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Welcome to issue 3 of 2008!
First of all, we would like to welcome Rachel back from maternity leave. After
enjoying a few months with her newborn Elliott and the rest of the family, she has
now resumed her role as Gazette editor. Her help is highly appreciated.
In place of our usual ‘Maths Matters’ column, we are very pleased to run a report
from the International Mathematics Union on citation statistics. Many Gazette
readers will have experienced the ‘culture of numbers’ that has resulted from the
growing reliance on quantitative methods to measure the quality of academic research. This report is a considered response by mathematicians and statisticians
on the use of numerical measures. Let’s hope it will trigger some constructive
discussions.
We would like to congratulate Bob Anderssen on his honorary doctorate awarded
by La Trobe University; the citation can be found in this issue.
Also in this issue, we are sad to report that this is the last instalment of the
excellent Style Files series written by Tony Roberts. Tony’s column has proved
to be an invaluable resource not only for improving writing styles but for also
passing these skills onto students. We will publish all the columns together in
a standalone series for download on the Gazette website so this resource remains
easily accessible for all our readers. We would like to thank Tony for his eﬀorts and
hope that he will continue to support the Gazette with occasional contributions.
Congratulations also go to Ian Wanless from Monash University, for being the
latest recipient of the Puzzle Corner $50 book voucher for his solution to Puzzle Corner 6. Along with the Puzzle Corner, this issue contains all the regular
news from the Australian maths community, and the three technical papers by
Gerry Myerson, the Q(uintessentialist) Society (six Melbourne mathematicians),
and John Miller and Emmanuel Strzelecki. We hope you enjoy this issue.
Birgit, Rachel and Eileen

Peter Hall∗

The campaign for USQ
Many of you will have noticed the energy that has been invested in defending
our colleagues at the University of Southern Queensland, against that university’s
threat that eight mathematicians and statisticians, out of just 14 employed there,
could lose their jobs. The campaign received a very substantial boost in midMarch when Terry Tao took up the cause, and established a number of web pages
relating to the challenges we face. His thoughtfulness, inﬂuence and legendary
capacity for work have given the campaign unprecedented momentum, breadth
and depth. The two main web pages are those with the following addresses:
http://terrytao.wordpress.com/support-usq-maths/
http://terrytao.wordpress.com/2008/04/05/please-help-supportmathematics-at-the-university-of-southern-queensland/
A small number of colleagues have queried with me my reasons for taking the
strong position I have on the threat to cut mathematics at USQ. They have
challenged me, in a variety of ways, to explain how taking up so vigorously
the case of a single university could beneﬁt Australian mathematics as a
whole. Actually, the Society has not been directly connected to the USQ
campaign, although in some of the publicity it has been pointed out that I
am currently the Society’s President. However, that linkage is really beside
the point. There are sound reasons for doing what we are doing, and I’d like
to discuss them here. Because of the importance of these issues, a signiﬁcant
part of this President’s Column has already been aired on the internet, at:
http://austmaths.wordpress.com/2008/05/28/usq-the-supply-ofmathematics-skills-and-mathematics-teacher-training/
The ﬁrst point I’d make is that the Society takes up a wide variety of issues, both
broad and narrow, relating to mathematics in Australia. For example, in a broad
context and in my capacity as President, I write to national bodies such as the
Australian Research Council and the chairs of national reviews, drawing attention
to problems currently being faced by mathematical scientists. More narrowly,
but still as President of the Society, I make submissions to reviews of individual
mathematics and statistics groups in Australian universities, and I write letters
to Vice-Chancellors relating to their plans, although most members of the Society
do not hear about this activity. In particular, last year I wrote to the USQ ViceChancellor on the subject of redundancies. That was in late September, when
potential job losses were only a rumour. Two months later I wrote to another
∗ E-mail:

President@austms.org.au
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Vice-Chancellor, on the same topic but pertaining to his institution. (The Society’s
Secretary keeps a record of all this correspondence.) Therefore, the Society taking
up the issue of mathematics in a single university, such as USQ, rather than
focusing on all of Australian mathematics together, would not be something new
or special.
Nevertheless, there are special circumstances surrounding the USQ case, and
they pertain not just to the high level of international attention it is receiving.
Explaining those circumstances here also gives me an opportunity to discuss a
number of problems that challenge us.
Australia faces a crisis in the supply of mathematics skills. When I left school in
1969 there were two careers to which an Australian with mathematics talents could
generally aspire: becoming either an actuary or a school mathematics teacher.
However, within about a decade the situation began to change. Growth of the
IT industry, and the increasing mathematical sophistication of banks, ﬁnance
companies and government departments, created many new opportunities. Today,
all manner of employers in business, industry and government require staﬀ with
serious mathematics skills.
The Australian Government’s Audit of Science, Engineering and Technology Skills,
generally referred to as the Skills Audit and released in 2006, estimated that
demand for mathematics skills grew at 52.1% in the eight-year period up to
2005, and forecast that it would grow at around 33% in the next eight years.
These ﬁgures correspond to annual growth rates of 5.4% and 3.5%, respectively.
However, a review of the mathematical sciences, partly funded by the Australian
Government and reporting to the Australian Academy of Sciences in late 2006,
noted that the number of mathematical sciences graduates, and the capacity of
the nation to train mathematical scientists, were both falling. Data gathered by the
Australian Mathematical Sciences Institute, directly from mathematical sciences
departments in Australian universities, conﬁrm that this decline is continuing. In
fact, as the national demand continues to increase, the decline in mathematics
skills seems to be accelerating.
Against this background the Skills Audit noted that ‘recruiting diﬃculties exist in
respect to high level mathematical and statistical skills’. The audit gave particular
emphasis to projections that ‘in the sciences, [the] strongest annual job growth
between 2003–04 and 2011–12 [would occur] for mathematicians, statisticians and
actuaries . . . ’ In particular, the long-term growth in demand for mathematicians
and statisticians would outpace that for engineers, where there are well-known and
chronic skills shortages in Australia. However, mathematics skills are increasingly
diﬃcult to ﬁnd.
There is evidence that these problems are causing employers of mathematicians
and statisticians to overlook Australia when they seek countries in which to invest.
Of course, it is virtually impossible to ﬁnd reliable data on this matter, but there
is signiﬁcant anecdotal evidence. For example, back in 2003, when the problem of
ﬁnding mathematics and statistics skills was less acute than it is today, the Head
of Biometrics (Asia Paciﬁc Region) for the Hoﬀman La Roche group wrote to the
Australian Government as follows:
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In 1997, the Pharma Development Management Team of Hoﬀman La Roche,
based in Basel, Switzerland, decided to establish a Biometrics Development
site in the Asia Paciﬁc Region. Australia was chosen as the successful
country, because we were known to have many excellent statisticians, excellent
educational institutions, and a stable political system . . .
The viability of this industry is now threatened because Australia is failing
to produce suﬃcient statistics graduates. It is well known in the statistics
profession that New Zealand continues to produce many statistics graduates,
and Australia very few. In the late 1980s and early 90s Monash University
graduated 10–20 students a year with Honours in Statistics. In recent years
this number has been less than a few. This is a catastrophic decline, which is
reﬂected at many Universities around Australia.
Only three of the major pharmaceutical companies have so far chosen to
establish large Biometrics departments in Australia. We cannot expect
other companies to follow this example, if Australia cannot supply suﬃcient
statisticians to meet the needs of these leading companies. In fact the viability
of these three established departments will be questioned if we have to recruit
statisticians from overseas.

Along the same line, it is well known that a major Australian employer of
mathematical scientists, unable any longer to ﬁnd in Australia the skills it needs,
has started to outsource a signiﬁcant amount of its work. This company also
ﬁnancially supports the education of foreign mathematics students in their home
country, hoping to attract some of them to Australia on graduation.
Linking problems such as this to school mathematics education, the Skills Audit
highlighted the ‘declining proportion of participation in the enabling sciences and
advanced mathematics in schools and in post-school settings’. In particular, data
analysis in the Skills Audit ‘showed a declining number of undergraduate domestic
students in mathematical sciences’. Commenting on the ‘challenges in building
Australia’s science, research and innovation capacity for the future’, the Audit
noted that ‘an adequate supply of well qualiﬁed science and mathematics teachers
is a key to success’.
Similar comments have been made in many other reviews. For example, the
Australian Council of Deans of Science noted in 2006 that:
Three in four schools reported diﬃculties recruiting suitably qualiﬁed mathematics teachers. The shortage of available mathematics teachers was seen as
a relatively recent and growing problem, predicted to worsen as experienced
teachers retire in coming years.

The 2006 review of the mathematical sciences noted that:
Increasingly, high school mathematics is being taught by teachers with
inadequate mathematical training. Nationally, the percentage of Year 12
students taking higher level — advanced and intermediate — mathematics
fell from 41% in 1995 to 34% in 2004. This is limiting the level of training
that can be supplied in undergraduate degree programs such as commerce,
engineering and science.

150

President’s column

Last year the Productivity Commission, an independent branch of the Australian
Government, and housed in Treasury, released an inﬂuential report entitled ‘Public
Support for Science and Innovation’. (Here, ‘public support’ is intended to
be interpreted as ‘support from the public purse’, not ‘support from the man
and woman in the street’.) The Commission went further than most other
commentators, proposing pay rises for mathematics and science teachers as a
means of overcoming the problems:
In the case of science and mathematics teachers, shortages have been
accommodated by using teachers without adequate skills in these areas. This
may adversely aﬀect student performance and engagement and decrease future
university enrolments in the sciences. In teaching, price signals have not been
able to respond to shortages due to the inﬂexible pay levels and structures.
This should be subject to reform.

It is for these reasons that the problems at USQ are of paramount interest to
the Australian community of mathematicians and statisticians. At present we are
caught in a spiral, where the number of students studying university mathematics
or statistics decreases every year, and the number of young men and women
training to be mathematics teachers declines too. Therefore the number of school
students capable of studying mathematics or statistics at university, at anything
but the lowest level, goes down annually. However, outside our universities the
demand for professional mathematicians and statisticians is increasing at 3 to 4%
annually. That is faster than the increase in demand for engineers — mechanical,
industrial, civil, etc. This issue is one to which USQ is central, through the
provision of mathematics training for future school teachers. Indeed, one of the
strengths of USQ has been providing teacher training. However, the proposed
cuts to mathematics and statistics at that university would make it impossible for
USQ to contribute meaningfully in the mathematics area. If that were the case,
the downwards spiral would take yet another signiﬁcant turn.

Peter Hall is a statistician, with interests in a variety
of areas of science and technology (particularly the
physical sciences and engineering). He got his ﬁrst
degree from The University of Sydney in 1974, his MSc
from The Australian National University in 1976, and
his DPhil from University of Oxford in the same year.
Peter is interested in a wide variety of things, from
current aﬀairs to railways and cats.

Norman Do∗

Welcome to the Australian Mathematical Society Gazette’s Puzzle Corner. Each
issue will include a handful of entertaining puzzles for adventurous readers to try.
The puzzles cover a range of diﬃculties, come from a variety of topics, and require
a minimum of mathematical prerequisites to be solved. And should you happen
to be ingenious enough to solve one of them, then the ﬁrst thing you should do is
send your solution to us.
In each Puzzle Corner, the reader with the best submission will receive a book
voucher to the value of $50, not to mention fame, glory and unlimited bragging
rights! Entries are judged on the following criteria, in decreasing order of importance: accuracy, elegance, diﬃculty, and the number of correct solutions submitted. Please note that the judge’s decision — that is, my decision — is absolutely
ﬁnal. Please e-mail solutions to N.Do@ms.unimelb.edu.au or send paper entries to:
Gazette of the AustMS, Birgit Loch, Department of Mathematics and Computing,
University of Southern Queensland, Toowoomba, Qld 4350, Australia.
The deadline for submission of solutions for Puzzle Corner 8 is 1 September 2008.
The solutions to Puzzle Corner 8 will appear in Puzzle Corner 10 in the November
2008 issue of the Gazette.

An odd number of wombats are standing in a ﬁeld
so that their pairwise distances are distinct. If
each wombat is watching the closest other wombat to them, show that there is at least one wombat who is not being watched.

Photo: Xavier Lukins

Watchful wombats

Rubik’s cube
Rubik decides to write a positive integer on each face of a cube. Then to each
vertex, he assigns the product of the numbers written on the three faces which
meet at that vertex. Rubik then notes that the sum of the numbers assigned to
the vertices is 2008. What are the possible values for the sum of the numbers that
Rubik wrote on the faces of the cube?

∗ Department of Mathematics and Statistics, The University of Melbourne, VIC 3010.
E-mail: N.Do@ms.unimelb.edu.au
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Crowded subsets
Let S = {1, 2, . . . , n} and call A ⊆ S crowded if it has the following three properties:
• there are at least two elements in the set A;
• the elements of A form an arithmetic progression;
• the arithmetic progression cannot be extended in either direction using elements of S.
How many crowded subsets of S are there?

Photo: Andy Kelly

Clock confusion
A faulty clock has hour and minute hands which
are indistinguishable. In the 12-hour period between noon and midnight, how many moments
are there when it is not possible to tell the time
on this clock?

Give and Take
Two people, Give and Take, divide a pile of one hundred coins between themselves
as follows. Give chooses a handful of coins from the pile and Take decides who
will get them. This is repeated until all coins have been taken or until one of them
has taken nine handfuls. In the latter case, the other person is allowed to take all
of the remaining coins in the pile. What is the largest number of coins that Give
can be sure of getting?
Playing with polynomials
(1) The quadratic polynomial x2 + 100x + 1 is written on the blackboard. People
enter the room one by one and change the polynomial by adding or subtracting 1 to the x coeﬃcient or the constant coeﬃcient. At some later stage, the
polynomial has been changed to x2 + x + 100. Was there necessarily a point
in time when the polynomial written on the blackboard had integer roots?
(2) I am thinking of a polynomial P (x) with non-negative integer coeﬃcients. If
you give me a number a and ask for the value of P (a), then I will tell you
the answer. How many questions of this sort do you need to ask in order to
determine P (x)?
(3) Find a polynomial F (x, y) in two variables such that, for every non-negative
integer n, the equation F (x, y) = n has exactly one solution in non-negative
integers.

Solutions to Puzzle Corner 6
The $50 book voucher for the best submission to Puzzle Corner 6 is awarded to
Ian Wanless.
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Pasting pyramids
Warren Brisley: Let the square pyramid be ABCDX, where X is the apex, and
let the tetrahedron be ABXY . The diagram shows the resulting solid, viewed
from above the apex of the square pyramid.
−−→ −−→
Note that XY = DA, so X and Y are at the same height above the base of the
−−→
−→
square pyramid. Since |DX| = |AY |, one can deduce that DX = AY . Therefore, the points A, D, X, Y are coplanar and, by a similar argument, the points
B, C, X, Y are coplanar. So the resulting solid has ﬁve faces — two parallelograms
(ADXY and BCXY ), two triangles (CDX and ABY ) and one square (ABCD).
C

B

X

D

Y

A

Million dollar question
Allison Plant: Let a represent the number of $1 notes, b the number of $10 notes,
c the number of $100 notes and d the number of $1000 notes. The conditions of the
problem imply that a + b + c + d = 500 000 and a + 10b + 100c + 1000d = 1 000 000.
Subtracting one equation from the other, we obtain
9b + 99b + 999c = 500 000.
This is impossible, since the left-hand side is divisible by 9 while the right hand
side is not. So one cannot have exactly half a million notes with a total value of
exactly one million dollars.
Collecting coins
Barry Cox: Alex can certainly take all of the coins in odd positions or all of the
coins in even positions. So he can guarantee to end up with at least half of the
money on the table and, hence, at least as much money as Bree.
Symmetric sets
Andriy Olenko: The set S can consist of one point or two points. We will show
that if S contains n ≥ 3 points, then they must be the vertices of a regular n-gon.
If the points of S all lie on a line in the order P1 , P2 , . . . , Pn , then the perpendicular
bisector of P1 P2 is not an axis of symmetry for S. Therefore, the points of S do
not all lie on a line and there exists a circular disk which contains all points of S,
with at least three points of S on its circumference. If the points on the circumference of this disk are not the vertices of a regular polygon, then there are three
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consecutive points A, B, C such that AB = BC. In this case, the perpendicular
bisector of AC is not an axis of symmetry for S. So all points of S which lie on
the circumference of the disk must be the vertices of a regular polygon. If there
is an additional point P inside the disk, then the perpendicular bisector of P Q is
not an axis of symmetry, where Q is any point on the circumference. We conclude
that the n points must be the vertices of a regular n-gon. It is easy to check that
the conditions of the problem are satisﬁed when S consists of one or two points or
if S contains n ≥ 3 points which are the vertices of a regular n-gon.
Double deck
Gerry Myerson: Assume to the contrary that no person ever holds two cards labelled with the same number. Then the two people with 25 will hold them for
eternity and a card labelled 24 can only be passed by one of the people holding a
25. So it can be passed at most twice, after which it also stays put for eternity.
Now a card labelled 23 can only be passed by one of the people holding a 24 or
a 25. Once the cards labelled 24 have settled down, each 23 can only be passed
at most four times before it also becomes stationary. And so it goes for the cards
labelled 22, 21, and so on, down to 14. After a ﬁnite amount of time, the twentyfour cards labelled from 14 up to 25 must be in the hands of 24 diﬀerent players,
where they will remain forever. From this point in time, the 25th player can never
hold a card labelled with a number larger than 13, and hence, can never pass a 13.
On the other hand, the other players must always pass a 13, so both cards labelled
13 must end up in the hands of the 25th player. This contradicts the assumption
that no person ever holds two cards labelled with the same number.
Monks on a mountain
Ian Wanless:
(1) We need the assumption that dawn and dusk are at the same time on the
two diﬀerent days and that the monk’s altitude is a continuous function of
time. Measure time in such a way that dawn corresponds to t = 0 and dusk
corresponds to t = 1. Then consider the function F (t) to be the monk’s
altitude at time t on Monday minus the monk’s altitude at time t on Tuesday.
If the summit is a height h above the base of the mountain, then we have
F (0) = −h and F (1) = h. Then the intermediate value theorem guarantees
that there exists 0 < T < 1 at which F (T ) = 0. This implies that the monk’s
altitude at time T on Monday is the same as the monk’s altitude at time T
on Tuesday.
(2) We can assume that there are no segments of the path which are ﬂat. Deﬁne
an allowable position to be one where both monks are at the same altitude
with at least one of them at a peak, trough or sea level. We now form a state
space, where each state consists of an allowable position as well as the current
directions of travel for both monks. Note that this state space must be ﬁnite
and that the initial state has the monks at opposite ends of the mountain
chain and heading towards each other. The monks then walk in time steps
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that correspond to transitions in the state space, according to the following
rules.
(a) The monks walk in their current direction until exactly one of them
reaches a peak or trough, or until both are at sea level. This will be
their position for the next state.
(b) If both monks reach sea level, they maintain their directions. Otherwise,
the monk who reaches the peak or trough will maintain his direction,
while the other monk turns around. This determines their directions in
the next state and ensures that the monks are either both ascending or
both descending at all times.
(c) These rules are followed until the monks meet each other or reach sea
level.
If the monks meet, then they oﬀer a prayer of thanks and then undertake each
other’s course up to that point in reverse. This results in them successfully
traversing the mountain chain. If the monks return to sea level, but not
both to their original positions, then they are separated by a strictly shorter
mountain chain and we can solve the problem by induction on the number
of peaks.
Suppose that there exist times s < t where the monks are in the same positions but both of them are travelling in opposite directions. Furthermore,
suppose that t is minimal with respect to this condition. Note that t > s + 2,
since at most one monk can reverse direction at each time step, but both have
reversed between s and t. The crucial observation is that (a) and (b) not only
determine the next state, but also the previous one. This time reversibility
leads to a contradiction, since the monks were in the same positions at times
s + 1 < t − 1 but travelling in opposite directions. This contradicts the minimality of t, and it follows that the monks can never simultaneously return
to their original positions.
Another corollary of time reversibility is that a particular state can never be
revisited. Given that the state space is ﬁnite, this means that condition (c)
must eventually be satisﬁed. Therefore, the path can always be traversed by
the monks.

Norman is a PhD student in the Department of Mathematics and Statistics at The University of Melbourne.
His research is in geometry and topology, with a particular emphasis on the study of moduli spaces of algebraic curves.

