 to 1 May 2008; –; UWA;
A/Prof Song Wang
Ms Sheona Masterton; University of Leeds; 28 January 2008 to 31 March 2008;
applied maths; USN; D.J. Ivers
Prof Ian Morrison; Fordham; 10 March 2008 to 30 June 2008; algebraic geometry;
USN; G.I. Lehrer
Dr Alireza Nematollani; University of Shiraz; 15 December 2007 to 15 December
2008; multivariate analysis and time series; USN; N.C. Weber
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Dr Alessandro Nigro; University of Milan 1, Italy; 17 January 2008 to 14 April
2008; –; UMB; A/Prof Paul Pearce
Dr James Parkinson; Technical University of Graz; 14 to 29 March 2008; buildings
and Hecke algebras; USN; D.I. Cartwright
Prof Feng Qi; Henan Polytechnic University, China; 1 March 2008 to 1 March
2009; mathematical inequalities, mean values, special functions, numerical
integration ,classical analysis, diﬀerential geometry; VU; Prof P. Cerone and
the RGMIA
Ms Weiwei Ren; Yunnan University, China; August 2007 to August 2008; –;
UWA; A/Prof Caiheng Li
Dr Frederic Robert; Université de Nice; 14 November 2007 to 3 November 2008;
applied and nonlinear analysis; ANU; Florica Cirstea
Dominic Schuhmacher; University of Zurich; 1 April 2006 to 31 May 2008; –; UWA;
Prof Adrian Baddeley
Dr Qiao Shouhong; Sun Yat-sen University, China; 01 March 2008 to March 2009;
–; UWA; A/Prof Cai Heng Li
Prof Daniel Silver; University of South Alabama, USA; 1 February 2008 to 31
May 2008; –; UMB; Prof J.H. Rubinstein
Prof Daniel Silver; University of South Alabama; 7 April 2008 to 9 May 2008;
symbolic dynamics to knot theory; USN; J.A. Hillman
Dr Isar Stubbe; Universiteit Antwerpen, Belgium; 12 February 2008 to 6 April
2008; category theory and physics; MQU; R.H. Street
Dr Nader Tajvidi; Lund Institute of Technology; 1 January to 1 May 2008; statistics; USN; M. Raimondo
Prof Susan Williams; University of South Alabama, USA; 1 February 2008 to 31
May 2008; –; UMB; Prof J.H. Rubinstein
Prof Susan Williams; University of South Alabama; 7 April 2008 to 9 May 2008;
symbolic dynamics to knot theory; USN; J.A. Hillman
Prof Richard Wood; Dalhousie University, Canada; 1 January to 30 March 2008;
category theory; MQU; R.H. Street
Dr Huoxiong Wu; Xiamen University, China; January 2008 to November 2008;
harmonic analysis and partial diﬀerential equations; MQU; X.T. Duong
Dr Paul Yip; University of Hong Kong, China; 7 March 2008 to 19 March 2008;
–; UMB; A/Prof Ray Watson

Nominations sought for the George Szekeres Medal
The Medal Committee for the 2008 George Szekeres Medal is now seeking nominations and recommendations for possible candidates for this Medal. This is one
of two prestigious Medals awarded by the Society, the other being the Australian
Mathematical Society Medal. The George Szekeres Medal is awarded for outstanding research achievement in a 15-year period for work done substantially in
Australia. It is awarded only in even-numbered years.
Nominations, to be sent to the Committee Chair, should include: (a) an extended
citation, not more than two pages in length, arguing the case for awarding the
Medal to the nominee; (b) a shorter citation, of not more than 100 words, which
may be used to report the candidate’s achievements in the event that the nomination is successful; (c) a full list of publications of the candidate, with the most
signiﬁcant (up to a maximum of 20) marked by an asterisk; (d) a curriculum vitae
of the candidate’s professional career, highlighting any achievements which add
support to the nomination; and (e) the names of between three and six suitable
referees, along with a brief statement as to their appropriateness.
Nominations close on 31 May 2008.
For further information, please contact the Chair of the 2008 George Szekeres
Medal Committee, Professor Alf van der Poorten, alf@maths.usyd.edu.au.
Other members of the 2008 George Szekeres Medal Committee are Dr F. de Hoog,
Professor I. Sloan and Professor V. Jones.
The inaugural George Szekeres Medal in 2002 was awarded to Professor Ian Sloan
FAA FAustMS and to Professor Alf van der Poorten AM FAustMS. The recipient
in 2004 was Dr R.S. Anderssen FAustMS, and in 2006 Professor A.J. Guttmann
FAA FAustMS.
Rules for the George Szekeres Medal of the AustMS
(1) The award is for a mathematical scientist active in research who is a member
of the Australian Mathematical Society and normally resident in Australia.
(2) The Medal may, in exceptional circumstances, be shared by at most two
candidates.
(3) The Medal is awarded every two years.
(4) The award is for a sustained outstanding contribution to research in the
mathematical sciences in the 15 years prior to the year of award. The candidate should have been resident in Australia when the bulk of the work was
completed.
(5) (i) The George Szekeres Medal cannot be awarded to the same person on
more than one occasion.
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(ii) The George Szekeres Medal can be awarded to a recipient of the Australian Mathematical Society Medal, provided that the sustained outstanding contribution to research in Rule 4 is subsequent to the work
for which the Australian Mathematical Society Medal was awarded.
(6) Normally the successful candidate will have an excellent record of promoting
and supporting the discipline, through activities such as extensive graduate
student supervision, outstanding contributions to leadership in the Australian
Mathematical Society, or other activities which have materially promoted the
mathematical sciences discipline within Australia.

