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Ever felt any anguish regarding the ARC? Now is perhaps not the best time to ask, as many
of you will have just finalised grant proposals and are happy to take a break from funding
considerations. Peter Bouwknegt, however, gives his answer in Math matters, arguing
for a funding system with a simple application procedure for small grants. In the present
convoluted system, with its many rules and subrules, writing and administering successful
grant proposals has become an art in itself. “Gone are the days that only Math mattered.
These days it is just not good enough to be an excellent mathematician” Peter writes.
On Friday 10 March 2006, the Department of Mathematics and Statistics of the University
of Melbourne held an opening ceremony for the recently renamed Michell Theatre and the
Nanson and Wilson computer laboratories. These have been renamed to honour the first
professors of the department: Wilson (1854 – 1874), Nanson (1875 – 1922) and Michell (1923
– 1928). You can read about them, and the fourth mathematics professor Thomas Cherry, in
the Gazette’s new column Historical which starts with a contribution from Graeme Cohen.
It will become clear from Graeme’s article how strikingly little the politics of job application
procedures in Australia have changed since 1928, when Melbourne had a chance to attract
Norbert Wiener. He was rejected, reportedly due to a lack of “adequate qualifications as
a general teacher and administrator”. You can read the real reasons in Graeme’s article,
but clearly, in 1928, just like today, being an excellent mathematician was not always good
enough . . .
It is perhaps time then to improve your generic skills, and what better way than by following
Tony Roberts’ advice on improving your mathematical writing in The style files. With
regards to actual mathematics, Norman Do’s Mathellaneous has been a constant source of
marvel and curiosity. This time, Norman has a go at some of the more unknown constants,
and there is an interesting lesson to be learned about truth and reality. A theorem by
Khintchine says that the geometric mean of the coefficients in a continued fraction expansion
approaches the same limit for all but a measure zero set of real numbers. However, no such
“generic” real number appears to be known explicitly.

Michael Cowling

Join Mathematics and see the world! This
was something that someone told me in the
1970s, and it is much truer now than then.
We have a generation of young people who
aspire to travel, and mathematicians travel
often. For instance, in the last few months,
I have been at mathematical meetings in
Australia, Canada, China, Singapore, the
UK, and the USA, and visited several other
countries to give talks or to take holidays.
And yet we never advertise travel as a side
benefit of being a mathematical scientist;
sometimes we are our own worst enemies.
While in the UK, I talked with people
involved in the production of a number of
journals, to ascertain their views about the
future of scholarly publishing. There is a
clear tendency for learned societies in the
UK to publish their journals through publishing houses such as Oxford and Cambridge University Presses; the main advantages of doing this are that larger publishers
market their journals more effectively, and
sell journals to university libraries in bundles which increase circulation (and hence
increase first citations, then impact factors,
and finally further increase circulation figures), and that economies of scale can be
achieved. The AustMS Steering Committee
recently met in Mansfield, Victoria, and decided that it would be worth our while to
look more closely at the possibility of dealing with such a publisher. I hope that we
can get some information to Council about
this over the next few months.
We are living in difficult times, and
mathematics departments in various universities are under threat. However, I am
pleased to be able to report that some of

the threatened bodies are no longer in immediate danger. In particular, the University of Canberra has decided not to disperse
its mathematical scientists, but to maintain the department. I gather that the letters that the University received from many
bodies (including the AustMS) influenced
this decision. Better job security is one
of the real benefits that a strong professional organisation can help provide, and
this is one good reason why mathematicians
in universities in this country should all join
the AustMS.
In Mansfield, Steering Committee also
considered ways in which the Society might
cater better to the needs of mathematical
scientists, in universities and outside them.
The possibility of instituting state (and even
regional) branches was discussed. ANZIAM
has branches, some of which are very lively,
as does the Statistical Society of Australia
Inc. Branches might improve communication and networking opportunities for those
who participate in their activity, and help
make the AustMS more responsive to its
membership. Again, this will need to be discussed in Council, and if we decide to proceed in this direction, it may even involve
changes to the Constitution of the Society.
As I write this report, the review team,
who will travel around the country in the
next two weeks and interview members
of universities as well as representatives
of business, industry and government, are
gathering in Sydney. The Strategic Review
presents an opportunity for us to paint a
picture of the excellence which is present in
the mathematical sciences in Australia and
of opportunities for the future, and to put
our case for help to attract more students
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into mathematics courses and hence into careers as mathematical scientists in business,
industry and government, as well as in universities, which will add value to the nation.
It is important that the review team has as
complete and documented a picture of the

state of mathematics in this country as possible, so could those of you who have been
considering making a submission or providing information please do so as soon as possible. The report is due in May, and information received before then can easily be
incorporated.

Peter Bouwknegt
If only Math Mattered
I am sitting in the Qantas/British Airways
business class lounge at Singapore Changi
International Airport, in transit from Sydney to Frankfurt, on my way to the MFO
[1]. For those of you for whom Math really
matters I do not need to explain what MFO
stands for. For all others, MFO stands for
‘Mathematisches Forschungsinstitut Oberwolfach’, a research institute for the mathematical sciences in a little German village,
Oberwolfach, in the Schwarzwald (Black
Forest). The main purpose of the institute is to organise specialised workshops,
51 weeks per year, bringing together mathematicians from all over the world, who are
more than happy to pay for their own traveling expenses (out of their own grants, to
be precise), with only local expenses paid by
the MFO. No lack of enthusiasm from potential organisers either, the program has already been fixed to the end of 2007. Why do
we not have something like the MFO which,
by the way, is by no means unique in the
world (there’s also the PIMS, MSRI, Fields
Institute, to name a few) in Australia? Of
course, we have AMSI [2], but despite all the
good intentions, its funding and/or funding
conditions, just don’t make it comparable
to the MFO.
Anyway, while I am sitting in the lounge,
reminiscing about the MFO, two thoughts
cross my mind, with a common theme: ‘if
only Math mattered’. The first one has to
do with our busy lives, where due to all the
other obligations that come with an academic job, very little time remains for Math.
I realize that to my wife, who is usually
more than sympathetic towards my mathematical needs, my justification that I have
to make a trip to an idyllic institute in the