Teach explicit skills with feedback
Tony Roberts∗
I write having just come back from the gym: my biceps are tired from hammer
curls, my lats from pull downs, my hamstrings from Smith machine lunges. In
building strong bodies we know to exercise individual muscles. Sound programs of
weight training build broad strength that then power us to play sport and live life.
Why then do so many of us fail our students by simplistic ‘teaching’ of writing
skills?
We mathematicians frequently pretend to ‘teach’ writing by the simple expedient
of requiring an essay or two from the students. Such an essay may occur in a
project course or a professional issues course. Yet requiring such an essay is not
teaching; at best it evaluates the student’s current writing skill, but often the
marks for the writing are small, and the criteria vague. As John Hattie [1] reminds
us, learning requires teachers to set appropriate and speciﬁc goals, and to give lots
of feedback. In analogy with building strong bodies, I argue we need to improve
our students mathematical writing with speciﬁc writing exercises and feedback
focussed to build speciﬁc skills.
To further the analogy with body building, once a range of mathematical writing
skills are built, we then ask the students to demonstrate these skills in a grand
ﬁnale of an essay and/or report. Only then will we close the gap between our
students’ writing and employers’ expectations.
. . . a signiﬁcant gap exists between how . . . students perceive and engage in
academic writing and how they are expected to communicate, in oral and
written modes, in professional situations and contexts.
. . . their skills set fails to meet many employers’ expectations.
Susan Thomas, ‘Words are failing our graduates’, The Australian, 14 July 2004

Teach for learning
Writing skills can be so complex we need to keep what we teach simple. After
all, we need not aim to develop subtle nuances in writing such as rhyme and
rhythm. Instead, surely it is enough to aim for simple, direct and open scientiﬁc
writing. But nonetheless we want writing that interests the reader, holds their
attention, and communicates ideas. Almost all students will improve their writing
enormously with a range of simple writing tips.
∗ Department of Mathematics and Computing, University of Southern Queensland, Toowoomba,
QLD 4350. E-mail: aroberts@usq.edu.au
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This series, The Style Files, recommends important writing tips: prefer active writing to passive; clarify this; inform with titles and abstracts; avoid false conditionals;
favour the present tense; omit redundancy; write what you mean; use informative
synonyms; appearance aﬀects communication; and write to read breadth ﬁrst. In
addition, there are rules of grammar and punctuation to learn when writing with
mathematics. All these tips can be learnt with accessible, short examples similar
to those presented in this series. Journal and proceedings abstracts then provide
a rich source of material for consequent summative assessment.
Also consider psychology. We all ﬁnd it hard to dissect and critique our own writing. Surely then students need to learn and practice critical writing skills on other
people’s writing, on writing they do not ‘own’ and so are psychologically freer.
My students happily critique the abstracts I give them from the ctac and emac
proceedings. After learning skills in the writing of others, students appear more
able to evaluate and improve their own writing.
Students have plenty of teaching on technical material. They need a break
on something that connects them with what they will do when we let them
out.
James Franklin, Gazette, 2005 [2]

Strategy
As Leigh Wood comments in last year’s Gazette [3], we can teach such professional
skills in either a stand-alone course, or as modules in others courses. I favour the
latter to ensure most students meet the challenge of writing with mathematics as
a professional. The brain learns quicker than the body builds muscle, but time
and repetition are necessary to build strength in both body and brain for later
life.
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Tony Roberts is the world leader in using and further developing
a branch of modern dynamical systems theory, in conjunction
with new computer algebra algorithms, to derive mathematical
models of complex systems. After a couple of decades of writing poorly, both Higham’s sensible book on writing and Roberts’
role as electronic editor for the Australian Mathematical Society impelled him to not only incorporate writing skills into both
undergraduate and postgraduate programs, but to encourage
colleagues to use simple rules to improve their own writing.
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Doctor of Science (honoris causa) awarded to
Dr Robert S. Anderssen
Terry Mills∗

On 9 May 2008, La Trobe University awarded the degree Doctor of Science (honoris
causa) to Bob Anderssen (CSIRO) in recognition of his outstanding contribution
to applied mathematics. Below is the citation and a photograph of Bob delivering
the Occasional Address at the graduation ceremony in Bendigo.
Robert Anderssen is one of Australia’s leaders in applied mathematics.
We often associate mathematics with physics or engineering . . . and Dr Anderssen has used mathematics in these areas. However his expertise in applying
mathematics extends well beyond these ﬁelds.
Dr Anderssen has used mathematics to improve the drying process of pasta
and reduce wastage. His research has used his knowledge of vibrating strings
to improve our understanding of the sound produced by the Stuart & Sons
piano manufactured in Newcastle, New South Wales by Piano Australia. He
has worked on the equations that describe wheat-ﬂour dough rheology — the
elastic ﬂow and deformation of dough — to improve the eﬃciency of mixing
wheat-ﬂour dough to make bread and to derive molecular information for the
more eﬃcient breeding of new varieties of wheat. His recent work deals with
pattern formation in plants and its role in genetics and agriculture.
Dr Anderssen grew up in country Queensland going to school in Brisbane,
Bundaberg, Maryborough and Charters Towers, before commencing studies
at The University of Queensland. He holds a Bachelor of Science with Honours in Mathematics from the University of Queensland, a Master of Science in
Mathematics from the University of Queensland, and a Doctor of Philosophy
in Mathematics from the University of Adelaide. During his career, Dr Anderssen has held positions at Monash University, ANU, and CSIRO where he
attained the position of Research Chief Scientist and is now a Post-Retirement
Research Fellow.
Dr Anderssen has held visiting positions overseas at a number of Universities including Princeton, the Technical University of Munich, the Technical
University of Vienna, and Cambridge, UK.
He has been an invited speaker at various international conferences, national
and international universities and research institutes such as RICAM, the Johann Radon Institute for Computational and Applied Mathematics, in Linz
in Austria.
Dr Anderssen has been the Chair of the Applied Mathematics Division of
the Australian Mathematical Society (now called ANZIAM), President of the
Australian Mathematical Society and Chair of the National Committee for

∗ La
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Mathematics, as well as Treasurer of the Federation of Australian Scientiﬁc
and Technological Societies.
Dr Anderssen has received many honours in recognition of his work in applied mathematics. Dr Anderssen is a Fellow of the Australian Mathematical
Society. In 2004, the Australian Mathematical Society awarded the George
Szekeres Medal to Dr Anderssen. This prestigious medal is awarded to mathematicians in Australia ‘for a sustained outstanding contribution to research in
the mathematical sciences’. In 2005, Macquarie University presented him with
the Joe Moyal Medal for his distinguished research achievements. Last year,
Dr Anderssen was invited to present the 2007 G.S. Watson Annual Lecture
at the Bendigo campus of La Trobe University. In this lecture, he delighted
students and staﬀ with a wonderful presentation on patterns in plants.

In his Occasional Address to graduates of La Trobe University, Bob Anderssen
illustrates that industrial collars (used to put commodities such as breakfast
cereals into plastic bags) can be formed from a ﬂat sheet of paper without
cutting and therefore are classiﬁed mathematically as developable surfaces.

In 2008, mathematics is being applied to many diﬀerent ﬁelds such as ﬁnance,
environmental science, defence, and health sciences. In fact, there are ﬁelds
of knowledge such as ‘econometrics’, ‘epidemiology’, ‘cryptology’, ‘management science’ and ‘bioinformatics’ which deal with particular applications of
mathematics.
The scope of Dr Anderssen’s work illustrates the breadth of contemporary
applied mathematics. His work has been published in research journals on
agriculture, cereal science, rheology, spectroscopy, bioinformatics, ﬂuid mechanics, brewing, and chemistry — as well as mathematics.
Dr Anderssen’s achievements provide inspiration to many others in using
mathematics to gain a better understanding of our world.
Chancellor, in recognition of his outstanding contribution to applied mathematics, I present to you for the award of the degree of Doctor of Science
(honoris causa), Dr Robert Anderssen.
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Report on the annual ICIAM Board meeting
12 April 2008
Ian H. Sloan∗

Credits: Tourism Vancouver/Al Harvey

This year’s Board meeting of the International Council for Industrial and Applied Mathematics (ICIAM) was held in Vancouver, the host city for the 2011
ICIAM Congress. The Congress site is, in a word, magniﬁcent, and the Congress
organisation, even at this early stage, is impressive.

The ICIAM Board consists of the representatives of the member societies. The
full members of ICIAM are societies, like ANZIAM, that are principally devoted
to applied and industrial mathematics. The associate members, which include the
London Mathematical Society and the American Mathematical Society, have a
signiﬁcant but not primary involvement in the applications of mathematics. With
the admission in Vancouver of the Mathematical Society of Japan as the latest
associate member, the member societies now number 35.
A key responsibility of the Board is to decide on the site of future Congresses. At
the Vancouver meeting pre-bids for the 2015 Congress were accepted from societies
in China and Japan. The ICIAM Oﬃcers will carry out site visits to Beijing and
Tokyo later this year, in preparation for a decision on the rival bids at the next
Board meeting in one year’s time.
∗ School of Mathematics and Statistics, University of New South Wales, Sydney, NSW 2052.
E-mail: I.Sloan@unsw.edu.au
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One signiﬁcant decision at the Board meeting was to make the ‘Olga TausskyTodd Lecture’ a permanent feature of ICIAM Congresses. The ﬁrst such lecture,
at the Zurich Congress in 2007, was organised as a one-oﬀ experiment by the
Congress Director (Rolf Jeltsch) in cooperation with the Association for Women
in Mathematics (AWM) and European Women in Mathematics (EWM). The latter organisations (both of which were represented at the Board meeting) consider
that handing responsibility for the lecture to ICIAM is the best way of ensuring
that it becomes a permanent feature, and becomes recognised as a great honour
for the woman mathematician chosen to deliver the lecture at each Congress. Unlike the ICIAM invited lectures, the Olga Tauskky-Todd lecture will be a plenary
lecture, delivered in the evening with no competing events. (Olga Taussky-Todd
was a very distinguished applied mathematician, with a special interest in matrix
theory; see http://en.wikipedia.org/wiki/Olga Taussky-Todd .)
Another important decision was the in-principle one to raise the cash value of all
ﬁve ICIAM Prizes to US$5000. That means that substantial additional ﬁnancial
support will be needed. At the present time the various prizes are supported by
particular member societies, which each contribute US$1000. For example, the
Pioneer Prize is supported by (and was initiated by) the Society for Industrial and
Applied Mathematics (SIAM). Under ICIAM’s rules it is open to a society such as
ANZIAM to join in support of one of the existing prizes (for example the Pioneer
Prize), at the cost of $1000 (US or Australian!) over the four-year period. Perhaps
the ANZIAM Executive might consider this possibility.
The next Board meeting will be held in Oslo, during the Abel Prize week in May
2009. That meeting will be important as the next ICIAM President will be chosen
then, as will the site of the 2015 Congress. Those with opinions on possible candidates for next President are urged to contact Rolf Jeltsch or Ian Sloan, on the
grounds that these are the only ICIAM Oﬃcers who are not credible candidates
for the Presidency in 2011.
The Vancouver meeting was the ﬁrst Board meeting with Rolf Jeltsch, the new
ICIAM President, in the Chair. The meeting was lively, interesting and eﬀective.
Notes compiled by Ian Sloan in the absence of Neville de Mestre

Ian Sloan is a computational mathematician at the
University of New South Wales with research interests
in high dimensional integration, approximation theory, continuous complexity and the solution of operator equations. He has been Chair of ANZIAM and
President of the Australian Mathematical Society, and
is a former winner of the Society’s ANZIAM Medal
and George Szekeres Medal. Between 2003 and 2007
he was President of the International Council of Industrial and Applied Mathematics (ICIAM).
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Peter Pleasants
24 August 1939 – 20 April 2008
Peter Pleasants, who made substantial contributions to number theory and
quasicrystallography, died on 20 April 2008 from lymphoma in Brisbane, the
city where he also spent his ﬁrst years in Australia in the early 1960s.
Peter Arthur Barry Pleasants was born on 24 August 1939 in Harrow in England, and grew up in the family terrace house. His father Horace was an
auditor for London Transport, and this allowed Peter to travel free on the vast
network of buses and underground trains during his school years. His mother,
Florence, like many others at the time, stayed at home to look after the family.
Peter was educated at the Harrow County Grammar School, one in the top
tier of state schools in England at that time. He won a place in 1957 to read
mathematics at St John’s College, University of Cambridge, where he also
held various scholarships. Apparently he did rather well in his ﬁrst year but
less so in his second. Indeed, he thought that he might not have done enough
to win a postgraduate place, and began telling his friends that he was going
on a long trip after he ﬁnished his third year. His pessimism turned out to
be unfounded, but although Harold Davenport oﬀered to take him on as a
research student, he decided to go on his long trip anyway.
Peter worked for about a year to save up enough money for his trip, and arrived in New Guinea after a long passage on a cargo boat. He was told that
academic positions in Australia were available, made some applications, and
took a junior lecturer position in the Mathematics Department at the University of Queensland in 1961. There he met Ann Johnman, a fellow junior
lecturer, whom he married a few years later. Their devotion to each other has
been the bed-rock of their family life and careers.
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In 1963, Peter returned to St John’s College, University of Cambridge, to embark on his research under Davenport, and Ann came to England soon after.
On completing the work on his PhD, Peter became a Research Fellow at Sidney Sussex College in Cambridge, a post which he held until 1968. However,
his thesis, entitled The representation of primes by quadratic and cubic polynomials, was not submitted until 1967. Peter was oﬀered a lecturer position
at the University of St Andrews, but he declined it in favour of Sidney Sussex
College, at substantially lower remuneration. His pay in Cambridge would
remain tax-free so long as he did not become Dr Pleasants!
In 1968, Peter joined the University College in Cardiﬀ, where he subsequently
became senior lecturer and remained for nearly 20 years. There he was part
of a very active and successful research group in number theory. However, in
the mid-1980s, the college refused to implement draconian cutbacks imposed
by the then Conservative government. In the ensuing ﬁnancial hardship and
uncertainty, the Pleasants family made the decision to return to Australia in
1988. However, before they returned, Peter spent a year at the University of
Texas, where he loved the system under which colleagues were given teaching
duties and then left to get on with them without bureaucratic interference.
Before coming back to Australia, Peter had obtained a Master of Computing
Science. He soon settled into a position in computing at Monash University.
However, mathematics soon took over again, and Peter moved to a lectureship
in mathematics at the University of New England while the family stayed in
Melbourne. When Peter moved to a lectureship in mathematics at Macquarie
University in 1992, he famously commented that the bus journeys back to
Melbourne became overnight only half as long. Among his many and varied
contributions was the supervision of the honours project of Fran Griﬃn who
is now a continuing member of the academic staﬀ.
Between 1997 and 2001, both Ann and Peter were at the University of the
South Paciﬁc, until the political uncertainties in Fiji persuaded them that it
was perhaps time they retired. They returned to Brisbane where Peter became
an honorary research consultant in the Department of Mathematics at the
University of Queensland.
Outside mathematics, Peter enjoyed bush walking, and had done both the
Larapinta Trail and the Carnarvon Gorge. However, perhaps it was cycling
that was Peter’s greatest sporting passion. He cycled to work in Cardiﬀ before
cycling became fashionable, and he took up long distance cycling the year he
was in Texas. He took part on a number of occasions in the Sydney to the
Gong cycle ride. In October 2007, he successfully negotiated the Brisbane to
Gold Coast ride at a very competitive pace. Unfortunately, this was to be his
ﬁnal competitive ride.
Throughout his life, Peter was extremely dedicated to mathematics as well as
his family. He continued working while seriously ill in hospital, and would surround himself with books and manuscripts, working on yet another problem.
He was still correcting the proofs for a paper two weeks before he passed away.
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Peter is survived by his wife Ann, sister Angela, brother Robert, children
Simon, Robin and Zoë, and grandson Evan, born on 19 May 2008.

Some of Peter Pleasant’s mathematical work
The work of Peter Pleasants is characterised by its depth, clarity of exposition
and meticulous attention to detail. His early work is in mainstream number
theory, analytic in nature but on occasions in somewhat algebraic settings.
Subsequently he applied his number theoretic techniques to study problems in
quasicrystallography which form the bulk of his most recent work.
During his time at Cambridge, Peter was heavily inﬂuenced by the work of
H. Davenport and D.J. Lewis, and also by the work of G.L. Watson. His
early papers were on the representation of primes by quadratic and cubic
polynomials and on the representation of integers by cubic forms, utilising the
well-known Hardy–Littlewood method and its variants. He later extended this
study to settings over algebraic number ﬁelds.
In the 1970s, Peter expanded his interests in a number of ways. His work on
word problems was inﬂuenced by M. Morse and G.A. Hedlund, while his work
on forms over p-adic ﬁelds was inﬂuenced by R.R. Laxton and Lewis. Indeed,
in the latter, Peter was able to replace the algebraic geometry by elementary
methods and unify several known low-dimensional cases of the Artin conjecture regarding non-trivial zeros of forms over local ﬁelds. On another front, his
work on a sum related to distribution modulo one gave rise to generalisations
of some sieve inequalities due to Davenport and H. Halberstam. In the early
1980s, he added factorisations in an algebraic number ﬁeld and prime factors
of binomial coeﬃcients to his expanding repertoire.
Peter became interested in quasicrystallography in the early 1980s. His ﬁrst
paper on the subject was, according to the reviewer, written two years before
the discovery of quasicrystals and contributed in various ways to the theory
of non-periodic patterns. In a second paper, written with W.F. Lunnon1, a
general method for constructing ﬁnite sets of aperiodic tiles was found.
In the 1990s, Peter began a very successful collaboration with M. Baake. With
J. Roth, they applied elementary number theory to the theory of coincidences
of Z-modules generated by the vectors of a regular n-star, gave a complete
description of the coincidence rotations when the cyclotomic ﬁeld of n-th roots
of unity has class number 1, and described in detail applications to two quasiperiodic tilings. With J. Hermisson, they computed the number of tilings in

1Ann Pleasants recalls the occasion when Peter was working on these problems on the beach
in France during a family holiday. Peter had just made a discovery and wanted very badly
to write to Lunnon as soon as possible. Unfortunately, they were rather short of money and
the banks were closed over the weekend. Eventually, some money intended for ice cream
was sacriﬁced in favour of postage stamps.
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each local isomorphism class of a tiling which are invariant under various subgroups of the full symmetry group. With R.V. Moody, they studied the set
VL of all points of a lattice L in Rn that are visible from the origin and the set
Fk of all k-th power-free integers, and showed that their diﬀraction measures
are pure point, supported respectively on dense sets Q[L∗ ] and Q, where L∗
is the dual lattice of L. Now both VL and Fk contain large holes and so are
not Meyer sets. They thus gave the ﬁrst examples of pure point diﬀractive
discrete sets that are not Meyer.
In the last few years, Peter further expanded his list of collaborators as well
as interests.
With J.C. Lagarias, he considered Delone sets, subsets of Rd that are uniformly discrete and relatively dense, studied their complexity via patch counting and repetitivity, and established their relationships to crystallinity and
quasicrystallinity.
With A. Granville, he used Aurifeuillian factorisation to study factorisations
of numbers of the form bn ±1, where b = 2, 3, . . . are small. This is part of what
is known as the Cunningham project, and in 1962, A. Schinzel gave a list of
identities useful in this project. They showed that Schinzel’s list is exhaustive
in some sense, and also succeeded in factorising terms of the form f (bn ) for any
given polynomial f , using deep results of G. Faltings from algebraic geometry
and M.D. Fried from the classiﬁcation of ﬁnite simple groups.
With Baake and U. Rehmann, he showed that various results and conjectures
related to the coincidence site lattice problem and its generalisation of Zmodules in R3 can be proved in a uniﬁed way, making use of maximal orders
in quaternion algebras of class number 1 over real algebraic number ﬁelds.
In his ﬁnal paper, Peter succeeded in generalising these results by removing
many of the assumptions. In particular his methods work for quaternion algebras over arbitrary number ﬁelds, although his most precise result requires
the quaternion algebra to satisfy the Eichler condition. He introduced the
notion of a primefree ideal; these correspond bijectively to pairs of maximal
orders. Peter showed that an ideal over a maximal order factors uniquely as
the product of a 2-sided ideal and a primefree ideal.
Peter enjoyed combinatorics too. He also loved puzzles, and was the proud
winner very recently of a $50 book voucher from the Gazette of the Australian
Mathematical Society for one of his solutions!
William Chen1 , Keith Matthews2 and Ross Street3
1 Department
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Joint committee on quantitative assessment
of research: citation statistics
Robert Adler∗ , John Ewing∗∗ and Peter Taylor∗∗∗

A report from the International Mathematical Union (IMU) in cooperation with
the International Council of Industrial and Applied Mathematics (ICIAM) and
the Institute of Mathematical Statistics (IMS)
11 June 2008

Executive summary
This is a report about the use and misuse of citation data in the assessment of
scientiﬁc research. The idea that research assessment must be done using ‘simple
and objective’ methods is increasingly prevalent today. The ‘simple and objective’
methods are broadly interpreted as bibliometrics, that is, citation data and the
statistics derived from them. There is a belief that citation statistics are inherently
more accurate because they substitute simple numbers for complex judgements,
and hence overcome the possible subjectivity of peer review. But this belief is
unfounded.
• Relying on statistics is not more accurate when the statistics are improperly
used. Indeed, statistics can mislead when they are misapplied or misunderstood. Much of modern bibliometrics seems to rely on experience and intuition
about the interpretation and validity of citation statistics.
• While numbers appear to be ‘objective’, their objectivity can be illusory. The
meaning of a citation can be even more subjective than peer review. Because
this subjectivity is less obvious for citations, those who use citation data are
less likely to understand the limitations of the data.
• The sole reliance on citation data provides at best an incomplete and often
shallow understanding of research — an understanding that is valid only when
reinforced by other judgements. Numbers are not inherently superior to sound
judgements.
Using citation data to assess research ultimately means using citation-based statistics to rank things — journals, papers, people, programs, and disciplines. The
statistical tools used to rank these things are often misunderstood and misused.
• For journals, the impact factor is most often used for ranking. This is a simple
average derived from the distribution of citations for a collection of articles in
the journal. The average captures only a small amount of information about
that distribution, and it is a rather crude statistic. In addition, there are many
confounding factors when judging journals by citations, and any comparison of
∗ Technion–Israel

