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Terry Tao wins the Fields Medal

Adelaide born Terence Tao with the Fields Medal (photo taken by Michael Cowling at
noon on Wednesday 23 August 2006, two hours after Terry’s plenary lecture at the ICM
in Madrid (with thanks to Neville Smythe for additional editing)). More information is
availabe in the online edition Gazette Vol 33(3) (Supplement) at http://www.austms.
org.au/Publ/Gazette/2006/Jul06/Supplement/
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The big news just before this Gazette went to press was the awarding of the Fields Medal
to Terry Tao at the ICM in Madrid. On behalf of the Australian mathematical community we wish to congratulate Terry with this wonderful achievement. Terry has been
the first Australian ever to receive the highest accolade in mathematics, and his award
has received considerable attention in Australian and international media — even making it to the National News on several television stations. The Gazette has prepared a
special online-only edition dedicated to Terry, and we invite our readers to visit http:
//www.austms.org.au/Publ/Gazette/2006/Jul06/Supplement/.
It is perhaps somewhat of a coincidence that Terry’s Fields Medal success, and the subsequent media attention for mathematics, coincides with John Henstridge’s contribution
to the Math matters column. According to John — himself a business-mathematician
rather than a research-mathematician — the AustMS and all of its members should, like
any other bussiness or science, give much more serious thought to its brand image and to
the importance of marketing mathematics. The image of mathematics and its perceived
importance by the general public determines our funding to a large extent. If mathematics
and its contribution to society are not valued and/or appreciated by the wider community,
it is our task to change this perception. Terry Tao’s inspirational success should be the first
stepping stone in lifting the image of Australian mathematics.
That the branding of mathematics is intrinsically difficult was well understood by Bertrand
Russell, who remarked that
Mathematics may be defined as the subject in which we never know what
we are talking about, nor whether what we are saying is true.
However, paraphrasing one blog, there also is hope,
Branding itself may be another one of those subjects. For how can we truly
speak to the essence of branding when the matter is purely subjective in
nature? Sure, we can provide our viewpoint and a myriad of examples.
But the insights and real work of branding take place in the communities
of passionate, like-minded people; be they gardeners, motorcyclists, footy
fanatics, wine connoisseurs, gadget freaks, and even bloggers.
We could certainly add “mathematicians” to the blogger’s list, taking advantage of our love
and passion for the profession to bring us further. There is good hope for the brand image
of Australian mathematics as long as greats such as Sir Gustav Nossal make comments like
Do as much mathematics and statistics as you can in your degrees – these
skills will empower your professional lives.
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Rectification
In the article The behaviour of Tsunamis, Gazette 33(3) (2006), 195–199, the name of the
author Maurice N. Brearley has been misspelled as Maurice N. Brearly. We apologise to the
author for this mistake.

Vacancy: Editor(s) for the Gazette
The present Editors of the Gazette, Drs Jan de Gier and S. Ole Warnaar, are sadly stepping
down from their position on 31 December 2006. So the hunt is on for a replacement Editor
or Editors, to carry the Gazette forward from 2007 on. An overlap in the position of a few
months, from about October 2006, is envisaged, to enable a smooth transition.
Anyone interested in the position of Editor is invited to send (via e-mail) a brief resumé
and covering letter to both the President and the Secretary, at President@austms.org.au
and Secretary@austms.org.au.
There is financial assistance available for part-time secretarial help. Knowledge of LATEX
is essential. For further information about what the position entails, please contact the
present Editors at gazette@ms.unimelb.edu.au.
Elizabeth J Billington
Hon. Sec., AustMS

Michael Cowling
One of the roles of the AustMS President is
to travel. I attended a meeting of the Council of the European Mathematical Society
in Turin as an observer in early July, and
have circulated a detailed report to Council
about it. I will shortly attend the meeting
of the International Mathematical Union in
Santiago de Compostela (Spain) as a member of the Australian delegation, and then
the ICM in Madrid. I am very optimistic
that Australian mathematicians will figure
in one way or another at both these meetings, and in any case I will look for ways to
promote us, and I will continue our discussions with some university presses and other
bodies about having them publish our journals.
At the European Mathematical Society
(EMS) meeting, a number of issues were
raised that resonate in Australia. Their
newsletter (see http://www.emis.de for
samples) is now published commercially—
there is an editorial committee, responsible for content, but the typesetting and distribution are the responsibility of the publisher, who has been soliciting advertising,
in order to try to make a profit. There was
discussion about the legitimacy of associating the EMS with advertising. There is a
separate independent publishing house set
up to produce books and journals, which is
looking to expand its operations. I spoke
with their representative about the possibility of their publishing our journals. The
very new Journal of the European Mathematical Society has managed to achieve a
high impact factor. The main reason for its
success has been the enthusiasm of the editorial board and the willingness of top European mathematicians to submit papers.
A Brussels-based member of the EMS
described lobbying the EU for recognition

for the mathematical sciences. The basic
problem is that there are 10,000 professional
lobbyists in Brussels! The mathematicians
only have a few amateurs who spend a bit
of time at it. The buzz words in Brussels in
scientific research are Terrorism and Natural Disasters, and mathematics is not seen
as a high priority—indeed the EMS President Sir John Kingman (a statistician) said
the European Union takes mathematics for
granted. It was remarked that the publishing house needs to be a financial success so
that the EMS can afford its own lobbyist.
The EMS is fighting to maintain Zentralblatt für Mathematik, so that MathSciNet
does not have a monopoly on mathematical
information. I would be curious to know
how many Australian mathematicians use
Zentralblatt; I know that my own university
abandoned its subscription some years ago.
I attended a meeting of the Federation of Australian Scientific and Technological Societies (FASTS) on educational issues. There is grudging recognition in a
recent skills audit (http://www.dest.gov.
au) that Australia is not able to produce
enough scientists, engineers and technologists to meet the needs of business, industry and government. FASTS is pushing
government to recognise that action needs
to be taken. The meeting in Canberra
brought together professional societies with
DEST representatives, who were unable to
say whether we will be able to overcome the
shortage of science and mathematics teachers in high schools by importing them from
other countries where the teaching culture
is different. The meeting resolved to push
for cooperation between Science and Education Faculties to try to produce more and
better-trained teachers.

School of Mathematics, University of New South Wales, UNSW Sydney 2052, Australia
E-mail: m.cowling@unsw.edu.au

Receive an ARC Grant, or give up research
With passing years it becomes ever more
important to secure an ARC grant. Government funding formulae now dictate that
Universities receive research funding on the
basis of three indicators: external research
grants; research student completions; and
refereed publications. The Universities, behaving like rational players in a rational
market-place, respond by trying to encourage exactly those outcomes from their staff.
My University does this by defining “research active” staff according to these criteria — thus fulfilling another government
requirement to make such a definition and
specify the benefits given to staff who satisfy
it. Workload hours for research are then just
one of the benefits allocated to “research active” staff. It’s all perfect common sense.
The problem is that this logic applies a
formula intended to measure global output
across the University, to the local output of
an individual. An indicator used to represent a level of output across an institution is
mis-applied to the particular output of individual researchers. Even if it can be argued
that the application of this formula globally results in a fair distribution of funds,
it is only because the discrepancies between
fields may be averaged out to some extent.
This does not happen in individuals.
In many fields of mathematics, there are
few external grants apart from the ARC Discovery programme. At the same time, research student numbers are limited. This
leaves a very simple equation for staff not in

a position to recruit research students: publish a lot, and get ARC grants. Fail to do
either of these, and you lose the time allocation to do your research. Of course, publishing a lot is itself a precondition for ARC
success.
Thus it is, that in order to be given
time to research, many mathematicians are
obliged to obtain an ARC Discovery Grant.
The irony is that for many of us, the sort
of money involved with an ARC grant is
not really essential to a research programme
(I find myself in the unfamiliar position of
agreeing with Imre Salusinszky [1]). Not every researcher or research programme really
needs a post-doctoral researcher to achieve
results. For the most part what is actually required is the simple combination of
time together with relatively small sources
of funds to enable visits to and from colleagues and participation at conferences [2].
The other side of all this is that of course,
we are all human beings with lives to live.
The pressure to increase research output (to
get a grant, to be able to research) has to be
balanced with other commitments to family and friends. Despite many of us feeling a quasi-religious calling to mathematics, we are unavoidably part of the great
“work–family debate”. I wonder if the price
of these funding rules and Universities’ responses to them might be that those who
don’t get funded choose “family” and resign
themselves to careers heavier in teaching. If
it is, then the loss will be the middle class
of Australian mathematics researchers.

References
[1] Imre Salusinszky, Grant us time, not cash, The Weekend Australian, 8th April, 2006.
[2] Generalizations here are scrupulously based on the casual gathering of anecdotal evidence.
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Dear Editors
Dr Warnaar takes issue with my book “The
Mathematics Companion” as reviewed in
the March edition of the Gazette. “Dangerous...ridiculous...bizarre... arguably one
of the worst mathematics books ever written”, writes Dr Warnaar. In considering the examples given in his review, we
can perhaps immediately acknowledge that
the book contains several unfortunate typographical errors, some clumsy expressions,
and some genuine errors.
But, the real issue at hand is something
more subtle than the obvious deficiencies of
the book. Take for example Dr Warnaar’s
objection to my writing ln(x) + C instead
of ln |x| + C. Yes, Dr Warnaar is perfectly
correct in pointing out that my expression
is incomplete and likely to lead to confusion
and herein lies the dilemma for the teaching mathematics to non-mathematics majors. It is perfectly understandable that a
mathematician like Dr Warnaar would grimace at ln(x), but in my experience, writing
ln |x| leads to considerable confusion and apprehension when it comes to a science or enTony Fischer–Cripps
PO Box 9, Forestville NSW 2087
E-mail: mail@ibisonline.com.au

gineering student facing this material, possibly for the first or second time in their studies. The student’s focus is directed towards
the unfamiliar | | symbols and their implications to the detriment of the understanding
of the ln term. Professional mathematicians
of the Gazette may disagree entirely, but as
the author of the book, and in the light of
my years of experience as both a student and
a teacher, I chose to put the focus on the
expression rather than the boundary conditions — by not stating the boundary conditions at all.
“The Mathematics Companion” is not a
compendium of mathematics — it is designed to offer the essential elements of what
I believe a science or engineering student
needs to know to get some understanding
of the subject. Details such as the range of
validity of functions and the like, are to my
mind, not so important for intended readership. Like it or loathe it, the book is designed to be a companion to more complete
mathematics texts that the student will no
doubt possess.

John Henstridge
If math matters, why don’t we see more of it?
I was prompted to write this column by
previous articles in the Math matters series. While there is a love of mathematics
expressed in these articles — something I
share — my role as a mathematician and
statistician working as a consultant gives me
a rather different view of both the problems
and the solutions.1
While many mathematicians comment
upon the apparent decline in mathematics
in Australia, I strongly disagree with the assertion by several that the problem is completely external — simply one of insufficient
funding or support. We, mathematicians
representing our discipline, have to look to
how we can do things better. That is what
I would like to address here.
Firstly, a few words on my background.
After a typical start to an academic career
of eight years in teaching and research positions, I left the University of Western Australia in 1983 to join a venture in statistical and mathematical consulting, Siromath.
This was an idealistic attempt by statisticians in the CSIRO to get involved with industry and business in a thoroughly commercial manner. It was an exciting time.
Low cost computing — only $250,000 for
a MicroVAX computer to be shared across
the company — and reasonable statistical
software meant that for the first time statisticians could get their hands dirty with real
data. Siromath grew to around 35 staff by
the time I left it in 1987. In 1988, I set up
my own company, Data Analysis Australia.
Initially I worked at home wishing that I

had a client, but now Data Analysis Australia has a staff of 21, of whom most are
graduates in various mathematical sciences.

Opportunities and failings
The mathematical community has failed
to capitalise on the enormous interest in
mathematics displayed by young people.
The competitions and enrichment activities organised by the Australian Mathematics Trust have incredibly wide participation
and I continue to be amazed by the enthusiasm of secondary mathematics teachers. In
one sense, mathematics is an ideal challenge
for young people — its abstraction means
that otherwise immature minds can excel.
What happens to these young people
when they go to university? Often they
choose non-mathematical courses such as
medicine or law because that is where the
money is. Many want to keep their mathematics, but think that the only practical
way of doing that and having a job at the
end is to do a course such as engineering.
Relatively few graduate majoring in mathematics.
Hence over a period of a few years, many
talented young people are lost to mathematics. It is appropriate to ask why this is so,
especially since it might be corrected.

University mathematics and wider
mathematics
The major challenge for the mathematical
community in Australia is to broaden its
base beyond universities.

1When I offered to write this article and I commented that it was about time that one was written by
a mathematician not in academia, the editors’ very sensible reply was that most of the readership of the
Gazette was in academia.
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Almost all universities in Australia are
under financial pressure and this creates
problems for all disciplines. Many of the
problems of funding that have been mentioned in Math matters are generic to universities and affect a range of disciplines,
from ancient history through to physics.
Each of these disciplines sees itself as important but under threat from lack of funding and lack of students. Unless our arguments detail issues genuinely specific to
mathematics, they will be largely ignored
as no more than self-interest.
The academic disciplines that have flourished are largely those that have created
an image of relevance. These include business studies, biomedical disciplines and information technology. They attract students, grants and publicity. The important
question is: why have these disciplines created this perception and why has mathematics not done so? A major factor is that
mathematics has not established itself as a
profession outside of universities.
A good profession against which mathematics can be compared is engineering, a
subject that could almost be described as
“very applied mathematics”. Engineers in
society are called by that name — engineers. Job advertisements ask for engineers.
There are faculties of engineering at universities, with degrees in engineering accredited by Engineers Australia. Not surprisingly, secondary school students making
decisions about what to study can readily
imagine themselves becoming engineers.
The engineering faculties, with the assistance of Engineers Australia, reinforce
this. Courses include compulsory units that
might have the name “the profession of engineering” and cover the wider aspects of
working as an engineer, often taught with
lecturers from industry. Work experience is
a critical requirement in obtaining a degree.
Perhaps most importantly, every engineering graduate can call himself or herself an
engineer.

The message given by the mathematical
community is unconvincing when compared
with this. Only a small proportion of mathematicians in industry or government have
the term mathematician or statistician in
their job title. Even the Australian Bureau
of Statistics does not call most of its statisticians by that title! Saying that mathematics training opens up opportunities even
though the job descriptions and job title
don’t mention mathematics may be true but
it requires some faith to accept it.
The Society’s own material has reinforced this. I recall a careers brochure that
gave case studies of young mathematicians
beginning their careers to illustrate jobs in
mathematics, with two thirds of the case
studies being young people doing further
studies in mathematics. Even the Society’s
guidelines for accreditation link the requirements to academic employment levels. The
Society has sometimes seen the loss of academics to industry as a problem for mathematics. Surely this should be seen as a
positive, reflecting the high value industry
places on mathematics.

How separate are the mathematical sciences?
Mathematics has been often split between
three sub-disciplines — pure, applied and
statistics — and some commentators have
suggested that the consolidation into single
departments is a sign that the discipline is
under pressure. I take a very different view.
If you regard mathematics as a means of
solving real world problems (as I must in
my consulting role), you are not concerned
with which traditional area of mathematics
the solution comes from. In many cases several areas of mathematics are required for a
solution. Single departments reflect this reality.
Most of my company’s work is statistical,
but the boundaries between areas of mathematics disappear when solving real problems. For example, in designing a data collection strategy, combinatorial concepts of

Math matters

designs are used. Forecasting demand for
services is often the first step in a planning process and the next step is some
form of optimization. Analysing environmental stream flow data needs some level
of thought about the dynamics. Providing a complete service must not be limited
by artificial boundaries, especially when
the boundaries are not meaningful to our
clients.
One effect of these artificial divisions is
that we fail to give a coherent message to
the wider community and to potential students. This leads to:
• a multiplicity of professional groups
that don’t always work together;
• a very weak umbrella body, the Australian Mathematical Sciences Council,
that very few people relate to;
• some statisticians saying that statistics
is not part of mathematics; and
• (what marketers refer to as) a weak or
non-existent brand image.
It is not surprising then that we have
trouble defending ourselves from the encroachment of other professional groups. If
we do not define ourselves we cannot defend ourselves. It is our mathematical background that distinguishes us from other professional groups such as psychologists who
often claim some ability in statistics. Our
mathematical training and experience results in a different way of thinking, a clear
differentiation in the commercial marketplace.

The importance of marketing
I am an applier of mathematics, an employer of mathematicians and perhaps most
importantly, a marketer of mathematics.
Every month my company Data Analysis
Australia needs to invoice between $150,000
and $250,000 of work to keep afloat. This
can only be done by ongoing marketing.
Marketing is an essential activity in doing
business.
I see little difference between business
and other areas of mathematical enterprise.
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In my business if I do not have enough customers, it is my responsibility to find more,
adapting my services as appropriate. Similarly if mathematical departments in universities do not have enough students, it is
their responsibility to find them. It takes
effort but it is part of the job. It is hard to
have much sympathy for those who argue
that they should not be expected to be so
involved.
I also need to market the type of career
that Data Analysis Australia offers to potential employees and, indirectly, I need to
market mathematics to students who will
form a pool of potential employees several
years later. In Western Australia, Data
Analysis Australia has for many years sponsored the Young Statisticians’ Workshop,
targeting a range of students and young professionals but especially students in their
second and third years when they are making critical educational decisions.

Summary
For this article, the starting point was comments in Math matters that mathematics
was being treated unfairly. I claim that this
is our responsibility. The government and
the university systems might both be imperfect but they do try to direct resources
to what they view as important. If mathematics is missing out, it is because mathematics is not seen as sufficiently important.
That perception is, I would argue, largely
the fault of the mathematical community.
Mathematics is seen as not related to significant problems in the community and mathematicians are not valued as contributors to
our society.
This is partially an issue of perception,
but as always there is an element of truth in
this perception. It is up to the mathematics
community to change this perception. Perhaps the first step is to recognise and support all our graduates and all the work they
do. This is a challenge for the Society that
has had such a strong a focus on research
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mathematics. It will be a particular challenge to do so with one voice, overcoming
the divisions between the mathematical disciplines.

We need to actively market mathematics
as a subject of value and as a viable career
option. If we don’t do this we have little
right to complain.