Black Forest to do Math, and in this particular case, besides listening to expert talks,
try to finish a project with some Australian
colleagues who are going to the same workshop, must sound like a poor excuse for taking a short vacation. It’s true nevertheless.
At home, I simply don’t have a lot of time
to do Math.
How wonderful is it to be in a location
where, for an entire week, the only thing
that really matters is Math. Surrounded by
world experts in the field, by a library that
ranks amongst the best Math libraries in the
world, and in a location so remote that the
only distraction is the (obligatory) wednesday afternoon walk to the next village to
eat black forest cake. In fact, sometimes
one gets the feeling that if it weren’t for the
MFO, half the population of Oberwolfach
would be unemployed. Here I am not just
thinking of the cleaning and kitchen staff,
but also for instance of the people working for the two local taxi companies, whose
main source of income seems to be shuttling people back and forth from the nearest railway station to the institute. In fact,
they have perfected the art of predicting on
which trains the mathematicians arrive and
how many, as in my (rather limited, I confess) experience there is always just enough
taxis waiting. You don’t have to say where
you want to go either, as for some reason
that seems obvious to them.
Gone are the days that only Math mattered. These days it is just not good enough
to be an excellent mathematician. You have
to be a manager; manage your applications
and reports, manage as many students as
are willing to do projects with you. You
have to be an administrator. You have to
teach more and more courses. You have to
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sit on 1001 committees, somehow we seem
to be reviewing almost everything at any
given time. You have to reach out. Many
Math matters contributors have pointed out
the importance of reaching out, of being accountable, of making Math more relevant to
society, and I don’t disagree with any of it,
but ultimately for most of us there are two
reasons we have chosen this profession and
those are that we like Math and that we’re
good at it, and not because we like writing
grant proposals, annual reports, etc. It is
just a pity we seem to have less and less
time to do what we do best, and that people who are just good mathematicians don’t
have a chance of survival.
To single out one particular frustration
of mine, there seems to be little difference
in requirements regarding application and
reporting whether you apply for a $500k or
a $10k grant, and that there is a whole unexplored spectrum of possibilities between
being successful and getting $500k, or being
unsuccessful and getting nothing. Shouldn’t
it be easier to get $10k? We probably
all agree that we cannot properly function
as a mathematician without some nominal
support to attend a few conferences, invite
some collaborators, buy a laptop, but that
it is reasonable to require additional justification to actually employ a research associate. Now, I don’t want to sound like I’m
just complaining, so let me make a concrete
recommendation. Why don’t we lobby the
ARC for a new scheme, which awards nominal research support grants, and just requires one to submit an up-to-date CV to
prove one is still active? One might argue
this is part of the ‘university infrastructure’,
and that is not for the ARC to finance these
basic needs, but we all know that the operating budget of most Math departments
barely suffices to cover salaries.
I was about to write ‘In the old days’, but
this might suggest I belong to an older generation of mathematicians, while the fact is
that as a mathematician I am still rather
young, which points to another problem

with our Math workforce that I won’t be
addressing in this column.
In the old days, we had ARC Small
Grants, which to some extent served the
purpose of providing basic needs, and had
a simplified application and reporting process. But, for reasons unknown to me,
that scheme disappeared. Universities were
still getting the funding, some started their
own small grants scheme, others used it
for ‘strategic initiatives’ or as incentives to
make people apply for larger grants, but
by and large I think now the original small
grants scheme has more or less fizzled out.
This brings me to the second thought I
was entertaining in the lounge: the ARC.
Since being asked to write a contribution
for Math Matters many possible topics have
crossed my mind. When I finally set down
to write something (btw, thanks to the editors for their patience!) there was only one
thought on my mind: ARC applications,
progress and final reports. I apologize to
those of you, probably most of you reading
this column, who have just completed their
own application(s) and report(s), and probably don’t want to read anything having to
do with the ARC for a while. I hope you
forgive me for lingering on.
Anyway, we have all done our duty. We
have published a lot, we have written a
thorough proposal (intelligible to the nonexpert, but still containing enough detail),
or in fact as many proposals as we were eligible to put in, and now we only need to sit
back and let the process take its due course,
trusting that the process is fair, to paraphrase a current ARC College of Experts
member [3].
I have no reason to doubt the integrity
of any of the panel members, nor do I think
that the process in itself is flawed (although
it certainly could be improved), but the simple observation is that it is not only the
Math that matters. There are a lot of
considerations, of political or tactical nature, that enter each application as well. I
will just mention a few, some of which are

Math matters

tainted by my own experience or my background as a Mathematical Physicist. First
of all, since I mentioned it already, what
is Mathematical Physics? There is no such
RFCD code [4], and probably rightly so, as
it seems to mean different things to different people. Some would say it is a branch of
Theoretical Physics, but with a more mathematically oriented approach. Some would
argue it is a branch of Applied Mathematics, namely mathematics applied to physics.
The Math that I am using or developing
belongs to what is traditionally considered
Pure Mathematics, so my personal definition might be different altogether. I guess
I’m not going to attempt to give you an all
inclusive definition. So, how do we choose
our RFCD codes? A good place to start is
to look at the composition of the “Mathematics, Information and Communication
Sciences” and the “Physics, Chemistry and
Geoscience” panels (which has been more
difficult recently as all College of Experts
members are now listed in a single list), and
to determine which panel might look more
favorably towards your proposal. Suppose
you have decided you have more friends on
the MICS panel, and you have chosen your
RFCD codes accordingly. Since there are
only two mathematicians on the panel, you
pretty much can be assured that those will
be the people assigned to your proposal.
Since ultimately, due to the weighting of
the different assessors, the opinion of the
international experts (who, out of all assessors, are most likely to be experts in your
field of expertise) counts for very little, it is
probably a good idea to write a proposal,
not for the experts, but in a way that those
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panel members can understand and appreciate it. One might even throw in a reference
to their work to please them. Of course, one
should not be too obvious, so one should
do some groundwork and start referring already to the panel member in the publications leading up to your proposal. [Before you accuse me of doing exactly this, let
me point out I was already referring to said
panel member before I knew he was going
to be on the ARC panel!] Then we get to
National Research Priorities. Another tactical decision to be made. We probably
all agree that (all aspects of) Mathematics, if it isn’t already, definitely should be
a research priority, and will be tempted to
tick the box of the National Research Priority area “Frontier Technologies for Building and Transforming Australian Industries:
Breakthrough Science”. On the other hand,
many of us will probably have experienced
negative comments regarding poor justification of why our mathematics falls under the
National Research Priority guidelines. So,
as we are being assured that whether or not
our application falls within one of the National Research Priorities has no impact on
the final ranking, maybe it’s better to not
tick the box and avoid negative comments in
the assessment. I am sorry if you had hoped
to get some definitive advice on this issue!
Anyway, I could go on like this, but they are
sounding the bell for the afternoon cakes (I
have arrived at the MFO in the meantime),
so I’ll leave it at these few examples to illustrate that, unfortunately, it is not always
only the Math that matters. But, for now,
you have put in your application, there’s
nothing you can do about it any more, so
sit back, do some Math and relax!
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Norman Do
Constant curiosity
Not all numbers were created equal. Mathematically minded folk are all aware of the ubiquity
of Archimedes’ constant π, the importance of Euler’s constant e and the beauty of the golden
ratio φ. These, along with a handful of other numbers, are all a part of popular mathematical
culture. They often turn up in the most unexpected places, causing endless wonder and aptly
demonstrating the rich tapestry that is mathematics.
However, let us spare a thought for a few of the lesser known mathematical constants
— ones which might not permeate the various fields of mathematics but have nevertheless
been immortalised in the mathematical literature in one way or another. In this article, we
will consider four of these numerical curios and their rise to fame.