Institute of Technology E-mail: robert@ieadler.technion.ac.il
Mathematical Society E-mail: jhe@ams.org
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journals requires caution when using impact factors. Using the impact factor
alone to judge a journal is like using weight alone to judge a person’s health.
• For papers, instead of relying on the actual count of citations to compare individual papers, people frequently substitute the impact factor of the journals
in which the papers appear. They believe that higher impact factors must
mean higher citation counts. But this is often not the case! This is a pervasive misuse of statistics that needs to be challenged whenever and wherever it
occurs.
• For individual scientists, complete citation records can be diﬃcult to compare.
As a consequence, there have been attempts to ﬁnd simple statistics that capture the full complexity of a scientist’s citation record with a single number.
The most notable of these is the h-index, which seems to be gaining in popularity. But even a casual inspection of the h-index and its variants shows that
these are naı̈ve attempts to understand complicated citation records. While
they capture a small amount of information about the distribution of a scientist’s citations, they lose crucial information that is essential for the assessment
of research.
The validity of statistics such as the impact factor and h-index is neither well understood nor well studied. The connection of these statistics with research quality
is sometimes established on the basis of ‘experience’. The justiﬁcation for relying
on them is that they are ‘readily available’. The few studies of these statistics that
were done focused narrowly on showing a correlation with some other measure of
quality rather than on determining how one can best derive useful information
from citation data.
We do not dismiss citation statistics as a tool for assessing the quality of research
— citation data and statistics can provide some valuable information. We recognise that assessment must be practical, and for this reason easily-derived citation
statistics almost surely will be part of the process. But citation data provide
only a limited and incomplete view of research quality, and the statistics derived
from citation data are sometimes poorly understood and misused. Research is too
important to measure its value with only a single coarse tool.
We hope those involved in assessment will read both the commentary and the
details of this report in order to understand not only the limitations of citation
statistics but also how better to use them. If we set high standards for the conduct
of science, surely we should set equally high standards for assessing its quality.
From the committee charge
The drive towards more transparency and accountability in the academic world has
created a ‘culture of numbers’ in which institutions and individuals believe that fair
decisions can be reached by algorithmic evaluation of some statistical data; unable
to measure quality (the ultimate goal), decision-makers replace quality by numbers
that they can measure. This trend calls for comment from those who professionally
‘deal with numbers’ — mathematicians and statisticians.
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Introduction
Scientiﬁc research is important. Research underlies much progress in our modern world and provides hope that we can solve some of the seemingly intractable
problems facing humankind, from the environment to our expanding population.
Because of this, governments and institutions around the world provide considerable ﬁnancial support for scientiﬁc research. Naturally, they want to know their
money is being invested wisely; they want to assess the quality of the research for
which they pay in order to make informed decisions about future investments.
This much isn’t new: people have been assessing research for many years. What is
new, however, is the notion that good assessment must be ‘simple and objective’,
and that this can be achieved by relying primarily on metrics (statistics) derived
from citation data rather than a variety of methods, including judgements by scientists themselves. The opening paragraph from a recent report states this view
starkly:
It is the Government’s intention that the current method for determining the
quality of university research — the UK Research Assessment Exercise (RAE)
— should be replaced after the next cycle is completed in 2008. Metrics,
rather than peer-review, will be the focus of the new system and it is expected
that bibliometrics (using counts of journal articles and their citations) will be
a central quality index in this system.
Evidence Report, [12, p. 3]

Those who argue for this simple objectivity believe that research is too important to rely on subjective judgements. They believe citation-based metrics bring
clarity to the ranking process and eliminate ambiguities inherent in other forms
of assessment. They believe that carefully chosen metrics are independent and
free of bias. Most of all, they believe such metrics allow us to compare all parts
of the research enterprise — journals, papers, people, programs, and even entire
disciplines — simply and eﬀectively, without the use of subjective peer review.
But this faith in the accuracy, independence, and eﬃcacy of metrics is misplaced.
• First, the accuracy of these metrics is illusory. It is a common maxim that
statistics can lie when they are improperly used. The misuse of citation statistics is widespread and egregious. In spite of repeated attempts to warn against
such misuse (for example, the misuse of the impact factor), governments, institutions, and even scientists themselves continue to draw unwarranted or even
false conclusions from the misapplication of citation statistics.
• Second, sole reliance on citation-based metrics replaces one kind of judgement
with another. Instead of subjective peer review one has the subjective interpretation of a citation’s meaning. Those who promote exclusive reliance on
citation-based metrics implicitly assume that each citation means the same
thing about the cited research — its ‘impact’. This is an assumption that is
unproven and quite likely incorrect.
• Third, while statistics are valuable for understanding the world in which we
live, they provide only a partial understanding. In our modern world, it is
sometimes fashionable to assert a mystical belief that numerical measurements
are superior to other forms of understanding. Those who promote the use
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of citation statistics as a replacement for a fuller understanding of research
implicitly hold such a belief. We not only need to use statistics correctly —
we need to use them wisely as well.
We do not argue with the eﬀort to evaluate research but rather with the demand
that such evaluations rely predominantly on ‘simple and objective’ citation-based
metrics — a demand that often is interpreted as requiring easy-to-calculate numbers that rank publications, people or programs. Research usually has multiple goals, both short-term and long, and it is therefore reasonable that
its value must be judged by multiple criteria. Mathematicians know that
there are many things, both real and abstract, that cannot be simply ordered, in
the sense that each two can be compared. Comparison often requires a more complicated analysis, which sometimes leaves one undecided about which of two things
is ‘better’. The correct answer to ‘Which is better?’ is sometimes: ‘It depends!’
The plea to use multiple methods to assess the quality of research has been made
before (for example [25] or [9]). Publications can be judged in many ways, not
only by citations. Measures of esteem such as invitations, membership on editorial boards, and awards often measure quality. In some disciplines and in some
countries, grant funding can play a role. And peer review — the judgement of
fellow scientists — is an important component of assessment. (We should not discard peer review merely because it is sometimes ﬂawed by bias, any more than we
should discard citation statistics because they are sometimes ﬂawed by misuse.)
This is a small sample of the multiple ways in which assessment can be done.
There are many avenues to good assessment, and their relative importance varies
among disciplines. In spite of this, ‘objective’ citation-based statistics repeatedly
become the preferred method for assessment. The lure of a simple process and
simple numbers (preferably a single number) seems to overcome common sense
and good judgement.
This report is written by mathematical scientists to address the misuse of statistics in assessing scientiﬁc research. Of course, this misuse is sometimes directed
towards the discipline of mathematics itself, and that is one of the reasons for
writing this report. The special citation culture of mathematics, with low citation counts for journals, papers and authors, makes it especially vulnerable to the
abuse of citation statistics. We believe, however, that all scientists, as well as the
general public, should be anxious to use sound scientiﬁc methods when assessing
research.
Some in the scientiﬁc community would dispense with citation statistics altogether
in a cynical reaction to past abuse, but doing so would mean discarding a valuable tool. Citation-based statistics can play a role in the assessment of research,
provided they are used properly, interpreted with caution, and make up only part
of the process. Citations provide information about journals, papers, and people.
We don’t want to hide that information; we want to illuminate it.
That is the purpose of this report. The ﬁrst three sections address the ways in
which citation data can be used (and misused) to evaluate journals, papers, and
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people. The next section discusses the varied meanings of citations and the consequent limitations on citation-based statistics. The last section counsels about
the wise use of statistics and urges that assessments temper the use of citation
statistics with other judgements, even though it makes assessments less simple.
‘Everything should be made as simple as possible, but not simpler’, Albert Einstein
once said1 . This advice from one of the world’s preeminent scientists is especially
apt when assessing scientiﬁc research.

Ranking journals: the impact factor2
The impact factor was created in the 1960s as a way to measure the value of
journals by calculating the average number of citations per article over a speciﬁc
period of time [18]. The average is computed from data gathered by Thomson
Scientiﬁc (previously called the Institute for Scientiﬁc Information), which publishes Journal Citation Reports. Thomson Scientiﬁc extracts references from more
than 9000 journals, adding information about each article and its references to its
database each year [35]. Using that information, one can count how often a particular article is cited by subsequent articles that are published in the collection
of indexed journals. (We note that Thomson Scientiﬁc indexes less than half the
mathematics journals covered by Mathematical Reviews and Zentralblatt, the two
major reviewing journals in mathematics3 .)
For a particular journal and year, the journal impact factor is computed by calculating the average number of citations to articles in the journal during the preceding two years from all articles published in that given year (in the particular
collection of journals indexed by Thomson Scientiﬁc). If the impact factor of a
journal is 1.5 in 2007, it means that on average articles published during 2005
and 2006 were cited 1.5 times by articles in the collection of all indexed journals
published in 2007.
Thomson Scientiﬁc itself uses the impact factor as one factor in selecting which
journals to index [35]. On the other hand, Thomson promotes the use of the
impact factor more generally to compare journals.
As a tool for management of library journal collections, the impact factor supplies the library administrator with information about journals already in the
collection and journals under consideration for acquisition. These data must
also be combined with cost and circulation data to make rational decisions
about purchases of journals.
Thomson [36]

Many writers have pointed out that one should not judge the academic worth of
a journal using citation data alone, and the present authors very much agree. In
addition to this general observation, the impact factor has been criticised for other
reasons as well. (See [31], [2], [29], [13], [1] and [20].)
(i) The identiﬁcation of the impact factor as an average is not quite correct.
Because many journals publish non-substantive items such as letters or editorials, which are seldom cited, these items are not counted in the denominator of the impact factor. On the other hand, while infrequent, these items

Citation statistics

171

are sometimes cited, and these citations are counted in the numerator. The
impact factor is therefore not quite the average citations per article. When
journals publish a large number of such ‘non-substantial’ items, this deviation can be signiﬁcant. In many areas, including mathematics, this deviation
is minimal.
(ii) The two-year period used in deﬁning the impact factor was intended to make
the statistic current [18]. For some ﬁelds, such as bio-medical sciences, this
is appropriate because most published articles receive most of their citations
soon after publication. In other ﬁelds, such as mathematics, most citations
occur beyond the two-year period. Examining a collection of more than three
million recent citations in mathematics journals (the Math Reviews Citation
database) one sees that roughly 90% of citations to a journal fall outside this
two-year window. Consequently, the impact factor is based on a mere 10%
of the citation activity and misses the vast majority of citations4 .

Percent of 2003 citations
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Education
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Figure 1. A graph showing the age of citations from articles published in 2003
covering four diﬀerent ﬁelds. Citations to articles published in 2001–2002 are those
contributing to the impact factor; all other citations are irrelevant to the impact
factor. Data from Thomson Scientiﬁc.

Does the two-year interval mean the impact factor is misleading? For mathematics journals the evidence is equivocal. Thomson Scientiﬁc computes
ﬁve-year impact factors, which it points out correlate well with the usual
(two-year) impact factors [17]. Using the Math Reviews citation database,
one can compute ‘impact factors’ (that is, average citations per article) for
a collection of the 100 most-cited mathematics journals using periods of 2,
5 and 10 years. Figure 2 shows that 5- and 10-year impact factors generally
track the two-year impact factor.
The one large outlier is a journal that did not publish papers during part of
this time; the smaller outliers tend to be journals that publish a relatively
small number of papers each year, and the chart merely reﬂets the normal
variability in impact factors for such journals. It is apparent that changing
the number of ‘target years’ when calculating the impact factor changes the
ranking of journals, but the changes are generally modest, except for small
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Figure 2. ‘Impact factors’ for 2, 5 and 10 years for 100 mathematics journals.
Data from Math Reviews citation database.

journals, where impact factors also vary when changing the ‘source year’ (see
Figure 3).
(iii) The impact factor varies considerably among disciplines [2]. Part of this difference stems from the observation (ii): if in some disciplines many citations
occur outside the two-year window, impact factors for journals will be far
lower. On the other hand, part of the diﬀerence is simply that the citation
cultures diﬀer from discipline to discipline, and scientists will cite papers at
diﬀerent rates and for diﬀerent reasons. (We elaborate on this observation
later because the meaning of citations is extremely important.) It follows
that one cannot in any meaningful way compare two journals in diﬀerent
disciplines using impact factors.
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Figure 3. Average citations per article for diﬀerent disciplines, showing that citation practices diﬀer markedly. Data from Thomson Scientiﬁc [2].

(iv) The impact factor can vary considerably from year to year, and the variation
tends to be larger for smaller journals [2]. For journals publishing fewer than
50 articles, for example, the average change in the impact factor from 2002
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to 2003 was nearly 50%. This is wholly expected, of course, because the sample size for small journals is small. On the other hand, one often compares
journals for a ﬁxed year, without taking into account the higher variation for
small journals.
(v) Journals that publish articles in languages other than English will likely receive fewer citations because a large portion of the scientiﬁc community cannot (or do not) read them. And the type of journal, rather than the quality
alone, may inﬂuence the impact factor. Journals that publish review articles, for example, will often receive far more citations than journals that
do not, and therefore have higher (sometimes, substantially higher) impact
factors [2].
(vi) The most important criticism of the impact factor is that its meaning is not
well understood. When using the impact factor to compare two journals,
there is no a priori model that deﬁnes what it means to be ‘better’. The
only model derives from the impact factor itself — a larger impact factor
means a better journal. In the classical statistical paradigm, one deﬁnes a
model, formulates a hypothesis (of no diﬀerence), and then ﬁnds a statistic,
which depending on its values allows one to accept or reject the hypothesis.
Deriving information (and possibly a model) from the data itself is a legitimate approach to statistical analysis, but in this case it is not clear what
information has been derived. How does the impact factor measure quality?
Is it the best statistic to measure quality? What precisely does it measure?
(Our later discussion about the meaning of citations is relevant here.) Remarkably little is known about a model for journal quality or how it might
relate to the impact factor.
The above six criticisms of the impact factor are all valid, but they mean only
that the impact factor is crude, not useless. For example, the impact factor can be
used as a starting point in ranking journals in groups by using impact factors initially to deﬁne the groups and then employing other criteria to reﬁne the ranking
and verify that the groups make sense. But using the impact factor to evaluate
journals requires caution. The impact factor cannot be used to compare journals
across disciplines, for example, and one must look closely at the type of journals
when using the impact factor to rank them. One should also pay close attention
to annual variations, especially for smaller journals, and understand that small
diﬀerences may be purely random phenomena. And it is important to recognise
that the impact factor may not accurately reﬂect the full range of citation activity in some disciplines, both because not all journals are indexed and because the
time period is too short. Other statistics based on longer periods of time and more
journals may be better indicators of quality. Finally, citations are only one way to
judge journals, and should be supplemented with other information (the central
message of this report).
These are all cautions similar to those one would make for any ranking based on
statistics. Mindlessly ranking journals according to impact factors for a particular year is a misuse of statistics. To its credit, Thomson Scientiﬁc agrees with
this statement and (gently) cautions those who use the impact factor about these
things.
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Thomson Scientiﬁc does not depend on the impact factor alone in assessing
the usefulness of a journal, and neither should anyone else. The impact factor
should not be used without careful attention to the many phenomena that
inﬂuence citation rates, as for example the average number of references cited
in the average article. The impact factor should be used with informed peer
review.
Thomson [36]

Unfortunately, this advice is too often ignored.

Ranking papers
The impact factor and similar citation-based statistics can be misused when ranking journals, but there is a more fundamental and more insidious misuse: using the
impact factor to compare individual papers, people, programs, or even disciplines.
This is a growing problem that extends across many nations and many disciplines,
made worse by recent national research assessments.
In a sense, this is not a new phenomenon. Scientists are often called upon to make
judgements about publication records, and one hears comments such as, ‘She publishes in good journals’ or ‘Most of his papers are in low-level journals’. These
can be sensible assessments: the quality of journals in which a scientist generally
(or consistently) publishes is one of many factors one can use to assess the scientist’s overall research. The impact factor, however, has increased the tendency to
ascribe the properties of an individual journal to each article within that journal
(and to each author).
Thomson Scientiﬁc implicitly promotes this practice:
Perhaps the most important and recent use of impact is in the process of academic evaluation. The impact factor can be used to provide a gross approximation of the prestige of journals in which individuals have been published.
Thomson [36]

Here are some examples of the ways in which people have interpreted this advice,
reported from mathematicians around the world:
Example 1. My university has recently introduced a new classiﬁcation of journals
using the Science Citation Index Core journals. The journals are divided into three
groups based only on the impact factor. There are 30 journals in the top list,
containing no mathematics journal. The second list contains 667, which includes
21 mathematics journals. Publication in the ﬁrst list causes university support
of research to triple; publication in the second list, to double. Publication in the
core list awards 15 points; publication in any Thomson Scientiﬁc covered journal
awards 10. Promotion requires a ﬁxed minimum number of points.
Example 2. In my country, university faculty with permanent positions are evaluated every six years. Sequential successful evaluations are the key to all academic
success. In addition to a curriculum vitae, the largest factor in evaluation concerns
ranking ﬁve published papers. In recent years, these are given three points if they
appear in journals in the top third of the Thomson Scientiﬁc list, two points if in
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the second third, and one point in the bottom third. (The three lists are created
using the impact factor.)
Example 3. In our department, each faculty member is evaluated by a formula
involving the number of single-author-equivalent papers, multiplied by the impact
factor of the journals in which they appear. Promotions and hiring are based
partly on this formula.
In these examples, as well as many others reported to us, the impact factor is
being used either explicitly or implicitly to compare individual papers along with
their authors: if the impact factor of journal A is greater than that of journal B,
then surely a paper in A must be superior to a paper in B, and author A superior
to author B. In some cases, this reasoning is extended to rank departments or even
entire disciplines.
It has long been known that the distribution of citation counts for individual papers in a journal is highly skewed, approximating a so-called power law ([31], [16]).
This has consequences that can be made precise with an example.

Percent of articles

The distribution for papers in the Proceedings of the American Mathematical Society over the period 2000–2004 can be seen in Figure 4. The Proceedings publishes
short papers, normally shorter than 10 pages in length. During this period, it
published 2381 papers (about 15 000 pages). Using 2005 journals in the Math Reviews citation database, the average citation count per article (that is, the impact
factor) is .434.
80%
70%
60%
50%
40%
30%
20%
10%
0%

0

1

2

3

4

5

6

7

8

9

10 11 12

Citations
Figure 4. Distribution for papers in the Proceedings of the
American Mathematical Society over the period 2000–2004.

The Transactions of the AMS publishes longer articles that are usually more substantial, both in scope and content. Over the same period of time, the Transactions
published 1165 papers (more than 25 000 pages), with citation counts ranging from
0 to 12. The average number of citations per article was .846 — about twice that
of the Proceedings.
Now consider two mathematicians, one publishing a paper in the Proceedings and
the other a paper in the Transactions. Using some of the institutional practices
cited above, the second would be judged superior to the ﬁrst, publishing a paper
in a journal with higher impact factor — in fact, twice as high! Is this a valid
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Figure 5. Distribution for papers in the Transactions of the
AMS over the period 2000–2004.

assessment? Are papers in the Transaction of the AMS twice as good as those in
the Proceedings?
When we assert that an individual Transactions paper is better (in the sense of
citations) than an individual Proceedings paper, we need to ask not a question
about averages, but rather a question about probabilities: what is the probability
that we are wrong? What is the probability that a randomly selected Proceedings
paper has at least as many citations as a randomly selected Transactions paper?
This is an elementary calculation, and the answer is 62%. This means that we are
wrong 62% of the time, and a randomly selected Proceedings paper will be just
as good as (or better than) a randomly selected Transactions paper — in spite of
the fact that the Proceedings impact factor is only half that of the Transactions!
We are more often wrong than right. Most people ﬁnd this surprising, but it is
a consequence of the highly skewed distribution and the narrow window of time
used to compute the impact factor (which is the reason for the high percentage
of uncited papers)5 . It shows the value of precise statistical thinking rather than
intuitive observation.
This is typical behavior for journals, and there is nothing special about the choices
of these two journals. (For example, the Journal of the AMS over the same period
has an impact factor 2.63 — six times that of the Proceedings. Yet a randomly
selected Proceedings article is at least as good as a Journal article, in the sense of
citations, 32% of the time.)
Thus, while it is incorrect to say that the impact factor gives no information about individual papers in a journal, the information is surprisingly
vague and can be dramatically misleading.
It follows that the kinds of calculations performed in the three examples above
— using the impact factor as a proxy for actual citation counts for individual
papers — have little rational basis. Making assertions that are incorrect more
than half the time (or a third of the time) is surely not a good way to carry out
an assessment.
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Once one realises that it makes no sense to substitute the impact factor for individual article citation counts, it follows that it makes no sense to use the impact
factor to evaluate the authors of those articles, the programs in which they work,
and (most certainly) the disciplines they represent. The impact factor and averages in general are too crude to make sensible comparisons of this sort without
more information.
Of course, ranking people is not the same as ranking their papers. But if you
want to rank a person’s papers using only citations to measure the quality of a
particular paper, you must begin by counting that paper’s citations. The impact
factor of the journal in which the paper appears is not a reliable substitute.