Data Analysis Australia, 97 Broadway, Nedlands WA 6009
E-mail: john@daa.com.au

Norman Do

More Unsolved Problems for Young and Old

Unsolved problems are the lifeblood of mathematics. Unfortunately, as the frontiers of our
field are being pushed ever further, it is becoming more and more difficult for mathematicians
from even mildly disparate research areas to find common ground. However, there is a
wealth of elementary unsolved problems which any person with a working knowledge of
mathematics should be able to understand and even begin to play around with. I will give
concise expositions on four such problems with the hope that one of the readers of this
article will perhaps lay claim to a solution further down the track. Remember that all
maths problems were, at some stage, unsolved!1

1

Unfolding a Polyhedron

Throughout history, one of the major conundrums faced by artists is the problem of how
to render a three-dimensional object in a two-dimensional medium. Whereas some budding
painters presumably turned their attention toward sculpture, those artists who persisted
developed various techniques, such as the method of perspective. Now suppose that I wanted
to accurately convey a simple three-dimensional shape, such as a polyhedron, to the readers
of this article. One technique, well-known to cereal box manufacturers and even to primary
school children, is to use what is called a net. To form a net, I would take a paper model
of my polyhedron and cut along some of the edges so that the faces can be unfolded into a
single flat piece of paper. It would then be simple matter to transmit the picture of the net,
accompanied by gluing instructions2. The reader could then cut out the net and reconstruct
the original polyhedron. For example, the following diagram shows the net for a cube.
Now it turns out that we have been somewhat presumptuous in our description of a net
— could it be the case that not every polyhedron has a net? It turns out that things can go

1This is, in fact, a sequel to the Mathellaneous article titled “Unsolved Problems for Young and Old”
published in the May 2005 edition of the Gazette. Readers may wish to note that John Conway’s angel
problem, one of the unsolved problems discussed in that article, now appears to be solved. Very recently,
Brian Bowditch and Oddvar Kloster have both claimed to have found solutions entirely independently.
Bowditch has proven that an angel of power greater than or equal to four can always escape the devil while
Kloster asserts the stronger result that an angel of power greater than or equal to two can do the same. For
more details, their respective proofs can be downloaded from

http://www.maths.soton.ac.uk/staff/Bowditch/papers/bhb-angel.pdf
and
http://home.broadpark.no/~oddvark/angel/Angel.pdf
2
It is a non-trivial exercise to show that gluing instructions are indeed necessary. To accomplish this, it
suffices to find a net which can be folded in two distinct ways to create two distinct polyhedra.
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awry in this seemingly simple process. For example, the following diagram represents a
tetrahedron which can be unfolded to give a polygon which overlaps with itself! It would
certainly be difficult for someone to reconstruct the original polyhedron out of paper from
the given net. However, not all is lost in this example — cutting along a different set of
edges allows the original tetrahedron to be unfolded flat and without overlap.

Our exploration now begs the following question: does there exist a polyhedron which cannot be cut along some of its edges and unfolded flat to produce a polygon without overlap?
The answer, surprisingly enough, is in the affirmative. However, the only counterexamples known are non-convex polyhedra, somewhat exotic beasts in the world of polyhedra.
Restricting our attention to convex shapes, we arrive at the following problem, beautiful
in its simplicity, though unsolved more than thirty years after being posed by Geoffrey C.
Shephard in 1975.
Does every convex polyhedron have a net? In other words, can every convex polyhedron
be cut along some of its edges and unfolded flat into a single polygon without overlap?
The experts in the field seem to think that the answer is in the affirmative; even despite the
overwhelming evidence gathered by Catherine Schevon to suggest the following conjecture.
Conjecture: The probability that a random unfolding of a random convex polyhedron
contains an overlap approaches 1 as the number of vertices of the polyhedron approaches
infinity3.
3A proof of this conjecture would, of course, require further clarification on the expressions “random
unfolding” as well as “random convex polyhedron”.

Mathellaneous
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If we are to believe the experts, it seems that we are in the curious position of believing
that almost every unfolding of a polyhedron will produce an overlap, but that every single
polyhedron has an unfolding without one!
Problem: Find a net which, with two different sets of gluing instructions, yields two
distinct not necessarily convex) polyhedra.

2

The Union-Closed Sets Conjecture

Perhaps one of the simplest objects in the field of mathematics is the humble finite set.
Nevertheless, the study of finite sets manages to produce fiendishly difficult problems. One
particular example is the following conjecture which was posed by Peter Frankl in 1979 and
has eluded combinatorialists ever since.
A family of finite sets is said to be union-closed if the union of any two members of the
family is also a member. In a finite union-closed family, must some element appear in
at least half of the sets?
For example, consider the union-closed family which consists of all of the subsets of
{1, 2, . . . , n}. A moment’s thought reveals that each of the elements appears in exactly half
of the sets in the family, since for each set in which the element k appears, there is the
complement in which k does not appear. Or for a more sporadic example, consider the
family which consists of the sets
∅, {1}, {3}, {4}, {1, 3}, {1, 4}, {2, 3}, {3, 4}, {4, 5}, {1, 2, 3}, {1, 3, 4}, {1, 4, 5},
{2, 3, 4}, {3, 4, 5}, {1, 2, 3, 4}, {1, 3, 4, 5}, {2, 3, 4, 5}, {1, 2, 3, 4, 5}.
A routine check can be used to verify that these 18 sets are indeed union-closed and that
the element 3 appears in 12 of the sets, which is certainly more than half.
Despite the simplicity of the conjecture and the overwhelming evidence to support it,
there has been little progress made. Amazingly enough, for a finite union-closed family of
N sets, it is not even known whether there must be some element which appears in some
proportion c of the sets for any constant c > 0. In fact, the best results give a proportion of
approximately log1 N of the sets, as shown in the following theorem.
2

Theorem 1 In a union-closed family of N sets, some element must appear in at least
sets.

N −1
log2 N

Proof. For ease of argument, we may assume without loss of generality that the family F
includes the empty set. Now let X be the smallest possible set which has at least one element
in common with each non-empty set from F. Construct another family of sets G consisting
of the intersections of X with the sets in F. We now make the following three observations.
◦ The empty set is in the family G.
◦ The minimality of X guarantees that every element that appears in a set of G must
also appear in a set of G with one element.
◦ The family G is union-closed.
In particular, it follows that G consists of all of the subsets of X. This, in turn, implies
that
2|X| ≤ |G| ≤ N ⇒ |X| ≤ log2 N.
Since each of the N − 1 non-empty subsets of F must include at least one of the elements
of X, a simple application of the pigeonhole principle yields the fact that some element must
appear in at least
N −1
N −1
≥
|X|
log2 N
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of the sets, as required.



This argument by Emanuel Knill appears in a paper of Piotr Wojcik [4] who shows that
2
with quite a bit more work, the result can be strengthened by a factor of log log
4−log 3 ≈ 2.409
for large n. The majority of progress on this problem has occurred in the past fifteen or
so years and has involved determining properties that a counterexample to the conjecture
might have. For example, we now know that the conjecture holds for all union-closed families
with up to 40 sets.
Problem: Prove that the union-closed sets conjecture holds for families which include a
set with only one or two elements.

3

Hadamard Matrices

Consider colouring the squares of a k × k grid either black or white. Suppose that the
colouring is such that any two rows agree in half of their cells and disagree in the other
half. Then the colouring is referred to as a Hadamard matrix of order k. For what
values of k is there a Hadamard matrix of order k?
The name Hadamard matrix comes from their relation with the Hadamard determinant
bound, which states that if M is an n × n matrix with complex entries of magnitude at most
1, then
| det(M )| ≤ nn/2 .
Note that if we take a Hadamard matrix and interpret the black cells as +1 and the white
cells as −1, then we have a matrix which satisfies
M M t = nIn
where In denotes the n × n identity matrix. It now follows that
M t M = nIn ,
so that if the Hadamard property holds for the rows of M , then it also holds for the columns
of M . Furthermore, we can deduce from the equation M M t = nIn that | det(M )| = nn/2 so
that Hadamard matrices are real matrices which yield inequality in the determinant bound.
So rather than being a frivolous exercise in colouring, the study of Hadamard matrices stems
from analysis and the conjecture above is, in fact, regarded as important by coding theorists.
It is a simple matter to exhibit Hadamard matrices for n = 1, 2, 4.


1
1
1
1


1 −1
 
1
1
1 −1

H1 = 1
H2 =
H4 = 

1 −1
1
1 −1 −1
1 −1 −1
1
It turns out that there is no Hadamard matrix of order 3 and, in fact, we have the
following theorem.
Theorem 2 The order of a Hadamard matrix must be 1, 2, or a multiple of 4.
Proof. Observe that the following two operations preserve Hadamard matrices.
◦ Swap all of the colours in a row or column.
◦ Permute the rows or columns.
Therefore, if we have a Hadamard matrix of order n ≥ 3, then it is possible to swap the
colours in some of the columns and permute the columns so that the first row is all black,
the left half of the second row is coloured black, and the right half of the second row is
coloured white. Certainly, this requires n to be even if n ≥ 3.
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Now suppose that the third row has k black squares in the left half. It follows that it
must have n − k black squares in the right half and hence, k white squares in the right half.
Therefore, the number of squares in which the second and third rows coincide is simply 2k.

Since we require 2k = n2 , it follows that n = 4k, as desired.
The Hadamard matrix conjecture asserts that a Hadamard matrix exists of order 4k for
all positive integers k. Constructions for the known Hadamard matrices use a whole variety
of techniques. For example, Hadamard matrices of order 2n can be built from Hadamard
matrices of order n using the following construction.


Hn
Hn
H2n =
Hn −Hn
It is also known that Hadamard matrices of orders m and n can be used to construct a
Hadamard matrix of order mn. An interesting construction by Raymond Paley which uses
the properties of finite fields yields the following theorem.
Theorem 3 A Hadamard matrix of order 4k exists when
◦ 4k is of the form q + 1 where q is a perfect power of a prime; and
◦ 4k is of the form 2q + 2 where q is a perfect power of a prime.
Due to the sporadic nature of the various constructions of Hadamard matrices, it seems
that a solution to the Hadamard matrix conjecture may require ideas from various different
areas of mathematics. Most of the recent work in the area has been in using the computer
to search for Hadamard matrices of various orders. Presently, the orders less than 2000 for
which there is no known construction of a Hadamard matrix are 668, 716, 764, 892, 956,
1004, 1132, 1244, 1388, 1436, 1676, 1772, 1852, 1912, 1916, 1948 and 1964.
Problem: Prove that if there exist Hadamard matrices of orders m and n, then there
exists a Hadamard matrix of order mn.

4

Thrackles

The following problem was posed in the 1960’s by John Conway, who offers $1000 for its
solution.
A thrackle is a drawing in the plane consisting of vertices, represented by points, and
edges, represented by curves, such that
◦ every edge has two ends which coincide with two distinct vertices;
◦ each edge does not intersect itself and does not pass through a vertex; and
◦ each pair of distinct edges intersects precisely once, either at a vertex or at a
crossing.
Does there exist a thrackle with more edges than vertices?
The following examples of thrackles shows that the bound is tight — in other words, for
every N ≥ 3 there exists a thrackle with N vertices and N edges.
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Let us say that a graph can be thrackled if it has a representation in the plane as a
thrackle. One observation is that the converse of the thrackle conjecture is far from true —
for example, the 4-cycle is a graph with the same number of edges and vertices but cannot
be thrackled. To see this, observe that removing edges from a thrackle leaves a thrackle. If
we denote the cycle by the vertices ABCD and remove the edge CD, it is not too difficult
to see that the remaining thrackle must look something like the following. The edge CD
must be drawn in to cross AB precisely once without touching the interior of the edges AD
and BC. Now even the least discerning reader should be able to convince themselves that
this cannot be the case4.
A

C

B

D

Despite the childish simplicity of thrackles, no one has managed to disprove the conjecture
that thrackles must always have at least as many vertices as edges. However, we do know
that if the thrackle conjecture is false, then there must exist a counterexample with a very
simple structure.
Theorem 4 If there exists a counterexample to Conway’s thrackle conjecture, then there
exists a counterexample consisting of two even cycles which intersect at exactly one vertex.
Perhaps the strongest result towards the thrackle conjecture is the following theorem by
Grant Cairns and Yuri Nikolayevsky.
Theorem 5 If a graph with E edges and V vertices can be thrackled, then E ≤ 32 (V − 1).
Problem: Prove that every cycle of length greater than or equal to 5 can be thrackled.
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4Those more dubious may wish to invoke the Jordan Curve Theorem.

Tony Roberts
Explicitly avoid false conditionals
An infestation of termites is weakening
mathematical writing. We all too often
resort to wishy-washy conditionals such as
‘can be’ or ‘wish to’ hidden within the body
of sentences. Just as termites weaken a
building, these conditionals erode writing
by turning what should be definite statements into weak conditionals. Get rid of
them. If in your analysis or computational
experiments you do something, then say so
definitely; if not, say that; be explicit.
There’s almost no more beautiful sight
than a simple declarative sentence.
Zinsser
Eliminate indefiniteness. The following
five examples show how you may make
statements more explicit. Eliminating ‘can
be’ is the most common improvement.
Weak: This paper shows how a similar
increase in accuracy can be obtained,
with a little more effort.
Definite: This paper shows how to obtain,
with a little more effort, a similar increase in accuracy.
Weak: A correction factor can be applied and this brings the corrected Mfunctional very close to the quantiles.
Definite: Applying a correction factor
brings the corrected M functional very
close to the quantiles.
The following example eliminates two unnecessary qualifiers in making one definite
statement.

Weak: The method can be applied to variety of problems in such areas as antiplane strain in elastostatics.
Definite: We apply the method to antiplane strain in elastostatics.
Being definite and explicit extends to acknowledgements: if you would like to thank
someone, then do so.
Weak: I would like to thank . . .
Definite: I thank . . .
Avoid over conditioning. Sometimes
writers overload a sentence or phrase with
multiple conditionals. One genuine conditional is enough.
Weak: “where occasionally requests for
function values may not be met”
Definite: either “where requests for function values may not be met” or “where
occasionally requests for function values
are not met”
Lucid writing and speaking are highly
explicit. The need for explicitness is
more important than is commonly recognized by novice communicators, and
its neglect far more expensive.
McIntyre (2005) [2]
Higham (1998) [1], §4.17, also advises
against the false ‘If’. That is, the use of
‘if’ when we are not actually making a conditional statement.
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False: If we look at the inlet velocity profile, it returns U = 0.285 U0 .
Definite: The inlet velocity profile has
U = 0.285 U0 .
False:
pk =
P If we define the norm k~
( i p2i )1/2 , we would like to establish
sufficient conditions to ensure boundedness.

Remember. After drafting an article,
search through your source for “can be” and
delete almost all of them. Similarly omit
other weakening conditionals like the other
examples above.
Make definite assertions. Avoid tame,
colorless, hesitating, non-committal
language.
Strunk, Jr (1918), [3], §12)

Definite:
Defining the norm k~
pk =
P
( i p2i )1/2 , we proceed to establish sufficient conditions to ensure boundedness.
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The (digital) life of Pi
Jonathan M. Borwein and Mason S. Macklem
From 23 September till 20 October 2005, The Australian Mathematical Society and the
International Centre of Excellence for Education in Mathematics (ICE–EM) invited the
Canadian mathematician Jonathan M. Borwein http: // users. cs. dal. ca/ ~jborwein/
for providing expert advice on the use of Access Grid Rooms to overcome Australia’s ‘tyranny
of distance’ in education, business and industry.
Jonathan has become widely known as an advocate for experimental mathematics, a field
in which the extensive computational power of modern day computers is used to discover
mathematical theorems. The article below, joint with Mason S. Macklem, discusses many of
the digital truths about π, together with the computational and algorithmic advances that
have been made discovering these truths.
The desire to understand π, the challenge, and originally the need, to calculate ever more
accurate values of π, the ratio of the circumference of a circle to its diameter, has challenged
mathematicians–great and less great—for many many centuries. Recently, π has provided
compelling examples of computational mathematics. It is also part of both mathematical
culture and of the popular imagination.
Why computations of π? One historical motivation was very much in the spirit of modern
experimental mathematics: to see if the decimal expansion of π repeats, which would mean
that π is the ratio of two integers (i.e., rational), or to recognize π as algebraic—the root of a
polynomial with integer coefficients—and later to look at digit distribution. The question of
the rationality of π was settled in the late 1700s, when Lambert and Legendre proved (using
continued fractions) that the constant is irrational. The question of whether π was algebraic
was settled in 1882, when Lindemann proved that π is transcendental. But this was known
as far back as Aristophanes in 414 BCE, and thus hardly justified further computations.
So what possible motivation lies behind modern computations of π? One motivation is
the raw challenge of harnessing the stupendous power of modern computer systems. Programming such calculations are definitely not trivial, especially on large, distributed memory
computer systems. There have been substantial practical spin-offs. For example, some new
techniques for performing the fast Fourier transform (FFT), heavily used in modern science and engineering computing, had their roots in attempts to accelerate computations of
π. And always the computations help in road-testing computers—often uncovering subtle
hardware and software errors.
Pi in the digital age: With the substantial development of computer technology in the
1950s, π was computed to thousands and then millions of digits. These computations were
greatly facilitated by the discovery soon after of advanced algorithms for the underlying
high-precision arithmetic operations. For example, in 1965 it was found that the (then
newly-discovered) fast Fourier transform (FFT) [5, 7] could be used to perform high-precision
multiplications much more rapidly
√ than conventional schemes.
Such methods (e.g., for ÷, x see [5, 6, 7]) dramatically lowered the time required for
computing π and other constants to high precision. We are now able to compute algebraic
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values of algebraic functions essentially as fast as we can multiply, OB (M (N )). In spite of
these advances, into the 1970s all computer evaluations of π still employed classical formulae.
In 1973, Guilloud and Boyer used a formula of Euler for arccot, namely
 
∞
2
X
(n!) 4n
1
x
=
arctan
,
n+1
2
x
n=0 (2 n + 1)! (x + 1)
to compute a million digits of π. Specifically, they used this formula to express π/4 =
12 arctan (1/18) + 8 arctan (1/57) − 5 arctan (1/239) in the efficient form


∞
∞
2
2
X
X
(n!) 4n
(n!) 4n
1
+
1824
−
20
arctan
,
π = 864
239
(2 n + 1)! 325n+1
(2 n + 1)! 3250n+1
n=0
n=0
where the terms of the second series are just decimal shifts of the first.
Truly new types of infinite series formulae, based on elliptic integral approximations, were
discovered by Srinivasa Ramanujan (1887–1920) around 1910, but were not well known (nor
fully proven) until quite recently when his writings were widely published. They are based
on elliptic functions and are described at length in [2, 5, 7]. One of these series is the
remarkable:
√ ∞
1
2 2 X (4k)! (1103 + 26390k)
=
.
(1)
π
9801
(k!)4 3964k
k=0

Each term of this series produces an additional eight correct digits in the result. When
Gosper used this formula to compute 17 million digits of π in 1985, and it agreed to many
millions of places with the prior estimates, this concluded the first proof of (1) , as described
in [4] ! Actually, Gosper first computed the simple continued fraction for π, hoping to
discover some new things in its expansion, but found none.
At about the same time, David and Gregory Chudnovsky found the following rational
variation of Ramanujan’s formula:
1
π

=

12

∞
X
(−1)k (6k)! (13591409 + 545140134k)
k=0

(3k)! (k!)3 6403203k+3/2

Each term of this series produces an additional 14 correct digits. The Chudnovskys implemented this formula using a clever scheme that enabled them to use the results of an
initial level of precision to extend the calculation to even higher precision. They used this
in several large calculations of π, culminating with a then-record computation of over four
billion decimal digits in 1994.
While the Ramanujan and Chudnovsky series are in practice considerably more efficient
than classical formulae, they share the property that the number of terms needed increases
linearly with the number of digits desired: if you want to compute twice as many digits of π,
you must evaluate twice as many terms of the series. Relatedly, the Ramanujan-type series
 !3
∞
2n
X
1
42 n + 5
n
=
.
(2)
n
π
16
16
n=0
allows one to compute the billionth binary digit of 1/π, or the like, without computing the
first half of the series, thus foreshadowing some surprising recent results.
Reduced operational complexity algorithms: In 1976, Eugene Salamin and Richard
Brent independently discovered a reduced complexity algorithm for π. It is based on the
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arithmetic-geometric mean iteration (AGM) and some other ideas due to Gauss and Legendre around 1800, although Gauss, nor many after him, never directly saw the connection
to effectively computing π.
√
Quadratic Algorithm (Salamin-Brent). Set a0 = 1, b0 = 1/ 2 and s0 = 1/2. Calculate
p
ak−1 + bk−1
ak =
(A)
bk = ak−1 bk−1
(G)
(3)
2
2a2
ck = a2k − b2k ,
sk = sk−1 − 2k ck
and compute pk = k .
(4)
sk
Then pk converges quadratically to π. Each iteration of the algorithm doubles the correct
digits. Successive iterations produce 1, 4, 9, 20, 42, 85, 173, 347 and 697 good decimal digits
of π, and takes log N operations for N digits. Twenty-five iterations computes π to over
45 million decimal digit accuracy. A disadvantage is that each of these iterations must be
performed to the precision of the final result.
In 1985, Jonathan and Peter Borwein discovered families of algorithms of this type. For
example, here is a genuinely third-order iteration:
√
Cubic Algorithm: Set a0 = 1/3 and s0 = ( 3 − 1)/2. Iterate
3
rk+1 − 1
2
2
rk+1 =
,
sk+1 =
and
ak+1 = rk+1
ak − 3k (rk+1
− 1).
3
1/3
2
1 + 2(1 − sk )
Then 1/ak converges cubically to π.
√ triples the number of correct digits.
√ Each iteration
Quartic Algorithm: Set a0 = 6 − 4 2 and y0 = 2 − 1. Iterate
yk+1

=

1 − (1 − yk4 )1/4
1 + (1 − yk4 )1/4

and

2
ak+1 = ak (1 + yk+1 )4 − 22k+3 yk+1 (1 + yk+1 + yk+1
).