A simple formula for primes
The primes are somewhat elusive beasts among the menagerie of natural numbers. Such
simple to state problems as the Twin Prime Conjecture and the Goldbach Conjecture have
yet to succumb to the might of mathematicians. And trying to find order in the disorder
created by the primes has lead to one of the deepest and most difficult challenges in modern
mathematics — the Riemann Hypothesis.
Nevertheless, there have been some valiant, and often curious, attempts to harness the
primes. For example, the set of positive values taken on by the following bizarre polynomial
of degree 25 in 26 variables is precisely the set of primes, where the variables a, b, c, . . . , z
vary over the non-negative integers [4].
(k +2)(1−(wz +h+j −q)2 −((gk +2g +k +1)(h+j)+h−z)2 −(2n+p+q +
z −e)2 −(16(k +1)3 (k +2)(n+1)2 +1−f 2 )2 −(e3 (e+2)(a+1)2 +1−o2 )2 −
((a2 − 1)y 2 + 1 − x2 )2 − (16r2 y 4 (a2 − 1) + 1 − u2 )2 − (((a + u2 (u2 − a))2 −
1)(n+4dy)2 +1−(x+cu)2 )2 −(n+l+v −y)2 −((a2 −1)l2 +1−m2 )2 −(ai+
k +1−l −i)2 −(p+l(a−n−1)+b(2an+2a−n2 −2n−2)−m)2 −(q +y(a−
p−1)+s(2ap+2a−p2 −2p−2)−x)2 −(z +pl(a−p)+t(2ap−p2 −1)−pm)2 )
But could there be other prime-generating formulae out there, preferably not quite so
unwieldy? If we relax the condition from generating all the primes to merely generating
arbitrarily large primes, then we have the following candidate proposed by Mills [5].
Theorem: There exists a positive constant M such that the expression
j nk
M3
yields only primes for all positive integers n.
This prime-producing formula, a formula which contains only five symbols, is astonishing
in its sheer simplicity. So why, the keen reader must be wondering, are people expending
so much effort in calculating ever larger primes? Why are the prime number records so
hard to break when we have such a simple formula at our fingertips? The reason is the fact
that Mills gives no explicit value for such a number M in his original paper, nor even an
algorithm to calculate one. However, there is much evidence to believe that the smallest
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possible value is given by
M = 1.3063778838630806904686144926026057129167 . . .
and it is this number which has been perpetuated throughout the literature under the name
of Mills’ constant.
Let us now remove some of the mystery from Mills’ mysterious discovery by considering
how such a result might be proven. The crux of the proof is a result proven in the 1930’s
independently by Hoheisel and Ingham which bounds the size of the gap between consecutive
primes. In fact, if we believe the Riemann hypothesis to be true, and it seems that many
modern mathematicians do, then the Hoheisel-Ingham result can be strengthened to show
that there exists a prime between any two consecutive perfect cubes. In particular, this
allows us to define the following recursive sequence: q1 = 2 and for each n ≥ 1, let qn+1 be
the least prime greater than qn3 . Thus, the first few terms are q1 = 2, q2 = 11, q3 = 1361
and q4 = 2521008887. Some simple analysis shows that we have the increasing sequence
√
√
√
√
3
q1 < 9 q2 < 27 q3 < · · · < 3n qn < · · ·
as well as the decreasing sequence
p
p
p
p
n
3
q1 + 1 > 9 q2 + 1 > 27 q3 + 1 > · · · > 3 qn + 1 > · · · .
It follows that
M = lim

√

3n

n→∞



qn


3n

exists and satisfies M
= qn for all positive integers n. However, by definition, the
sequence q1 , q2 , q3 , . . . consists entirely of primes and Mills’ result follows.
Using the construction above, we obtain Mills’ constant. Of course, Mills removes from
this proof the necessity for the Riemann hypothesis, but at the expense of being able to
determine a particular value of M . It is unknown whether Mills’ constant is rational or not
— it seems incredibly doubtful that it would be, or even that it has some other analytical
description without reference to the original sequence of primes.

A surprising result about continued fractions
The representation of a real number as a decimal is aesthetically displeasing to the purest
of mathematicians. The somewhat arbitrary use of 10 digits is more due to a biological
coincidence than any deep-seated mathematical reason. A purer “hands-free” approach is
to represent a real number by its continued fraction
1

a = a0 +

1

a1 +
a2 +

1
a3 + · · ·

where a0 = bac and a1 , a2 , a3 , . . . is a sequence of positive integers which may be infinite,
finite, or in the case that a is an integer, empty. And to avoid such a cumbersome and
unsightly notation, it is common to abbreviate the above expression into the more compact
form
a = [a0 ; a1 , a2 , a3 , . . .].
Note that the sequence terminates precisely when a is rational. Hence, we have a natural
bijection between the irrational numbers and sequences of integers a0 , a1 , a2 , . . . where ai > 0
for all i > 0. Many fascinating results have been accumulated on continued fractions — for
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example, it is well-known that a continued fraction is periodic if and only if it is a quadratic
irrational.
Now let us consider the question: what can be said about the behaviour of the sequence
a1 , a2 , a3 , . . . for a randomly chosen real number a? Well, it seems almost nothing, since any
conceivable sequence of positive integers corresponds to a particular real number a. And
yet, Khintchine proved the following result, which must surely come as a surprise to any
unsuspecting mathematician.
Theorem: For almost all real numbers a = [a0 ; a1 , a2 , a3 , . . .],
√
lim n a1 a2 . . . an = K
n→∞

where K is the constant
∞ 
Y
K=
1+
k=1

1
k(k + 2)

 ln(k)
ln(2)
= 2.6854520010 . . . .

By the phrase “almost all”, we mean for all real numbers x outside of a set with Lebesgue
measure zero. This seems at odds with the statement made earlier concerning the bijection
between the irrational numbers and sequences. For many positive integer sequences, the
limit
√
lim n a1 a2 . . . an
n→∞

might not even exist, and even if it does, the probability that it is equal to Khintchine’s
constant is zero.
There are obvious exceptions to the theorem, all of which must belong to a subset of
the real numbers with Lebesgue measure zero — for example, the rationals, the √quadratic
irrationals and the number e. It remains to be seen whether or not the numbers 3 2, π and
K itself1 obey Khintchine’s law, although it seems likely that they do. Amazingly enough,
without resorting to constructing such numbers from their continued fraction representations, no one has managed to find a single number which does obey Khintchine’s law!