Ranking scientists
While the impact factor has been the best known citation-based statistic, there
are other more recent statistics that are now actively promoted. Here is a small
sample of three of these statistics meant to rank individuals.
h-index : a scientist’s h-index is the largest n for which he/she has published n
articles, each with at least n citations. This is the most popular of the statistics
mentioned here. It was proposed by J.E. Hirsch [21] in order to measure ‘the
scientiﬁc output of a researcher’ by focusing on the high-end ‘tail’ of a person’s
citation distribution. The goal was to substitute a single number for publications
counts and citation distributions.
m-index : a scientist’s m-index is the h-index divided by the number of years since
his/her ﬁrst paper. This was also proposed by Hirsch in the paper above. The
intention is to compensate junior scientists because they have not had time to
publish papers or gain many citations.
g-index : a scientist’s g-index is the largest n for which the n most cited papers
have a total of at least n2 citations. This was proposed by Leo Egghe in 2006 [11].
The h-index does not take into account the fact that some papers in the top n may
have extraordinarily high citation counts. The g-index is meant to compensate for
this.
There are more indices — many more of them — including variants of those above
that take into account the age of papers or the number of authors ([3], [4], [32]).
In his paper deﬁning the h-index, Hirsch wrote that he proposed the h-index as ‘an
easily computable index, which gives an estimate of the importance, signiﬁcance,
and broad impact of a scientist’s cumulative research contributions’ [21, p. 5]. He
went on to add that ‘this index may provide a useful yardstick to compare different individuals competing for the same resource when an important evaluation
criterion is scientiﬁc achievement’.
Neither of these assertions is supported by convincing evidence. To support his
claim that the h-index measures the importance and signiﬁcance of a scientist’s
cumulative research, Hirsch analyses the h-index for a collection of Nobel Prize
winners (and, separately, members of the National Academy). He demonstrates
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that people in these groups generally have high h-indices. One can conclude that
it is likely a scientist has a high h-index given the scientist is a Nobel Laureate.
But without further information, we know very little about the likelihood someone
will become a Nobel Laureate or a member of the National Academy, given that
they have a high h-index. That is the kind of information one wants in order to
establish the validity of the h-index.
In his article, Hirsch also claims that one can use the h-index to compare two
scientists:
I argue that two individuals with similar h are comparable in terms of their
overall scientiﬁc impact, even if their total number of papers or their total
number of citations is very diﬀerent. Conversely, that between two individuals
(of the same scientiﬁc age) with similar number of total papers or of total
citation count and very diﬀerent h-value, the one with the higher h is likely
to be the more accomplished scientist.
Hirsch [21, p. 1]

These assertions appear to be refuted by common sense. (Think of two scientists,
each with 10 papers with 10 citations, but one with an additional 90 papers with
nine citations each; or suppose one has exactly 10 papers of 10 citations and the
other exactly 10 papers of 100 each. Would anyone think them equivalent?6 )
Hirsch extols the virtues of the h-index by claiming that ‘h is preferable to other
single-number criteria commonly used to evaluate scientiﬁc output of a researcher
. . . ’ [21, p. 1], but he neither deﬁnes ‘preferable’ nor explains why one wants to
ﬁnd ‘single-number criteria’.
While there has been some criticism of this approach, there has been little serious
analysis. Much of the analysis consists of showing ‘convergent validity’, that is,
the h-index correlates well with other publication/citation metrics, such as the
number of published papers or the total number of citations. This correlation is
unremarkable, since all these variables are functions of the same basic phenomenon
— publications. In one notable paper about the h-index [23] the authors carry out
a more careful analysis and demonstrate that the h-index (actually, the m-index)
is not as ‘good’ as merely considering the mean number of citations per paper.
Even here, however, the authors do not adequately deﬁne what the term ‘good’
means. When the classical statistical paradigm is applied [23], the h-index proves
to be less reliable than other measures.
A number of variants of the h-index have been devised to compare the quality of
researchers not only within a discipline but across disciplines as well ([4], [28]).
Others claim that the h-index can be used to compare institutes and departments
[22]. These are often breathtakingly naı̈ve attempts to capture a complex citation
record with a single number. Indeed, the primary advantage of these new indices
over simple histograms of citation counts is that the indices discard almost all the
detail of citation records, and this makes it possible to rank any two scientists.
Even simple examples, however, show that the discarded information is needed
to understand a research record. Surely understanding ought to be the goal
when assessing research, not merely ensuring that any two people are
comparable.
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In some cases, national assessment bodies are gathering the h-index or one of its
variants as part of their data. This is a misuse of the data. Unfortunately, having
a single number to rank each scientist is a seductive notion — one that may spread
more broadly to a public that often misunderstands the proper use of statistical
reasoning in far simpler settings.

The meaning of citations
Those who promote citation statistics as the predominant measure of research
quality do not answer the essential question: what do citations mean? They gather
large amounts of data about citation counts, process the data in order to derive
statistics, and then assert the resulting assessment process is ‘objective’. Yet it is
the interpretation of the statistics that leads to assessment, and the interpretation
relies on the meaning of citations, which is quite subjective.
In the literature promoting this approach, it is surprisingly diﬃcult to ﬁnd clear
statements about the meaning of citations.
The concept behind citation indexing is fundamentally simple. By recognising that the value of information is determined by those who use it, what
better way to measure the quality of the work than by measuring the impact
it makes on the community at large. The widest possible population within
the scholarly community (i.e. anyone who uses or cites the source material)
determines the inﬂuence or impact of the idea and its originator on our body
of knowledge.
Thomson [37]
Although quantifying the quality of individual scientists is diﬃcult, the general view is that it is better to publish more than less and that the citation
count of a paper (relative to citation habits in the ﬁeld) is a useful measure
of its quality.
Lehmann, Jackson and Lautrup [23, p. 1003]
Citation frequency reﬂects a journal’s value and the use made of it . . .
Garﬁeld [15, p. 535]
When a physician or a biomedical researcher cites a journal article, it indicates that the cited journal has inﬂuenced him or her in some manner.
Garﬁeld [16, p. 7]
Citations are an acknowledgement of intellectual debt.

Thomson [38]

The relevant terms are ‘quality’, ‘value’, ‘inﬂuence’, and ‘intellectual debt’. The
term ‘impact’ has become the generic word used to assign meaning to citations
— a term that ﬁrst arose in a short paper written in 1955 by Eugene Garﬁeld to
promote the idea of creating a citation index. He wrote:
Thus, in the case of a highly signiﬁcant article, the citation index has a quantitative value, for it may help the historian to measure the inﬂuence of the
article — that is, its ‘impact factor’.
Garﬁeld [14, p. 3]

It is fairly clear that here, as elsewhere, the term ‘impact factor’ is intended to
suggest that the citing paper has been ‘built upon’ the work of the cited — that
citations are the mechanism by which research propagates itself forward.
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There is a rich literature about the actual meaning of citations that suggests citations are more complicated than these vague statements lead us to believe. For
example, in their 1983 paper on assessing research, Martin and Irvine write:
Underlying all these problems with the use of citations as a measure of quality
is our ignorance of the reasons why authors cite particular pieces of work
and not others. The problems described above . . . Simple citation analysis
presupposes a highly rational model of reference-giving, in which citations
are held to reﬂect primarily scientiﬁc appreciation of previous work of high
quality or importance, and potential citers all have the same chance to cite
particular papers . . . .
Martin and Irvine [26, p. 69]

In her 1989 paper on the meaning of citations [10], Cozzens asserts that citations
are the result of two systems underlying the conduct of scientiﬁc publication, one
a ‘reward’ system and the other ‘rhetorical’. The ﬁrst kind have the meaning
most often associated with a citation — an acknowledgement that the citing paper
has ‘intellectual debt’ to the cited. The second, however, have a meaning quite
diﬀerent — a reference to a previous paper that explains some result, perhaps
not a result of the cited author at all. Such rhetorical citations are merely a way
to carry on a scientiﬁc conversation, not establish intellectual indebtedness. Of
course, in some cases, a citation can have both meanings.
Cozzens makes the observation that most citations are rhetorical. This is conﬁrmed by the experience of most practicing mathematicians. (In the Math Reviews citations database, for example, nearly 30% of the more than three million
citations are to books and not to research articles in journals.) Why is this important? Because unlike ‘reward’ citations, which tend to refer to seminal papers,
the choice of which paper to cite rhetorically depends on many factors — the prestige of the cited author (the ‘halo’ eﬀect), the relationship of the citing and cited
authors, the availability of the journal (Are open access journals more likely to be
cited?), the convenience of referencing several results from a single paper, and so
forth. Few of these factors are directly related to the ‘quality’ of the cited paper.
Even when citations are ‘reward’ citations, they can reﬂect a variety of motives,
including ‘currency, negative credit, operational information, persuasiveness, positive credit, reader alert, and social consensus’ [8]. In most cases, citations were
motivated by more than one of these. Some notable results can suﬀer the ‘obliteration’ eﬀect, immediately being incorporated into the work of others, which
then serves as the basis for further citations. Other citations are not rewards for
outstanding research, but rather warnings about ﬂawed results or thinking. The
present report provides many examples of such ‘warning’ citations.
The sociology of citations is a complex subject — one that is beyond the scope of
this report. Even this cursory discussion, however, shows that the meaning of
citations is not simple and that citation-based statistics are not nearly
as ‘objective’ as proponents assert.
Some might argue that the meaning of citations is immaterial because citationbased statistics are highly correlated with some other measure of research quality
(such as peer review). For example, the Evidence report mentioned earlier argues
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that citation statistics can (and should) replace other forms of evaluation because
of this correlation:
Evidence has argued that bibliometric techniques can create indicators of research quality that are congruent with researcher perception.
Evidence Report [12, p. 9]

The conclusion seems to be that citation-based statistics, regardless of their precise meaning, should replace other methods of assessment, because they often
agree with them. Aside from the circularity of this argument, the fallacy of such
reasoning is easy to see.

Using statistics wisely
The zealous over-reliance on objective metrics (statistics) to assess research is neither a new nor an isolated phenomenon. It is eloquently described in the 2001
popular book, Damned lies and statistics, written by the sociologist Joel Best:
There are cultures in which people believe that some objects have magical
powers; anthropologists call these objects fetishes. In our society, statistics
are a sort of fetish. We tend to regard statistics as though they are magical,
as though they are more than mere numbers. We treat them as powerful
representations of the truth; we act as though they distill the complexity and
confusion of reality into simple facts. We use statistics to convert complicated
social problems into more easily understood estimates, percentages, and rates.
Statistics direct our concern; they show us what we ought to worry about
and how much we ought to worry. In a sense, the social problem becomes
the statistic and, because we treat statistics as true and incontrovertible, they
achieve a kind of fetishlike, magical control over how we view social problems.
We think of statistics as facts that we discover, not numbers we create.
Best [6, p. 160]

This mystical belief in the magic of citation statistics can be found throughout the
documentation for research assessment exercises, both national and institutional.
It can also be found in the work of those promoting the h-index and its variants.
This attitude is also evident in recent attempts to improve on the impact factor using more sophisticated mathematical algorithms, including page rank algorithms,
to analyse citations ([5], [33]). Their proponents make claims about their eﬃcacy
that are unjustiﬁed by the analysis and diﬃcult to assess. Because they are based
on more complicated calculations, the (often hidden) assumptions behind them
are not easy for most people to discern7 . We are meant to treat the numbers and
rankings with awe — as truths rather than creations.
Research is not the ﬁrst publicly funded activity to come under scrutiny, and over
the past decades people have tried to carry out quantitative performance assessments of everything from educational systems (schools) to healthcare (hospitals
and even individual surgeons). In some cases, statisticians have stepped in to
advise those doing the measuring about sensible metrics and the proper use of
statistics. If one consults with doctors when practicing medicine, surely
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one ought to consult with (and heed the advice of ) statisticians when
practicing statistics. Two excellent examples can be found in [7] and [19]. While
they each deal with performance assessment of things other than research — public
sector performance monitoring in the ﬁrst and healthcare/education in the second
— each provides insight about the sensible use of statistics in assessing research.
Goldstein and Spiegelhalter [19] particularly deal with the use of League Tables
(rankings) based on simple numbers (for example, student achievements or medical
outcomes), and it is particularly relevant to assessing research by ranking journals,
papers, or authors using citation statistics. In their paper, the authors outline a
three-part framework for any performance assessment:
Data
No amount of fancy statistical footwork will overcome basic inadequacies in
either the appropriateness or the integrity of the data collected.
Goldstein and Spiegelhalter [19, p. 389]

This is an important observation for citation-based performance assessment. The
impact factor, for example, is based on a subset of data, which includes only
those journals selected by Thomson Scientiﬁc. (We note that the impact factor
itself is the major part of the selection criterion.) Some have questioned the integrity of this data [30]. Others point out that other data sets might be more
complete [27]. Several groups have pushed the idea of using Google Scholar to
implement citation-based statistics, such as the h-index, but the data contained
in Google Scholar is often inaccurate (since things like author names are automatically extracted from web postings). Citation statistics for individual scientists
are sometimes diﬃcult to obtain because authors are not uniquely identiﬁed, and
in some settings and certain countries, this can be an enormous impediment to
assembling accurate citation data. The particular collection of data one uses for
citation analysis is frequently overlooked. One is likely to draw faulty conclusions
from statistics based on faulty data.
Statistical analysis and presentation
We shall pay particular attention to the speciﬁcation of an appropriate statistical model, the crucial importance of uncertainty in the presentation of all
results, techniques for adjustment of outcomes for confounding factors and
ﬁnally the extent to which any reliance may be placed on explicit rankings.
Goldstein and Spiegelhalter [19, p. 390]

As we have written previously, in most cases in which citation statistics are used
to rank papers, people, and programs, no speciﬁc model is speciﬁed in advance.
Instead, the data itself suggests a model, which is often vague. A circular process
seems to rank objects higher because they are ranked higher (in the database).
There is frequently scant attention to uncertainty in any of these rankings, and
little analysis of how that uncertainty (for example, annual variations in the impact factor) would aﬀect the rankings. Finally, confounding factors (for example,
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the particular discipline, the type of articles a journal publishes, whether a particular scientist is an experimentalist or theoretician) are frequently ignored in such
rankings, especially when carried out in national performance assessments.

Interpretation and impact
The comparisons discussed in this paper are of great public interest, and this
is clearly an area where careful attention to limitations is both vital and likely
to be ignored. Whether adjusted outcomes are in any way valid measures
of institutional ‘quality’ is one issue, while analysts should also be aware of
the potential eﬀect of the results in terms of future behavioural changes by
institutions and individuals seeking to improve their subsequent ‘ranking’.
Goldstein and Spiegelhalter [19, p. 390]

The assessment of research is also of great public interest. For an individual scientist, an assessment can have profound and long-term eﬀects on one’s career; for a
department, it can change prospects for success far into the future; for disciplines,
a collection of assessments can make the diﬀerence between thriving and languishing. For a task so important, surely one should understand both the validity and
the limitations of the tools being used to carry it out. To what extent do citations
measure the quality of research? Citation counts seem to be correlated with quality, and there is an intuitive understanding that high-quality articles are highly
cited. But as explained above, some articles, especially in some disciplines, are
highly cited for reasons other than high quality, and it does not follow that highlycited articles are necessarily high quality. The precise interpretation of rankings
based on citation statistics needs to be better understood. In addition, if citation
statistics play a central role in research assessment, it is clear that authors, editors,
and even publishers will ﬁnd ways to manipulate the system to their advantage
[24]. The long-term implications of this are unclear and unstudied.
The article by Goldstein and Spiegelhalter [19] is valuable to read today because it
makes clear that the over-reliance on simple-minded statistics in research assessment is not an isolated problem. Governments, institutions, and individuals have
struggled with similar problems in the past in other contexts, and they have found
ways to better understand the statistical tools and to augment them with other
means of assessment. Goldstein and Spiegelhalter end their paper with a positive
statement of hope:
Finally, although we have been generally critical of many current attempts to
provide judgements about institutions, we do not wish to give the impression
that we believe that all such comparisons are necessarily ﬂawed. It seems to
us that the comparison of institutions and the attempt to understand why
institutions diﬀer is an extremely important activity and is best carried out
in a spirit of collaboration rather than confrontation. It is perhaps the only
sure method for obtaining objectively based information which can lead to
understanding and ultimately result in improvements. The real problem with
the simplistic procedures which we have set out to criticise is that they distract
both attention and resources from this worthier aim.
Goldstein and Spiegelhalter [19, p. 406]
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It would be hard to ﬁnd a better statement to express the goals that should be
shared by everyone involved in the assessment of research.
Printed with permission from the IMU Secretary
See also http://www.mathunion.org/imu-net/archive/2008/imu-net-29b/
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Endnotes
1

This quote was attributed to Einstein in the Reader’s Digest. October 1977. It appears
to be derived from his actual quote: ‘It can scarcely be denied that the supreme goal
of all theory is to make the irreducible basic elements as simple and as few as possible
without having to surrender the adequate representation of a single datum of experience’. From ‘On the Method of Theoretical Physics’, The Herbert Spencer Lecture,
delivered at Oxford (10 June 1933); also published in Philosophy of Science 1, (April
1934), pp. 163–169.
2

While we concentrate on the Thomson Scientiﬁc impact factor in this section, we note
that Thomson promotes the use of two other statistics. Also, similar statistics based on
average citation counts for journals can be derived from other databases, including Scopus, Spires, Google Scholar, and (for mathematics) the Math Reviews citation database.
The latter consists of citations from over 400 mathematics journals from the period 2000–
present, identiﬁed as items that were listed in Math Reviews since 1940; it includes more
than three million citations.

3

Thomson Scientiﬁc indicates (March 2008) that it indexes journals in the following categories: Mathematics (217); Mathematics applied (177); Mathematics interdisciplinary
(76); Physics, mathematical (44); Probability and statistics (96). The categories overlap, and the total number of journals is approximately 400. By contrast, Mathematical
Reviews includes items from well more than 1200 journals each year, and considers more
than 800 journals as ‘core’ (in the sense that every item in the journal is included in
Math Reviews). Zentralblatt covers a similar number of mathematics journals.
4

The database (Mathematical Reviews database) includes (March 2008) more than three
million references in approximately 400 journals published from 2000 to the present. The
references are matched to items in the MR database and extend over many decades.
Unlike the Science Citation Index, citations both to books and journals are included. It
is a curious fact that roughly 50% of the citations are to items appearing in the previous
decade; 25% cite articles appearing in the decade before that; 12.5% cite articles in the
prior decade; and so on. This sort of behaviour is special to each discipline, of course.
5
The skewed distribution combined with the narrow window (using only one year’s journals as the source of citations and ﬁve years as the target) means that a large number
of articles have either none or very few citations. This makes it intuitively obvious that
randomly chosen articles are often equivalent.
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The fact that many articles have no citations (or only a few) is also a consequence of the
long citation time for mathematics — articles often take many years to accumulate citations. If we choose longer periods of time for both source journals and target years, then
the citation counts increase substantially and it becomes easier to distinguish journals by
citation behavior. This is the approach used by Stringer et al. [33] to analyze citations.
They show that for suﬃciently long periods of time, the distribution of citation counts for
individual articles appears to be log-normal. This provides a mechanism for comparing
two journals by comparing the distributions, and is certainly more sophisticated than
using impact factors. Again, however, it considers only citations and nothing else.
6

To illustrate how much information one loses when using only the h-index, here is a reallife example of a distinguished mid-career mathematician who has published 84 research
papers. The citation distribution looks like the following:
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Figure 6. A real example: citation distribution of a distinguished mid-career mathematician.
Notice that slightly under 20% of the publications have 15 or more citations. The distribution of actual citation counts for these 15 papers is shown in Figure 7.
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Figure 7. A real example: distribution of citation counts for
the top 15 papers for a distinguished mid-career mathematician.
In Hirsch’s analysis, however, all this information is thrown away. One only remembers
that the h-index is 15, meaning that the top 15 papers have 15 or more citations.

188

Citation statistics

7

The algorithm given by Bergstrom [5] uses a page rank algorithm to give each citation
a weight, and then computes an ‘impact factor’ by using the weighted averages for citations. Page rank algorithms have merit because they take into account the ‘value’ of
citations. On the other hand, their complexity can be dangerous because the ﬁnal results
are harder to understand. In this case, all ‘self-citations’ are discarded — that is, all
citations from articles in a given journal J to articles published in J during the preceding
ﬁve years are discarded. These are not ‘self-citations’ in any normal sense of the word,
and a glance at some data from the MR database suggests that this discards roughly
one-third of all citations.
The algorithm given by Stringer et al. [33] is interesting, in part because it attempts to
address the diﬀering time-scales for citations as well as the issue of comparing randomly
selected papers in one journal with those from another. Again, the complexity of the algorithms makes it hard for most people to evaluate their results. One notable hypothesis
is slipped into the paper on page 2: ‘Our ﬁrst assumption is that the papers published in
journal J have a normal distribution of “quality” . . . ’. This seems to contradict common
experience.
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Trifectas in geometric progression
Gerry Myerson∗

Abstract
The trifecta in the 2007 Melbourne Cup was the numbers 6–12–24, a geometric progression. How many trifectas in geometric progression are there in an
n–horse race?