Then 1/ak converges quartically to π. (Note that only the power of 2 or 3 used in ak depends
on k.) This quartic algorithm, with the Salamin–Brent scheme, was first used by Bailey in
1986 and was used repeatedly by Yasumasa Kanada in Tokyo in computations of π over
the past 15 years or so, culminating in a 200 billion decimal digit computation in 1999 (see
Figure 1). Only 35 years earlier in 1963, Dan Shanks—a very knowledgeable participant—
was confident that computing a billion digits was forever impossible. Today it is easy on a
modest laptop.
Back to the future: In December 2002, Kanada computed π to over 1.24 trillion decimal
digits! His team first computed π in hexadecimal (base 16) to 1,030,700,000,000 places,
using the following two arctangent relations:
1
1
1
1
π = 48 tan−1
+ 128 tan−1
− 20 tan−1
+ 48 tan−1
49
57
239
110443
1
1
1
1
+ 28 tan−1
− 48 tan−1
+ 96 tan−1
.
57
239
682
12943
The first formula was found in 1982 by K. Takano, a high school teacher and song writer.
The second formula was found by F. C. W. Störmer in 1896. Kanada verified the results of
these two computations agreed, and then converted the hex digit sequence to decimal. The
resulting decimal expansion was checked by converting it back to hex. These conversions
are themselves non-trivial, requiring massive computation.
This process is quite different from those of the previous quarter century. One reason
is that reduced operational complexity algorithms require full-scale multiply, divide and
square root operations. These in turn require large-scale FFT operations, which demand
huge amounts of memory, and massive all-to-all communication between nodes of a large
π = 176 tan−1
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parallel system. For this latest computation, even the very large system available in Tokyo
did not have sufficient memory and network bandwidth to perform these operations at
reasonable efficiency levels—at least not for trillion-digit computations. Utilizing arctans
again meant using many more arithmetic operations, but no system-scale FFTs, and it can
be implemented using ×, ÷ by smallish integer values—additionally, hex is somewhat more
efficient!
Kanada and his team evaluated these two formulae using a scheme analogous to that
employed by Gosper and by the Chudnovskys in their series computations, in that they
were able to avoid explicitly storing the multiprecision numbers involved. This resulted in
a scheme that is roughly competitive in numerical efficiency with the Salamin-Brent and
Borwein quartic algorithms they had previously used, but with a significantly lower total
memory requirement. Kanada used a 1 Tbyte main memory system, as with the previous
computation, yet got six times as many digits. Hex and decimal evaluations included, it
ran 600 hours on a 64-node Hitachi, with the main segment of the program running at a
sustained rate of nearly 1 Tflop/sec.
The use of arctangents by Kanada and his team marks an unexpected return to these classical formulae, which were used throughout pre-digital calculations of π. Recent summaries
of the history of arctangent calculations of π can be found in [8, 10].
Why Pi? Beyond practical considerations lies the abiding interest in the fundamental
question of the normality (digit randomness) of π. Kanada, for example, has performed
detailed statistical analysis of his results to see if there are any statistical abnormalities
that suggest π is not normal, so far ‘no’. Indeed the first computer computation of π and
e on ENIAC was so motivated by John von Neumann. The digits of π have been studied
more than any other single constant, in part because of the widespread fascination with
and recognition of π. Kanada reports that the 10 decimal digits ending in position one
trillion are 6680122702, while the 10 hexadecimal digits ending in position one trillion are
3F89341CD5.
How to compute the N -th digits of π. One might be forgiven for thinking that essentially everything of interest with regards to π has been dealt with. Even insiders are
sometimes surprised by a new discovery. Prior to 1996, most folks thought if you want to
determine the d-th digit of π, you had to generate the (order of) the entire first d digits.
This is not true, at least for hex (base 16) or binary (base 2) digits of π.
In 1996, Peter Borwein, Plouffe, and Bailey found an algorithm for computing individual hex digits of π. It (1) yields a modest-length hex or binary digit string for π, from
an arbitrary position, using no prior bits; (2) is implementable on any modern computer;
(3) requires no multiple precision software; (4) requires very little memory; and (5) has a
computational cost growing only slightly faster than the digit position. For example, the
millionth hexadecimal digit (four millionth binary digit) of π can be found in four seconds
on a present generation Apple G5 workstation.
This new algorithm is not fundamentally faster than the best known schemes if used
for computing all digits of π up to some position, but its elegance and simplicity are of
considerable interest, and is easy to parallelize. It is based on the following at-the-time new
formula for π:


∞
X
4
2
1
1
1
π=
−
−
−
(5)
16i 8i + 1 8i + 4 8i + 5 8i + 6
i=0
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Name
Year
Correct Digits
Miyoshi and Kanada
1981
2,000,036
Kanada-Yoshino-Tamura
1982
16,777,206
Gosper
1985
17,526,200
Bailey
Jan. 1986
29,360,111
Kanada and Tamura
Sep. 1986
33,554,414
Kanada and Tamura
Oct. 1986
67,108,839
Kanada et. al
Jan. 1987
134,217,700
Kanada and Tamura
Jan. 1988
201,326,551
Chudnovskys
May 1989
480,000,000
Kanada and Tamura
Jul. 1989
536,870,898
Kanada and Tamura
Nov. 1989
1,073,741,799
Chudnovskys
Aug. 1991
2,260,000,000
Chudnovskys
May 1994
4,044,000,000
Kanada and Takahashi
Oct. 1995
6,442,450,938
Kanada and Takahashi
Jul. 1997
51,539,600,000
Kanada and Takahashi
Sep. 1999
206,158,430,000
Kanada-Ushiro-Kuroda
Dec. 2002 1,241,100,000,000
Figure 1. Calculations of π

which was discovered using integer relation methods (see [7]), with a computer program that
ran for several months and then produced the (equivalent) relation:


 
1 5 1
1
π = 4 F 1, ; , −
+ 2 tan−1
− log 5
4 4 4
2
where F(1, 1/4; 5/4, −1/4) = 0.955933837 . . . is a Gaussian hypergeometric function. Surprisingly, the proof of this result is neither long nor inaccessible, and indeed can fit on a
single overhead slide!
The algorithm in action. In 1997, Fabrice Bellard of INRIA computed 152 binary digits
of π starting at the trillionth position. The computation took 12 days on 20 workstations
working in parallel over the Internet. Bellard’s scheme is based on the following variant of
(5):


∞
∞
X
(−1)k
1 X (−1)k
32
8
1
π = 4
−
+
+
,
4k (2k + 1) 64
1024k 4k + 1 4k + 2 4k + 3
k=0

k=0

which permits hex or binary digits of π to be calculated roughly 43% faster than (5).
In 1998 Colin Percival, then a 17-year-old student at Simon Fraser University, utilized 25
machines to calculate first the five trillionth hexadecimal digit, and then the ten trillionth
hex digit. In September 2000, he found the quadrillionth binary digit is 0, a computation
that required 250 CPU-years, using 1734 machines in 56 countries.
A last comment for this section is that Kanada was able to confirm his 2002 computation
in only 21 hours by computing a 20 hex digit string starting at the trillionth digit, and
comparing this string to the hex string he had initially obtained in over 600 hours. Their
agreement provided enormously strong confirmation.
Changing world views. In retrospect, we may wonder why in antiquity π was not measured to an accuracy in excess of 22/7? Perhaps it reflects not an inability to do so but
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a very different mind set to a modern experimental—Baconian or Popperian—one. In the
same vein, one reason that Gauss and Ramanujan did not further develop the ideas in their
identities for π is that an iterative algorithm, as opposed to explicit results, was not as
satisfactory for them (especially Ramanujan). Ramanujan much preferred formulae like
3
3
√
log (640320) ≈ π
π ≈ √ log (5280) ,
163
67
correct to 9 and 15 decimal places, both of which rely on deep number theory. Contrastingly,
Ramanujan in his famous 1914 paper Modular Equations and Approximations to Pi [2, p.253]
found

1/4
192
2
9 +
= 3.14159265258 · · ·
22
“empirically, and it has no connection with the preceding theory.” Only the marked digit is
wrong. Indeed, much life remains in this most central of numbers.
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Higher degrees and honours bachelor degrees in mathematics and statistics completed in Australia in 2005
Peter Johnston
This report presents data relating to students who completed Honours or Higher Degrees in Mathematics during 2005. The data
is part of an on going project for the Australian Mathematical Society and should be
read in conjunction with previous reports
[1, 2, 3, 4, 5, 6] covering the period 1993–
2004.
Table 1 presents data for students completing Honours degrees in 2005, at all Universities in Australia. Within each institution, the data are broken down into male
and female students and into the three traditional areas of Mathematics: Pure; Applied and Statistics. There is also the general category “Mathematics” for institutions
which do not differentiate between the conventional areas. Finally, there is an “Other”
category for newer areas of mathematics
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such as Financial Mathematics. Each category is further broken down into grades of
Honours awarded. The table shows that in
2005 there were 152 Honours completions
in Australia, with 105 (69%) receiving First
Class Honours (compared with 99 out of 138
(72%) in 2004). In the three years prior
to 2004 there were approximately 160 Honours completions each year. It is pleasing
to see a rebound in the number of completions for 2005. However, this downturn in
student numbers is possibly due to incomplete data collection with only 25 responses
(out of a possible 37) received for 2005, compared with up to 30 responses received in
previous years. Despite the slight decrease
in numbers of students, the standard is just
as high.

Total Honours Students
Male Students
Female Students

200

150

100

50

0
1955 1960 1965 1970 1975 1980 1985 1990 1995 2000 2005
Year
Figure 1. Number of Honours degrees completed in Mathematics and Statistics, 1959-2005.
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Figure 1 presents the total number of students completing Honours degrees in Mathematics over the period 1959-2005. It shows
that in 2005 the number of graduates has
almost climbed back to the levels over the
period 2001-2003. The figure also shows the
numbers of male and female students who
completed Honours over the same time period. It is interesting to note that there has
been a decreasing number of male graduates. Also, it is encouraging to see that there
was an increase in the number of female
graduates compared to the previous year.
Table 2 presents the data for Higher Degree completions in 2005. The data are

80
70

broken down into Coursework Masters, Research Masters and PhD degrees, with the
latter two divided into the three typical areas of Mathematics. These data are also
represented in Figure 2, as part of the overall Higher Degree data for the period 1959–
2005. The figure shows that: (1) the number of PhD completions has rebounded from
the drop last year and is in fact the second
highest number of PhD completions in any
one year, (2) the number of Research Masters completions is still in decline and (3)
the number of Coursework Masters completions shows a considerable jump, being more
than double the number of last year.

Research Masters
Coursework Masters
PhD

Number of Students

60
50
40
30
20
10
0
1955 1960 1965 1970 1975 1980 1985 1990 1995 2000 2005
Year
Figure 2. Number of research higher degrees completed in Mathematics and Statistics,
1959-2005.

Finally, Table 3 gives a list of completed
Research Masters and PhD theses awarded
in 2005.
For those who are interested in the finer
details, the raw data is available from links
on the web page http://www.cit.gu.edu.
au/maths. There is an Excel spreadsheet

containing the complete data for 2005 as
well as spreadsheets containing cumulative
data from 1959 for Honours, Research Masters and PhD degrees. Readers might be
interested to know that this data has been
accessed as part of the Strategic Review of
Mathematics conducted this year.

Peter Johnston
Uni.

Sex

ACU

M
F
M
F
M
F

ADF
ANU

Mathematics
I IIA IIB III

I

Pure
IIA IIB III

1
1

I

2

Applied
IIA IIB III

1
1
1
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I

1

BOU
CDU
CQU
CSU
CUT

M
F
M
F
M
F
M
F

1
1

DKU
ECU
FDU
GFU

M
F

1

JCU
LTU
MDU
MNU
MQU
QUT
RMT

M
F
M
F
M
F
M
F
M
F

8

1

2
2

1
1
1

1
2

3
1

2
1

2
2

1

SCU
SUT
UAD

M
F
M
F

3

0.5

2.5

1
1

UBR
UCB
UMB
UNC

M
F
M
F

1
3
1

3
1

1
4

2
2

1
1

1

UNE
UNS
UQL
USA
USN

M
F
M
F
M
F
M
F

5
2

3
1

1

5
1

1
2
6
1

2
1
2
1

2
1

1

1

5
1

USQ
UTM

M
F

1
1

UTS
UWA
UWG
UWS

M
F
M
F
M
F

2

1
1
1

1

2
3
1

3

VUT
Totals

30

9

1

0

20 0.5

0

1

28 16.5

2

0

25

Statistics
Other
Honours
IIA IIB III I IIA IIB III Total
0
0
0
1
5
2
0
0
0
1
1
0
0
0
0
0
0
0
0
0
0
0
1
0
0
0
0
0
1
2
1
6
13
2
2
2
2
4
3
0
1
0
0
0
0
7
1
2
0
0
0
0
1
1
9
2
9
4
2
5
0
0
2
7
3
9
4
1
2
1
19
3
0
0
1
1
0
0
1
4
1
1
5
1 1
7
1
3
0
0
0
13
3
0 2 1
0
0
152

Table 1. Number of Honours degrees completed in Mathematics and Statistics, 2005
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Uni.

Sex Coursework
Research Masters
Total
PhD
Total
Masters
Pure Applied Statistics
Pure Applied Statistics
M
0
0
F
0
0
ADF
M
0
0
F
0
0
ANU
M
0
1
1
2
F
1
1
2
2
2
BOU
0
0
0
0
CDU
M
0
0
F
0
0
CQU
M
1
1
2
2
2
F
0
1
1
CSU
M
0
0
F
0
0
CUT
M
1
0
5
5
F
0
3
3
DKU
0
0
0
0
ECU
0
0
0
0
FDU
0
0
0
0
GFU
M
0
0
F
0
0
JCU
0
0
0
0
LTU
0
0
0
0
MDU M
0
0
F
0
0
MNU M
2
2
1
4
1
6
F
1
1
0
MQU M
7
0
0
F
9
0
0
QUT
M
0
1
2
3
F
0
1
1
RMT
M
21
0
1
1
2
F
12
0
0
SCU
0
0
0
0
SUT
M
0
1
1
F
0
0
UAD
M
1
1
4
4
F
1
1
0
UBR
0
0
0
0
UCB
0
0
0
0
UMB
M
0
1
1
F
2
2
2
2
1
5
UNC
M
1
1
4
1
5
F
0
1
1
UNE
0
0
0
0
UNS
M
1
1
1
2
2
5
F
1
1
1
1
2
UQL
M
2
0
4
3
2
9
F
3
0
2
2
4
USA
M
0
0
F
0
0
USN
M
1
1
6
6
F
1
1
0
USQ
0
0
0
0
UTM
M
0
0
F
0
0
UTS
0
0
0
0
UWA M
0
0
F
0
0
UWG M
1
0
3
1
4
F
1
0
0
UWS
M
0
0
F
0
0
VUT
0
0
0
0
Totals
58
6
6
3
15
24
32
18
74

ACU

Table 2. Number of research higher degrees completed in Mathematics and Statistics, 2005

Peter Johnston
Table 3: Higher Degrees in Mathematics and Statistics, 2004
Uni.
ANU