The Look and Say Sequence
Consider the following sequence
1, 11, 21, 1211, 111221, 312211, 13112221, 1113213211, 31131211131221, . . .
Each term of the sequence, except the first, describes the digits appearing in the previous
term. For example, to generate the term after 312211, we scan along its digits and note that
it is comprised of
“one 3”, “one 1”, “two 2’s”, and “two 1’s”.
And, lo and behold, the next term in the sequence is 13112221. For obvious reasons, it has
been coined the Look and Say Sequence. Despite its frivolous definition , John Conway [1]
has managed to prove the following amazing result about the sequence.

1It is not even known whether or not K is rational, so its continued fraction may be finite, after all.
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Theorem: If Cn denotes the number of digits in the nth term of the Look and Say
Sequence, then
p
C = lim n Cn
n→∞

exists. Amazingly enough, this constant is the unique positive real root of the following
irreducible polynomial of degree 71.
x71 − x69 − 2x68 − x67 + 2x66 + 2x65 + x64 − x63 − x62 − x61 − x60 −
x59 + 2x58 + 5x57 + 3x56 − 2x55 − 10x54 − 3x53 − 2x52 + 6x51 + 6x50 +
x49 + 9x48 − 3x47 − 7x46 − 8x45 − 8x44 + 10x43 + 6x42 + 8x41 − 5x40 −
12x39 + 7x38 − 7x37 + 7x36 + x35 − 3x34 + 10x33 + x32 − 6x31 − 2x30 −
10x29 − 3x28 + 2x27 + 9x26 − 3x25 + 14x24 − 8x23 − 7x21 + 9x20 + 3x19 −
4x18 − 10x17 − 7x16 + 12x15 + 7x14 + 2x13 − 12x12 − 4x11 − 2x10 +
5x9 + x7 − 7x6 + 7x5 − 4x4 + 12x3 − 6x2 + 3x − 6.
Conway’s constant cannot be expressed in radicals, but has the following approximate
value.
C = 1.3035772690342963912570991121525518907307 . . .
This must certainly be one of the most bizarre of the algebraic numbers to appear in the
mathematical literature!
One of the main ideas behind Conway’s analysis of the sequence is the observation that
often, a string of digits can be broken down into substrings which evolve via the Look and
Say rule without interfering with each other. For example, the evolution of the string 322
can be considered as the concatenation of the evolutions of the strings 3 and 22, as shown
below.
3.22 → 13.22 → 1113.22 → 3113.22 → . . .
In particular, from the eighth term onwards, every term of the Look and Say Sequence
is comprised of a combination of 92 substrings which never interfere with each other. Conway names these substrings the atomic elements, giving each an atomic number and its
corresponding name from the periodic table.
Atomic Number Element String
1
Hydrogen 22
2
Helium
13112221133211322112211213322112
3
Lithium 312211322212221121123222122
4
Beryllium 111312211312113221133211322112211213322112
5
Boron
1321132122211322212221121123222112
..
..
..
.
.
.
92
Uranium 3
Thus, elements give birth to more elements, and the behaviour of the system is governed
by what is known as the transfer matrix M . This is the 92 × 92 matrix where the (i, j)
entry is simply the number of atoms of the element with atomic number j formed from the
element with atomic number i after one application of the Look and Say rule. Conway’s
constant is simply the eigenvalue of greatest magnitude of the matrix M .

Random sequences á la Fibonacci
Of course, we have all heard of the notorious Fibonacci sequence and its association with
the combinatorics of rabbit breeding and phyllotaxis2. Perhaps the most useful result when
2Phyllotaxis refers to the principles governing the arrangement of leaves on the stem of a plant.

12

Norman Do

studying the Fibonacci sequence is the following closed formula, often named after Binet:
the nth term of the Fibonacci sequence is given by
1
Fn = √ (φn+ − φn− )
5
√

√

where φ+ = 1+2 5 is the golden ratio and φ− = 1−2 5 is its algebraic conjugate.
One particular corollary is the fact that the Fibonacci sequence has exponential behaviour
for large n, and it is easy enough to deduce that
p
lim n Fn = φ+ .
n→∞

But what happens, one might ask, if we spice up the Fibonacci sequence with an element
of randomness? Divakar Viswanath studied random sequences defined by the formula
V1 = 1, V2 = 1, Vn+1 = Vn ± Vn−1 for n > 1
where for each n, the sign is chosen independently and with equal probability — for example,
by the flip of an unbiased coin.
Of course, we cannot hope to reproduce an analogue of Binet’s formula for such random
sequences; however, we can still ask whether the set of all such random sequences share
the same asymptotic behaviour. At first glance, it would appear otherwise, judging by the
following three examples of random Fibonacci sequences. The first has been generated by
always taking the negative sign, and shows periodic behaviour. The second has been generated by always taking the positive sign, and is, of course, the beloved Fibonacci sequence.
The third was randomly generated by a computer and shows that both the sign and the
magnitude of the terms behave erratically.
1, 1, 0, −1, −1, 0, 1, 1, 0, −1, −1, 0, 1, 1, 0, −1, −1, 0, 1, 1, . . .
1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584, 4181, 6765, . . .
1, 1, 2, 1, 3, 4, 7, 3, −4, −7, −11, −4, 7, 3, −4, −1, −5, −6, −1, −7, . . .
Nevertheless, Viswanath [6] managed to prove the following.
Theorem: If V1 , V2 , V3 , . . . is a random Fibonacci sequence, then almost surely (that
is, with probability 1)
p
lim n |Vn | = 1.3198824 . . . .
n→∞

Despite the randomness involved, this result ensures that there is a certain uniformity
to random Fibonacci sequences. Intuition might suggest that Viswanath’s constant should
be closely related to the golden ratio — however, no such relationship has been found. In
fact, it seems that all we can say about Viswanath’s constant is that it exists and we can
calculate it.
More recently, Mark Embree and Lloyd Trefethen [2] have shown that Viswanath’s random Fibonacci sequences fit into a larger picture involving sequences of the form
X1 = 1, X2 = 1, Xn+1 = Xn ± βXn−1 for n > 1.
The two have collaborated to show that there exists a critical value β ∗ ≈ 0.70258 . . .
satisfying the following.
◦ For 0 < β < β ∗ , then almost surely the sequence will decay exponentially.
◦ For β > β ∗ , then almost surely the sequence will grow exponentially.
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In fact, for each positive value of β, there exists a positive constant σ(β) such that for
almost all sequences defined by the above formula
p
lim n |Xn | = σ(β).
n→∞

This is a generalization of the work of Viswanath, whose constant corresponds to σ(1).
Perhaps the most amazing part of the work of Embree and Trefethen is their calculation of
the σ function. Their computational evidence suggests that the dependence of σ(β) on β is
not only far from smooth, but is in fact fractal in nature!
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Graeme Cohen
The appointment of the first four professors of mathematics
in the University of Melbourne
Sir Thomas MacFarland Cherry was the
fourth professor of mathematics in the University of Melbourne and is the most highly
regarded of all, before or since. The circumstances by which he was appointed to the
chair of “Mathematics, Pure and Mixed”
are in stark contrast to the processes used
for his predecessor, John Henry Michell, six
years earlier. In fact, there were differing
approaches used for each of the first four
professors. What is more, Cherry’s appointment over one of the other applicants will be
a surprise to many and a cause for some debate. The details have not previously been
published.
This article is adapted from a forthcoming book [1] on the history of mathematics in Australia, written as part of
the Australian Mathematical Society History Project in connection with the Society’s 50th anniversary in August this year.