Introduction
Sydney radio presenter (and ﬁrst class honours Mathematics graduate) Adam
Spencer noted that the winning trifecta in the 2007 Melbourne Cup was the numbers 6, 12 and 24, a geometric progression. He asked his audience: ‘How many
trifectas in geometric progression are there with 24 horses?’
‘Trifecta’ is, of course, a technical term, referring to choosing the horses that ﬁnish
ﬁrst, second and third, in that order. The order is important — if you bet on the
6-12-24 trifecta, and the horses come in 24-12-6, you don’t win. The three numbers
have to be integers, but the common ratio does not. Thus, for example, 4-6-9 is a
trifecta in geometric progression.
With these conventions in place, it is not hard to draw up a systematic list of all
the qualifying trifectas, and to ﬁnd that there are 24 of them. What if, instead of
horses numbered 1 to 24, there are horses numbered 1 to n? How many trifectas
in geometric progression are there then?

The Spencer function and its relatives
Let the Spencer function, S(n), be the number of trifectas in geometric progression
in a race with horses numbered 1 to n. Estimating S(n) is a nice problem we can
use as a vehicle to illustrate some simple techniques of analytic number theory.
We will prove the following theorem.
Theorem 1. S(n) =

6
π 2 n log n

+ O(n).

The appearance of π in this formula is undoubtedly related to the circular portion
of the racetrack.
Received 19 November 2007; accepted for publication 17 December 2007.
∗ Mathematics, Macquarie University, NSW 2109.
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We introduce some relatives of the Spencer function that have already appeared in
the literature. Let f (n) be the number of triples of integers (a, b, n) in geometric
progression with1 ≤ a ≤ b ≤ n. Let F (n) be the summatory function for f (n),
n
that is, F (n) = m=1 f (m). Then F (n) diﬀers from S(n) in two ways; it counts
the progressions (a, a, a), which S(n) does not, and it omits the progressions with
a > b > n, which S(n) includes. Thus, the two functions are related by
S(n) = 2F (n) − 2n .

(1)

The values of the function f (n) for n = 1, 2, . . . , 12 are 1, 1, 1, 2, 1, 1, 1, 2, 3, 1, 1, 2.
We can search for this sequence in [2], a resource not available to Hardy and the
other giants of analytic number theory of years gone by. We ﬁnd that it agrees with
sequence A000188, which is given as the number of solutions to x2 ≡ 0 (mod n).
We can show that this is our f (n). If (a, b, n) are in geometric progression, then
an = b2 , so x = b is a solution of x2 ≡ 0 (mod n). Conversely, if b2 ≡ 0 (mod n)
with 1 ≤ b ≤ n, then an = b2 for some a, a ≤ b ≤ n, and (a, b, n) is a geometric
progression.
An integer is said to be squarefree if it is not divisible by any square number other
than 1. Every positive integer n can be written in exactly one way as n = d2 e,
where e is squarefree. A000188 is also described as the sequence whose nth term
is the square root of the largest square dividing n; that is, the nth term is d, where
n = d2 e and e is squarefree. Let us show that this, too, is our f (n). If (a, b, n) is
a three-term geometric progression, and n = d2 e, then for an to be a square we
need a = c2 e for some c, and then b = cde. In fact, c can be any of the numbers
1, 2, . . . , d, so f (n) = d.
The site [2] gives three formulas for f (n):

(1) f (n) = r2 |n φ(r), where φ is the Euler phi-function (φ(n) is the number of
positive integers relatively prime to and not exceeding n),
(2) f is multiplicative (that is, if m and n are relatively prime, then f (mn) =
f (m)f (n)), and, for p prime, f (pe ) = p[e/2] (here and below, [x] is the greatest
integer not exceeding x),
∞
(3) For realpart of s exceeding 1, n=1 f (n)n−s = ζ(2s − 1)ζ(s)/ζ(2s), where
∞
ζ(s) = n=1 n−s is the Riemann zeta-function.
2
Let us establish these formulas. First,
e, as above, then r2 | n is equivalent
 if n = d 
2
2
to r | d , and so to r | d. Thus r2 |n φ(r) = r|d φ(r), and it is a standard fact
of elementary number theory that the second sum here is d.

Second, if m = r2 s, and n = u2 v, with m and n relatively prime and s and v
squarefree, then mn = (ru)2 sv and sv is squarefree, so f (mn) = ru = f (m)f (n).
Also, pe is either (pe/2 )2 or (p[e/2] )2 p, depending on whether e is even or odd, so
in either case f (pe ) = p[e/2] .
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Finally,
1 − p−2s
= (1 + p−s )(1 + p1−2s + p2−4s + p3−6s + · · · )
(1 − p−2s+1 )(1 − p−s )
p
p
p2
p2
1
= (1 + s + 2s + 3s + 4s + 5s + · · · )
p
p
p
p
p
∞

p[e/2]
=
pes
e=1
=

∞

f (pe )
e=1

Now, Euler showed that ζ(s) =



(pe )s

p (1

.

(2)

− p−s )−1 , so

∞
∞

ζ(2s − 1)ζ(s) 
1 − p−2s
f (pe )  f (n)
=
=
,
=
ζ(2s)
(1 − p−2s+1 )(1 − p−s )
(pe )s
ns
p
p e=1
n=1

(3)

where the last equation is a consequence of the unique factorization theorem and
the multiplicativity of f . The manipulations of inﬁnite series and products are
justiﬁed by absolute convergence for real part of s exceeding 1.

Proof of Theorem 1
Finch and Sebah [1] applied the method of Selberg and Delange to (3) to establish
F (n) ∼ 3π −2 n log n. Indeed, that paper applies the Selberg–Delange method to a
large collection of similar problems, thus showcasing the versatility of the method.
However, if one is only interested in estimating F , the method is overkill, and we
will have no more to say about it here.
As explained earlier, every three-term geometric progression with no term exceeding n can be written uniquely in the form (a2 e, abe, b2 e) with e squarefree, a2 e ≤ n,
and b2 e ≤ n. Thus, if P (n) is the number of three-term geometric progressions
with no term exceeding n, then P (n) is given by



P (n) =
1.
(4)
√
√
e≤n
e squarefree

a≤

n/e b≤

n/e

It is related to our earlier functions by P (n) = 2F (n) − n = S(n) + n. We get
∗ 
2
n/e
P (n) =
∗ 
2
=
n/e + O(1)
∗
∗ 1
√ ∗ 1
√
+O
+O
=n
n
1 ,
(5)
e
e
∗

where all the sums,
, are on squarefree e up to n. Trivially,
e 1 ≤ n, so
the
third
term
on
the
right
is
O(n).
The
second
sum
on
the
right
is less than
n
√
−1/2
e
,
which
is
O(
n)
by
comparison
with
the
integral,
so
the
second
term
e=1
on the right is also O(n).
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To handle the ﬁrst sum on the right, we introduce the Möbius function. We deﬁne
it on prime powers by μ(1) = 1, μ(p) = −1, and μ(pr ) = 0 for r ≥ 2. Then we
extend it to all positive integers n by insisting
that it be multiplicative. A crucial

fact about the Möbius function is that d|n μ(d) is 1 if n = 1 and is 0 otherwise.
For if n = 1 and p is any prime dividing n, then to each squarefree divisor d
not divisible by p there corresponds the squarefree divisor pd divisible by p, and
μ(d) + μ(pd) = 0.

From this it follows that d2 |n μ(d) is 1 if n is squarefree and is 0 otherwise. For
if n is squarefree then the only integer d such that d2 | n is d = 1, while if n = r2 s
with r > 1 ands squarefree then as we saw earlier d2 divides n if and only if d
divides r, and d|r μ(d) = 0. Therefore, we can write

A=


e≤n
e squarefree

n

1   μ(r)
=
=
e e=1 2
e
√
r |e

 μ(r)
 μ(r)  1
=
, (6)
qr2
r2
q
√
2
2

r≤ n q≤n/r

r≤ n

q≤n/r

where we have changed the order
of summation and introduced the new variable

q = e/r2 . As is well known, q≤x q −1 = log x + O(1), so

A=

 μ(r)
r2
√

r≤ n

= log n

log

n
+ O(1)
r2

 μ(r) log r
 μ(r)
−
2
+O
r2
r2
√
√

r≤ n

r≤ n

 |μ(r)|
r2
√

.

(7)

r≤ n

∞
Now |μ(r)| ≤ 1, and 1 r−2 log r converges, so the second and third terms in the
last expression are O(1). For the ﬁrst term, we need
∞

μ(r)
r=1

r2

=

6
.
π2

(8)

This can be proved as follows:
∞
∞
∞


μ(r)  1
=
r2 s=1 s2
r=1
n=1


d|n

μ(d)

n2

=1

(9)



∞
and, of course, s=1 s−2 = π 2 /6. Moreover, | r>√n r−2 μ(r)| < r>√n r−2 =
O(n−1/2 ), so A = (6/π 2 ) log n+O(1). It follows that P (n) = (6/π 2 )n log n+O(n),
which proves Theorem 1.
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Second proof of Theorem 1
To illustrate a few
 more techniques, here is a second proof, starting from the
formula f (n) = r2 |n φ(r) given earlier. We get
F (n) =

n



φ(r)

m=1 r 2 |m

=

=

=





√
r≤ n q≤n/r 2



√
r≤ n



√
r≤ n

=n

φ(r)


n
φ(r)
r2
n
+ O(1) φ(r)
r2

 φ(r)
+O
r2
√

r≤ n


√
r≤ n

φ(r) .

(10)

As in the ﬁrst proof, we changed the order of summation and introduced the new
variable q = m/r2 . Trivially, φ(r) ≤ r, so the
 second sum in the last expression is
O(n). All we need now is an estimate for r≤√n r−2 φ(r).
If p is prime, then φ(pe ) = pe − pe−1 = pe (1 − p−1 ), since the only numbers not
exceeding pe and not relatively prime to it are the multiples of p, of which there
are pe−1 . Also, φ is multiplicative
— a proof can befound in any introductory
number theory text — so φ(r) = r p|r (1 − p−1 ) = r d|r d−1 μ(d). We have
 μ(d)
  μ(d)
 φ(r)
=
=
2
r
dr
d2
√
√
√

r≤ n

r≤ n d|r

d≤ n


√
q≤ n/d

1
,
q

(11)

where yet again we have interchanged the order of summation and introduced a
new variable q given by q = r/d. The last 
expression can be processed the same
way as the last expression in (6), leading to r≤√n r−2 φ(r) = (3/π 2 ) log n + O(1).
So F (n) = (3/π 2 )n log n + O(n), and S(n) = (6/π 2 )n log n + O(n), as was to be
proved.

Numerics
Table 1 gives, for n = 1000, 2000, . . . , 10000, the values of S(n), (6/π 2 )n log n
(rounded to the nearest integer), and E(n) = S(n) − (6/π 2 )n log n + 0.86n (again,
rounded). The constant 0.86 was chosen by eye to make E(n) consistently small
for the given values of n; the methods of this paper are too crude to shed any light
on the error term. We computed these values of S(n) from the table of values
of f (n) in [2].

194

Table 1.
n
S(n)
(6/π 2 )n log n
E(n)

1000
3344
4199
5

2000
7496
9242
–26

3000
11996
14602
–26

4000
16748
20169
19

5000
21544
25889
–45

6000
26552
31732
–20

7000
31780
37677
123

8000
36872
43708
44

9000
42068
49816
–8

10000
47296
55992
–96

Envoi
We encourage the reader to solve the considerably simpler problem of computing
the number of trifectas in arithmetic progression.
Addendum
Steven Finch and Pascal Sebah inform me by email that the method of Selberg
and Delange can be used to show that S(n) = (6/π 2 )n log n + C + o(1) n with
−2
C = −2+(18γ −6)π
−72ζ  (2)π −4 = −.86222249 . . . . Here, γ is Euler’s constant,
n
deﬁned as limn→∞ ( m=1 m−1 − log n).
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On the deﬁnition of topology —
a cautionary tale
J. Banks,∗ G. Cairns∗ , M. Jackson,∗ M. Jerie,∗
Y. Nikolayevsky∗ and T. Poole∗
Elastic
It might just be a set
But you’d best not forget
That the consequence could be quite drastic
Should you carelessly choose
And then heedlessly use
Deﬁnitions too vague and elastic
Anon.

Introduction
The traditional deﬁnition of a topological space is as follows:
Deﬁnition 1. A topology on a set X is a collection of subsets of X, called open
sets, for which:
(1) the intersection of any ﬁnite collection of open sets is an open set,
(2) the union of any collection of open sets is an open set.
The aim of this paper is to highlight an important subtlety in this deﬁnition, which
is usually glossed over. In order to emphasise our point, we prove a possibly contentious result! Recall that the Euclidean topology on the set R of real numbers
is the topology generated by the base of open intervals. We have:
Claim. If one is too liberal with one’s interpretations of the terms involved, it is
not possible to prove that the Euclidean ‘topology’ on R is a topology in the above
sense.
It will become clearer what we mean by this claim later in the paper. But let us
cut to the chase: the contentious issue in the above deﬁnition is the distinction
between sets and collections. The deﬁnition is careful with its words: on a set X,
a topology is a collection of subsets of X. However, a collection is a notion that
has no universally accepted deﬁnition. Indeed, it is a word/notion that is very
widely employed in set theory texts, but seldom explicitly deﬁned. In many cases,
it is simply a ‘façon de parler’. An interesting discussion of collections is given by
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Potter [23, Chapter 1], who writes that since Zermelo’s 1904 enunciation of the
axiom of choice,
. . . the dominant view among mathematicians has been that collections
exist in extension quite independent of the language we have at our
disposal for deﬁning them . . .
Potter [23, p. 13]

Set theories vary from author to author, but it is widely recognised that there are
general objects called classes, and more restrictive things called sets (and classes
that aren’t sets are called proper classes). The word ‘collection’ is commonly used
to mean something at least as general as class, and it is in this rather vague sense
that we use it in this paper. We don’t explicitly deﬁne the term collection; indeed,
it was not our purpose to give explicit meaning to Deﬁnition 1, but rather to
highlight the inherent problem.

Collections, classes, sets or families?
There is considerable variation in topology texts on the deﬁnition of a topological
space. Many texts give deﬁnitions, like the one we have given above, without any
comment on the meaning of the terms collection, class etc. In some texts, like
Bourbaki [2], Thron [26], Jänich [13], topologies are deﬁned as sets of subsets;
these texts entirely avoid the issues raised in this paper. Some authors use the
words family, or class, instead of collection. In many books (e.g. Dugundji [5],
Engelking [6]), a family is understood to be an indexed set; so this situation is
eﬀectively the same as the Bourbaki deﬁnition. Also, in texts like Hu [12], the
words families and collections are just synonyms for sets, while a class is a distinct
concept. This usage, designed to ‘avoid terminological monotony’ [10, p. 1], is the
position taken by Halmos’ in Naive Set Theory, which is a common set theory
reference in topology books. In some texts, like Moore [18] and Simmons [25],
the words classes, families and collections are all eﬀectively synonyms for sets. In
Kelley’s inﬂuential text [15, p. 1], set, class, family and collection are declared
to be synonymous, but Kelley adds a footnote saying that ‘this statement is not
strictly accurate’; he then distinguishes between sets and classes, without clarifying the role of families and collections. In Fuks and Rokhlin [8], the deﬁnition of
a topological space is that of a class of subsets, and the impression that is given
is that classes are more general than sets. Overall, the general impression is that
authors of topology texts have shown little enthusiasm for the distinction between
the concepts of set, class and collection. It is remarkable that many texts give
chapters or appendices on set theory and yet pass in silence over their choice of
terminology in their deﬁnition of a topological space.
Let us say a few words on the distinction between classes and sets. The notion
of a class appears in diﬀerent guises in diﬀerent set theories. It is a fundamental
concept in the von Neumann–Bernays–Gödel set theory (see [22]), which is used
by Dugundji [5]. Classes didn’t appear at all in traditional treatments of ZFC
(Zermelo–Fraenkel + Choice), but classes can certainly coexist happily with sets in
ZFC (see for example [19]). According to [16, p. 9], ‘a general speciﬁable collection,
which may or may not be a set, will be called a class’; in other words, a class is a
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collection deﬁned by a formula. Depending on one’s precise deﬁnition of ‘class’, in
ZFC, it follows from the separation axiom that every subclass of a set is a set [19,
Chapter 3]. In this case, if a topology on a set X is deﬁned as a class of subsets,
then it is a subclass of the power set P (X) of X, and so the topology is a set. So
with appropriate deﬁnitions, it makes little diﬀerence if one uses sets of subsets,
like Bourbaki, or classes of subsets, like Fuks–Rokhlin. For more on classes and
sets, see [20].
We should mention that these days it is not uncommon to extend the deﬁnition of
a topological space to the case where X itself is a proper class; see [16, p. 202], [3].
Commonly occurring examples of such ‘spaces’ are the class On of all ordinals,
with the order topology, or the class No of all surreal numbers, again with the
order topology [4]. Notice that in such cases, the topology on X can not be a class
(let alone a set), since the entire space X is a member of the topology, and if X is
a proper class, it cannot belong to a class. This more or less forces one to conceive
of collections in a broader context than classes. Another such context is category
theory; see [17]. One place where a collection is explicitly deﬁned is [23]; here C is
a collection if C = {x : x ∈ C}.
Returning to Deﬁnition 1, notice that collections are used twice: ﬁrstly, a topology
is a collection of subsets and secondly, the union of a collection of open sets is an
open set. The ﬁrst aspect raises an obvious question: is there an example of a
topology (on a set X) that isn’t a set? We are not aware of such an example in
the literature: we exhibit an example, in a somewhat diﬀerent context, at the end
of this paper. It is the second aspect that underlies our Claim. Even if one has a
clear notion of ‘collection’, the idea of taking a union of an arbitrary collection of
sets can be problematic. It is clearly deﬁned by [23], but elsewhere it is regarded
as being dangerous; see [7]. In our context of topological spaces, the problem is:
how does one know that a union of a collection of open sets is a set? The point
of this paper is to observe that indeed, such a union may not be a set. Is such a
caution really necessary? We believe that it might have some merit. It seems that
the force of tradition is so strong that even in some set theory books, topological
spaces are deﬁned as in Deﬁnition 1. Thus, for example, the ‘collection of all sets’
[11, p. 153] may be considered, while in the same book, the union of ‘arbitrary
collections’ of open sets [11, p. 122] may also be entertained.

Which set theory?
ZFC — Finger Lickin’ Good
Long ’ere Sanders and his secret spices
Reinvented the ﬂavour of chook
Herrs Zermelo and Frankel’s devices
Near rewrote the old set theory book.
Anon.

The reader may expect that our Claim relies on technical aspects of set theory. In
fact, the proof is very simple and easy to follow, provided the reader is willing to
accept a few basic facts. Actually, the set theoretic framework we adopt is that
of nonstandard analysis. The particular version we use is Nelson’s internal set
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theory; a good introductory reference is Robert [24]. It is deﬁned by adding three
axioms to ZFC; we denote it ZFC+IST. For the notion of collection, we adopt
any deﬁnition (e.g. Potter [23]) which allows us to speak of the collection of all
standard natural numbers and which permits unions of collections of sets. We
remark that the expression ‘collection of all standard natural numbers’ is quite
common usage; for example, see the preface to [14]. Later in this paper we prove:
Theorem 1. In ZFC+IST, the Euclidean ‘topology’ on R is not a topology in the
sense of Deﬁnition 1.
We remark that internal set theory is a conservative extension of ZFC; that is,
any sentence expressible in ZFC and provable in ZFC+IST is already provable in
ZFC. In particular, any contradiction in ZFC+IST is already present in ZFC [21].
So our Theorem gives a model of ZFC for which the Euclidean ‘topology’ on R
fails Deﬁnition 1.
We won’t go through the three IST axioms (Idealisation, Standardisation and
Transfer), but let us outline the facts that we need for this paper. The basic idea
is that a predicate standard is added to ZFC set theory; so every set (and in particular, every number) is either standard, or nonstandard. The sets N, Z and R
are standard, as are the numbers 0, 1, 2, 3. The transfer axiom says that if a set E
is deﬁned by a formula all of whose parameters are standard, then E is standard.
So, for example, if a and b are standard integers, the set {x ∈ Z : a ≤ x ≤ b} is
standard. But the elements of a standard set aren’t necessarily standard. In fact,
one has:
Lemma 1. In ZFC+IST, all the elements of a set E are standard if and only if
E is standard and ﬁnite [24, Theorem 2.4.2.].
It follows in particular that every inﬁnite set contains a nonstandard element.
The upshot of the axioms is that inside the set of integers Z, there is a collection
S of standard numbers which has the following remarkable quartet of properties:
(a)
(b)
(c)
(d)

0 ∈ S and 1 ∈ S,
for all x ∈ S, one has −x ∈ S,
for all x, y ∈ S, one has x + y ∈ S and xy ∈ S,
there exists l ∈ N such that |x| < l, for all x ∈ S.