MNU

QUT

Degree
MPhil
MPhil
PhD

Area
Appl
Pure
Stat

Name
V. Boero Rodriguez
A. Copetti
Y. Pittelkow

PhD

Appl

S. Haji Husain

PhD
PhD
MSc

Appl
Stat
Appl

J. Clutterbuck
R. Pakyari
N. Al Dhamri

MSc

Appl

J. Lee Jin

MSc

Appl

P. Phetolo

PhD

Appl

J. Freeman

PhD
PhD
PhD

Pure
Appl
Appl

D. Freedman
R. Goler
S. Jimi

PhD
PhD

Stat
Appl

N. Le Truc
M. Velic

PhD

Stat

M. Kynn

PhD
PhD

Stat
Stat

S. Sando
G. Ridall

PhD

Stat

C. Pesee

RMT

PhD

Appl

K. Srinivasan

PhD

Stat

N. Boonyanunta

UAD

PhD
PhD

Stat
Appl

K-P. Hui
D. McInerney

PhD

Pure

D. Matthews

PhD

Appl

T. Tao

PhD
PhD
PhD
PhD

Appl
Pure
Pure
Pure

Y-B. Chan
G. Handley
S. Kuhlmann
J. Mashford

PhD
PhD
MSc

Appl
Stat
Pure

L. Merlot
H-J. Yoon
D. Mathews

MSc
PhD

Pure
Pure

I. Scott
P. Cutting

PhD
PhD

Pure
Pure

J. MacDougall
Z. Mustafa

PhD

Pure

T. Yeend

PhD

Stat

P. Graham

UMB

UNC

UNS

PhD

Stat

P. Howley

PhD

Appl

S. Xie

PhD

Appl

C. Chen

PhD
PhD
PhD

Appl
Appl
Appl

K. Sun
A. Alghofari
W. Sijp

PhD

Appl

A. Santoso

PhD
PhD

Appl
Appl

P. Charoen
E. Cripps

PhD

Appl

J. Brown

Title
The state space approach to modelling longitudinal data
Finite-Dimensional lie algebras of nilpotency class Z
The statistical analysis of high-density oligonucleotide gene
expression data
Computational and Mathematical Modelling in Muscle Rheology
partial Differential Equations in Geometry
Nonparametric inference in multivariate mixture models
Robust pole assignment via minimizing various robustness
measures
Effects of coastal topography over the structure and evolution
of fronts in Southeastern Australia.
The impact of EI Nino/Southern Oscillation (ENSO) on
Botswana rainfall
Non-Newtonian viscosity stagnant lid convection and the
Thermal evolution of Europa, Ganymede and Callisto
Perturbation Bounds for Joint Spectra
Numerical modeling of cloud lines over Cape York Peninsula
Properties of nanoparticles in the marine boundary layer near
Southeastern Australia. A regional perspective using two
years in situ observations at Cape Grim, Tasmania, Australia.
Stochastic volatility models
Gauge Invariant Integration and Perturbation of Petrov Type
D Spacetimes
Eliciting expert knowledge for Bayesian logistic regression in
species habitat modelling.
Estimation of a Class of Nonlinear Time Series Models
Bayesian Latent Variable Models for Biostatistical Applications
Stochastic modelling of financial processes with memory and
semi-heavy tails
Design and Analysis of Ciphers and Other Cryptographic
Primitives
Comparative Analysis of the Predictive Power of Neural Network and Other Approaches in Credit Risk Analysis
Network Reliability Estimation
A Triangular grid finite-difference model for wind-induced circulation in shallow lakes
Rethinking Systems Thinking: Towards a Postmodern Understanding of the Nature of Systemic Inquiry
An Extended Mumford-Shah Model and an Improved Region
Merging Algorithm for Imaging Segmentation
Selected problems in lattice statistical mechanics
Hilbert and Hardy type inequalities
Geodesic knots in hyperbolic 3-manifolds
Invariant measures and Mobius structures: a framework for
field theory
Techniques for academic timetabling
Discrete regression and statistical moderation
From algebra to geometry: A hyperbolic odyssey. The construction of geometric cone-manifol d structures with prescribed holonomy
Ter-associative ternary topological algebra
Classifying von Neumann factors arising from actions on affine
buildings
Construction of minimally triangle-saturated graphs
A new structure for generalized metric spaces - with applications to fixed point theory
Topological higher-rank graphs, their groupoids and operator
algebras
Statistical methods for assessing and improving quality in
hospitals
Analysing and reporting clinical indicator data using hierarchical models
Stochastic Heat Equations with memory in infinite dimensional spaces.
A study of term structure of interest rates - Theory, modelling
and econometrics.
Aspects of G2.
Problem in analysis related to satellites.
The effect of the Drake Passage and subgrid-scale eddy
parametrization on the global thermohaline circulation.
Evolution of climate anomalies and variability of Southern
Ocean water masses on interannual to centennial time scales.
The dynamics of recent thymic emigrants.
Bayesian variable selection and covariance selection in Gaussian linear regression.
The kinematics and dynamics of cross-hemispheric flow in the
Central and Eastern Equatorial Pacific
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Table 3: Higher Degrees in Mathematics and Statistics, 2004
UQL

J. Alcock
P. Blake
M. Bremner
S. Byrnes
B. Cairns
S. Chang
K. Dancer
K. Harris
P. Jenkins
J. Lefevre
A. Martinez-Garcia
T. Mollee
B. Petschel
M. Takizawa
M. Waterhouse
T. Waterhouse

USN

UWG

MSc
MSc

Appl
Pure

A. Tjetjep
S. Wilcox

PhD

Pure

S. Blumen

PhD

Pure

J. East

PhD
PhD

Pure
Pure

H. Ho
K. Muraleedaran

PhD
PhD
PhD

Pure
Pure
Appl

J. Parkinson
B. Smith
N. Thamwattana

PhD

Appl

F. Bierbrauer

PhD

Appl

W.-L. Wu

PhD

Stat

N. Von Sanden

Numerical Methods for Quantitative Finance
The Devonian Corals of the Yarrol Province, Eastern Central
Queensland
Characterizing Entangling Quantum Dynamics
Some Computational and Geometric Aspects of Generalized
Weyl Algebras
Hitting Times for Markov Population Processes Subject to
Catastrophes
Clustering with Mixed Variables
Solutions to the Yang-Baxter Equation and Casimir Invariants for the Quantised Orthosymplectic Superalgebra
Small Graph Designs and their Various Properties
Partial Graph Design Embeddings and Related Problems
Graphical Trades
A Complex Co-Evolutionary Systems Approach to the Management of Sustainable Grasslands: A Case Study in Mexico
Mathematical Modelling of Solute Transport Through Stratum Corneum
Mean Reversion Models for Weather Derivatives
The Ladder Operator Approach to Constructing Conserved
Operators in Integrable One-Dimensional Lattice Models
Coloured Graph Decompositions
Optimal Experimental Design for Nonlinear and Generalised
Linear Models
Estimation under GNVM for Financial Data
Cellularity of Twisted Semigroup Algebras of Regular Semigroups
Quantum superalgebras at roots of unity and topological invariants of three-manifolds
On monoids related to braid groups and transformation semigroups
On Hilbert modular forms
Investigation of normalizers of parabolic subgroups of irreducible unitary reflection groups
Buildings and Hecke Algebras
Explicit endomorphisms and correspondences
Some Analytical Solutions for Problems Involving Highly Frictional Granular Materials.
Mathematical Modelling of Water-Droplet Impact on Hot
Galvanised Steel Surfaces.
Boundary Element Forumlations for Fracture Mechanics
Problems.
Title: Interviewer Effects in Household Surveys: Estimation
and Design

I would like to thank the many people who took the time and effort to collect this data
and forward it to me. Next year I will endeavour to obtain data earlier in the year, when
the figures are still fresh in peoples’ minds. Finally, if having read this report, you would
like to contribute missing data for 2005, I can add it to the data on the website.
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ICM 2006 in Madrid
Michael Cowling
After my PhD, I had a postdoctoral position
in Vancouver, Canada, and just a few weeks
after I took up this post, the 1974 International Congress of Mathematicians (ICM)
took place there. I found it a very intimidating experience (and perhaps it was), and
vowed not to attend any more ICMs. Having just broken my vow, I am glad that I
did, because I have rediscovered the reasons
why I became a mathematician. This ICM
in Madrid is a fantastic experience! In 1974,
the ICM was held on campus, and the lecture theatres overflowed—I, who am rarely
punctual, missed out on most of the talks
that might have interested me. Things are
different here.
At ICM2006, here in Madrid, everything
is taking place in the Palacio Municipal de
Congresos, a huge facility with two enormous auditoria and dozens of smaller lecture rooms, and the main problem in getting
around is to work out that Lecture Room
L101 are on the left (as you go in) and on
the first floor (actually, the floor numbering is odd—or should I say even—when one
goes downstairs, one arrives first at floor −2
and then at floor −4). From the point of
view of the logistics, the conference facility
is similar to, or perhaps even better than
Darling Harbour in Sydney where ICIAM
2003 took place. However, Darling Harbour
is in the centre of Sydney, within walking
distance of Central Station and hundreds of
bus lines, while the Madrid conference centre is far away from the city. In principle,
it is only two metro trips away from almost
anywhere in Madrid, but this is August and
many tracts of the metro lines are shut—
apparently for repairs—and it is hard to get
to or from the conference centre from almost
anywhere else. And in my humble opinion,
when in Madrid, one should stay close to
the city and enjoy the night life—walking
from one tapas bar to another, nibbling and
quenching one’s thirst. The Spanish lifestyle

is tough, though: dinner near midnight, and
then breakfast at 8 a.m. in order to be ready
for the first lecture at nine. No wonder that
Keith, who did a PhD with me in Australia,
and now has a postdoctoral fellowship here,
never gets to work before 11 a.m.
Anyway, enough of the place where it is
happening, and to the events. The opening
ceremony was orchestrated with the same
sort of fanfare as at the Olympic Games. It
was very exciting, because we didn’t know
whether Perelman, who has more or less just
solved the Poincaré Conjecture, and was
tipped as a certain Fields Medallist, would
come or not. And while we Australians were
almost sure that Terry Tao would also be a
medallist, these are not announced until the
opening ceremony, and many of us did not
know for sure what would happen. The official itself was preceded by a very speedy
film highlighting the mathematical nature
of Spanish architecture (especially that of
Moorish tradition) and some modern music
with a flamenco influence. Then the opening
itself, with various congratulatory speeches
by Spanish authorities (the English translation, projected on a screen above the stage,
of the speech by the mayor of Madrid included the statement that a nineteenth century Spanish mathematician was a liberal
in politics, like the mayor herself, but the
spoken version omitted this, perhaps in deference to the king), and the medal presentations. Enough has been said about those.
And then there was a reception for the thousands of people present, which reminded me
of the bunfights in Vancouver years ago. In
the afternoon, there were talks about the
work of the Medallists.
The second day was exciting, because
Terry talked about his work (emphasing his
mathematical philosophy: everything that
is not structured is random, and everything
that is not random is structured), the Australian Ambassador in Madrid came to say
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hello to some of the members of the Australian contingent (though she’s now flying
back to Australia, and will be replaced tomorrow), Richard Hamilton (who will be
known to some of those who spent time at
ANU in the 1980s) discussed the Poincaré
Conjecture, and Alfio Quarteroni described
the modelling of blood flow in the human
body (a brilliant show, with high quality
videos of model blood flows, and really exciting applications). And today has been
really interesting; for me the highlight was
Etienne Ghys talking about dynamical systems, getting insights into these these by
understanding how the orbits of several different individual points twist around each
other; again, the videos were fantastic, and
the amazing fact is that the Lorenz attractor, which first appeared in meteorology, is
essentially the same as a dynamical system
which comes up in number theory! I’m looking forward to seeing a plenary talk by another Australian, Iain Johnstone (another
Californian resident, damn it), tomorrow.
The talks that I have seen here have
been very stimulating. The main speakers are amongst the top mathematicians in
the world, and are chosen (or at least are
supposed to be chosen) for their expository
skill as well. I remember a few talks at
ANZIAM2003 which were arguably as intellectually stimulating as the talks I have
seen here, but the quality of the video material is something I have never seen before,
particularly in the talks of Quarteroni and
Ghys, and in both cases the videos really facilitated the audience’s understanding of the
nature of the very complex problems being
treated. I hope that we can see, and learn
to produce, and teach our students to produce, something of this quality in Australia
in the next few years.

I have spent a bit of time at the “Mathematics Australia” booth (jointly managed
and manned by the AustMS, AMSI and
ICE-EM), where the hottest item with the
crowds (and especially with the young Spanish volunteers who are helping in so many
ways) are the tiny koalas which can be
clipped onto clothes or bags. I have been
talking with people from Oxford and Cambridge University Presses, as well as the
American Mathematical Society (the European Mathematical Society to is still to
come), about journal publishing. Two of
the three international reviewers who visited
Australia in February for the Strategic Review of the Mathematical Sciences are here,
and I have discussed the review with both
of them separately, and hope to get them
together tomorrow to find a consensus on
what the final version should look like. It’s
a bit depressing to think about the problems
of the mathematical sciences in Australia
again, but from here, at least, the sense that
there is a vibrant international mathematical community, which is pushing the frontiers, in theory, modelling and computation,
in almost unimaginable ways makes me able
to say, for the first time in quite a while, that
I am delighted and proud to be a mathematician, to be a member of this great energetic mass of individuals and teams of people who are doing such exciting work, and
that this ICM has given me a big picture
of modern mathematics that I have not received from the many more specialised conferences that I have attended. I’m already
planning to go to Hyderabad, India, in August, to the 2008 ICM, and I encourage all
those who have read this far to do the same.
You will never regret it!

School of Mathematics, University of New South Wales, UNSW Sydney 2052
E-mail: m.cowling@unsw.edu.au
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John Cannon receives Jenks Prize 2006
Wieb Bosma
On July 11, Prof. John J. Cannon of the
University of Sydney, received the 2006
Richard Dimick Jenks Memorial Prize at ISSAC 2006. The Jenks Prize is awarded in
recognition of Excellence in Software Engineering Applied to Computer Algebra. Cannon received the award for the outstanding work by him and his Computer Algebra Group in Sydney, on the design and implementation of the Magma system, and its
predecessor Cayley.
The initial version of the computer algebra system Magma was released in 1993
by the Sydney group, which at the time
consisted (besides John Cannon) of Wieb
Bosma, John Brownie, Greg Butler, Bruce
Cox, Graham Matthews, Catherine Playoust and Allan Steel. Previously, Cannon
had been one of the pioneers in symbolic
computation with his Cayley system for
group theory. For Magma, the FORTRAN
system Cayley was completely rewritten in
C and greatly expanded to include many important algorithms in number theory, commutative algebra, and discrete mathematics.
Since 1993 Magma has grown spectacularly,
not only in these areas but also in algebraic
geometry, representation theory, homological algebra, finite geometry and cryptography, among others. Many of the new algorithms and packages have been contributed
by people outside the Sydney group. The
overall design of Magma has remained the
same.
In his acceptance speech, John Cannon
pointed out some of the problems facing the
designer of a modern computer algebra system. Important objects relevant to symbolic computation, be they algebraic structures, geometric schemes, or combinatorial
configurations, are so complex and so often
require simultaneous alternative ‘views’ by
users, that systems become unusable unless
their architecture meets very strict requirements on integration and transparency.

John Cannon

To an outsider the names of systems like
Maple and Mathematica may spring to mind
when speaking about computer algebra, but
their design seems appropriate mainly for
the realm of calculus and elementary algebra from which most of their applications
are drawn, and not for specialized mathematical computation.
Cannon drew attention to the lack of experimentation and innovation in the design
of computer algebra systems in recent years.
‘It is important to remember that we are at
the beginning of gaining an understanding
of how to design successful computer algebra systems, not the end’, he put to his audience. This audience consisted of the participants of the 2006 International Symposium on Symbolic and Algebraic Computation, the main annual conference in the field.
They had gathered for the conference dinner and the award ceremony (for the Jenks
Prize, the best ISSAC paper award, and
the silliest ISSAC-acronym contest) on a hot
July night at a magnificent venue overlooking Genova, in Italy. The acceptance speech
was delivered, in the absence of John Cannon, by long time collaborator Wieb Bosma,
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who received the Jenks Prize from the hands
of Barry Trager.
The name of the prize refers to Richard
D. Jenks, one of the pioneers of the field of
computer algebra, and principal architect of
the Scratchpad system, developed at IBM
Research in Yorktown Heights. IBM lost
faith in Scratchpad as a commercial product
in the 1980s, and the redesigned Scratchpad II system was renamed Axiom. After a
flirt with NAG, famous for its numerical libraries, Axiom has since become available as
free software. Jenks died in December 2003,

aged 66. Besides the honour, the award consists of a plaque and a cheque.

Philip Broadbridge
Dr John Burgess has accepted an invitation to chair the AMSI Industry Advisory Committee.
Dr Burgess is a distinguished Australian engineer. He is a Fellow of the Australian Academy
of Technological Sciences and Engineering and a recipient of the Chemeca Medal, a joint
award of the Institution of Engineers Australia, the Institution of Chemical Engineers and
the Royal Australian Chemical Institute. He has a long career in industry, and in industrial
research in particular, as well as a number of years as a Senior Lecturer in the Department
of Chemical Engineering at the University of Queensland earlier in his career.
AMSI has partnered the Kann Finch Group and the University of Ballarat in a successful
ARC Linkage grant application Using global optimization technique to determine the most
efficient use of building/floor space to accommodate a given office design. This collaboration
arose from an architecture firm identifying a practical problem and AMSI identifying relevant
expertise from among its member institutions.
I have written before about the expanding mathematical needs of materials science, information technology, public health and national security. This is not to deny that natural
resource planning and environmental protection have needs that are just as important. It
is heartening that government departments related to the environment sector are investing
more in mathematical and statistical analysis. In May this year, the Department of Agriculture, Fisheries and Forestry launched the Australian Centre of Excellence for Risk Analysis.
In July, the Department of the Environment and Heritage announced funding for a new
“Research Hub for Applied Environmental Decision Analysis”, to be directed by University of Queensland Professor Hugh Possingham, a medalist of the Australian Mathematical
Society. Recent public attention on water, energy and fuel shortages should be seen as an
opportunity for mathematical development. During ANZAC Week of April 2007, AMSI,
MASCOS, ICE-EM and MITACS (Canada) will jointly host a workshop, “Energy Demand,
Supply and Pricing”, to be held in Southern Queensland.
With mathematics and statistics infiltrating into so many areas, it is somewhat sobering
to read the governments recently released report on a looming skills shortage in science, engineering and technology: see http://www.dest.gov.au/sectors/science_innovation/
policy_issues_reviews/key_issues/setsa/report.htm
Working against this trend, the International Centre of Excellence for Education in Mathematics is helping in many ways to prepare the next generation of mathematical scientists.
Following a sequence of successful Summer Schools attended mostly by honours students,
we can see a national network of mutually supportive postgraduate students. This has been
evident in the quality of student presentations at national conferences. The annual Graduate School and BioInfo Summer have also enhanced postgraduate education. ICE-EM is
carrying out many other valuable projects on school mathematics curricula, participation
rates and teacher preparation.
Despite experiencing some problems, the mathematical sciences disciplines are making
many and varied contributions to Australia.
For current events and developments, see the websites http://www.amsi.org.au and http:
//www.ice-em.org.au.
Australian Mathematical Sciences Institute, University of Melbourne, VIC 3010
E-mail phil@amsi.org.au
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On the number of regions in an m-dimensional space
cut by n hyperplanes
Chungwu Ho and Seth Zimmerman
Abstract
In this note we provide a uniform approach for the number of bounded regions cut by n
hyperplanes in general position in Rm and the number of regions cut by n great circles
in general position in Sm .
Key words: Hyperplanes in Rm , n-Cluster, in general position, binomial coefficients.
MSC: Primary: 52C45, Secondary: 52C35, 51D20.