1

William Parkinson Wilson, 1826–1874. (Trinity
College Archives, University of Melbourne)

Wilson

William Parkinson Wilson was one of the
first four professors appointed to the university. The selection committee for all
four included the astronomers Sir John Herschel and Sir George Biddell Airy, both of
whom had been senior wranglers at Cambridge with significant further achievements
as mathematicians. Like them, Wilson had
been senior wrangler, in 1847, with particular interests in astronomy. Perhaps it was
not surprising that Herschel wrote to Airy,
saying “For my own part, I cannot see how
it is possible to find a better man or [one]
more completely uniting every qualification
than Professor Wilson” [2].

Teaching in the University of Melbourne
began on 13 April 1855 and it was Wilson who gave the first lecture, less than
three months after his arrival in the city.
His astronomical activities were continued
in Australia and maintained until the end.
In December 1871, he was in charge of an
expedition that went to Cape Sidmouth in
north Queensland to observe an eclipse of
the sun, and three years later he established an observatory at Mornington, south
of Melbourne, as a participant in nationwide observations of the transit of Venus.
Just two days after that, on 11 December
1874, having reported his findings to the
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Victorian government astronomer and having commenced the marking of some matriculation examination papers, he died of
apoplexy, aged 48 [3].
After Wilson’s death, the acting professor of mathematics was Frederick Joy Pirani. He was born at Birmingham, England,
in December 1850 and moved to Melbourne
with his parents in 1859. At the University
of Melbourne he gained a Certificate of Civil
Engineering in 1870, a Bachelor of Arts in
1871 and a Master of Arts in 1873, and that
year was appointed lecturer in mathematics
and logic. Pirani died in Melbourne on 6
August 1881, aged 30, after being thrown
from a horse.

2

Nanson

Pirani was acting professor for only six
months. Just ten days after Wilson died,
the council of the university determined to
send a telegram to Cambridge University’s
professor of astronomy and geometry, John
Couch Adams, asking him to find a successor. The telegram went out the next day. In
full, with added punctuation, it read: “Professor Wilson dead. Please select best man
procurable any university, not in orders.
Duties Melbourne University calendar.”[4]
Six weeks later, Adams communicated his
choice of Edward John Nanson for the position and the selection was immediately
endorsed by the university council. The
Melbourne historian Richard Selleck wrote
of this as “uncharacteristic pace” and remarked that a selection committee consisting of just one person was “hard to understand”. He added that one of the university council members had put forward the
names of eight other potential candidates,
all of whom had recently gained fellowships
at Trinity College, Dublin, but apparently
had no response [5].
Edward Nanson was born on 13 December 1850 at Penrith in Cumberland, England, and entered Trinity College, Cambridge, in 1870. He graduated as second
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wrangler in 1873 and the following year was
appointed professor of applied mathematics
at the Royal Indian Engineering College at
Cooper’s Hill in Surrey. One year after that
he was appointed to replace Wilson as professor of mathematics, pure and mixed, in
the University of Melbourne and he arrived
in Melbourne in June 1875.
Nanson is remembered primarily for his
work in the area of electoral reform. He belonged to the school of Thomas Hare and
John Stuart Mill and as such was an advocate of proportional representation and
of preferential voting to achieve a quota in
multi-member electorates. He spoke at public meetings, published numerous pamphlets
[6] and analysed contemporary elections in
the press. His ideas were embodied in an
electoral reform bill introduced in the Legislative Assembly of Victoria in August 1900
and in the first Commonwealth electoral bill
drafted in 1901 but amendments to the bills
led to the dropping of his theories [7].
He is also remembered as probably the
longest-serving university professor in the
country (if not the world). Nanson retired in December 1922, in his 48th year
as professor of mathematics. Described
as “kind but reserved in manner, mild
in temperament,”[8] he was nonetheless a
forceful figure on university boards. The
story of the election in 1881 of the president of the professorial board, resulting in
Nanson being struck “three or four times”
causing his lip to bleed, is told in detail by
Selleck [9]. He died in 1936.
Nanson’s successor in the chair, John
Henry Michell, had also been one of his students. He was appointed to the Department of Mathematics in 1891 as an “Independent Lecturer in Mixed Mathematics”
and for most of the time the two were responsible for all the teaching in mathematics. Charles Ernest Weatherburn, later professor of mathematics in the University of
Western Australia, was one who helped out:
he taught evening classes from 1917 to 1921.
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In the first ten years of Michell’s lectureship in the University of Melbourne, he cemented a reputation as a world leader in
the fields of hydrodynamics and elasticity
and in 1902 was elected to a fellowship of
the Royal Society. His brother George (Anthony George Maldon Michell, 1870–1959)
also established his name as an engineer
and inventor, having returned to Melbourne
in 1890 for further university studies. His
mathematical analysis of fluid motion, viscosity and lubrication led to the patenting in 1905 of the Michell Thrust Bearing,
which was to totally revolutionise thrust
technology in the field of marine propulsion
[11], and in 1934 George joined his brother
as an FRS.

Edward John Nanson, 1850-1936. (University of
Melbourne Archives)

3

Michell

Michell was born on 26 October 1863 at
Maldon, an old gold-mining town 40 kilometres south of Bendigo. In 1877 the family, which included three older sisters and
a younger brother, George, moved to Melbourne where the boys could continue their
education. In 1881 Michell entered the
University of Melbourne. He obtained a
Bachelor of Arts with first-class honours in
1884 and, at the urging of Nanson and his
headmaster at Wesley College, Henry Martyn Andrew, went to Trinity College, Cambridge, accompanied by the whole family.
Andrew was later to become professor of
natural philosophy in the University of Melbourne. At Cambridge, Michell was senior
wrangler in 1887, equal with three other students one of whom was the eminent geometer, Henry Frederick Baker [10].

John Henry Michell, 1863-1940.