If S was a set, the ﬁrst three conditions would say that S is a subring with unity of
Z (and hence, equal to Z). But S is not a set. One can say that, from property (d),
the collection S is contained in a ﬁnite set. What are these standard numbers?
Any concrete number that one could write down would be standard. In some
sense, the standard numbers are the observable or accessible numbers. There is
no maximal standard number, and yet they are limited, by some (nonstandard)
limit l. Conversely, there are inﬁnitely many nonstandard numbers, but one can’t
explicitly write down a single one. These nonstandard concepts take a little getting
used to; for example, the set {x ∈ Z : |x| < l} is a ﬁnite (but nonstandard) set that
contains a subcollection S that is not a set, which at ﬁrst seems rather alarming.
The genius of the IST system is that it will never lead one to a contradiction, that
one wouldn’t have encountered in ZFC anyway [21].
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We remark that there is a version of internal set theory which is built on von Neumann–Bernays–Gödel set theory, rather than on ZFC; see [1]. In this theory, S is
a class.

Proof of the theorem
What we actually prove is that the discrete ‘topology’ on Z is not a topology in
the sense of Deﬁnition 1. This suﬃces since, if the Euclidean ‘topology’ on R was
a topology, the induced discrete ‘topology’ on Z would also be a topology.
In the discrete ‘topology’ on Z, each singleton set is open. In particular, for each
standard number x ∈ S, the singleton set {x} is an open set. But the union of the
collection of the sets {x}, for x ∈ S, is nothing other than S, which is not a set.
So here we have a union of a collection of open sets which is not a set. Thus, the
second condition in Deﬁnition 1 is not satisﬁed.
We remark that in a similar way, it is not diﬃcult to show that, using Deﬁnition 1
and the above lemma, every Hausdorﬀ space with standard open sets is ﬁnite.

A new deﬁnition
It would seem that some authors, faced with the distinction between sets and
classes, have chosen to use ‘collections’, thinking perhaps that this is a more prudent approach. The resulting problem can be removed of course, if one adopts the
Bourbaki approach of using sets rather than collections (or by making ‘collection’
synonymous with ‘set’). Notice however that the problem only occurred with the
second occurrence of ‘collection’ in Deﬁnition 1. For people who want to continue
to work with topologies of open sets but who see no reason to restrict the topology
to be a set itself, one possibility is to adopt the following:
Deﬁnition 2. A topology on a set X is a collection of subsets of X, called open
sets, for which:
(1) the intersection of any ﬁnite set of open sets is an open set,
(2) the union of any set of open sets is an open set.
This is the deﬁnition adopted in [19, p. 45] and [9], although ‘collection’ isn’t
deﬁned in these references. An alternate approach is to deﬁne a topology as a
collection of subcollections, and allow unions over arbitrary collections; this is the
approach taken in [23, Chapter 9]. Deﬁnition 2 raises the obvious question: is
there a topology that isn’t a set? This is the topic of the next section.

A topology, on a set, that isn’t a set
Consider the set Z and the collection C which consists of: the empty set ∅, the
set Z, and the sets of the form Ux = {y ∈ Z : |y| ≤ x}, for x ∈ S. The collection
C is not a set, since S is not set. We claim that C is a topology, in the sense of
Deﬁnition 2, and anticipating this, we say that the members of C are open sets.
Clearly, C is closed under ﬁnite intersections and under ﬁnite unions of open sets.
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It remains to show that C is closed under the union of an arbitrary set of open
sets. It suﬃces to consider a set A which consists entirely of open sets of the form
Ux , x ∈ S. Each of the sets Ux is a standard set, and hence A is a set all of
whose elements are standard. So A is ﬁnite, by the lemma. Thus the union of the
elements of A is also an open set, as we required.
We remark that the same kind of example can be obtained by starting with almost any familiar topological space and restricting to the standard open sets; the
Euclidean topology for example.

Making sense out of nonsets
The key to the above arguments has been the existence of a collection of numbers
that isn’t a set. We used internal set theory as a convenient vehicle for ﬁnding
a model of ZFC in which we can name a collection of natural numbers that is
not itself a set in the model. This seemed like a sensible approach since many
people have some familiarity with nonstandard analysis, but it is by no means
the only way to proceed. To complete this article we wish to give an alternative
construction of a model of ZFC in which we can name nonset collections of natural
numbers. The validity of the approach depends only on the Compactness Theorem for elementary logic — encountered in any ﬁrst course on model theory — in
contrast with the comparatively high-powered model theory required to prove that
ZFC+IST is a conservative extension of ZFC. The following method also serves
to demonstrate that our central examples are not so much a quirk of nonstandard
analysis, but a quirk of logic.
First recall that the ZFC axioms enable the deﬁnability of a unique1 set ∅ with
no members and a unique smallest set ω satisfying:
(1) ∅  ω;
(2) X  ω ⇒ X ∪ {X}  ω.
Of course ω is nothing other than the nonnegative integers, or more precisely,
the value of ω in any model of set theory is the interpretation of the nonnegative
integers in that model. In our familiar world of set theory (whatever that is for
you!) ω is often given the notation N0 , and the relation  is often denoted by ∈.
The numbers 0, 1, 2, . . . are the usual names for ∅, {∅}, {∅, {∅}}, . . ..
Now for the construction. Augment the language of ZFC by adjoining a new
constant symbol c, and consider the following set Σ of sentences:
ZFC ∪ {c  ω} ∪ {i  c | i ∈ N0 }.
Any ﬁnite subset of Σ has a model: simply interpret c as a suﬃciently large natural number in our familiar model of set theory. The Compactness Theorem now
ensures that Σ has a model, say M ; , c. Since Σ includes the ZFC axioms, M ; 
1 This

is analogous to the ability of the usual group axioms in the language {·,−1 } to deﬁne a
unique multiplicative identity element in any model of group theory. We can unambiguously use
∅ and ω in sentences as an abbreviation of more complicated formulæ in the same way that one
could use 1 in group theory (restricted to the language {·,−1 }) as an abbreviation of x−1 · x.
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is a model of set theory. In this model, c is a natural number (it is an element of
ω). Consider the collection N0 = {0, 1, 2, . . . }, whose members are (some of the)
elements of c in the model M ; . Clearly N0 satisﬁes both properties (1) and (2),
but N0 doesn’t equal the unique set ω possessing properties (1) and (2); indeed,
the elements of N0 are all contained in a proper subset c of the set ω. Hence N0 is
the desired nonset collection.
To provide some clariﬁcation, here is a diﬀerent description of what we have done
here. In the model M ; , as in any model, the sets, or more precisely M -sets,
are just the elements of M . There is a correspondence between M -sets of M and
subsets of M : to each x ∈ M , we can associate the subset x̄ of M , consisting of
all elements related by  to x in M ; . So the M -sets correspond to some of the
subsets of M . This correspondence is not surjective. For example, the set M itself
does not correspond to any element of itself — within the model M ;  it is the
proper class of all M -sets. Similarly, our argument identiﬁed N0 as a subset of M
not equal to x̄ for any x ∈ M , even though it is a subset of ω̄.
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Pantographic polygons
John Miller∗ and Emanuel Strzelecki∗∗

Abstract
Necessary and suﬃcient conditions are given for a polygon to be pantographic.
The property is held by all regular polygons and by many nonregular polygons
having an even number of sides, but by no polygons having an odd number
of sides. Many processes are shown by which new pantographic polygons can
be constructed from old, including a process of adjunction of polygons.

In Euclidean plane geometry, let Ω = PQRS be any nondegenerate plane quadrilateral, and let F, G, H, I be the midpoints of the successive sides QR, RS, SP,
PQ. Then Λ := FGHI is a parallelogram; for each pair of opposite sides is parallel
to a diagonal of Ω.
The construction is reversible: if Λ := FGHI is any parallelogram and P any point
in the plane (or even outside the plane), then drawing segments PQ, QR, RS with
midpoints I, F, G results in H being the midpoint of SP. Thus the set Q(Λ) of
quadrilaterals having the vertices of Λ as the midpoints of their sides (taken in
order in both cases) is doubly-inﬁnite. We call Q(Λ) the pantograph of Λ, and
its members the quadrilaterals generated by Λ. The construction was described in
some detail in [1] and [2]. Unfortunately there are problems of degeneracy. Even
if Λ is not degenerate, Ω may be so, and vice versa.
What other plane polygons besides parallelograms generate polygons in this way?
Deﬁnition 1. We shall say that a polygon Λ is pantographic if, when all its vertices are taken as the midpoints of the segments of a polygonal arc in order, it
causes this polygonal arc to be closed, that is, to be itself a polygon. We then call
this a generated polygon of Λ. The order of any polygon is the number of its sides.
If the construction of a generated polygon starts by using initially a point P and a
vertex V of Λ (that is, if the ﬁrst drawn segment PQ say has midpoint V), call it a
[P, V]-construction. Note that P and V determine the generated polygon uniquely.
Note also that if for all possible P a [P, V]-construction results in a polygon, then
the same is true of [P, W]-constructions for each other vertex W of Λ. So in testing
to see if a polygon is pantographic, any vertex may be chosen as ﬁrst vertex. Note
our verbal distinction between a polygonal arc L = A1 A2 . . . Am , from A1 to Am ,
and a polygon Λ = A1 A2 . . . Am , having a last side Am A1 . We shall show that the
property of being pantographic is possessed by all regular 2n-gons, and by many
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non-regular 2n-gons as well, but by no polygons of odd order. We give several
methods of ﬁnding new pantographic polygons from old.
In this paper we do not assume that the polygon Λ is convex or non-selﬁntersecting,
but (as a matter of convenience rather than necessity) we do assume initially that
Λ is nondegenerate, that is, no three vertices are collinear, so that all vertices are
distinct and all sides have positive length. On the other hand the generated polygons may be degenerate, through failure of one or more of these conditions. There
are many forms of degeneracy which can arise when the initial point P is ill chosen,
resulting in a count of the apparent number of vertices or sides being less than
the order of Λ, by some sides having length zero, or by pairs of non-consecutive
vertices coinciding, or some vertices being collinear. See Figure 1.

P
P

V

V

2n = 4, k = 3

2n = 6, k = 4

2n = 10, k = 7

Figure 1. Examples of regular 2n−gons with degenerate
generated polygons of k apparent sides.

It can be proved that: For any n > 2 and any k satisfying 2n − [2n/3] ≤ k ≤ 2n − 1
there exists a pantographic 2n-gon with a generated polygon having k apparent
sides, that is, having 2n − k sides of zero length.
For nondegenerate cases the order of any generated polygon equals the order of Λ.
Any degenerate case is the limit of a sequence of nondegenerate cases: for a rigorous discussion of this for quadrilaterals, see [1].
As we shall see, for some given polygons M it can happen that a generated polygon
arises by this construction for certain choices of starting pair P, V but not for
others: we do not call these polygons M pantographic. But we can still use the
notation Q(M) for the set of generated polygons, which is possibly empty. For
example, Q(M) is empty when M is a trapezium which is not a parallelogram. We
show in fact that the cardinality of Q(M) can only be 0, 1 or inﬁnity.
We start by formulating an analytic version of Deﬁnition 1 which is less hampered
by considerations of degeneracy, and which leads to necessary and suﬃcient conditions and easy proofs of ensuing results. Let an arbitrary origin O be taken in
the plane and for any point P write P for its position vector OP.
Deﬁnition 2. Let Λ = A1 A2 . . . Am be a nondegenerate polygon of m vertices Aj
and sides Aj Aj+1 (Am+1 = A1 ), and let X1 X2 . . . Xm be a polygonal arc such that
Aj = 12 (Xj + Xj+1 )

(j = 1, 2, . . . , m − 1) .
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If also Am = 12 (Xm + X1 ) then the polygon Ω = X1 X2 . . . Xm is said to be generated by Λ. If Ω is a generated polygon for every choice of point X1 in the plane,
then Λ is said to be pantographic.
The deﬁnition is independent of the choice of origin O. The earlier remarks show
that a quadrilateral is pantographic if and only if it is a nondegenerate parallelogram.
Theorem 1. No polygon Λ of odd order is pantographic. Every polygon of odd
order ≥ 3 has a unique generated polygon.
Proof. Let Λ be as above. The system of equations
Aj = 12 (Xj + Xj+1 )

(j = 1, 2, . . . , m),

Xm+1 = X1

(1)

has to be solved. Let m be odd. Adding all equations gives
A1 + A2 + · · · + Am = X1 + X2 + · · · + Xm .

(2)

Adding the odd-numbered equations gives
2(A1 + A3 + · · · + Am ) = X1 + X2 + · · · + Xm + X1 .

(3)

Therefore X1 has a determined value, X1 = A1 − A2 + A3 − · · · + Am . Writing
Xj+1 = 2Aj − Xj to ﬁnd successive Xj , we end up with
Xm = 2(Am−1 − Am−2 + Am−3 − · · · + (−1)m A1 ) + X1
= − 2(X1 − Am ) + X1 ,
1
2 (Xm

that is, Am =
+ X1 ); thus Ω := X1 X2 . . . Xm is a generated polygon of Λ,
and clearly it is the unique solution of (1).
Corollary 1. If Λ is a regular polygon of odd order, the unique generated polygon
is the regular polygon circumscribing Λ symmetrically.
Theorem 2. A nondegenerate polygon of even order Λ = A1 A2 . . . A2k is pantographic if and only if
A1 + A3 + A5 + · · · + A2k−1 = A2 + A4 + A6 · · · + A2k .

(4)

Proof. Assume that Λ is pantographic and that Ω = X1 X2 . . . X2k is any generated
polygon. Then (1) holds with m = 2k, and hence (2) holds. In place of (3) we
get (4) by a similar calculation, but X1 can be arbitrary.
Conversely, assume (4). Then it is easily veriﬁed that for any X1 the points deﬁned
by
Xj = 2(−1)j [A1 − A2 + A3 − · · · + (−1)j Aj−1 ] + (−1)j−1 X1
(j = 2, 3, . . . , 2k)

(5)

are the vertices of a polygon generated by Λ, since the Xj satisfy equations (1).
Because a polygon eventuates for every choice of X1 , Λ is pantographic.
Corollary 2. There exist nonpantographic polygons of all orders ≥ 3, and pantographic polygons of all even orders ≥ 4.
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Corollary 3. If Λ = A1 A2 . . . A2k is pantographic, then so is
Λ = Aσ(1) Aσ(2) Aσ(3) . . . Aσ(2k) ,
where σ is any permutation of (1, 2, . . . , 2k) which restricts to a permutation on
each of (1, 3, 5, . . . , 2k − 1) and (2, 4, 6, . . . , 2k).
Let O and E denote the sets of odd-numbered and even-numbered vertices of
Λ respectively, and attribute mass 1 to each vertex. Then (4) has the natural
interpretation: point-sets O and E have the same centre of mass. So:
Corollary 4. If Λ = A1 A2 . . . A2k is pantographic, then so is any nondegenerate
polygon obtained by applying any transformation of the plane which preserves the
centre of mass of both sets, in particular by applying to one or the other of O, E
any dilation or rotation about the common centre of mass, leaving the other set
unmoved.
Corollary 5. If Λ = A1 A2 . . . A2r and M = B1 B2 . . . B2s are pantographic 2r-gon
and 2s-gon respectively, then the polygon
N := A1 A2 . . . A2r B1 B2 . . . B2s
is a pantographic 2(r + s)-gon, if nondegenerate.
Proof. The property (4) for each of Λ and M separately gives two equations; their
sum is property (4) for N.
Used separately or in conjunction, Corollaries 3, 4 and 5 give many ways of constructing new pantographic polygons from old.
Corollary 6. A 2k-gon is either pantographic, or has no generated polygon at all.
Proof. If Λ is not pantographic then (4) does not hold, and no solution of (1)
exists.
It follows from Theorem 1 (Corollary 1) and Theorem 2 (Corollary 6) that every
polygon has exactly 0, 1, or inﬁnitely many generated polygons.
Corollary 7. Every regular polygon of even order 2k, k ≥ 2, is pantographic.
Proof. It suﬃces to assume that the vertices of the polygon lie on the unit circle
and to use the representation of the complex plane, with vertices Ar = exp(irπ/k)
(r = 1, 2, . . . , 2k), say, and then to verify property (4) in its corresponding form.
Corollary 8. A nondegenerate hexagon Λ = A1 A2 . . . A6 is pantographic if and
only if there exists a point K such that A1 A2 A3 K and KA4 A5 A6 are both parallelograms.
Proof. Corollary 8 is intuitively obvious: any hexagon Ω = X1 X2 . . . X6 generated
by Λ determines a point K as midpoint of X1 X4 having the stated property. An
analytic proof proceeds as follows. Assume that there exists a point K, and take
it as origin. Then A1 + A3 = A2 and A4 + A6 = A5 . Therefore A1 + A3 + A5 =
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A2 + A4 + A6 , conﬁrming (4). Conversely suppose Λ is pantographic and let K
be the fourth vertex of the parallelogram A1 A2 A3 K. By a reversal of the previous
argument, KA4 A5 A6 is also a parallelogram. See Figure 2.
X4

Γ

A3

A4

Λ1

K

X2

Γ'
A

Λ2
A2

B2
2r–1

M

A5

Λ

Λ

A2r

A6

B1
A1

A1
X1

B3

B2s

A2
A3

Figure 2. Illustrating Corollaries 8 and 9, and Theorem 4.

Corollary 9. A polygonal arc L = A1 A2 A3 A4 of three segments with no three
vertices collinear can be completed to form a pantographic hexagon if and only if
A1 , A2 , A3 , A4 are not vertices of a parallelogram, and in this case this can be done
in inﬁnitely many ways.
Proof. The condition is required so as to ensure that there exists a nondegenerate
completion. Choose an origin O and two further distinct points A5 and A6 not
collinear with any of A1 , A2 , A3 , A4 . If the polygon Λ = A1 . . . A6 is pantographic
then A1 + A3 + A5 = A2 + A4 + A6 , and since A5 = A6 then A2 − A1 = A3 − A4
so L is not three sides of a parallelogram. The converse is proved similarly.
In order to avoid consideration of degenerate cases, in the remaining paragraphs
we relax Deﬁnitions 1 and 2 by no longer requiring nondegeneracy as a requirement
for a polygon to be pantographic.
Theorem 3. Any polygonal arc L = A1 A2 . . . A2k−1 of 2k − 1 segments may be
completed to a (possibly degenerate) pantographic polygon by use of a last vertex
A2k , which is uniquely determined.
Proof. It suﬃces to add the vertex A2k := A1 + A3 + A5 + · · · + A2k−1 − (A2 +
A4 + A6 + · · · + A2k−2 ) and form the polygon Λ = A1 A2 . . . A2k .
Theorem 4. Let Λ = A1 A2 . . . A2r and M = B1 B2 . . . B2s be pantographic 2r-gon
and 2s-gon respectively, with A2r = B1 . Then the polygon
Z := A1 A2 . . . A2r−1 B2 . . . B2s
is a (possibly degenerate) pantographic 2(r + s − 1)-gon.
Given Λ and M as in the theorem, and nondegenerate, a rotation of M around B
can always be found ensuring that Z is nondegenerate, since only ﬁnitely many angles of rotation need to be avoided; therefore nondegenerate pantographic polygons
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can be constructed with great freedom by the process of adjoining two polygons
with a common vertex.
Conversely, given a pantographic 2k-gon we can, by a reversal of this process, remove from it three adjacent vertices and add the fourth vertex of the parallelogram,
to produce a pantographic 2(k − 1)-gon.
A ﬁnal remark: Deﬁnitions 1 and 2 do not actually require that they be interpretated in the plane; it suﬃces that the points inhabit a Euclidean space Em−1 . With
this understanding, the previous results suitably reinterpreted still hold. If Λ is a
pantographic 2k-gon, (4) shows that it lies in E2k−2 ; for example a parallelogram
lies in a plane but its generated quadrilaterals can lie in E3 .
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Closer and closer: Introducing real analysis
Carol S. Schumacher
Jones and Bartlett Publishers, 2008, ISBN 978-0-7637-3593-7
How close does one need to get in order to acquire a full understanding of a given
subject? Does getting closer and closer mean getting deeper and deeper and,
therefore, acquiring a more thorough understanding of the subject? Any informal
description of a limiting process is certain to use the phrase ‘closer and closer’ (or
a similar one), ascertains Carol S. Schumacher, the author of the book. Or, as
Alice said: ‘Down, down, down. Would the fall never come to an end?’.
Closer and closer presents itself as a ﬁrst introduction to real analysis for upperlevel undergraduate mathematics majors. Due to its structure, contents and style,
I would think of it rather as a companion book, not as a main textbook from
which the rigour of mathematical analysis has to be learned. The book is written
in a conversational style, with the student being thought as a key player in the
development of the subject (who else, if not the reader or actually, the doer, is the
protagonist of his own learning?), which translates to lots of exercises, just a few
examples and no solutions provided.
The book is divided into two parts. Starting from set theory, the ‘core chapters’
build up the tools of the trade: the axioms of the real number system, distance,
open and closed sets, limits of sequences, continuity, completeness, compactness,
and connectedness. ‘Structures are the weapons of the mathematician’, Bourbaki
said. On the other hand, the ‘excursions’, written in an even more conversational
style, pretend to be side readings or sketches of ideas or proofs departing from the
main core.
The Preliminary Remarks oﬀer some advice on what to think of analysis, real
analysis. For instance the author writes: if we have a herd of milk cows, we
might associate with each cow the average number of litres of milk it produces
each day. Thus — I dare to infer — real analysis is the science of averaging litres
of milk. However, as silly as it might seem, the language used through the text
might appeal to some as a friendly introduction to a rather arid area of abstract
thinking. It also invites the reader to learn about the abstractions by thinking
about concrete examples: What is this proof saying? Can I draw a helpful picture
in the plane? ‘Think geometrically, prove algebraically’, John Tate said.
Chapter 0 (Basic building blocks) is a potpourri of concepts: sets, Venn diagrams,
functions, properties of natural numbers, and sequences. The Bourbaki language
seems to be used at leisure. An injective function is just called one-to-one, whereas
one-to-one and onto functions are called bijective.
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Chapter 1 (The real numbers) starts dealing with the arithmetic of R, then goes
into the ordering of the reals and ﬁnishes with the least upper bound axiom.
Chapter 2 (Measuring distances) starts by deﬁning a metric as a function d : X ×
X → R and asks to prove, as an exercise, that (R, d) with d(a, b) = |a − b| is
a metric space, before deﬁning the usual Euclidean metric in Rn . Other metrics
are introduced in the exercises, including l1 , l∞ and the ‘taxicab’ metric. The
Cauchy–Schwartz theorem is given to prove in four steps as an exercise.
Chapter 3 (Sets and limits) starts with the deﬁnition of open sets. An open ball
of radius r > 0 centred at point a in a metric space X, is deﬁned as the set
Br (a) = {x ∈ X : d(a, x) < r}. A closed ball is denoted by Cr (a) instead of the
more familiar and intuitive B̄r (a). This notation may have been adopted because
closure is not discussed until the end of the chapter, after going through sequences,
their convergence and limit points.
The rest of the core chapters are: Continuity; Real-valued functions; Completeness; Compactness; Connectedness; Diﬀerentiation of functions of one real variable; Iteration and the contraction mapping theorem; The Riemann integral; Sequences of functions; and Diﬀerentiating f : Rn → Rm .
What might strike one as being out of place
is Chapter 10 (Iteration and the contraction
mapping theorem). The rest of the contents
seem standard in a basic analysis course. But
even if an orthodox would ﬁnd it strange to
have the subject here, I believe that a glimpse
to the iteration of functions, ﬁxed points and
attractors might develop some interest in the
curious student and lead them to the search of
more detailed information. The same happens
with the ‘Excursions’, some of which deal with
numerical methods, existence and uniqueness of
solutions to diﬀerential equations and everywhere
continuous, nowhere diﬀerentiable functions.
Closer and closer is a friendly book which serves as a window to real analysis
and some other interesting topics in mathematics. I wouldn’t recommend it as a
textbook but possibly as complementary reading.
O. Rojas
Centre of Excellence for Mathematics and Statistics of Complex Systems, Department of Mathematics, La Trobe University. E-mail: orojas@students.latrobe.edu.au
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In Issue 35(1) of the Gazette, N.J. Wildberger reviewed A course in calculus
and real analysis. Unfortunately, due to a technical problem, the review was
not published in full. The editors sincerely apologise to Professor Wildberger
for this error. Below is the full review as it should have appeared in 35(1).