1

Introduction

In this note we will use the term hyperplane in Rm to mean an affine subspace of codimension
one in Rm , i.e., an (m − 1)-dimensional plane in Rm which does not necessarily pass through
the origin. It is well known that n hyperplanes, in general position in the m-dimensional
space Rm , will divide Rm into
     
 
n
n
n
n
+
+
+ ··· +
0
1
2
m
regions, where

p
q



= 0 if q > p. In this note, we will investigate two related problems:

(1) What is the nature of these regions?
(2) How many regions occur if these hyperplanes, in general position, happen to contain
a common point?
For the first problem, we will
 show that among the regions cut by n hyperplanes in general
position in Rm , exactly n−1
are bounded, and we will describe the geometrical nature of
m
the unbounded regions. For the second problem we may assume without loss of generality
that the common point of these n hyperplanes is the origin of Rm , and the problem is
equivalent to that of finding the number of regions on an (m − 1)-dimensional sphere cut by
n great circles. We will prove that there are

 
 



n−1
n−1
n−1
n−1
2
+
+
+ ··· +
0
1
2
m−1
such regions. We would like to point out that our main results could be derived from the
classical paper of J. Steiner [4]. However, in our paper, we will give a more direct proof,
and our method brings out the geometrical relationships among the following three items:
(i) the regions cut by n hyperplanes in Rm , all of which contain a particular point; (ii) the
bounded regions cut by n hyperplanes in general position in Rm ; and (iii) all the regions cut
The authors would like to thank the referee for suggestions simplifying the proof of theorem 1 and
enhancing the presentation.
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by n − 1 hyperplanes in general position in Rm−1 (see Theorem 1 and Step A in the proof of
Theorem 2 below).

2

Preliminaries

Let us first fix our notations. A subset A of Rm will be called a k-dimensional affine
subset of Rm if for some point a ∈ A, the set A − a (= {x − a| x ∈ A}) is a k-dimensional
subspace of the linear space Rm . Thus, a k-dimensional affine subset of Rm is a translate
of a k-dimensional subspace of Rm . In particular, a hyperplane in Rm is an affine set of
codimension one, i.e., an m − 1-dimensional plane in Rm which does not necessarily pass
through the origin. A set S of hyperplanes in Rm is said to be in general position if for each
k, 0 ≤ k ≤ m, no k + 1 members of S contain a common (m − k)-dimensional affine subset
of Rm . If a set S of n hyperplanes in Rm in general position all contain a common point, we
will call such a set an n-cluster . Finally, we will let Gm (n) be the number of regions in Rm
divided by n hyperplanes in general position and Cm (n) be the number of regions divided
by an n-cluster in Rm . If S m−1 is an m − 1 dimensional sphere centered at the common
point of an n-cluster, each member of the cluster will cut S m−1 in a great circle. Thus, the
number Cm (n) will equal to the number of regions on an (m − 1) sphere S m−1 cut by n great
circles on S m−1 . The following result is well-known (see for instance, [4] and [5], also cf.
[1],[2], and [3]).

Proposition 1 Gm (n) =

3

     
 
n
n
n
n
+
+
+ ··· +
.
0
1
2
m

Main results

Our main results may now be summarized in the following two theorems.
Theorem 1 The number of regions Cm (n), cut by an n-cluster in Rm (or cut by n great
circles in S n−1 ), is exactly twice Gm−1 (n − 1), that is

 
 



n−1
n−1
n−1
n−1
Cm (n) = 2
+
+
+ ··· +
.
0
1
2
m−1
In the following, we will call a region D in Rm cone-like if whenever an (m−1)-dimensional
plane H cuts D into two components, D1 and D2 , such that the cross-section H ∩ D is
bounded, one of the two components D1 and D2 will be bounded and the other unbounded.
For instance, an infinite tube, open at both ends, would not be cone-like.
m
Theorem 2 For any set of n planes
 in general position in R , among the Gm (n) regions
n−1
cut by these n planes, exactly m of them are bounded, and each of the unbounded regions
in Gm (n) is always cone-like.

Since the number of bounded regions in an m-dimensional space Rm is n−1
m , for this
number to be positive, n − 1 ≥ m. Hence, there has to be at least m + 1 hyperplanes in Rm
before there can be any bounded region at all. Intuitively, therefore, there seems to more
unbounded regions than bounded ones when the space Rm is cut by n hyperplanes. However,
we will prove that as the number n of hyperplanes increases, the number of bounded regions
increases much faster than that of the unbounded regions. Specifically, we have the following.

Corollary 1 Consider a set of n planes in general position in an m-dimensional space Rm .
As the number n of the hyperplanes increases, the ratio of the number of bounded regions
over that of the unbounded regions approaches to infinity.
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Proofs of the main results

Proof of Theorem 1
Since the number of regions Cm (n), cut by an n-cluster in Rm , is the same as that cut
by n great circles in S m−1 , we will consider n great circles in general positions in S m−1 .
Without loss of generality, we may assume that one of these great circles is the equator of
S m−1 . Then the radial projection will be a bijection between the remaining great circles
and the hyperplanes in general positions in the two tangent planes to the two poles of the
sphere. This bijection will also carry the regions between the great circles to those between
the hyperplanes. Since there are two tangent planes, Cm (n), the number of regions cut by
n great circles in S m−1 , equals 2Gm−1 (n − 1), or by Proposition 1,
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Cm (n) = 2
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+ ··· +
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0
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Proof of Theorem 2.
Consider an arbitrary set C0 of n planes in general position in Rm . We first prove that
among the Gm (n) regions cut by these n planes, exactly n−1
of them are bounded. Let us
m
m
m+1
embed R as an m-dimensional plane H in the space R
so that H is one unit away from
the origin o of Rm+1 . For each (m − 1)-dimensional plane P in H that is a member of C0 ,
we let P0 be the m-dimensional plane in the space Rm+1 that contains both o and P. The
collection C of all such P0 ’s is an n-cluster in Rm+1 since they all contain o. Furthermore,
they cut H in members of C0 . We will now complete this part of our proof in two steps, A
and B.
Step A: Among the Gm (n) regions on H cut by the n planes in C0 exactly Gm (n)−Cm (n)
of them are bounded.
We can see this as follows. Let v be the unit normal vector that extends from o to the
plane H. Now, let H0 be the plane H − v, and for each t, 0 ≤ t ≤ 1, let Ht be the plane
H0 + tv. Thus, each Ht is a parallel translate of the plane H, H1 = H, and H0 contains
the origin o. Now, for each t, the planes P0 ’s in the collection C intersect Ht in a collection
of m-dimensional planes in general position, and thereby cut Ht into Gm (n) regions. As
t changes, the boundaries of these regions change continually with t. Now, when t → 0,
some of these regions may shrink to a point. At t = 0, the n planes in the collection C
intersect H0 in an n-cluster, which cuts H0 into Cm (n) regions. Thus, when t moves from
a positive value to zero, exactly Gm (n)−Cm (n) regions are eliminated. Since the regions
must change continuously and all the regions cut by an n-cluster are unbounded, only the
bounded regions are eliminated. Thus, among the Gm (n) regions on H cut by the n planes
in C0 , exactly Gm (n)−Cm (n) of them are bounded.


n−1
Step B: Gm (n) − Cm (n) =
.
m
From Proposition 1 and Theorem 1
Gm (n) − Cm (n)
m  
m−1
X
X n − 1
n
=
−2
i
i
i=0
i=0
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=

by Pascal’s triangle

Note that

m 
X
n−1
i=1

i−1

=

m−1
X
j=0

n−1
j



and
  X
 X
 m−1
m 
m 
X n − 1 n − 1
n
n−1
n−1
+
=
=
+
.
0
i
i
i
m
i=1
i=0
i=0

By substituting these two in the preceding line, we have Gm (n) − Cm (n) = n−1
m , and

among the Gm (n) regions, exactly n−1
of them are bounded.
m
To see that each of the unbounded regions is always cone-like, consider an arbitrary set C
of n planes in general position in Rm . Let R be the collection of regions in Rm cut by these
n planes. Suppose D is an unbounded region in R. Let H be an (m − 1)-dimensional plane
that cuts D into two components, D1 and D2 , such that the cross-section H ∩ D is bounded.
Since D is itself unbounded, to show that D is cone-like, it is sufficient to show that one of
D1 and D2 is bounded. Tilting H slightly if necessary, we may obtain an (m−1)-dimensional
plane H0 which cuts D into two components, D10 and D20 , and which is in general position
with respect to the planes in C. By pushing H0 slightly to one side or the other of H, we
can make D10 ⊃ D1 or D20 ⊃ D2 . Thus, if we can show that one of D10 and D20 is bounded,
then one of D1 and D2 will also be bounded. In the following we may hence assume that
the plane H is in general position with respect to the planes in C and consider D1 and D2
instead of D10 and D20 .
Now, C ∩ H = {P ∩ H | P ∈ C } is a set of n planes in the (n − 1) space H that cuts H into
Gm−1 (n) regions, each of which divides a region of R into two. Thus, with the addition of
H, Gm−1 (n) new regions have been added. Now, each of the unbounded regions among the
Gm−1 (n) regions on H can add only a new unbounded region in Rm , not a bounded one.
Thus, the new bounded regions in Rm can
regions of H. Before the
 come only from bounded
m
addition of H, there were already n−1
bounded
regions
in
R
cut
by the members of C,
 m



n
n
n−1
and after H is added, there are m
bounded regions. Thus, there are m
− n−1
= m−1
m

n−1
new regions being added. But there are only m−1
bounded regions on H. Each of these
bounded regions must therefore create a new bounded region in Rm . But the cross-section
H ∩ D is one such bounded region which cuts an old region D into two components, D1 and
D2 . Thus, one of D1 and D2 must be bounded.

Proof of Corollary 1
Consider a set of n planes in general position
in an m-dimensional space Rm . For a fixed

n−1
m, the number of bounded regions, m , has an order of magnitude O(nm ). On the other
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hand, the number of unbounded region, from A in the proof of Theorem 2, is Cm (n), but


 
 


n−1
n−1
n−1
n−1
Cm (n) = 2
+
+
+ ··· +
.
0
1
2
m−1

n−1
It has an order of magnitude of O m−1
= O(nm−1 ). Thus, the order of magnitude of the
bounded regions is greater than that of the unbounded regions and the ratio of these two
number approaches infinity as n increases.
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E-mail: seth.zimmerman@sjeccd.org
Received 12 September 2005, accepted for publication 7 November 2005.

299

The composition heresies
Maurice Craig

1

Introduction

First published in 1202 [16, p. 167–170], the “two–squares” identity
(x2 + y 2 )(x02 + y 02 ) = (xx0 − yy 0 )2 + (xy 0 + x0 y)2
was possibly known still earlier [13, p. 60]. Writing sums √
of squares as√products of complex conjugates reduces it to expanding the product (x + y −1)(x0 + y 0 −1). Many such
“composition identities” are similarly explained by decomposing the homogeneous forms into
products of linear forms with suitable algebraic numbers as coefficients. But unfortunately
for theoretical simplicity, the identities for sums of four or eight squares differ, the forms
being indecomposable.
The 1840s saw attempts to incorporate these exceptions via a subtle analogy. New algebras constructed ad hoc [14, p. 178] permit linear factorisation. However, one disturbing
thought overshadows this early experiment in “abstract” algebra. Namely, the treatment
of x2 + y 2 employs well known tools developed for quite different ends [15], so explains the
identity in the popular sense of making the unknown familiar. By contrast, derivations of
the four or eight squares identities that merely “exhibit” a composition algebra (e.g. [11,
p. 159]) risk the same logical circularity as the traditional “Chicken–and–Egg” paradox, a
mathematical felony censured in a celebrated remark by Russell [17, p.71].
Bakker [1, p. 457] advanced a non–circular theory of chicken origins. The present paper
advances a new√paradigm for composition formulae. I exploit the idea that complex conjugation of x + y −1 leaves x2 + y 2 invariant – a word rich in algebraic associations! Besides
its success in “rounding up the usual suspects” (forms of small degree and dimension known
to have composition properties), noteworthy features of the method are as follows.
(a) The decomposability distinction mentioned above is entirely absent.
(b) The product of one application is not one identity, but a family of identities corresponding to different parameter values.
(c) Along with the forms themselves we recover both
√ their composition formulae and
associated “composition algebras” (such as Q( −1) for x2 + y 2 ).
(d) The algebras are not formal systems introduced ad hoc, but algebraic number fields
equipped with a synthetic “product”, this being a specific bilinear function of the
conjugates of the numbers to be “multiplied”.
The significance of (c) is that, as neither the identity nor the algebra is used in deriving
the other, we avoid explanations which themselves lack explanation. Item (d) means that
all properties of the composition algebras reduce to properties of algebraic number fields.
Small wonder then (cf. [2, p. 395]), should the product prove anti–commutative or non–
associative. For so too, under the binary operation of subtraction, are even the ordinary
integers.
Though not universally applicable, a convenient summary for many identities is as follows.
Suppose the associative algebra A has a finite basis B and matrix representation R [10, p.
25-49]. By the multiplicative property of determinants det R(α), a form in the coordinates
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of α ∈ A relative to B, has a composition formula. The eight-square identity is excluded,
obstructed by the associativity of matrix multiplication. The four-square identity passes,
albeit subject to due caution against mistaking an implication for an explication.
When A is a number field the determinant is a so–called norm form [10, p. 127–133].
Two explicit examples involving group algebras will be convenient for reference later. First,
the cyclic matrices (written row–sequentially for brevity)
Γ(x, y, z) = (x z

y

| y

x z

| z

y

x)

form a closed system. Hence follows a composition identity for the ternary cubic ∆(x, y, z) =
det Γ(x, y, z) = x3 + y 3 + z 3 − 3xyz, often called a cyclic determinant or circulant. In this
instance R is the regular matrix representation [10, p. 32–34] of the group algebra for C3 ,
the cyclic group of order 3. The system of matrices (x + y z + t | z − t x − y) is
likewise closed, so x2 − y 2 − z 2 + t2 has a composition formula too. The matrix cofactors of
x, y, z, t comprise a representation of the (commutative) Klein four–group C2 ×C2 . However,
as some coefficient pairs anti–commute, it is merely a projective representation [10, p. 348].
The second section introduces the group–theoretic tools. Section 3 applies them to binary
quadratic composition. Although trivial, this case makes an ideal starting point, being
quite typical and because novelties are best met in a familiar setting. Later sections treat
quaternary and octonary forms. I mention also a problem of Dickson that seems amenable
now to a computational attack.

2

Group invariants

A linear transformation group G on a set of indeterminates permutes the homogeneous
polynomials of each degree. Invariants may outnumber forms expressible by elementary
symmetric functions. For example, when the dihedral group < (12), (1324) > permutes
x1 , x2 , x3 , x4 according to its effect on the subscripts, x1 x2 + x3 x4 is a quadratic invariant
independent of Σxi and Σx2i .
The Molien series [4, p. 300] is a formal power series (in the indeterminate λ, say) whose
coefficients forecast the number of basic invariants for each degree. For the dihedral example
it reads
(1/8)[1/(1 − λ)4 + 3/(1 − λ2 )2 + 2/(1 − λ2 )(1 − λ)2 + 2/(1 − λ4 )]
= 1 + λ + 3λ2 + 4λ3 + 8λ4 + . . .
In fact, as the other two basis elements thus predicted for quadratic invariants, we may
choose (u + v)2 and uv, where u = x1 + x2 , v = x3 + x4 .
In the right–regular (permutation) representation, G acts on indeterminates, indexed by
the N elements of G itself, according to the rule (ξ g )h = ξ gh . Invariants are simplest to
compute when G is abelian. In that situation there are N homomorphisms χ : G → C, the
characters of G [3, p. 415], producing N independent linear forms J = Σχ(g)ξ g . We have
J h = χ(h−1 )J, whence J is unchanged except for multiplication by a certain N –th root of
unity. We can then construct absolute invariants as judiciously chosen products of these
relative invariants. Non–abelian groups lack this handy aid. In the example above, we still
have J = u ± v, but the two second–degree invariants J 2 prove insufficient.
The first two Molien coefficients are always unity. Table 1 shows the next few, for the
regular representations of some groups of interest to us.
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Group
λ2
C2
2
C3
2
C4
3
C2 × C2
4
C5
3
C2 × C2 × C2 8
Table 1. Coefficients in Molien series for small
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λ 3 λ4 λ 5
2
3
3
4
5
7
5 10 14
5 11 14
7 14 26
15 50 99
abelian groups.

Number fields are the final prerequisite. Let K, the base-field, be a finite extension of
Q, L a finite normal extension of the K, and G = Aut(L/K). Thus L is the root–field of
some polynomial whose roots, being permuted transitively, conveniently may be indexed by
the elements of G. In this setting it helps to reinterpret the indeterminates ξ g as a generic
element ξ ∈ L, together with its algebraic conjugates. Restricting ξ to a sub–field reduces
form dimension in a proposed identity, whence prior results may suffice to evaluate some
parameters.