John Michell took up his appointment as
professor of mathematics in the University
of Melbourne in 1923, aged 59, and held
that post until his retirement in 1928. The
first university professor of mathematics to
be born in Australia, Michell died on 3 February 1940.
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At the time of Nanson’s retirement,
Michell had been deputy for some thirty
years and had had his FRS conferred twenty
years before, so for all of that time his
reputation far exceeded Nanson’s. Kerr
Grant had been a student of Nanson’s and
Michell’s and was professor of physics in the
University of Adelaide when news reached
him of Nanson’s retirement a year before it
was to occur. Grant quickly wrote to Nanson that by “appointing Michell as your successor the Council will only be doing the
right thing towards him: but they will honour themselves in so doing and ensure with
certainty that the high reputation of the
Melbourne University School of Mathematics will be splendidly upheld”[12]
More impressive was a petition organised by Gunnar Gunderson (a former student who followed Weatherburn as evening
lecturer in mathematics), Bernhard Alexander Smith and William Stone (also former
students and by then successful engineers).
The petition contained 73 further signatories who were “past and present students
of the University and others interested in
Mathematics” and implored the council to
offer Michell the chair “for the remaining
years of his active life, without calling for
applications for the position.” The signatories included Weatherburn; Grant; Thomas
Howell Laby, professor of natural philosophy in the University of Melbourne; Robert
James Allman Barnard, foundation professor of mathematics in the Royal Military
College, Duntroon, and by then senior lecturer in mathematics in the University of
Melbourne; Barnard’s successor at Duntroon, Archibald Daniel Gilchrist; Robert
William Chapman (later Sir Robert), formerly the Elder Professor of Mathematics
and Mechanics in the University of Adelaide and by then professor of engineering
there; and George Handley Knibbs (later
Sir George), the first Commonwealth Statistician.
The university council acceded to the request and appointed Michell to the chair in
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July 1922 with no call for further applicants
[13].
Incidentally, Grant’s reference to the
“high reputation of the Melbourne University School of Mathematics” was not agreed
to by the loyal deputy, Michell himself. In
an obviously frustrated reference to Nanson’s headship, he wrote:
The general position is perhaps best
brought out by the statement that during
the last thirty years, while the Sciences
and their applications have grown so enormously, absolutely nothing has been done
to improve the School which deals with the
foundations of all quantitative science. The
scope of the lectures has remained the same,
in spite of the great advances in both Pure
and Mixed Maths. and the method of teaching has still the frivolous character of prescientific days.[14]

4

Cherry

The accession to Michell’s chair of another
former student, Thomas Cherry, followed
the standard path for the times, but in retrospect bordered on the sensational.
Cherry was born on 21 May 1898 at
Glen Iris, an outer suburb of Melbourne,
and was the second child of Thomas and
Edith. The father was the first Professor Thomas Cherry of the University of
Melbourne, holding the chair of agriculture
there from 1911 to 1916. Young Tom attended Scotch College, where he was dux
in 1914, and the following year entered the
University of Melbourne as a resident of Ormond College.
He graduated with first-class honours
in mathematics, greatly influenced by the
teaching of Nanson, Michell and Weatherburn, who was then a tutor at Ormond College, and shortly after proceeded to Trinity
College, Cambridge. By 1924, he had obtained the “then rare degree”[15] of a PhD
and a fellowship of Trinity College which he
maintained until 1928, about the time he
applied for the chair of mathematics back
in Melbourne.
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He had by then a distinguished record
of attainment in mathematics, although he
would not have been very well known outside Britain and Australia. Testimonials
that accompanied his application were from
H. F. Baker, Sir Joseph Larmor, J. E. Littlewood, E. A. Milne, L. J. Mordell, Sir Joseph
John Thomson and E. T. Whittaker, certainly an eminent assemblage, and Horatio
Scott Carslaw, the influential professor of
mathematics in the University of Sydney,
had also written an unsolicited letter of support [16].
Cherry’s father’s position as professor of
agriculture in Melbourne some twelve years
before and the family’s general standing in
Melbourne society might well have clinched
the appointment for him.

The first of five pages of signatures in support of
the petition. (University of Melbourne Archives)

The petition for Michell’s appointment as professor of mathematics, pure and mixed.
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There were altogether nine candidates for
the chair. They included Wilfred Wilson,
described by L. E. J. Brouwer in a testimonial as a founder of infinitesimal geometry; C. A. Stewart, also from Trinity College; Frederick Nowlan who had completed
a PhD under Leonard Dickson at the University of Chicago; and R. C. J. Howland,
then a senior lecturer at University College,
London. R. J. A. Barnard and Maurice
Henry Belz, a lecturer in mathematics at
the University of Melbourne from 1923 and
later its first professor of statistics, were also
candidates.
Outshining all of these was the candidacy
of Norbert Wiener. Wiener was born in
the United States in 1894. He obtained a
PhD in mathematics from Harvard University at age 18 and then studied in England
and Europe under Bertrand Russell, G. H.
Hardy, Edmund Landau and David Hilbert.
He would come to be known as the master of
the Fourier integral and harmonic analysis
and was the inventor of the field of cybernetics. He joined the Massachusetts Institute
of Technology at the end of World War I and
was assistant professor there with “some
fifty-six titles” in publications when he applied in July 1928 for the chair of mathematics in the University of Melbourne.
Wiener’s application was supported by
testimonials from the cream of European
mathematics. Hardy wrote that he was
“quite obviously one of the very best American mathematicians” and there were similar statements from Harald Bohr, Max
Born, Constantin Carathéodory, Maurice
Fréchet, David Hilbert, Oliver Kellogg,
Henri Lebesgue, Paul Lévy, Charles de la
Vallée Poussin, Oswald Veblen and Hermann Weyl.
There was one other testimonial, from
William S. Franklin who was then a colleague of Wiener’s at MIT. While offering a
strong recommendation regarding the quality of Wiener’s mathematics, Franklin went
on to say: “Professor Wiener is of the Hebrew race, and he has very peculiar traits,
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but personally he is of the finest grade.”
Edmund Whittaker in England was a member of a committee to advise the selection
committee in Melbourne. He had already
written to Sir John MacFarland, chancellor
of the university, that there was “no other
candidate, or possible candidate, so far as
one can see, whose distinction in research
is so great as Dr Cherry’s.” In his final report in October 1928 he wrote: “Two of the
candidates, namely Dr T. M. Cherry and
Professor N. Wiener, are very distinctly superior to all the others. Mr Wiener however
does not appear to have adequate qualifications as a general teacher and administrator. Some of the letters regarding him refer
to his ‘very peculiar traits’ and his lack of
administrative experience.”
There was consequently a unanimous recommendation for Cherry, mirrored in Melbourne by the full selection committee, consisting of Sir Thomas Ranken Lyle, who
had succeeded Henry Andrew as professor
of natural philosophy in Melbourne; David
Kennedy Picken, formerly senior lecturer in
mathematics at the University of Glasgow
and Master of Ormond College from 1915
to 1943; and B. A. Smith, who was involved with the petition organised on behalf of John Michell; together with Michell
himself and Nanson [17].
The English analyst Percy Daniell in a
testimonial for the applicant C. A. Stewart
stated that he was aware that Wiener was
also an applicant and that he thought Stewart was more suited to the requirements of
the position, and there are other allusions to
Wiener’s inadequacy as a lecturer in the copious material written about him. Wiener
himself was sanguine about the matter and
saw the result differently. In his autobiography, writing of perceived barriers against
his further progression in America, he continued [18]:
In default of American offers for an improved position coming through the normal
channels, I began to look around and to see
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if I could not do something for myself elsewhere. The British universities and the universities of the British colonies operate under the legal provision that if any vacancy
occurs it must be advertised and the applications of all candidates must be considered
at least in a formal way. This requirement is
not taken too seriously, and in many cases a
decision has already been made for all practical purposes at the time the vacancy has
been advertised. These advertisements appear on the back pages of Nature and other
British intellectual publications. I sent in
my name for one vacancy at Kings College
in London and for one in Australia, but of
course nothing happened.
It would be hard to dispute Wiener’s
claim that a decision had already been
made. Furthermore, except perhaps for
Maurice Belz, born in Sydney but with
a German father, no professor of mathematics or statistics in Australia was other
than of British or Irish background until the
appointment of Vienna-born John Markus
Blatt as professor of applied mathematics
at the University of New South Wales a
full thirty years after Cherry’s appointment.