Nominations sought for the 2008 AustMS Medal
The Medal Committee for the 2008 Australian Mathematical Society Medal is
now seeking nominations and recommendations for possible candidates for this
Medal. This is one of two Medals awarded by the Society, the other being the
George Szekeres Medal, which is awarded in even-numbered years. The Australian
Mathematical Society Medal will be awarded to a member of the Society for distinguished research in the Mathematical Sciences. Council have recently resolved
that the age limit of 40 on 1 January 2008 may be relaxed in some circumstances;
see rule 2(i) below.
For further information, please contact (preferably by email) the Chair of the 2008
Medal Committee, Professor H. Possingham, Department of Mathematics, The
University of Queensland, Qld 4072, h.possingham@uq.edu.au.
Nominations should be received by 30 April 2008.
The other three members of the 2008 Medal Committee are Professor W.W.L. Chen
(Outgoing Chair), Professor A. Ram (Incoming Chair) and Professor T. Tao (one
year).
A list of past AustMS Medal winners appears at
http://www.austms.org.au/AMSInfo/medal.html .
Rules for the Australian Mathematical Society Medal
(1) There shall be a Medal known as ‘The Australian Mathematical Society Medal’.
(2) (i) This will be awarded annually to a Member of the Society, under the age
of 40 on 1 January of the year in which the Medal is awarded, for distinguished research in the Mathematical Sciences. The AustMS Medal
Committee may, in cases where there have been signiﬁcant interruptions
to a mathematical career, waive this age limit by normally up to ﬁve
years.
(ii) A signiﬁcant proportion of the research work should have been carried
out in Australia.
(iii) In order to be eligible, a nominee for the Medal has to have been a member of the Society for the calendar year preceding the year of the award;
back dating of membership to the previous year is not acceptable.
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(3) The award will be approved by the President on behalf of the Council of the
Society on the recommendation of a Selection Committee appointed by the
Council.
(4) The Selection Committee shall consist of three persons each appointed for a
period of three years and known as ‘Incoming Chair’, ‘Chair’ and ‘Outgoing
Chair’ respectively, together with a fourth person appointed each year for
one year only.
(5) The Selection Committee will consult with appropriate assessors.
(6) The award of the Medal shall be recorded in one of the Society’s Journals
along with the citation and photograph.
(7) The Selection Committee shall also prepare an additional citation in a form
suitable for newspaper publication. This is to be embargoed until the Medal
winner has been announced to the Society.
(8) One Medal shall be awarded each year, unless either no-one of suﬃcient merit
is found, in which case no Medal shall be awarded; or there is more than one
candidate of equal (and suﬃcient) merit, in which case the committee can
recommend the award of at most two Medals.

Honorary Fellows: call for nominations
In the Gazette Vol. 33 No. 1, March 2006, pp. 69–70, the Rules for the Honorary
International Fellowship of the Australian Mathematical Society are listed. (See
also www.austms.org.au/Publ/Gazette/2006/Mar06/austmsnews.pdf .)
In accordance with Rule 4(a) I hereby call for nominations. These should be sent
electronically to secretary@austms.org.au before the end of August 2008.

AustMS Program Accreditation: University of Wollongong
Contact: Ian Doust (E-mail: i.doust@unsw.edu.au)
The Program Review Committee of the Australian Mathematical Society has approved accreditation of the following undergraduate degrees (including with Honours) in the School of Mathematics and Applied Statistics at the University of
Wollongong: Bachelor of Mathematics (BMath); Bachelor of Mathematics (Advanced) (BMathAdv); Bachelor of Mathematics Education (BMathEd); Bachelor
of Mathematics and Finance (BMathFin); Bachelor of Mathematics and Finance
(Dean’s Scholars) (BMathFin (Dean’s Scholars); Bachelor of Mathematics and
Economics (BMathEcon); Bachelor of Mathematics and Economics (Dean’s Scholars) (BMathEcon (Dean’s Scholars)).
This recommendation applies to all majors oﬀered within these degree programs.
This recommendation also applies to any of the double degree programs such as
Bachelor of Mathematics & Bachelor of Computer Science etc., which include a
BMath component. The Accreditation is for a ﬁve-year period from 1 January
2008 to 31 December 2012.
Elizabeth J. Billington

AustMS Secretary
E-mail: ejb@maths.uq.edu.au
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