3

Binary forms

Here G = C2 = hρi, the first-degree relative invariants α, β being given by
  
 
α
1
1 ξ
2
=
.
β
1 −1 ξ ρ
The coefficient matrix, H say, is a Hadamard matrix [18, p. 104-107], and will recur. Noting
that αρ = α, β ρ = −β, with use of Table 1 we conclude that bases for the absolute invariants
of the first few degrees are as follows.
Degree 1: α

Degree 2: α2 , β 2

Degree 3: α3 , αβ 2

Degree 4: α4 , α2 β 2 , β 4

Next let η and ζ be two further field elements with respective relative invariants α0 , β 0
and α00 , β 00 , and suppose that ζ is a bilinear function of the conjugates of ξ and η. However,
instead of writing ζ in terms of the four products ξ g η h , express α00 , β 00 as bilinear functions
of the singly primed and the unaccented variables. Because ρ fixes the alphas while reversing
the betas, the only consistent arrangement, still with four unknown coefficients (elements of
K), is:
 00  
 
α
a1 α b1 β α0
=
.
β 00
a2 β b2 α β 0
Assume additionally that ζ = ξ when η = 1 and ζ = η when ξ = 1. In the former case
(α0 , β 0 ) = (1, 0) so ζ = α00 + β 00 = a1 α + a2 β, whereas ξ = α + β. Thus a1 = a2 = 1.
Similarly a1 = b2 = 1, leaving only b1 still to find. The composition identities themselves
now make their entrance. They will be equations of the type F(ξ)F(η) = F(ζ), where F(ξ)
is an invariant form homogeneous in the conjugates of ξ with the restriction that F(1) = 1.
(Although more general identities exist [13], those involving just these “principal” forms are
enough for a start. The crucial point to avoid obscuring is the invariance of F.)
(a) Quadratic composition.
By invariance F(ξ) = α2 + Bβ 2 for B ∈ K so the identity reads
(α2 + Bβ 2 )(α02 + Bβ 02 ) = (αα0 + b1 ββ 0 )2 + B(αβ 0 + βα0 )2 .
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Comparison of the αα0 ββ 0 terms shows that b1 = −B, this necessary condition proving also
sufficient. Note that ζ = α00 + β 00 is
(α + β)(α0 + β 0 ) − (1 + B)ββ 0 = ξη − (1/4)(1 + B)(ξ − ξ ρ )(η − η ρ ).
When B = −1 we recover the orthodox formulae F(ξ) = ξ 1+ρ and√ζ = ξη. To illustrate
how
heresies, write ξ = x + y d, so that ξ ρ = x −
√ heterodox values
√ B 6= −1 fulminate
2
2
y d, α = x, β = y d and F(ξ) = x + Bdy . (Here, B and d are parameters, as adumbrated
√
in the Introduction (b).) Consequently, by taking (B, d) = (2, −1) we can apply
Q( −1)
√
2
2
to produce a composition identity
√ for x − 2y (the traditional norm–form of Q( 2)) while,
with (B, d) = (1/2, 2), from Q( 2) we derive a two–squares identity.
(b) Cubic composition
Now F(ξ) = α3 + Bαβ 2 for B ∈ K, but the only allowed values are B = b1 = 0. To
accommodate sections 4 and 5 I must omit verification.
(c) Quartic composition
We have F(ξ) = α4 +2Bα2 β 2 +Cβ 4 . The solutions are all of the type F(ξ) = (α2 +Bβ 2 )2 .
Again the proof must be left to the interested reader.
SectionQuaternary non–cyclic forms
For the Klein four–group G = hρ, σi the coefficient matrix of the linear relative–invariant
system is the direct (Kronecker) product H ⊗ H. Thus
  
 
α
1
1
1
1
ξ
β  1 −1
  ξρ 
1
−1
 
 ,
4
 γ  = 1
1 −1 −1  ξ σ 
δ
1 −1 −1
1 ξ ρσ
ρ
σ
for which (α, β, γ, δ) = (α, −β, γ, −δ), (α, β, γ, δ) = (α, β, −γ, −δ). Hence with constants
b1 , . . . , d 3 ,
 00  
  0
α
α b1 β c1 γ d1 δ
α
β 00  β α c2 δ d2 γ  β 0 
 00  = 
 ,
 γ   γ b3 δ
α d3 β   γ 0 
δ 00
δ b4 γ c4 β
α
δ0
while basic invariants (omitting degree 1) are as follows.
Degree 2: α2 , β 2 , γ 2 , δ 2
Degree 3: α3 , αβ 2 , αγ 2 , αδ 2 , βγδ
Degree 4: α4 , β 4 , γ 4 , δ 4 , α2 β 2 , α2 γ 2 , α2 δ 2 , β 2 γ 2 , β 2 δ 2 , γ 2 δ 2 , αβγδ.
(a) Quadratic composition
We have F(ξ) = α2 + Bβ 2 + Cγ 2 + Dδ 2 . In the proposed identity F(ξ)F(η) = F(ζ)
the cross–products α0 β 0 , . . . , γ 0 δ 0 do not appear on the left side. Equating to zero their
coefficients on the right, we obtain identities in the unaccented variables whose coefficients
likewise must vanish. The full system reads (b1 , c1 , d1 ) = (−B, −C, −D), together with the
relations
Bc2 = Cd3 = Db4 = −Bd2 = −Cb3 = −Dc4 ,
Bc2 d2 + CD = CDd3 b2 + DB = Db4 c4 + BC = 0.
To solve it, rewrite equations (1) as
Bc2 = Cd3 = Db4 = λc2 d3 b4 , B(c2 + d2 ) = C(d3 + b3 ) = D(b4 + c4 ) = 0,

(1)
(2)
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let (p, q, r) = (d2 , b3 , c4 ), and suppose BCD 6= 0. We have firstly (c2 , d3 , b4 ) = (−p, −q, −r).
Second, from equations (2) we see that pqr 6= 0 so (B, C, D) = λ(qr, rp, pq). Substitution
in equations (2) shows now that λ = 1 and we get F(ξ) = α2 + qrβ 2 + rpγ 2 + pqδ 2 . For
example, if (p, q, r) = (−1, −1, 1) then
F(ξ) = (1/2)(ξ 1+ρσ + ξ ρ+σ ), ζ = ξη − (1/2)(ξ − ξ ρ )(η − η σ ).

(3)

The composition algebra is the K–vector space L newly equipped with this bilinear function
of conjugates as “product”. The formula for ζ shows at a glance why “multiplication”
must be non–commutative. That it should be associative might cause surprise, but our
earlier x2 − y 2 − z 2 + t2 example dampens the effect. An interesting property of the second
formula in (3), equivalent to orthogonality of a certain 16-rowed matrix, is its persistence
for interchange of synthetic with “natural” multiplication.
As a further specialisation let K = Q, L = K(θ) where θ4 = −1, and define ρ, σ as the
automorphisms for which θρ = θ3 , θσ = θ5 . Then with ξ = x + yθ + zθ2 + tθ3 we find
that F(ξ) = x2 + y 2 + z 2 + t2 . So our composition formula includes one for sums of four
squares. From the second of equations (3) one may verify that the elements θ, θ2 , θ3 multiply
synthetically by the rules for Hamilton’s quaternions i, j, k, as mysteriously revealed to him
in his epiphany of 16 October, 1843 [2, p. 395; 19].
(b) Cubic composition is necessarily trivial, of the type α003 = α3 α03 .
(c) Quartic composition
Just two form types have composition, namely the square of the quadratic type above,
and a determinantal type F(ξ) = Λ(α, qrβ, rpγ, pqδ), with p2 , q 2 , r2 ∈ K and Λ(x, y, z, t) the
determinant for the regular matrix representation of KG.

4

Octonary forms

I consider here only the elementary abelian group G = hρ, σ, τ i and K = Q. The equation
~ where (say)
for relative invariants takes the form 8~
α = (H ⊗ H ⊗ H)ξ,
α
~ T = (α, β, γ, δ, κ, λ, µ, ν), ξ~T = (ξ, ξ ρ , ξ σ , ξ ρσ , ξ τ , ξ ρτ , ξ στ , ξ ρστ ).
The entries in ξ are so ordered as to make the character, for each relative invariant except
α, unity on just one of the seven bicyclic subgroups. Thus, entries 2, 3 and 5 can use any
three generators of G, but the others are then determined.
(a) Quadratic composition
Table 1 counsels moderation, so I consider only this case. We have
F(ξ) = α2 + Bβ 2 + Cγ 2 + Dδ 2 + Kκ2 + Lλ2 + M µ2 + N ν 2 .
The bilinear relations take the form α
~ 00 = T α
~ 0 with T the matrix displayed as Table 2.
Though it appears formidable, the work needed to construct it has already been done. Thus
if ξ τ = ξ then κ, λ, µ, ν are all zero. By restricting ξ, η to the fixed field of τ , we reduce
the equation to one determined by just the first four rows and columns of T , which must
therefore take the form found above for quaternary quadratic composition. Transcription of
the 4–by–4 matrices for all seven biquadratic subfields fills out T completely. It remains to
determine compatibility conditions for the 21 parameters p1 , q1 , . . . , r7 thus introduced.
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α
β
γ
δ
κ
λ
µ
ν

−Bβ −Cγ
α
−p1 δ
q1 δ
α
−r1 γ r1 β
q2 λ
q4 µ
−r2 κ q5 ν
q3 ν −r4 κ
−r3 µ −r5 λ

−Dδ
p1 γ
−q1 β
α
q6 ν
q7 µ
−r7 λ
−r6 κ

−Kκ −Lλ −M µ −N ν
−p2 λ p2 κ −p3 ν
p3 µ
−p4 µ −p5 ν
p4 κ
p5 λ
−p6 ν −p7 µ p7 λ
p6 κ
α
−q2 β −q4 γ −q6 δ
r2 β
α
−q7 δ −q5 γ
r4 γ
r7 δ
α
−q3 β
r6 δ
r5 γ
r3 β
α














Table 2. The matrix T for the equation α
~ 00 = T α
~ 0.
Assume BCDKLM N 6= 0 and solve in terms of the products Ai = pi qi ri as parameters.
We need also are certain auxiliary products zi and put B ∗ = Bz1 , . . . , N ∗ = N z7 where
(with my shorthand obscuring actual symmetry)
(z1 , . . . , z7 ) = (p1 p2 p3 , −p4 p5 q1 , p6 p7 r1 , −q2 q4 q6 , q5 q7 r2 , −q3 q4 r7 , r3 r5 r6 ).
Lastly, let such an ordered triple as (B, C, D) be compressed to BCD, and a product like
A1 A2 A3 to A123 .
Lemma. Necessary and sufficient conditions for F(ξ)F(η) = F(ζ) are
Ai = U pi = V qi = W ri ,
U ∗ /pi = V ∗ /qi = W ∗ /ri .

(4)
(5)

where, for i = 1, . . . , 7, the respective triples U V W are BCD, BKL, BM N , CKM , CLN ,
DKN , DLM (form coefficient sets for the biquadratic subfields).
Proof. These are the conditions for the cross–product terms in F(ξ)F(η) to vanish. The
products α0 β 0 , α0 γ 0 , . . . , α0 ν 0 give equations (4). After reductions that they allow, the remaining terms β 0 γ 0 , . . . , µ0 ν 0 not involving α0 give (5). 
From equations (4) follow A3i = pi qi ri U V W and hence U V W = A2i , a square, in accordance with a theorem of Brandt (see [13, p. 232]). Multiply corresponding sides of
all seven of these equations. The common value is both a square and a cube, so we can
write A1234567 = Z 3 , BCDKLM N = Z 2 , where Z ∈ Q and Z 2 is the determinant of F(ξ),
regarded as a diagonal form in α, β, . . . , ν.
Proposition. The unknowns are expressed in terms of the eight (algebraically dependent)
rational quantities Ai and Z by means of the formulae:
B = −A123 /Z,

p1 = −Z/A23 ,

q1 = Z/A45 ,

r1 = −Z/A67 ,

C = A145 /Z,

p2 = −Z/A13 ,

q2 = Z/A46 ,

r2 = −Z/A57 ,

D = −A167 /Z,

p3 = −Z/A12 ,

q3 = Z/A47 ,

r3 = −Z/A56 ,

K = A246 /Z,

p4 = Z/A15 ,

q4 = Z/A26 ,

r4 = Z/A37 ,

L = −A257 /Z,

p5 = Z/A14 ,

q5 = −Z/A27 ,

r5 = −Z/A36 ,

M = A347 /Z,

p6 = −Z/A17 ,

q6 = Z/A24 ,

r6 = −Z/A35 ,

N = −A356 /Z,

p7 = −Z/A16 ,

q7 = −Z/A25 ,

r7 = Z/A34 .
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Proof. We have A1 = Bp1 etc., so all results will follow from those for B, . . . , N . They,
in turn, depend on solving the equations U V W = A2i , which entail linear equations for the
logarithms of B, . . . , N . Hindsight lets me shorten the work by computing, for example,
(A123 /Z)2 = (BCD)(BKL)(BM N )/(BCDKLM N ) = B 2 . To permit root extraction, sign
information must next be sought.
Thus, let sgn(B) = B = (−1)b and so on. From A21 = BCD we find the linear congruence
b + c + d ≡ 0 (mod2). The system of all seven congruences has rank 3, its simultaneous
solution being expressible as
(d, l, m, n) ≡ (b + c, b + k, c + k, b + c + k)

(mod2).

Hence (D , L , M , N ) = (BC , BK , CK , BCK ), where BC means B C etc.
Next, write sgn(Ai ) = i and observe that Z is the product of the i . Extracting positive square roots we have therefore B B = 4567 A123 /Z. Now, by equations (5), B ∗ /p1 =
C ∗ /q1 = D∗ /r1 or Bp2 p3 = −Cp4 p5 = Dp6 p7 . Also A2 = Bp2 so sgn(p2 ) = 2 B and so
on. We conclude that B 2 3 = −C 4 5 = B C 6 7 . In particular, B = −4567 whence
B = −A123 /Z. Of course, we have also C = 2367 . The value of K follows by use of
B ∗ /p2 = K ∗ /q2 = L∗ /r2 (equation (5) for i = 2), whereupon all the unknowns can be
evaluated. 
Remarks: Checking sufficiency of these necessary conditions needs more work, but not further guidance. All numerical constants are rational if the Ai are so, but succinct conditions,
in terms of B, . . . , N , for integer coefficients seem elusive.
As to particular results, I mention here only the special form [6]
F(ξ) = (1/4)(ξ 1+ρστ + ξ ρ+στ + ξ σ+ρτ + ξ τ +ρσ ),
for which F(ξ)F(η) = F(ζ) if ζ = ξη−(1/4)Σ[(ξ−ξ ρ )(η−η σ +η τ −η στ )]. Sum over three terms
by cyclically
permuting ρ, σ, τ . To match the formulae in [11], choose L = Q(ϕ)√where√ϕ =
√
exp(2π −1/24). Let ϕρ,σ,τ = ϕ11,5,17 and ψ = (1 + ϕ3 + ϕ9 )/(ϕ4 + ϕ8 ) = (1 + −2)/ −3.
We can take θ = ϕ3 (cf. Section 5). The elements 1, θ, θ2 , θ3 , ψ, ψθ, ψθ2 , ψθ3 correspond
to Dickson’s 1, i, j, k, e, ie, je, ke respectively [7]. Particular triples of these “octonions”
multiply non–associatively so L, in its role as composition algebra, cannot be replaced by
an algebra of matrices.

5

A challenge

Characters of C3 include cube roots of unity, making the cyclotomic field K3 best for K
in treating ternary forms. I found only trivial identities with forms of degree at most five,
except cubic circulants F(ξ) = ∆(α, b2 cβ, bc2 γ). Here b3 , c3 ∈ K3 but, by choosing them to
be conjugates, we can deduce rational composition identities. Pure cubic extensions of K3
are cyclic, so examples abound. For cyclic quaternary forms (G = C4 ), K = K4 is best.
Quadratic forms with composition are special cases of F(ξ) = α2 + Cγ 2 . Cubic composition
is trivial. The quartic identities are of circulant type, with F(ξ) = ∆(α, pβ, qγ, pqδ) for
p2 , q 2 /p ∈ K.
These findings agree with [12] [13, p. 268]. Dickson [12] characterised ternary and quaternary forms (of arbitrary degree) with composition and noted some decomposable quinary
types. However, to decide the existence of non-degenerate indecomposable quinary quintics
with composition remained beyond his reach [12, p. 608]. Though too labor-intensive for
manual computation (Table 1 indicates 26 basic invariants), the method of this paper looks
capable in principle of finding such forms if they exist. In cases I treated, manual solution
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of equations was comparatively easy, the main work being to set them up. As that step
reduces to expanding a product and collecting like terms, can it perhaps be automated?

6

Conclusion

As remarked in [5, p. 77], the composition algebras are “equivalent” to the identities. But so,
for that matter, were Ptolemy’s epicycles “equivalent” to the planetary observations that
they purported to explain. Mathematical models generally contain parameters, adjusted
to fit the data. In the four-squares identity Σx2i Σyi2 = Σzi2 the data are the 64 constants
implied by the four bilinear functions zi of the x and y variables. This being also the number
of structure constants for a four-dimensional algebra, the fitting exhausts the data. So that
model – the classical theory – is ad hoc in the sense of [14, p. 178]. With only 16 parameters,
a bilinear function of conjugates of ξ, η ∈ K8 evades this judgment.
Hamilton’s i, j, k remain useful as always. But they should be seen as umbral symbols
for derived quantities, part of ordinary, commutative algebra, not a separate reality. Long
live quaternions – and Occam’s razor!
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On points of contact in infinite chains
Hussein Tahir

1

Preliminaries

In an earlier investigation we found the locus of the centres of the circles forming an infinite
chain and established an analytic method for constructing the chain (see [1]). The assigned
task in this paper is to find the locus of the points of contact of the circles in such a chain
and find a way to identify these points.
We start with some preliminaries.
Theorem 1 Two internally tangent circles are given. A third circle is drawn to be tangent
to both of them as shown in Figure 1. The locus of all centre points P (x, y) forms an ellipse.

Figure 1.

Proof. Let the centre of the drawn circle be P (x, y) and its radius r.
The centres of the given circles are represented by O1 and O2 and their radii by R1 and
R2 respectively. The point of contact is assigned to be the Origin and the line joining the
centres of the given circles the x-axis.
P O1 + P O2 = R1 − r + R2 + r = R1 + R2

(Constant)

therefore the locus of P is an ellipse. The Major Axis of the ellipse 2a = R1 + R2 and its
foci are O1 and O2 .
Equation of the ellipse:
y 2 = (R2 + r)2 − (x − R2 )2

(1)

y 2 = (R1 − r)2 − (R1 − x)2 .

(2)

By eliminating y from (1) and (2) we get:
x=

R1 + R 2
r.
R1 − R 2

(3)
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If we substitute x in (3) into either one of (1) and (2) we obtain the equation of the ellipse
in the form y = f (r), e.g.,
p
2
y=
R1 R2 (R1 − R2 − r)r.
(4)
R1 − R 2
In (3) if r is made the subject; its substitution in (1) or (2) yields
p
2
y=
R1 R2 (R1 + R2 − x)x.
(5)
R 1 + R2

Theorem 2 Two externally tangent circles are given. A third circle is drawn to be tangent
to both externally. The locus of all centre points P (x, y) forms an hyperbola.

Figure 2.

The proof follows along the same lines as the internal tangency case given in Theorem 1
and the analogous results are given below.
R 1 − R2
x=
r
(6)
R 1 + R2
y=

p
2
R1 R2 (R1 + R2 + r)r,
R 1 + R2

(7)

p
2
R1 R2 (R1 − R2 + x)x.
(8)
R 1 − R2
Theorem 3 A line and a circle are tangent to each other. Another circle is drawn tangent
to both of them (See Figure 3). The locus of all centre points P (x, y) forms an parabola.
y=

y 2 = (R2 + r)2 − (R2 − r)2 ; y 2 = 4R2 r = 4R2 x.
The same equation can be obtained by using limits in (5) or (8):
p
p
2
lim y = lim
R1 R2 (R1 + R2 − x)x = 2 R2 x.
R1 →∞
R1 →∞ R1 + R2
Convention: Throughout the remaining part of the paper the three tangency situations
described in Theorems 1–3 will be referred to as Internal, External, and Infinitely large
respectively.
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Figure 3.

2

Main Theorem

Now we reconsider the three tangency situations covered in Theorems 1–3 and look at other
aspects of the drawn circle using the same conventions.
Theorem 4 Two circles (or a line and a circle) are given. A circle is drawn to be tangent
to both; points of contact being G and H as shown in Figures 4–6.
(1) Line GH meets the x-axis at a fixed point.
(2) The distance of this point to the point of contact of the given circles is the Geometric
Mean of its distances to G and H.