Richard Selleck, in his history of the University of Melbourne, gave no details regarding the appointment. He wrote only that
“[Cherry’s] brilliant Melbourne and Cambridge careers led the London committee
to recommend him without reservation, and
the Council to appoint him with a minimum of discussion” [19]. Norbert Wiener
deserved more than that.

Sir Thomas MacFarland Cherry, 1898-1966.
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Tony Roberts
Prefer active writing to passive
I propose this note as the first of a series to
encourage better writing skills among mathematicians. Why? Because many technical articles I read as an editor are boringly
turgid. We and our students must do better. We must do better not only to communicate with each other, but with employers
and the wider community.
If you . . . have strong communications
skills and leadership potential, can write reports . . . you are the type of employee we
are looking to recruit. (Australian Bureau
of Statistics)
But, you say, “I have tried to read
Roberts’ research articles before and made
no sense of them”. Unfortunately true—I
seek to pass on the wisdom of others rather
than my considerably poorer practise.
Each note, and I plan eight at the moment, will address one aspect of English usage. Each aspect may be only a small point
in itself. But improving many little aspects
will empower you to write with much better
effect.
Use the active voice
Active writing is more direct and vigorous
than passive writing. For example, [2, §11]
Passive: My first visit to Boston will always be remembered by me.
Active: I shall always remember my first
visit to Boston.
The latter version is more direct, bold and
concise. Active writing adds life and movement, whereas consistently passive writing
weakens communication [1, §4.4]. Prefer to
write “X did Y” to “Y was done by X”.
Three examples demonstrate such revision:

Passive: The answer was provided to
sixteen decimal places by Gaussian
elimination.
Active: Gaussian elimination gave the
answer to sixteen decimal places.
Passive: Gene expression in 40 tumour
and 22 normal colon tissue samples was analyzed with an Affymetric oligonucleotide array.
Active: An Affymetric oligonucleotide
array analyzed gene expression in
40 tumour and 22 normal colon tissue samples.
Passive: An investigation focusing on
higher blockage effects was carried
out by Sahin and Owens (2004).
Active: Sahin and Owens (2004) focused
on higher blockage effects.
Observe in these examples that, to eliminate the passive “was verb”, I recommend
you attribute action to methods, equipment
or people. As well as revising to avoid most
“was verb” constructs, similarly revise to
avoid most “is verb” constructs. I give two
examples: the first reaffirms how reordering the sentence and attributing the action
promotes active writing.
Passive: The error for the Atkinson
problem is plotted in Figure 5.
Active: Figure 5 plots the error for the
Atkinson problem.
Passive: The explicit Euler method is
dominant in the extant literature of
computational finance.
Active: The explicit Euler method dominates computational finance.

Maths writing

Why is passive writing so popular?
Perhaps it self perpetuates: our students
copy not only our good habits, but also
our bad. But passive writing must also be
easier. Perhaps passive writing is perpetuated by the natural habit to put first in
the sentence the first thing that comes to
mind. Revise your writing to put methods or people first when reasonable. Students often cling blindly to what they perceive as correctness — a formula consisting
(almost invariably) of third person, passive
voice, cliches and far too many quotations
from secondary sources (Susan Thomas,
The Australian, July 14, 2004)
Observe in the examples that the active
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voice makes for forcible writing. Tame descriptions and expositions become lively and
emphatic in the active voice. Consequently,
you must have the courage to be direct and
assertive, rather than insipidly passive.
However, do not entirely discard the passive voice. Instead, employ it when necessary to invoke appropriate emphasis. For
example, a passive sentence may be necessary to bring a key phrase to the start of
the sentence in order to set the scene for
the sentence.
Summary:
Avoid passive phrases such as most “was”
or “is” verbs. How? Attribute action to
people or methods.
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Rodney Baxter wins Onsager double
Murray Batchelor

Emeritus Professor Rodney Baxter, from
the Centre for Mathematics and its Applications in the Mathematical Sciences Institute, ANU has been honoured by two prestigious awards. The first of these is the 2006
Onsager Prize of the American Physical Society which recognizes outstanding research
in theoretical statistical physics. The citation reads “For his original and groundbreaking contributions to the field of exactly solved models in statistical mechanics, which continue to inspire profound developments in statistical physics and related
fields.”
His second award is the 2006 Lars Onsager Lecture and Medal from the Norwegian University of Science and Technology.
Professor Baxter will deliver the lecture in
Trondheim on May 16. The Nobel Laureate Lars Onsager is well known for his
mathematical tour de force solution of the
two-dimensional Ising model, including the
calculation of the magnetic order parameter. Professor Baxter received considerable

Rodney Baxter

publicity recently after he confirmed a longstanding conjecture for the order parameter
of the chiral Potts model, which includes the
Ising model as a special case.
“These awards are particularly pleasing
for me as it is recognition of work on the
order parameters of the chiral Potts model,
which is research in the Lars Onsager tradition”, Professor Baxter said.
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2006 ANZIAM Medal awarded to Grame Wake
Bill Summerfield