A course in calculus and real analysis
S.R. Ghorpade and B.V. Limaye
Springer, 2006, ISBN 978-0-387-30530-1
The important new text A Course in Calculus and Real Analysis by S.R. Ghorpade and B.V. Limaye (Springer UTM) is a rigorous, well-presented and original
introduction to the core of undergraduate mathematics — ﬁrst-year calculus. It
develops this subject carefully from a foundation of high-school algebra, with interesting improvements and insights rarely found in other books. Its intended
audience includes mathematics majors who have already taken some calculus, and
now wish to understand the subject more carefully and deeply, as well as those
who teach calculus at any level. Because of the high standard, only very motivated
and capable students can expect to learn the subject for the ﬁrst time using this
text, which is comparable to Spivak’s Calculus [1], or perhaps Rudin’s Principles
of Mathematical Analysis [2].
The book strives to be precise yet informative at all times, even in traditional ‘hand
waving’ areas, and strikes a good balance between theory and applications for a
mathematics major. It has a voluminous and interesting collection of exercises,
conveniently divided into two groups. The ﬁrst group is more routine, but still
often challenging, and the second group is more theoretical and adds considerable
detail to the coverage. However no solutions are presented. There are a goodly
number of ﬁgures, and each chapter has an informative Notes and Comments
section that makes historical points or otherwise illuminates the material.
The authors based the book on some earlier printed teaching notes and then spent
seven years putting it all together. The extensive attention to detail shows, and an
honest comparison with the calculus notes generally used in Australian universities
would be a humbling exercise. Here is a brief indication of the contents of the book
by chapter.
Chapter 1 (Numbers and Functions) introduces integers, rational numbers and the
basic properties of real numbers, without deﬁning exactly what real numbers are
— this diﬃculty seems unavoidable in an elementary text. Inequalities and basic
facts about functions are introduced, and the main examples are polynomials and
their quotients, the rational functions. This book is notable for not using the log,
exponential and circular functions until they are properly deﬁned: these appear
roughly half-way through the book.
Boundedness, convexity and local extrema of functions are deﬁned, and a function
f (x) is said to have the intermediate value property (IVP) if r between f (a) and
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f (b) implies r = f (x) for some x in [a, b]. The geometric nature of these notions
is thus brought to the fore, before the corresponding criteria for them in terms of
continuity and diﬀerentiability are introduced.
Chapter 2 (Sequences) introduces the basic idea of convergence used in the text: a
sequence an of real numbers converges to a if for every ε > 0 there is n0 ∈ N such
that |an − a| < ε for all n ≥ n0 . Convergence of bounded monotonic sequences
is shown, and the little-oh and big-oh notations are brieﬂy introduced. Every
real sequence is shown to have a monotonic subsequence, and from this follows
the Bolzano–Weierstrass theorem that every bounded sequence has a convergent
subsequence. Convergent sequences are shown to be Cauchy and conversely.
In Chapter 3 (Continuity and Limits), the book strikes out into less-charted waters. A function f (x) deﬁned on a domain D, which is allowed to be an arbitrary
subset of R, is continuous at c ∈ D if for any sequence xn in D converging to c,
f (xn ) converges to f (c). So continuity, deﬁned in terms of sequences, occurs before
the notion of the limit of a function, and works for more general domains than the
usual setup. This approach is probably more intuitive for students, and has been
used in other texts, for example, Goﬀman’s Introduction to Real Analysis [3].
The usual ε − δ formulation is shown to be equivalent to the above condition. A
strictly monotonic function f deﬁned on an interval I has an inverse function f −1
deﬁned on f (I) which is continuous. A continuous function deﬁned on an interval
is shown to have the IVP. Uniform continuity is also deﬁned in terms of sequences:
if f is deﬁned on D, then it is uniformly continuous on D if xn and yn sequences
in D with xn − yn → 0 implies that f (xn ) − f (yn ) → 0. If D is closed and bounded
then a continuous function on D is shown to be uniformly continuous on D. If
D is a set which contains open intervals around c, then a function f deﬁned on
D has limit l as x approaches c if for any sequence xn in D\{c} converging to c,
the sequence f (xn ) converges to l. So again the notion of the limit of a function
comes down to the concept of limits of sequences. The usual ε − δ formulation is
shown to be equivalent to this deﬁnition. Relative notions of little-oh and big-oh
between two functions as x → ∞ are introduced, and more generally there is a
careful discussion of inﬁnite limits of functions and asymptotes, including oblique
asymptotes.
Chapter 4 (Diﬀerentiation) introduces the derivative of a function f (x) at a point
c as the usual limit of a quotient. Then it proves the Lemma of Carathéodory,
which becomes crucial in what follows: that f is diﬀerentiable at c if and only if
there is an increment function f1 such that f (x) − f (c) = (x − c)f1 (x) for all x
in the domain D of f , and f1 is continuous at c. By replacing diﬀerentiability
of f at c with the continuity of f1 (which depends on c) at c, routine properties
of derivatives — continuity, sums, products, quotients and especially the Chain
rule and the derivative of an inverse function — have more direct proofs which no
longer require mention of limits.
There is then a discussion of normals and implicit diﬀerentiation and the mean
value theorem (MVT), which is used to prove Taylor’s theorem: we can express
an n-times diﬀerentiable function f (x) on [a, b] by an n degree Taylor polynomial
with an error term involving the (n + 1)th derivative at some interior point c.
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The connection between derivatives and monotonicity, convexity and concavity are
discussed, and the chapter ends with an unusually careful and thorough treatment
of L’Hôpital’s rule, treating both 0/0 and ∞/∞ forms with some care.
Chapter 5 (Applications of Diﬀerentiation) begins with a discussion of maxima
and minima, local extrema and inﬂexion points. Then the linear and quadratic
approximations to a function f at a point c given by Taylor’s theorem are studied
in more detail, including explicit bounds on the errors as x approaches c. The
most novel parts of this chapter are a thorough treatment of Picard’s method for
ﬁnding a ﬁxed point of a function f : [a, b] → [a, b] provided |f  (x)| < 1 , and
Newton’s method for ﬁnding the zeros of a function f (x). Conditions are given
that ensure that the latter converges, one such condition uses Picard’s method,
the other assumes the monotonicity of f  (x).
Chapter 6 (Integration) is the heart of the subject. Many calculus texts introduce
the integral of a function as some kind of ‘limit of Riemann sums’, even though this
kind of limit has not been deﬁned, as it ranges over a net of partitions, not a set of
numbers. Ghorpade and Limaye choose another standard approach: to deﬁne the
Riemann integral using supremums and inﬁmums of sets of real numbers. Given
f (x) on [a, b], they deﬁne the lower sum L(P, f ) and the upper sum U (P, f ) of f
with respect to a partition P of [a, b] in terms of minima and maxima of f on the
various subintervals, then set
L(f ) ≡ sup{L(P, F ) : P is a partition of [a, b]}
U (f ) ≡ inf{U (P, F ) : P is a partition of [a, b]}
and declare f to be integrable on [a, b] if L(f ) = U (f ), in which case this common
b
value is the deﬁnite integral a f (x) dx. This is a deﬁnition which is reasonably
intuitive, and respects Archimedes’ understanding that one ought to estimate an
area from both the inside and outside to get proper control of it. Nevertheless one
must make the point that no good examples of using this deﬁnition to compute
an integral are given — while the book shows that f (x) = xn is integrable, an
evaluation of the integral must wait for the Fundamental theorem.
A key technical tool is the Riemann condition: that a bounded function is integrable if and only if for any ε > 0 there is a partition P for which the diﬀerence
between the lower and upper sums is less than ε. The Fundamental theorem is established, in both forms: that the integral of a function may be found by evaluating
an antiderivative, and that the indeﬁnite integral of a function f is diﬀerentiable
and has derivative f . Integration by parts and substitution are derived, and then
the idea of a Riemann sum is introduced both as a tool to evaluate integrals, and
to allow integration theory to evaluate certain series.
Chapter 7 (Elementary Transcendental Functions) introduces the logarithm, the
exponential function, and the circular functions and their inverses. The book deﬁnes ln x as the integral of 1/x and the exponential function as its inverse, and
develops more general power functions using the exponential function and the log
function. The number e is deﬁned by the condition ln e = 1. This is familiar territory. Deﬁning sin x, cos x and tan x is less familiar, but a crucial point for calculus.
Most texts are sadly lacking, pretending that these functions are somehow part
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of the background ‘ether’ of mathematical understanding, and so exempt from
requiring proper deﬁnitions. More than ﬁfty years ago, G.H. Hardy spelled out
the problem quite clearly in his A Course in Pure Mathematics [4], stating ‘The
whole diﬃculty lies in the question, what is the x which occurs in cos x and sin x’.
He described four diﬀerent approaches to the deﬁnition of the circular functions.
The one taken by Ghorpade and Limaye is to start with an inverse circular function. There are several good reasons to justify this choice. Historically the inverse
circular functions were understood analytically before the circular functions themselves; Newton obtained the power series for sin x by ﬁrst ﬁnding the power series
for arcsin x and then inverting it, and indeed the arcsin x series was discovered
several centuries earlier by Indian mathematicians in Kerala. In addition, the theory of elliptic functions is arguably easier to understand if it proceeds by analogy
with the circular functions, and starts with the inverse functions — the elliptic
integrals.
The book begins with arctan x, the integral of 1/(1 + x2 ) which, after 1/x, is the
last serious barrier to integrating general rational functions. Deﬁning tan x as
the inverse of arctan x only deﬁnes it in the range
 a (−π/2, π/2), where π is introduced as twice the supremum of the values of 0 1/(1 + x2 ) dx. Then the circular
functions
tan x
1
sin x = √
and cos x = √
2
1 + tan x
1 + tan2 x
are deﬁned on (−π/2, π/2) as suggested by Hardy, extended by continuity to the
closed interval, and then to all of R by the rules
sin(x + π) = − sin x and

cos(x + π) = − cos x.

I would suggest an alternative: to deﬁne
sin x =

2 tan(x/2)
1 + tan2 (x/2)

and

cos x =

1 − tan2 (x/2)
1 + tan2 (x/2)

on (−π, π) and then extend by continuity and 2π periodicity. This more algebraic approach connects to the rational parametrisation of the circle, Pythagorean
triples, and the well-known half-angle substitution.
After sin x and cos x are pinned down, the book ﬁnds their nth Taylor polynomials and derives the main algebraic relations, namely cos2 x + sin2 x = 1 and
the addition laws. After deﬁning the reciprocal and the (other) inverse circular
functions the book establishes their derivatives. It then discusses a good source
of counterexamples: the function sin(1/x).
Having deﬁned the circular functions precisely, the authors deﬁne the polar
coordinates
r and θ of a point (x, y) = (0, 0) in the Cartesian plane precisely:

r = x2 + y 2 as usual, while
 
⎧
−1 x
⎪
cos
if y ≥ 0
⎨
r
θ=
 
⎪
⎩− cos−1 x
if y < 0.
r
This insures that θ lies in (−π, π], and is single valued.
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The book augments the discussion of polar coordinates by giving precise deﬁnitions of an angle ϕ in various contexts. An angle is not some God-given notion
bestowed on each of us at birth. As Euclid well realised, it is rather a problematic
concept, and must be correctly deﬁned. The essential formula, here shortened by
using linear algebra language, is that the angle between vectors u and v is
u·v
ϕ = cos−1
.
|u||v|
Having gone through considerable care in deﬁning the elementary functions ln x,
exp x, sin x and cos x, Ghorpade and Limaye then devote a section to proving these
really are transcendental functions; that is, they are not algebraic functions. This
is a very nice section that would capture the interest of many students.
The exercises at the end of this chapter establish many of the usual identities for
the elementary transcendental functions. There is also a separate set of revision
exercises that revisit the topics of the previous chapters with the help of the new
functions now at our disposal.
Chapter 8 (Applications and Approximations of Riemann Integrals) looks at deﬁning areas of regions, volumes of solids, arclengths of curves and centroids of regions, as well as establishing quadrature rules. The area of a region bounded by
b
two functions f1 (x) < f2 (x) on [a, b] is deﬁned to be a (f2 (x) − f1 (x)) dx. While
this corresponds to our intuition, it still remains to be proven that this notion of
area behaves as we expect, in particular that it is invariant under isometries of the
plane, and that this notion of area of regions is additive. For a pleasant introduction to area, see another novel book in the UTM series: Hijab’s Introduction to
Calculus and Classical Analysis.
The authors establish that the area of a circle is indeed πr2 and rightfully point
out that the dependence on r is proven, not assumed as it is in most high-school
treatments of area. Assuming additivity, they develop formulas for area in polar
coordinates, and there is a section on volumes, involving slicing, decomposition by
cylinders and solids of revolution.
The subject of arclength is often a stumbling block in traditional texts. The authors motivate the usual deﬁnition
 β
L=
x (t)2 + y  (t)2 dt
α

by discussing tangent lines and the linear approximation to a curve, and show
that L is indeed independent of parametrisation. They also prove the formula for
the arclength of an arc of a circle in terms of the notion of angle which they have
established in the previous section. Again they observe that the linear dependence
of the circumference of a circle on its radius is thus a result, not an assumption.
While they do make some computations of arclengths, for example that of the
cardioid and helix, they point out that for an ellipse and a lemniscate the integrals
are not easily evaluated. Many texts present artiﬁcial examples of computations
of arclengths of curves, without making clear to the student how atypical such
computations are. Most curves have arclengths about which we know very little.
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A section on areas of surfaces features Pappus’ theorem. The section on quadrature rules gives the trapezoidal and Simpson rules for estimating integrals, and
has a detailed discussion of error estimates.
The last chapter (Chapter 9: Inﬁnite Series and Improper Integrals) follows Apostal’s Mathematical Analysis [5] in deﬁning an inﬁnite series and presents the familiar tests for the convergence of series and power series, with more advanced
ones such as Abel’s test relegated to the exercises. Taylor series for the common
functions are given, and improper integrals are also given a thorough treatment
which mirrors that of inﬁnite series. The chapter ends with a brief introduction
to the beta and gamma functions.
This book is a tour de force, and a necessary addition to the library of anyone
involved in teaching calculus, or studying it seriously. It also raises some interesting questions. How easy is it for us to change our courses if it becomes clear
that substantial improvements can be made? Are we aware that most of the top
100 universities in the world rely much more extensively on high quality textbooks
written by dedicated and knowledgeable authors? And where in Australia is that
elite ﬁrst-year mathematics course, where students learn calculus rigorously?
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Philip Broadbridge∗

Universities and the health of mathematical science
There are some encouraging signs that the government and the community at
large are taking the future of the mathematical sciences more seriously. While
mathematics departments at some universities are currently being strengthened,
an equal number are languishing below critical staﬀ mass. Some of the problems
of our discipline are related to university practices. Universities have a tough ﬁnancial juggling act and some of their leaders have sound academic values. Some
do not.
The decline has already taken its toll: the university presence — the essential
foundation for future success — has been decimated, in part by unanticipated
consequences of funding formulas and by neglect of the basic principal that
mathematics be taught by mathematicians. In parallel, the supply of students
and graduates falls short of national needs. . . .
(Foreword by the international reviewers J.-P. Bourguignon, B. Dietrich and
I.M. Johnstone, to the report of the National Strategic Review of Mathematical Sciences Research in Australia [2].)

The discussion here focuses on the universities but this sector is connected to all of
the other equally important links in the chain of mathematics education. By most
estimates, since 1995, Australian universities have lost more than 30% of their
mathematics and statistics teaching staﬀ. That this should be allowed to happen
indicates that we have a weakening cultural value attached to our discipline, worse
than in other parts of the western world. Over the past few years, we have been
working hard to articulate the value of mathematical sciences to other disciplines,
to industry, to government and to the community at large. We have also been
identifying speciﬁc structural problems, which if ﬁxed, will put us in a stronger
position.
The ﬁrst problem identiﬁed by the international reviewers is the use of disadvantageous funding formulae. The federal budget of May 2007 adjusted the Discipline
Funding Model, giving an increase of over $2700 per equivalent full time student
in mathematics and statistics. This is based on numbers of students taking all
mathematics and statistics subjects, including service courses. It makes up additional funding of $25 million to our universities, without detracting from other
disciplines. Early this year, heads of mathematics department from 34 universities
responded to a questionnaire on the state of their departments:
http://www.amsi.org.au/pdfs/Questionnaire summary.pdf .
∗ Australian Mathematical Sciences Institute, The University of Melbourne, VIC 3010.
E-mail: phil@amsi.org.au
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From January 2007 to January 2008, the number of permanent academic positions
in those departments had dropped from 596.5 to 553. At that time, only eight
universities had agreed to pass down a signiﬁcant portion of the extra funds to
the mathematics coalface. As reported in the Australian on 25 May, Hyam Rubinstein, Chair of the Australian Academy of Science’s National Committee for
Mathematical Sciences, estimated that of the $25 million allocated, only $4 million
to $5 million has gone into mathematics and statistics departments.
Now in the 2008 budget, there was announced a halving of HECS fees for mathematics and science students, with appropriate compensation to the universities.
We are greatly heartened by Education Minister Julia Gillard’s intention to ask
for more accountability of directed funding, as stated on 20 May:
. . . we will be making it perfectly clear to universities what it’s for and the
policy objective there. We obviously want our maths and science faculties
to be able to teach quality maths and science. . . . you should expect to see
accountabilities in that area of the Budget and in relation to Budget funding
generally.