Figure 4.

Proof. Again we supply a proof for the Internal case and give the corresponding results for
the other two. We know from (4) that the equation of the conic containing P in the form
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Figure 5.

y = f (r) is
p
2
R1 R2 (R1 − R2 − r)r.
R1 − R 2
If we let y/2r = λ and solve this equations simultaneously with (4) we get
y=

r=

R1 R2 (R1 − R2 )
.
2
λ (R1 − R2 )2 + R1 R2

(9)

Substitution of (9) into (3) and (4) give:
x=

R1 R2 (R1 + R2 )
,
2
λ (R1 − R2 )2 + R1 R2

(10)

y=

2λR1 R2 (R1 − R2 )
λ2 (R1 − R2 )2 + R1 R2

(11)

In Figure 4, EF is parallel to the x-axis and is the diameter of the circle with centre P (x, y)
and radius r. The coordinates of the endpoints of this diameter E(x − r, y) and F (x + r, y)


2R1 R22
2λR1 R2 (R1 − R2 )
E 2
,
,
λ (R1 − R2 )2 + R1 R2 λ2 (R1 − R2 )2 + R1 R2
2R12 R2
2λR1 R2 (R1 − R2 )
F
,
λ2 (R1 − R2 )2 + R1 R2 λ2 (R1 − R2 )2 + R1 R2




Lines AE and BF meet in G and are perpendicular to each other. The equations of these
lines are
λ(R1 − R2 )
y=
x
(12)
R2
and
y=

−R2
(x − 2R1 )
λ(R1 − R2 )

(13)

respectively. On the other hand both of the lines AF and CE go through H meeting at a
right angle. Their equations are:
y=

λ(R1 − R2 )
x
R1

(14)
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and
y=

−R1
(x − 2R2 )
λ(R1 − R2 )

(15)

respectively. Solving (12) and (13) simultaneously leads to the coordinates of G, and the
common solution of (14) and (15) gives those of H.


2R1 R22
2λR1 R2 (R1 − R2 )
G 2
,
,
λ (R1 − R2 )2 + R22 λ2 (R1 − R2 )2 + R22

2R12 R2
2λR1 R2 (R1 − R2 )
H 2
,
.
λ (R1 − R2 )2 + R12 λ2 (R1 − R2 )2 + R12
Equation of line GH is:


2λR1 R2 (R1 − R2 )
λ(R12 − R22 )
2R1 R22
y− 2
=
x− 2
.
λ (R1 − R2 )2 + R22
R1 R2 − λ2 (R1 − R2 )2
λ (R1 − R2 )2 + R22


(16)

The x-intercept of this line O (2R1 R2 /(R1 + R2 ), 0). The coordinates of this point are
independent of λ.
q
2
2R1 R2 [R1 R2 − λ2 (R1 − R2 )2 ] + λ2 (R12 − R22 )2
,
OH =
[λ2 (R1 − R2 )2 + R12 ] (R1 + R2 )

OG =

2R1 R2

q
2
[R1 R2 − λ2 (R1 − R2 )2 ] + λ2 (R12 − R22 )2
[λ2 (R1 − R2 )2 + R22 ] (R1 + R2 )

.
2

The power of O with respect to the circle with centre P; OH ×OG = (2R1 R2 /(R1 + R2 ))
The tangent from O to this circle has the constant length 2R1 R2 /(R1 + R2 ). The radius of
the circle with centre O which also goes through A is the Harmonic Mean of R1 and R2 .
External case:
When the drawn circle is externally tangent to the given circles (see Figure 5) the coordinates
of G and H can be worked out using the same approach;


−2R1 R22
2λR1 R2 (R1 + R2 )
G 2
,
,
λ (R1 + R2 )2 + R22 λ2 (R1 + R2 )2 + R22

H


2R12 R2
2λR1 R2 (R1 + R2 )
,
.
λ2 (R1 + R2 )2 + R12 λ2 (R1 + R2 )2 + R12

Equation of line GH is
y−

2λR1 R2 (R1 + R2 )
−λ(R12 − R22 )
=
2
2
2
λ (R1 + R2 ) + R2
R1 R2 + λ2 (R1 + R2 )2


x+

2R1 R22
2
λ (R1 + R2 )2 + R22


.

The x-intercept of this line O (2R1 R2 /(R1 − R2 ), 0).
The power of O with respect to the circle with centre P :
2

OH × OG = (2R1 R2 /(R1 − R2 )) .
The tangent from O to this circle has the constant length 2R1 R2 /(R1 − R2 ). The radius of
the circle with centre O which also goes through C is the Harmonic Mean of OO1 and OO2
as 2OO1 × OO2 /(OO1 + OO2 ) = 2R1 R2 /(R1 − R2 ).
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Figure 6.

Infinitely large: (Figure 6)
Now we look at the third case in which we have a line and a circle tangent to it. If
one of the circles is infinitely large
(R1 → ∞) as shown in Figure 6, G (0, 2R2 /λ) and

H 2R2 /(λ2 + 1), 2λR2 /(λ2 + 1) .
Equation of line GH is y = (2R2 − x)/λ and its x-intercept B(2R2 , 0).
√
√
2R2 λ λ2 + 1
2R2 λ2 + 1
2
BH =
, BG =
, BH × BG = 4R22 = CB .
2
λ +1
λ
The tangent from point B to the drawn circle will have a constant length 2R2 .


3

Corollaries of Theorem 4

Corollary 2 In the Internal case the locus of the points of contact of any two tangent
circles which are also tangent to the given circles is the circle with centre O and radius
2R1 R2 /(R1 + R2 ). In the External case the radius of this circle is 2R1 R2 /(R1 − R2 ). In the
third case (Infinitely large) the locus of the points of contact is the circle with centre B and
radius 2R2 .
Corollary 3 The line joining the centres of the two tangent circles is tangent to the circle
with centre O radius 2R1 R2 /(R1 + R2 ) (External 2R1 R2 /(R1 − R2 ), Infinitely large 2R2 ).
The point of contact of the two tangent circles is also the point of contact of the line joining
their centres and the locus of their point of contact.
Corollary 4 The y-intercept of this line is equidistant from the point of contact of these
circles and the point of contact of the two given circles.

4

Infinite Chains of Tangent Circles

The following formulae where derived in [1]. We introduce them here as the rest of the work
of the paper is largely based on them.
Internal tangency:
In the infinite chains shown in Figure 7, if the centre of the nth circle is Cn (xn , yn ) and its
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Figure 7.

Figure 8.

radius rn then,
rn =

xn =

yn =

R1 R2 (R1 − R2 )
2

[(k + n − 1)(R1 − R2 )] + R1 R2
R1 R2 (R1 + R2 )
2

[(k + n − 1)(R1 − R2 )] + R1 R2

2(k + n − 1)R1 R2 (R − R2 )
[(k + n − 1)(R1 − R2 )] + R1 R2

,

(17)

,

(18)

where

k=

External tangency (Figure 8)
rn =

xn =
yn =

R1 R2 (R1 + R2 )
2

[(k + n − 1)(R1 + R2 )] − R1 R2
R1 R2 (R1 − R2 )
2

[(k + n − 1)(R1 + R2 )] − R1 R2

,

,

2(k + n − 1)R1 R2 (R + R2 )
.
[(k + n − 1)(R1 + R2 )] − R1 R2

y1
.
2r1

(19)
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Figure 9.

Infinitely large:
In the chain shown in Figure 9 the coordinates of the centre of the nth circle can also be
worked out with limits.
rn = xn =

5

R2
(k + n − 1)2

and yn =

2R2
k+n−1


R2 =

CB
2


.

Coordinates of the Points of Contact

Internal tangency
Let the points of contact of the circles of the chain be Z1 , Z2 , Z3 , . . . (see Figure 7). All
these points are on the circle with centre O and radius 2R1 R2 /(R1 + R2 ). The line joining
the centres of any two consecutive circles of the chain is tangent to this circle. The equation
of the line through the centres of two neighboring circles e.g. Cn and Cn+1 is


2 (k + n)(k + n − 1)(R1 − R2 )2 − R1 R2
2R1 R2
y=
x+
.
(20)
2
2
2
2
(2k + 2n − 1) (R1 − R2 )
(2k + 2n − 1)(R1 − R2 )
The point of contact of these circles lie on

2

2
2R1 R2
2R1 R2
x−
+ y2 =
.
R 1 + R2
R 1 + R2
The common solution of (20) and (21) produces
x=

2R1 R2 (R1 + R2 )
,
[2(k + n + 1)(k + n − 2) + 5] (R1 − R2 )2 + 2R1 R2

y=

2(2k + 2n − 1)R1 R2 (R1 − R2 )
.
[2(k + n + 1)(k + n − 2) + 5] (R1 − R2 )2 + 2R1 R2

These are the coordinates of Zn .

(21)
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External tangency
The points of contact of the circles forming the chain Z1 , Z2 , Z3 , . . . (see Figure 8) lie on the
circle with centre O and radius 2R1 R2 /(R1 − R2 ).
The equation of the line through the centres of two consecutive circles. Cn and Cn+1 is


2 (k + n)(k + n − 1)(R1 + R2 )2 + R1 R2
2R1 R2
y=
x+
.
(2k + 2n − 1)2 (R12 − R22 )2
(2k + 2n − 1)(R1 + R2 )
The point of contact of these circles lie on
2

2

2R1 R2
2R1 R2
2
+y =
.
x−
R1 − R 2
R1 − R 2
The coordinates of Zn :
2R1 R2 (R1 − R2 )
x=
,
[2(k + n + 1)(k + n − 2) + 5] (R1 + R2 )2 − 2R1 R2
y=

2(2k + 2n − 1)R1 R2 (R1 + R2 )
.
[2(k + n + 1)(k + n − 2) + 5] (R1 + R2 )2 − 2R1 R2

Infinitely large
In this case the coordinates of Zn can be obtained by finding the limit for R1 → ∞ of the
coordinates of Zn in either one of the two previous cases (External or Internal)


2(2k + 2n − 1)R2
2R2
,
.
Zn
2(k + n + 1)(k + n − 2) + 5 2(k + n + 1)(k + n − 2) + 5
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Spectral Properties of
Noncommuting Operators
Lecture Notes in Mathematics 1843
Brian Jefferies
Springer–Verlag 2004
ISBN: 3-540-21923-4

There are many ways to form a function f
of a matrix L, or more generally of an operator L acting on a Banach space X. If f is
PN
the polynomial f (z) = k=0 ck z k , then just
PN
k
define f (L) =
k=0 ck L . Slightly more
generally, suppose a holomorphic
function
P∞
k
c
z
when
f is defined by f (z) =
k
k=0
|z| < R, where the radius of convergence
R is larger than
||L|| of L. Then
P∞the norm
k
set f (L) =
c
L
.
Much
more genk
k=0
eral is the Riesz–Dunford functional calculus. Suppose f is a holomorphic function defined on a neighbourhood Ω of the spectrum
σ(L) of L. The spectrum is the compact set
of all λ in the complex plane C for which the
resolvent RL (λ) = (λI − L)−1 does not exist as a bounded operator on X. (For a matrix L, this is just the set ofR eigenvalues of
1
L.) Then define f (L) = 2πi
R (ζ)f (ζ) dζ
γ L
where γ is a curve in Ω which winds anticlockwise around σ(L). These definitions
are all consistent, they have natural properties such as (αf + βg)(L) = αf (L) +
βg(L), (f g)(L) = f (L)g(L) and σ(f (L)) =
f (σ(L)), and moreover are useful in a variety of contexts. A particular mapping
f 7→ f (L) is called a functional calculus of
L.
When L = (L1 , L2 , . . . Ln ) is a commuting family of matrices or operators, then
it is clear how to define f (L) when f is a

polynomial or power series in n variables.
However there are various approaches to
defining a joint spectrum σ(L) of L, and
to constructing a functional calculus of L.
When the operators satisfy the property
that σ(< ξ, L >) ⊂ R for all ξ ∈ Rn , then
one possibility is to use Clifford algebras,
and to replace the use of the Cauchy integral in the Riesz–Dunford functional calculus by a higher dimensional Clifford–Cauchy
integral.
When the operators Lj do not commute
with one another, then it becomes more
difficult to construct a reasonable theory.
Nevertheless, this is important. For example, the Weyl functional calculus was introduced to consider functions of position
(Qj ) and momentum (Pj ) under the canonical commutation relations Qj Pj − Pj Qj =
i~I of quantum theory. In the Weyl functional calculus, one takes symmetric products in forming polynomials. For example,
if L = (L1 , L2 ) and f (x1 , x2 ) = x1 x2 , then
f (L) = 12 (L1 L2 + L2 L1 ). The Clifford approach generalizes quite well to this context,
though not easily, and gives us the opportunity to extend the Weyl functional calculus
to more general situations, and to identify
a type of spectral set as the support of the
functional calculus.
A seminal paper on the use of Clifford
analysis to study functional calculi of commuting operators is: Alan Mc Intosh and
Alan Pryde, A functional calculus for several commuting operators, Indiana University Math. Journal 36 (1987), 421–439;
while a seminal paper on non-commuting
operators is: Brian Jefferies, Alan Mc Intosh
and James Picton–Warlow, The monogenic
functional calculus, Studia Mathematica
136 (1999), 99–119.
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Rather than say more, let me urge you
to read the very clear account by Brian Jefferies in the book under review. Jefferies
tells us about the background material, and
presents all definitions and results in a precise way which is a pleasure to read. He does
not give detailed proofs of all those theorems which are already in the published literature, though, on a number of occasions,
he does prove results which go beyond what
was previously known, sometimes in important ways.
These new results apply even in the
simplest noncommuting situation, namely
when L = (L1 , L2 , . . . Ln ) is a family of hermitian matrices, acting as operators on Cn ,
and f is a continuous function from Rn to
C with Fourier transform fˆ ∈ L1 (Rn ). The
Weyl functional calculus gives a natural definition of f (L) as
f (L) = (2π)−n

Z

exp(i < ξ, L > fˆ(ξ) dξ .

Rn

The support γ(L) of this functional calculus is a type of spectral set of L. But what
is it? The definition using Fourier transforms can give no information other than
an estimate of sup |γ(L)| obtained from the
Payley–Wiener theorem. Jefferies goes to
great pains to show how further information can indeed be obtained by using Clifford analysis. This is very interesting material.
The book extends but is in no way the
last word on the subject. In the final
chapter there is an explanation of connections between the Weyl calculus and Feynman’s operational calculus, and mention of
intriguing possibilities for future research.
This could be a fruitful field of endeavour.

Alan Mc Intosh
Centre for Mathematics and its Applications,
Australian National University Canberra ACT 0200
E-mail: Alan.McIntosh@maths.anu.edu.au
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Arnold’s Problems
V.I. Arnold (Ed.)
Springer-Verlag Berlin-Heidelberg 2004
ISBN: 3-540-20614-0
The statement “To ask the right question
is harder than to answer it” is attributed
to Georg Cantor and one might add that
to ask such a question is perhaps the most
fruitful and creative action leading to new
mathematical knowledge. The book edited
by Arnold is full of such questions that were
posed in the famous Arnold seminars at the
Moscow State University spanning a 50 year
period ranging from 1956 in the era of Soviet Union through to present day Russia of
2003.
There are without doubt many legends
surrounding the discussions of problems
raised in Arnold’s seminars and subsequent
attempts at solving them, and many readers may have their own anecdotes to relate
about this.
The wide scope of mathematics that took
centre stage at the seminars is amazing —
dynamical systems, number theory, group
theory, representation theory and combinatorics, classical and functional analysis
to name a few. The diversity that was
embraced within the seminars attests to a
strong belief in the fundamental unity of
a mathematical description of the natural
world.
It seems that mathematical life in the Soviet Union in the seminars of Arnold and
others — Gel’fand, Sinai, Kirillov, Manin,
Novikov to name a few — was and perhaps is rather different from that experienced elsewhere and a formative experience
for generations of mathematicians. However
through this book the outsider from another
era may participate, even if in a vicarious
way, in the circle of discussions that took
place then.
The book is divided into two parts —
the first containing the problems posed in
chronological order and the second part
with the comments on the problems. In
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this latter part solutions are given where
these have been found along with an extensive historical bibliography of work on
the particular problem. Otherwise one can
gain an immediate and succinct overview of
the current status of a particular open problem from the comments part. One novel
and fascinating aspect of the book is that
while Arnold has edited the work many of
the comments are written by researchers
who have contributed directly to the understanding of or solutions to the problems.
Besides Arnold there are some 58 other contributors, mostly Arnold’s former students,
but there are others outside of the Moscow
school.
Now we wish to get down to discussing
some specific problems. Some of the problems are really the enunciation of programs
as in problem 1997-9 about the analogies between various mathematical trinities. Others are very concrete and this reviewer liked the inclusion of problems 19847 and 1987-12 regarding the study of decompositions of the space of linear complex
ordinary differential equations with singularities into isomonodromy classes and the
consequent questions — limits of isomonodromic systems with coalescing singular
points, namely their versal deformations, bifurcation diagrams, etc. Another beautiful
topic, treated in 1991-11, 1993-33 and 200012, is the generalisation of Gauss-Kuz’minKhinchin statistics of simple continued fractions of real numbers in the interval (0, 1)
to higher dimensional analogues. While the
discussion of problems is even-handed it can
be patchy or incomplete — for example the
1990-9 problem asking for a precise meaning
to M.V. Berry’s assertion that the asymptotics of an oscillatory integral, after subtracting all terms polynomial in the wavelength, exhibits exponentially small ‘jumps’
with an universal form of the error function
has no comment. Also the 1998-15 problem
of the quaternionic analog of the determinant fails to mention the application of such
determinants by F.J. Dyson in 1972 to ran-

dom matrix theory based on the 1922 work
of E.H. Moore.
Every working mathematician will find
something of direct value to their own interests and find it an invaluable resource to
dip into from time to time. One hopes that
this is an on-going project and that updates
will make their appearance regularly. Finally it is necessary to end with a caveat to
the quotation made at the opening of this
review and which serves as a warning —
“You are never sure whether or not a
problem is good unless you actually solve
it” (M. Gromov).

Nicholas Witte
Department of Mathematics and Statistics, The
University of Melbourne, VIC 3010
E-mail: N.Witte@ms.unimelb.edu.au













Algebraic Integrability,
Painlevé Geometry and Lie algebras
Mark Adler, Pierre Van Moerbeke
and Pol Vanhaecke
Springer-Verlag Berlin Heidelberg 2004
ISBN: 3-540-22470-x
The aim of this book is to explain “how algebraic geometry, Lie theory and Painlevé
analysis can be used to explicitly solve integrable differential equations”. It covers
many important subjects in the theory of
integrable systems and can be also used as
an introductory teaching textbook for many
classical topics like Lie algebras, Poisson
manifolds, algebraic and differential geometry. Usually a study of the theory of integrable systems assumes a solid mathematical background and requires serious preliminary studies in many areas of mathematics. One of the main advantage of this
book is that the authors almost succeeded
to present a material in a self-contained
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manner with numerous examples. As a result it can be also used as a reference book
for many subjects in mathematics.
The book opens with a short introduction to the differential geometry on complex manifolds and Lie groups and algebras.
This chapter also contains a Cartan classification of simple Lie algebras and introduction to twisted affine Lie algebras.
The purpose of the next two chapters is
to give a comprehensive introduction into
the theory of Liouville integrable systems on
Poisson manifolds. The authors start with
a notation of Poisson manifolds, hamiltonian dynamics on such manifolds and explain
how to introduce a natural Poisson structure on the dual of finite-dimensional and
infinite-dimensional Lie algebras. Further
they explain a concept of Liouville integrability and a notation of Lax operator which
is the main ingredient of the modern approach to algebraic integrability. This part
of the book completes with the introduction
of the r-matrix structure associated with the
L-operator algebras.
The second part of the book is devoted to
a description of the algebraic completely integrable systems on affine varieties. It starts
with the chapter which explains the geometry of Abelian varieties. However, due to
a complexity of the subject the material in
this chapter assumes some basic knowledges
in differential and Riemann geometry. This
part of the book can serve as a good source
to refresh reader’s knowledges in algebraic
geometry. Based on this authors introduce
algebraic completely integrable systems on
affine varieties. This is the central part of
the book. Starting with simple examples
authors explain necessary conditions for algebraic complete integrability and explain
connections with Lax equations with a parameter. They also formulate a complex
version of the Liouville theorem.
The next chapter describes a special class
of weight homogeneous algebraic completely
integrable systems. Such systems “live” in
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a flat complex n-dimensional space and under the proper choice of coordinates one can
reveal the whole geometry of the system
and explicitly compute all their characteristics. This part of the book is quite difficult for reading since it combines some facts
from algebraic geometry together with computational algorithms more appropriate for
physicists. Although authors tried to illustrate the material with some simple examples, you still need to be either a mathematician interested in practical computations or
a physicist with a very good mathematical
background.
The concluding part of the book contains applications to some particular algebraic completely integrable systems. The
first type of examples is related to investigations of integrable geodesic flows on orthogonal group in 4 dimensions. This chapter is
of more interest to specialists in this particular area. Then the authors apply the developed techniques to periodic Toda lattice
associated with different root systems and
investigate their geometry. Surely these examples will attract many scientist’s attention working in the area of integrable systems. The last set of examples concerns the
theory of integrable tops. Among others authors consider the famous Kowalevski top
and analyze its algebraic structure.
In summary, Algebraic Integrability,
Painlevé Geometry and Lie algebras is a
very good book which covers many interesting subjects in modern mathematical
physics. Although its complete study will
require a substantial amount of time and
efforts for a non-specialist, the reader will
profit in a much better understanding of the
theory of integrable systems, their geometry
and applications in both mathematics and
physics.
Vladimir Mangazeev
Department of Mathematics, Australian National
University ACT 0200
E-mail: vladimir@maths.anu.edu.au
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Tolerance Graphs
M.C. Golumbic and A.N. Trenk
Cambridge Studies in Adv. Math. 89
Cambridge University Press 2004
ISBN 0-521-82758-2
A graph is called an interval graph if it admits an interval representation, that is, each
vertex can be assigned a closed interval on
a real line such that two vertices are adjacent if and only if the corresponding intervals have a non-empty intersection. Interval
graphs are well known for their applications
to scheduling, resource allocation, microbiology, VLSI circuit design, etc., and they
form an important class of perfect graphs.
As a generalization of interval graphs, tolerance graphs were introduced by the firstnamed author of this book and Monma in
1982 so as to reflect the flexibility for sharing resources in some application problems.
In a tolerance graph, each vertex v can be
represented by an interval Iv together with a
tolerance tv , which is a positive real number
or ∞, such that two vertices x, y are adjacent if and only if |Ix ∩ Iy | ≥ min{tx , ty }. In
other words, two vertices are adjacent if and
only if the intersection of the corresponding
intervals is large enough to “bother”at least
one of them.
This monograph is a comprehensive and
thorough treatment of tolerance graphs and
their generalizations, and is the first book
on the topic. It contains major results on
tolerance graphs, often with proofs, that
were produced during the last more than
two decades. Although the book was intended primarily for researchers and graduate students, as stated in the preface, most
parts of it are accessible by those who have
only limited background in graph theory. A
large part of the book is devoted to relationships among various classes of tolerance
or generalized tolerance graphs, and their
relationships with some well known classes
of graphs such as interval graphs, chordal
graphs, weakly chordal graphs, permutation

graphs, comparability graphs, cocomparability graphs, parallelogram graphs, trapezoid graphs, threshold graphs, etc. (A typical result of this kind may assert that any
graph in class A is in class B, or a graph
is in class A if and only if it is in the intersection of classes B and C. For example, tolerance graphs are perfect graphs, interval graphs are precisely tolerance graphs
with constant tolerances, etc.) Tolerancerelated graphs discussed in the book include bounded tolerance graphs, unit tolerance graphs, proper tolerance graphs, interval probe graphs, bitolerance graphs,
unit bounded bitolerance graphs, proper
bounded tolerance graphs, directed tolerance graphs, and so on. Partially ordered
sets, recognition problems and algorithms
relating to tolerance graphs are covered in
the book as well.
The book starts with an introductory
chapter, where tolerance graphs and other
well known intersection graphs are introduced. In the next chapter the authors
present early work on tolerance graphs,
highlighted with a complete hierarchy of
classes of perfect graphs. Chapter 3 gives
characterizations of trees, cotrees and bipartite graphs which are tolerance graphs.
Chapter 4 discusses interval probe graphs,
which were introduced in studying physical mappings of DNA, and proves the
NP-completeness of the sandwich problem for such graphs. This chapter also
gives a hierarchy of interval graphs, interval probe graphs and other families of
tolerance graphs. The next two chapters
deal with bounded bitolerance orders and
unit tolerance orders, respectively. Chapter 7 investigates tolerance-related orders
which are comparability invariant. Chapter
8 is devoted to the problem of recognizing
bounded bitolerance orders, and Chapter 9
to algorithms on tolerance graphs. In Chapter 10 the authors consider various classes
of bounded bitolerance orders and present
a hierarchy of them. In the next two chapters they explore generalizations of toleran-
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ce graphs in two different directions: in
Chapter 11 the real line is replaced by a
tree and intervals are replaced by subtrees,
and in Chapter 12 the function min{tx , ty }
is replaced by a symmetric binary function
such as max{tx , ty }, tx +ty , symmetric polynomials in tx and ty , etc. Chapter 13 deals
with directed tolerance graphs, and the last
chapter (Chapter 14) lists a number of open
problems and further research directions in
the area of tolerance graphs.
The book is well written and easy to
follow. Definitions, results, algorithms and
proofs are explained and presented clearly.
A large number of graphs, tables and figures are included, and they are very helpful
to understanding the context. Exercises are
provided at the end of each chapter, except
the final one where 21 research problems
are listed. Since the book collects major
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results on tolerance graphs, it will be indispensable for researchers and graduate
students working on tolerance graphs and
other related graph classes. It will also
be a very useful reference book for anyone
who is interested in algorithmic aspects of
graph theory. In this regard the reader
may use this book in conjunction with the
first author’s well known book “Algorithmic
Graph Theory and Perfect Graphs” (Academic Press, 1980), whose second edition
appeared in 2004. The book under review
can be tailored to suit a graduate course
with emphasis on graph classes and intersection graphs.
Sanming Zhou
Department of Mathematics and Ststistics, The
University of Melbourne, VIC 3010
E-mail: smzhou@ms.unimelb.edu.au

Completed PhDs
Flinders University:
• Dr Jalina Widjaja, Logistic equations with diffusion, delay and impulses, supervisor:
Murk J. Bottema.
University of Ballarat:
• Dr Glenn Auld, Computer assisted language learning, supervisors: P. Smith and L.
Angus.
• Dr Jason Giri, Constructing non-linear analogues of Lagrange functions for minimisation problems of one constraint, supervisor: A. Rubinov.
• Dr Kiki Ariyanti Sugeng, Magic and antimagic graph labeling, supervisor: M. Miller.
University of Melbourne:
• Dr Julie Cain, Random graph processes and optimisation, supervisor: H. Rubinstein.
• Dr Christopher Green, Dynamic effects in atomic force microscopy, supervisor: J.
Sader.
University of Sydney:
• Dr Alistair Merrifield, An investigation of mathematical models for animal group
movement using classical and statistical approaches, supervisor: M. Myerscough.

Appointments
University of Melbourne
• Prof. Greg Hjorth has been appointed as an ARC Professorial Fellow in the Department of Mathematics and Statistics.
• Dr Hongwen Guo has been appointed as a Research Fellow in the Department of
Mathematics and Statistics.
University of Sydney
• Mrs Mary Phipps has recently retired.
• Dr Sanjiban Santra, Dr Whayne Padden, Dr Ramon Xulvi-Brunet, Dr Chris Field
and Dr Andrew Docherty have all recently commenced work as research associates
at Sydney University.
• Dr Sanjeeva Balasuriya has left to take up an appointment in the USA.

New Books
E. Seneta, (University of Sydney) Non-negative Matrices and Markov Chains, (2nd ed.)
(Springer New York 2006).

News

323

Conferences
Algebraic Attacks on Stream Ciphers
25–26 September 2006, Deakin University, VIC
Organiser: Lynn Batten
E-mail : lmbatten@deakin.edu.au
Workshop on Stochastics and Symposium on Financial Mathematics
25–28 September 2006, Australian Mathematical Sciences Institute Headquarters,
University of Melbourne, VIC
Organiser: Fima Klebaner
E-mail : fima.klebaner@sci.monash.edu.au
50th Annual Meeting of the Australian Mathematical Society
25–29 September 2006, Macquarie University, Sydney
Director: William Chen
Enquiries: William Chen, Xuan Duong and Ross Street
E-mail : wchen@maths.mq.edu.au, duong@maths.mq.edu.au,
street@maths.mq.edu.au
Web: http://www.maths.mq.edu.au/austms06/
The 50th Annual Meeting of the Australian Mathematical Society will take place at Macquarie University in the last week of September 2006. For this landmark Annual Meeting of
the Society, the academic program will span five working days instead of the usual four for
most Annual Meetings. The first session of the meeting will start at 9 am on Monday 25
September, and the last session will end at approximately 3 pm on Friday 29 September.
Invited plenary speakers:
Pascal Auscher - Université de Paris-Sud
Robert Bartnik - Monash University
Michael Batanin - Macquarie University
Steven Evans - University of California at Berkeley
Peter Forrester - University of Melbourne
Andrew Hassell - Australian National University
Frank de Hoog - Commonwealth Scientific and Industrial Organization
Adrian Lewis - Cornell University
Ngaiming Mok - University of Hong Kong
Christopher Skinner - University of Michigan
Terence Tao - University of California at Los Angeles
Katrin Tent - Universität Bielefeld
Claire Voisin - Centre National de la Recherche Scientifique
Xu-Jia Wang - Australian National University
There will be special sessions in the following areas: Algebraic Geometry, Category Theory,
Combinatorics and Geometry, Differential Geometry, Functional Analysis, Future Impact
of Applications on Mathematics, Geometry and Topology, Group Theory, Harmonic Analysis, Mathematical Physics, Number Theory, Partial Differential Equations, Probability and
Statistics, Representation Theory, Variational Analysis and Optimization.

324

News

The B H Neumann Prize will be awarded to the eligible student who gives the best presentation at the meeting.
Mathematical Formulation of Micro and Macro Thermodynamics
10 October 2006, Australian Mathematical Sciences Institute Headquarters, University of Melbourne, VIC
Organiser: Eric Hu
Web: http://www.deakin.edu.au/scitech/et/news_events/AMSI.php
5th Ballarat workshop on Global and Non-Smooth Optimization: Theory, Methods and Applications
4–5 December 2006, University of Ballarat, Victoria
Conference Co-ordinator: Maxine Kingston
Enquiries: Maxine Kingston and Adil Bagirov
E-mail : m.kingston@ballarat.edu.au, a.bagirov@ballarat.edu.au
Web: http://www.ballarat.edu.au/ard/itms/CIAO/Workshops/OTMA3.shtml

Summer School and Workshop on Granular Materials
4–8 December 2006, Australian National University, Canberra, VIC
Organisers: Peter Arnold
Web: http://wwwrsphysse.anu.edu.au/granularmatter/committee.php
8th Pacific Rim Geometry Conference
11–15 December 2006, Murramarang, South Durras, NSW
Organisers: Ben Andrews, Alan Carey, Alexander Isaev, Neil Trudinger and Xu-Jia
Wang
E-mail : Ben.Andrews@anu.edu.au
Amenability of Groups and Algebras
4–8 January 2007, Australian National University, Canberra, ACT
Organizers: H.G. Dales, A. Kepert, R.J. Loy and G.A. Willis
Web: http://www.maths.anu.edu.au/aga07/aga.html
From Statistical Mechanics to Conformal and Quantum Field Theory (a Special
Theme Program)
8 January–8 February 2007, Australian Mathematical Sciences Institute Headquarters, University of Melbourne, VIC
Organisers: Paul Pearce (Australia), Giuseppe Mussardo (Italy) and Chaiho Rim
(Korea)
Web: http://mac0916.ms.unimelb.edu.au/~pap/StatMechFieldTheory2007/

News

325

Mathematics in Industry Study Group
5–9 February 2007, University of Wollongong, Wollongong Campus, NSW.
Organisers: Maureen Edwards and Tim Marchant
E-mail : maureen edwards@uow.edu.au
ANZIAM 2007 Conference: The 43rd Applied Mathematics Conference and the
first WA Branch of Australian Statistical Society Statistics Day
28 January–1 February 2007 (Statistics Day: 29 Jan), Esplanade Hotel, Fremantle,
Western Australia
Conference Co-ordinator: Graeme Hocking.
Enquiries: Graeme Hocking, Duncan Farrow, Marty Firth (for Statistics Day)
E-mail : G.Hocking@murdoch.edu.au, D.Farrow@murdoch.edu.au,
martyf@ichr.uwa.edu.au.
Web: http://www.anziam07.murdoch.edu.au
Invited speakers are:
Adrian Baddeley - University of Western Australia
Nigel Bean - University of Adelaide
Peter Clarkson - University of Kent, UK
Phil Howlett - University of South Australia
Ian James - Murdoch University
Greg Kriegsmann - New Jersey Institute of Technology
Mark M. Meerschaert - The University of Otago, NZ
Hinke Osinga - University of Bristol, UK
Graeme Wake - Massey University, NZ

GL07 Geometry and Lie Theory: A conference marking Gus Lehrer’s 60th birthday
First week: 2–6 July 2007, Australian National University, Canberra.
Second week: 9–13 July 2007, University of Sydney, NSW
Organisers: James Borger, Peter Bouwknegt, Anthony Henderson, Bob Howlett,
Amnon Neeman and Anderw Mathas.
Web: http://www.maths.usyd.edu.au/u/SemConf/lehrerfest.html

Visiting mathematicians
Visitors are listed in the order of the last date of their visit and details of each visitor are
presented in the following format: name of visitor; home institution; dates of visit; principal
field of interest; principal host institution; contact for enquiries.
Mr Sergei Haller; Justus-Liebig-Universität; 16 January to 10 October 2006; Algorithmic
methods for Lie groups; USN; S Murray
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Prof. Wolfgang Arendt; Universität Ulm; 20 August to 20 October 2006; Elliptic partial
differential equations; USN; D. Daners
Prof. Yuri Borovskikh; Steklov Mathematical Institute; 1 August to 30 October 2006; Asymptotic results for U-statistics; USN; J. Robinson
Dr Supawat Rungsuriyawiboon; Chiang Mai University; 1 May to 31 October 2006; –; UWA;
Prof. Jiti Gao
Shenglin Zhou; Shantou University; October 2004 to October 2006; UWA; Prof. Cheryl
Praeger
Prof. Guenter Last; University of Karlsruhe; 27 October to 1 November 2006; –; UWA; Prof.
Adrian Baddeley
Dr Lenny Jones; Shippensburg University, Pennsylvania; 23 September to 5 November 2006;
Hecke algebras, number theory; UWS; A. Francis
Dr Colva Mary Roney–Dougal; University of St. Andrews; 13 November to 1 December 2006;
Algorithms for groups and Lie groups; USN; J.J. Cannon
Dr Alex Kitaev; Steklov Institute; 11 August to 6 December 2006; Singularities and integrable systems; USN; N. Joshi
Prof. Dan Schafer; Oregon State University; 1 February to 31 December 2006; –; UWA; Dr
Berwin Turlach
Dr Duncan Farrow; Murdoch University; July to December 2006; –; UWA; Prof. Andrew
Bassom
Dr Jesse Johnson; University of California Davis; 1 August to 31 December 2006; –; UMB;
Dr Paul Hammerton; University of East Anglia; September to December 2006; –; UWA;
Prof. Andrew Bassom
Dr Zheng-Xue Tang; Deakin University; 1 January 2005 to 31 December 2006; Computer
simulation of textile yarn spinning; USN; W.B. Fraser
Prof. Dan Schafer; Oregon State University; 1 February to 31 December 2006; –; UWA; Dr
Berwin Turlac
Mr Danker Adriaan Roozemond; Eindhoven University; 30 April to 31 December 2006; Algorithms for Lie Theory; USN; J.J. Cannon
Dr Damien Stehle; French Ministry of Education; 29 January 2006 to 28 January 2007; Lattice reduction; USN; J.J. Cannon
Mrs Horanage Chandrika Fernando; Sri Lanka Institute of Information Technology; 1 July
2006 to 31 January 2007; –; UMB; –;
Frederick Vercauteren; Catholic University Leuven; 2 September 2006 to 28 February 2007;
Number Theory and Cryptography; USN; J.J. Cannon
Dominic Schuhmacher; University of Zurich; 1 April 2006 to 31 March 2007; –; UWA; Prof.
Adrian Baddeley
Mr Sergei Haller; Justus-Liebig-Universität, Gießen; 16 January 2006 to 11 May 2007; Algorithmic methods for Lie groups; USN; S. Murray
Prof. Buyung-Moo Kim; Chungju National; 31 July 2006 to 31 July 2007; Integral Theory;
USN; D.E. Taylor
Prof. Nicholas Fisher; International Statistics Institute; 1 September 2004 to 31 August 2007;
Statistics; J. Robinson
Prof. Richard Cowan; University of Sydney; 1 January 2005 to 31 December 2007; Stochastic
models; USN; J.Robinson
Dr Youyun Li; Hunan Changsha University; 1 May 2006 to 1 May 2008; –; UWA; Dr Song
Wang
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