After this pronouncement, I am conﬁdent that more universities will direct the
money to its intended target. Tell it to the Deans.
The reviewers’ second problem relates more generally to lost opportunities in service teaching. Since mathematics and statistics underlie modern advances in many
other ﬁelds, it is natural to include some relevant mathematical content in engineering, applied sciences, business and ﬁnance. However, students need a broad
preparation in mathematics in order to take advantage of that material. In order
to win support of the client disciplines, we must listen carefully to their needs
and to form some joint management structure so that they share ownership of the
subjects that are designed for them.
Over the last year, while working with academic engineers on the governmentfunded project, ‘Mathematics for 21st Century Engineering Students’, I have become sympathetic to their needs in the diﬃcult task of educating a diversifying
student body. The engineering profession requires 10 000 new students per year
but only 80 000 Year 12 students study advanced mathematics. There is much
that we can do to improve their situation as well as ours. Our report [1] has just
been posted to all mathematics and engineering departments and it is available
online at http://www.amsi.org.au/carrick.php .
Similarly, there is enormous scope for developing mathematics and statistics
courses for modern biosciences. Burrage [3] has recently commented on this in
the context of preparation for research degrees. In Australia, there is an unfortunate trend, starting at secondary level, to run separate science strands for
physical sciences and life sciences. The real action in North American biotechnology is based on the mathematical sciences. Eric Lander, the leader of the
MIT-based human genome project and a founding director of the Broad Institute,
holds an Oxford D. Phil in discrete mathematics. He was a member of a team
whose classiﬁcation algorithm identiﬁed a third genetic class (20%) of leukaemia
patients who are potentially curable by an identiﬁed deﬁcient enzyme [4]. At the
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University of Delaware, the Biological Science Department apologised to me for
asking Mathematical Sciences to deliver a second compulsory mathematics course
for their students. Let me know if there’s an Australian bioscience program with
two compulsory mathematics subjects.
Thirdly, there needs to be more mathematics content in primary teacher education programs, and there needs to be better cooperation between mathematics
staﬀ and lecturers of secondary mathematics teachers in training. There is a worsening shortage of qualiﬁed mathematics teachers. Therefore, any university that
oﬀers a teacher training program should also oﬀer a full major in mathematics and
statistics. Further training in mathematics has a strong inﬂuence on job satisfaction of mathematics teachers. I quote from the survey by ACDS of mathematics
teachers [5]:
By the criteria described by heads of mathematics, many of the mathematics
teachers surveyed lacked the tertiary background appropriate to their current teaching roles. Among the 2116 teachers of senior school mathematics,
13 percent had not studied mathematics beyond ﬁrst year . . . Mathematics
teachers with the highest levels of mathematics-related tertiary study were
the most satisﬁed with their tertiary preparation.

Thirty-one universities oﬀer degree programs in primary education. Most accept
students in the bottom third of university entrance scores. Only 12 of them have
prerequisite mathematics subjects; 8 of these are at Year 11 level. 15 have mathematics content within teacher training courses.
The government is moving towards my way of thinking. I quote from the Senate
report on Quality of School Education, 2007:
Recommendation 3: The committee recommends that schools and school systems take particular measures to improve teacher professional development
in mathematics.

Finally, on the subject of university practices, I would like to comment on the role
of legal departments of research oﬃces. AMSI has had some success in brokering
research contracts between industries and multi-university teams. Every university employs legal advisers to protect us against liability and to stake claims of
intellectual property. This almost always delays any collaborative work by several
months and it has convinced many companies never to collaborate with universities. I am advised that mathematical software cannot be patented. I am also
advised that the idea of using a mathematical algorithm for a new commercial
purpose can be patented but that income from this source rarely exceeds the legal costs. Some American mathematics departments receive much larger amounts
from corporate benefactors but these are more often donations from recipients of
good mathematical advice that had been given freely. More proﬁt is to be made
from cooperation and goodwill than from suspicion and greed.
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Completed PhDs
Curtin University
• Dr Anamai Na-Udon, Experimental design methodology for modelling response
from computer simulated experiments, supervisor: Ritu Gupta.
• Dr Tung Gia An Hon, A numerical technique for identifying geomechanical
parameters, supervisor: YH Wu.
Royal Melbourne Institute of Technology
• Dr Nimalsiri Pinnawala, Properties of trace maps and their applications to
coding theory, supervisors: Asha Rao and Kristine Lally.
Swinburne University
• Dr Joe Sampson, Some solutions of the shallow water wave equations, supervisors: Professor Alan Easton and Dr Manmohan Singh
University of Adelaide
• Dr Rowland Ernest Dickinson, Exact solution to the stochastic spread of social
contagion – using rumours, supervisor: Charles Pearce.
• Dr Tijiana Evancevic, Geometric neurodynamical classiﬁers applied to breast
cancer detection, supervisors: Charles Pearce and Murk Bottema.
University of Melbourne
• Dr Raymond Lubansky, Pointwise axiomatic spectral theory in Banach algebras, supervisor: Associate Professor Jerry Koliha.
• Dr Bell Foozwell, Haken n-manifolds, supervisor: Professor Hyam Rubinstein.

Awards and other achievements

Professor Ian H. Sloan honoured
We are delighted to report that Professor Ian H. Sloan has been appointed an Ofﬁcer of the Order of Australia in the Queen’s Birthday Honours list. The citation
reads:
For service to education through the study of mathematics, particularly in the
ﬁeld of computational mathematics, as an academic, researcher and mentor,
and to a range of national and international professional associations.
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Dr Bob Anderssen awarded DSc (honoris causa)
Congratulations to Dr Bob Anderssen who has been awarded a DSc (honoris causa)
for his services to applied mathematics by La Trobe University on 9 May. This
is excellent news for Bob, recognising his wonderful and many contributions to
mathematics. (See page 158 of this issue of the Gazette for the full citation.)
Swinburne University
• Professor Will Phillips (Professor of Mathematics), Professor Ian Young (ViceChancellor) and Associate Professor Alex Babanin have won an ARC Linkage
grant ($510 000) for their project with Woodside Energy Ltd on ‘Oceanic conditions within extreme tropical cyclones’.
http://www.arc.gov.au/ncgp/lp/LP08 Rd2 Org.htm
University of Queensland
• Gareth Evans has received a scholarship to attend Apple’s World Wide Developers Conference in San Francisco in June 2008.

Appointments, departures and promotions
Australian Defence Force Academy, University of New South Wales
• Geoﬀ Mercer has been promoted to Associate Professor.
Curtin University
• Mr Adrian Wong, Associate Professor, Actuarial Science, from Nanyang Technology University, since 1 January 2008.
• Mr T.J. Kyng, Senior Lecturer, Actuarial Science, from Macquarie University,
will start in July 2008.
• Dr Ken Siu, Associate Professor, Financial Mathematics and Actuarial Science, from Heriot-Watt University, will start in June 2008.
Queensland University of Technology
• Dr John H. Knight, appointed as postdoctoral research associate in the School
of Mathematical Sciences, started 1 May 2008.
Swinburne University of Technology
• Dr Vladimir Gurarii has been appointed Adjunct Professor of Mathematics.
University of Adelaide
• Dr Richard Clarke has departed the School of Mathematical Sciences, University of Adelaide, to commence an appointment as Lecturer in the Department
of Engineering Science at the University of Auckland.
• Trent Mattner is taking over from David Parrott as local correspondent. The
Gazette thanks David for his time as correspondent.
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University of Melbourne
• Associate Professor Natashia Boland is leaving to take up a chair at the University of Newcastle.
• Arun Ram, formerly of the University of Wisconsin, has commenced his appointment as Professor of Mathematics.
• Dr Craig Westerland has been appointed at Lecturer B level.
• Dr Nora Ganter has been appointed at Lecturer B level.
• Dr Alex Ghitza has been appointed at Lecturer B level.
• Dr Peter Tingley has been appointed as Research Fellow.
University of New South Wales
• Dr Rika Hagihara has just joined the Department of Pure Mathematics as a
postdoc with Tony Dooley. Her PhD is from the University of North Carolina,
Chapel Hill.
• Chris Tisdell has taken over from from Mike Hirschhorn as local correspondent. The Gazette thanks Mike for his time as correspondent.
University of Queensland
• Dr Min-chun Hong has been given continuing appointment as a Lecturer C.
• Dr Barbara Maenhaut has been promoted to Lecturer. Barbara’s research is
in combinatorial design theory and graph theory.
University of Southern Queensland
• Dr Peter Dunn has accepted voluntary redundancy from August 2008. He
will commence a new position as Associate Professor in Biostatistics at the
University of the Sunshine Coast.
• Mr Paul Fahey has accepted voluntary redundancy from July 2008. He will
join the Health Statistics Centre in Queensland Health as a Senior Analyst.
• Professor Tony Roberts has accepted voluntary redundancy from July 2008.
He will commence a position as Professor at the University of Adelaide in
September.
University of Sydney
• Associate Professor Matthew Dyer has been appointed as Senior Research
Associate for two years from June 2008.
• Dr Paul Spicer has been appointed as a Research Associate.
• Dr Bill Palmer will retire in July.
University of Technology, Sydney
• Professor Lindsay Botten was recently appointed as the new Director of the
National Computational Infrastructure (NCI). NCI is an initiative of the Australian Government being conducted as part of the National Collaborative
Research Infrastructure Strategy, where the project is being hosted by The
Australian National University.
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University of Western Sydney
• Dr Andrew Francis has been promoted to Associate Professor.
• Dr Volker Gebhardt has been promoted to Senior Lecturer.

New Books
Royal Melbourne Institute of Technology
• Horadam, K.J. (2007). Hadamard Matrices and Their Applications. Princeton
University Press, Princeton and Oxford. ISBN13: 978-0-691-11921-2.
University of Sydney
• Molev, A. (2006). Yangians and Classical Lie Algebras. Mathematical Surveys
and Monographs Series, No. 143. American Mathematical Society, Providence,
RI. ISBN: 978-0-8218-4374-1.

Conferences and Courses
Conferences and courses are listed in order of the ﬁrst day.
ATNAC 2008
Date: 7–10 December 2008
Venue: National Wine Centre, Adelaide, SA
Web: http://www.plevin.com.au/atnac2008
Australasian Telecommunication Networks and Applications Conference 2008.
7th Australia–New Zealand Mathematics Convention
Date: 8–12 December 2008
Venue: Christchurch, New Zealand
Web: http://www.math.canterbury.ac.nz/ANZMC2008/
Special theme program on group theory, combinatorics and
computation
Date: 5–16 January 2009
Venue: The University of Western Australia, Perth
Web: http://sponsored.uwa.edu.au/gcc09/
The ﬁrst week will be an international conference in honour of Cheryl Praeger’s
60th birthday. This will be followed by an informal week of short courses, workshops and problem sessions, especially beneﬁcal to early career researchers and
postgraduate students.
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1st PRIMA Congress 2009
Date: 6–10 July 2009
Venue: University of New South Wales, Sydney
Web: http://www.primath.org/prima2009
Contacts: Alejandro Adem (adem@pims.math.ca); Local Arrangements Committee (prima2009@maths.unsw.edu.au)
The Paciﬁc Rim Mathematical Association (PRIMA) is an association of mathematical sciences institutes, departments and societies from around the Paciﬁc
Rim. It was established in 2005 to promote and facilitate the development of the
mathematical sciences throughout the Paciﬁc Rim region. PRIMA aims to hold
an international congress every four years.
The ﬁrst PRIMA Congress will be held at the University of New South Wales
in Sydney, 6–10 July 2009. As well as plenary addresses by leading international
speakers there will be a range of special sessions on topics reﬂecting the breadth
and diversity of research in the mathematical sciences across the region.
Conﬁrmed Plenary Speakers: Myles Allen (University of Oxford, UK); Frederico
Ardila (SFSU, USA & U. de Los Andes, Colombia); Nassif Ghoussoub (University
of British Columbia, Canada); Kenji Fukaya (Kyoto University, Japan); Seok-Jin
Kang (Seoul National University, Korea); Yujiro Kawamata (Tokyo University,
Japan); Shige Peng (Shandong University, China); Linda Petzold (UC Santa Barbara, USA); Cheryl Praeger (University of Western Australia); Gang Tian (Princeton University, USA & Peking University, China); Gunther Uhlmann (University
of Washington, USA);
Conﬁrmed Special Sessions: Symplectic Geometry (K. Fukaya, Kyoto; Y. Eliashberg, Stanford); Orbifolds and Stringy Topology (A. Adem, PIMS; Y. Ruan, U.
Michigan; C. Westerland, U. Melbourne); Geometric Analysis (G. Tian, Princeton
& Peking U.; J. Chen, U. British Columbia; W. Ding, Peking U.); Mathematics of Climate Change (M. England, U. New South Wales; C. Jones, U. North
Carolina); Partial Diﬀerential Equations (N. Ghoussoub, U. British Columbia;
Y. Long, Nankai Institute); Inverse Problems (G. Uhlmann, U. Washington; G. Bal,
Columbia U.); Dynamical Systems (D. Lind, U. Washington; A. Dooley, U. New
South Wales; G. Froyland, U. New South Wales); Scientiﬁc Computing (L. Petzold, UC Santa Barbara; I. Sloan, (U. New South Wales); Mathematical Physics
(R. Benguria, U. Catolica de Chile; A. Guttmann, U. Melbourne); Math Finance
(S. Peng, Shandong U.; I. Ekeland, U. British Columbia);
Local Arrangements Committee: G. Froyland (Chair, University of New South
Wales); C. Greenhill (University of New South Wales); A. Guttmann (University
of Melbourne); J. Kress (University of New South Wales); D. Lind (University of
Washington); I. Sloan (University of New South Wales).
For a more comprehensive list of conference notices, including those published
previously in the Gazette, please see http://www.austms.org.au/Events.
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Visiting mathematicians

Visitors are listed in alphabetical order and details of each visitor are presented
in the following format: name of visitor; home institution; dates of visit; principal
ﬁeld of interest; principal host institution; contact for enquiries.
Dr Florent Autin; Université Paris 7; 15 October 2008 to 15 December 2008; maxisets; USN; M. Raimondo
Prof Yuri Borovskikh; Transport University; 7 July 2008 to 7 September 2008;
asymptotics; USN; N.C. Weber
Prof Dorin Bucur; Université de Savoie; 1 October 2008 to 30 November 2008;
boundary value problems for partial diﬀerential equations; USN; E.N. Dancer
Dr Anna Cai; University of California at Irvine, USA; 8 to 28 August 2008; –;
UMB; Prof Kerry Landman
Dr Angelina Chin; University of Malaya; 1 June 2008 to 21 August 2008; –; UQL;
A/Prof Diane Donovan
Dr Angelina Chin; University of Malaya; 1 to 30 September 2008; computational
algebra; USN; J.J. Cannon
Prof David Clark; SUNY, New Platz, NY, USA; 15 October 2008 to 15 December
2008; universal algebra; LTU; Drs Brian A. Davey and Jane G. Pitkethly
Ciprian Coman; University of Glasgow; July to August 2008; –; UWA; Prof Andrew Basson
Prof Nico Van Dijk; University of Amsterdam, The Netherlands; 14 June 2008 to
10 July 2008; –; UMB; Prof Peter Taylor
Prof Alireza Ematollahi; Shiraz University; 15 September 2007 to 15 September
2008; –; ANU; Alan Welsh
Prof Ahmad Erfanian; University of Mashland, Iran; May to December 2008;
UWA; Prof Cheryl Praeger
Em/Prof Christopher Field; Dalhousie University; 7 November 2008 to 3 December 2008; asymptotic methods in statistics; USN; J. Robinson
Prof Nicholas Fisher; Statistical Society of Australia/Int. Statistical Inst.; 1 September 2004 to 31 August 2010; statistics; USN; J. Robinson
A/Prof Hong Gu; Dalhousie University, Canada; 3 September 2008 to 30 October
2008; –; UMB; Prof Richard Huggins
Prof Zongming Guo; Henan Normal University, China; 20 July 2008 to 31 August
2008; partial diﬀerential equations; UNE; Prof Yihong Du
Prof Zongming Guo; Henan Normal University, China; 31 August 2008 to 15 November 2008; large solutions of nonlinear elliptic partial diﬀerential equations;
USN; E.N. Dancer
Dr Matthew Greenberg; McGill University; 21 July 2008 to 8 August 2008; arithmetic geometry, algorithms; USN; J.J. Cannon
Prof David Gubbins; University of Leeds; 20 September 2007 to 19 September
2008; magnetohydrodynamic dynamo theory and the geodynamo; USN;
D.J. Ivers
Dr Paul Hammerton; University of East Anglia; 1 August 2008 to 20 September
2008; –; UWA; Prof Andrew Bassom
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A/Prof Chong He; University of Missouri; 13–17 July 2008; –; UMB; Prof Richard
Huggins
Prof Chong Chao Huang; Wuhan University, China; June 2008 to January 2009;
–; UWA; A/Prof Song Wang
A/Prof Wen-Hang Hwang; National Chung Hsin University, Taiwan; 28 June 2008
to 9 September 2008; –; UMB; Prof Richard Huggins
Mohammadali Iranmanesh; Yazd University, Iran; 24 October 2007 to July 2008;
–; UWA; Prof Cheryl Praeger
Prof John Kolassa; Rutgers; 20 July 2008 to 9 August 2008; asymptotic methods
in statistics; USN; J. Robinson
Rishabh Kothari; Indian Institute of Technology; 1 May 2008 to 10 July 2008; –;
UQL; Dirk Kroese
Prof Tony Krzesinski; University of Stellenbosch, South Africa; 21 November 2008
to 23 December 2008; –; UMB; Prof Peter Taylor
Dr Uwe Leck; University of Wisconsin, Superior; 6 July 2008 to 6 August 2008;
extremal set theory; CDU; Ian Roberts
Ms Nan Li; The Sichuan Normal University, China; 1 February 2008 to 31 January
2009; –; UWA; A/Prof Song Wang
Prof Li Ma; Tsinghua University, China; 1 July 2008 to 31 August 2008; partial
diﬀerential equations; UNE; Prof Yihong Du
Prof Alex Makin; Moscow State University of Instrument-making and Informatics; 27 July 2008 to 31 August 2008; spectral theory for diﬀerential operators;
UQL; A/Prof Bevan Thompson
Dr Christine Mueller; University of Kassel, Germany; 1 October 2008 to 31 December 2008; –; UMB; Prof Richard Huggins
Dr Alireza Nematollani; University of Shiraz; 15 December 2007 to 15 December
2008; multivariate analysis and time series; USN; N.C. Weber
Prof Sen Huat Ong; University of Malaya; 1 June 2008 to 31 October 2008; ﬁnancial time series modelling; USN; M.S. Peiris
Prof Shuangjie Peng; Central China Normal University; 15 June 2008 to 31 January 2009; nonlinear elliptic partial diﬀerential equations; USN; E.N. Dancer
Dr Goetz Pfeiﬀer; National University of Ireland; 25 May 2008 to 16 June 2008;
–; UWA; Alice Niemeyer
Dr Maria Pilar Gil Pons; University of Catalonia; 1 February 2008 to 31 August
2008; SAGB stars to study both evolution and yields of these stars at a wide
range of compositions; MNU; Prof John Lattanzio
Prof Colin Please; University of Southampton, UK; 15 February 2008 to 2 September 2008; –; QUT; –
Ms Weiwei Ren; Yunnan University, China; August 2007 to August 2008; –;
UWA; A/Prof Caiheng Li
Dr Frederic Robert; Université de Nice; 14 November 2007 to 3 November 2008;
applied and nonlinear analysis; ANU; Florica Cirstea
Kumar Saurav; Indian Institute of Technology; 3–24 August 2008; –; UWA; Prof
Cheryl Praeger
Dr Mahendran Shitan; University Putra, Malaysia; 1 June 2008 to 31 October
2008; theory for the class of generalised autoregression under mathematical
statistics/times series analysis; USN; M.S. Peiris
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Dr Qiao Shouhong; Sun Yat-sen University, China; 1 March 2008 to March 2009;
–; UWA; A/Prof Cai Heng Li
Maryam Solary; Guilan University, Iran; July 2008 to January 2009; –; UWA;
A/Prof Song Wang
Dr Damien Stehle; Ecole Normale Superieure, Lyon; 19 July 2008 to 18 July 2009;
computational aspects of lattices; USN; J.J. Cannon
Prof Dongchu SUN; University of Missouri; 13–17 July 2008; –; UMB; Prof Richard
Huggins
A/Prof Bijan Taeri; Isfashan University of Technology, Iran; 1 September 2008 to
1 September 2009; –; UWA; Prof Cheryl Praeger
Prof Vladimir Ulyanov; Moscow State University, Russia; 28 July 2008 to 25 August 2008; –; UMB; A/Prof Kostya Borovkov
Dr Mohammad Wadee; –; 1 July 2008 to 31 August 2008; –; UWA; Prof Andrew
Bassom
Dr Yan Wang; Yan Tai University, China; 15 July 2008 to 14 August 2008; –;
UMB; Dr Sanming Zhou
Prof Ruth Williams; University of California at San Diego, USA; 31 July 2008, 1
August 2008, and 5–6 August 2008; –; UMB; A/Prof Kostya Borovkov;
Dr Huoxiong Wu; Xiamen University, China; January 2008 to November 2008;
harmonic analysis and partial diﬀerential equations; MQU; X.T. Duong
Dr Tina Ying Xu; University of Hong Kong, China; 18 June 2008 to 28 July 2008;
–; UMB; A/Prof Ray Watson
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