The Executive Committee of ANZIAM
unanimously endorsed the recommendation
of the Selection panel for the 2006 ANZIAM
Medal that the medal be awarded to Professor Graeme Wake, now of Massey University, Auckland, New Zealand. The medal
was announced, and presented, at the Conference Dinner on the Wednesday evening of
the recent Applied Mathematics Conference
in Mansfield, Victoria (5–9 February 2006).
The Selection Criteria for the medal are
• Outstanding service to the profession
of Applied Mathematics in Australasia
through research achievements and activities enhancing Applied or Industrial
Mathematics, or both, and
• A Long-term member of and valuable
contributor to ANZIAM (or its predecessor, the Division of Applied Mathematics of the Australian Mathematical
Society).
The Selection Panel cited the following outstanding contributions by Professor
Wake in terms of the selection criteria for
the medal.
Graeme Wake’s research career is very
broad-ranging, both in areas of application
and in its mathematical basis. He has published more than 175 papers, most in refereed international journals. His first paper in
1964 was entitled “Calorimetry of oxidation
reactions” and his third in 1969 was entitled
“Uniqueness theorem for a system of parabolic differential equations”. This movement between real applications and mathematical methods has been a constant theme
of his research ever since. Thermal problems, especially involving chemical reactions
and combustion, have continued as his major application interest, and parabolic differential equations as a major mathematical
method. However, there have been many

Graeme Wake during his acceptance speech (Courtesy Christine Mangelsdorf)

other interests, especially lately in biological
areas and dynamical systems. His work in
any one alone of the research areas to which
he has contributed would constitute a solid
achievement; taken together, it is particularly impressive.
Prof. Wake’s academic and professional
merit has been recognised by awards, appointments, and elections to significant bodies. He was elected a Fellow of the Royal
Society of New Zealand in 2004, and has
been a Fellow of the NZ Mathematical Society since 1999 (and President of that Society
twice, first in 1979–80) and a Fellow of the
IMA in the UK since 1977. He has supervised more than 22 completed PhD theses,
and is Associate Editor of five international
journals. His academic career has included
Chairs at Massey University, University of
Canterbury and University of Auckland, as
well as senior visiting appointments in the
UK and USA. He is a strong and competent
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academic leader, carrying the flag for Applied Mathematics with great vigour in NZ
and internationally.
Prof. Wake has made very substantial
contributions to ANZIAM. He was elected
to the Chair of the Division in 1995, serving two years as Chair, and two years as
Deputy Chair. In fact Wake was the first
New Zealander to be so elected. He was
universally recognised as having done an excellent job in his two years in the Chair,
and in particular was able to manage efficiently the fact that most of the business of
ANZIAM relates to Australia, while maintaining a uniquely NZ contribution. Even
prior to his period as Chair, and indeed prior
to ANZIAM’s transformation (to which he

contributed substantially) from a Division
of the Australian Mathematical Society, he
was an active supporter of ANZIAM, a regular attendee at its conferences, and an Associate Editor of its Journal. More recently,
he has been Director of its Mathematics-inIndustry program, and again was been responsible for the first migration of the annual MISG meeting across the Tasman in
2004. He is now a senior figure on the world
mathematics-with-industry stage.
Graeme Wake has shown by his enthusiasm, energy and achievement over a long career that he meets the criteria for this award.
The Selection Panel recommends that Professor Wake be awarded the ANZIAM Medal
for 2006.
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H. Sanjeeva Balasuriya wins J.H. Michell Medal
Bill Summerfield

The Selection Panel for the 2006 J.H.
Michell Medal proposes that the Medal be
awarded to Dr H. Sanjeeva Balasuriya.
The citation for the J.H. Michell Medal:
The Committee for the award of the Outstanding New Researchers award and the
J.H. Michell medal is pleased to recommend
Dr H. Sanjeeva Balasuriya, from the School
of Mathematics and Statistics at the University of Sydney, for this prestigious Outstanding New Researchers award.
Dr Balasuriya has a B.S. with a major
in Physics from Lafayette College in Pennsylvania. He has two Masters degrees from
Brown University in the USA, the first in
Applied Mathematics in 1993 and the second in Engineering in 1996. He then received a Ph.D. in Applied Mathematics, also
from Brown University, in 1996, with a thesis entitled “Viscosity induced transport in
barotropic jets”.
Dr Balasuriya has broad research interests in Applied Mathematics, with particular focus on dynamical systems in fluid dynamics. He has published 11 papers, in journals of the highest quality such as Physica
D, Nonlinearity and the Journal of Mathematical Analysis and Applications, and in

H. Sanjeeva Balasuriya

most of these he is the sole author. He
has a text book on “Planar coordinate geometry”, and has a further three papers in
submission. His research includes papers on
geophysical fluid dynamics and general dynamical systems, and he has tackled difficult problems using sophisticated methods
such as the Mel’nikov integral. In his recent
2005 paper in Physics of Fluids, he applies
Mel’nikov techniques to the optimal design
of mixing in idealized micro-fluidic devices,
and the Committee believes this work will
be of wide interest.
The Committee is convinced that Dr Balasuriya is an excellent candidate for the J.H.
Michell medal. He is clearly a researcher of
outstanding quality, who will continue to develop his research career well into the future.
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“Mathematics” vs Mathematics
I. Bokor

1

Introduction

Australia is experiencing a crisis in science in general, and in mathematics in particular. It
is cold comfort that Australia is hardly alone.
The fact that so many colleagues from other countries consistently report similar problems
not only makes the situation of even greater concern, but also suggests that the Australian
experience could be instructive to other communities, especially since Australia seems to be
further down this perilous track.
This crisis did not befall Australia suddenly. Rather, it is the culmination of developments
spanning more than two decades. The academic community has been alert to this crisis for
a while, but apparently saw itself as powerless to affect the situation.
It is to the credit of the Federation of Australian Technological and Scientific Societies
(FASTS) that it has contributed so much to parliamentarians and members of the public
becoming aware of both the gravity of the situation and the urgency of the need for action.
Resolving the crisis is more than a matter of increasing public and parliamentary awareness, as well as soliciting financial and moral support. There is also a number of things the
academic community could do, that do not require significant increases in funding.
One obvious one is to re-establish the severed link between science and mathematics on
the one hand, and the teaching of science and the teaching of mathematics on the other.
Whereas a quarter of a century ago high school teachers were expected to have a degree
in the discipline(s) they taught, together with teaching qualifications, it is all too common
today to find teachers with only “education” qualifications.
There are numerous consequences of this severance. Two related ones are that less and
less can be assumed to be familiar to students leaving high school, and that more and more
“foundation courses” — or whatever the current euphemism might be for remedial courses
— are needed and offered at universities.
The view seems to be commonly held, even amongst mathematics and science educationists, that mere passing familiarity with rudimentary facts is more than adequate for teaching
these subjects at school. School teachers, and even those who train them, frequently argue
that it is actually preferable to know less about mathematics and science in order to teach
them better.
There is a confusion of numeracy with mathematics, a fallacy as crude as equating literacy
with literature. For while one must be numerate in order to attempt to learn or appreciate
mathematics, there is a qualitative difference between mathematics and mere computation,
just as a narrative text does not become literature solely because it is free of grammatical
errors and spelling mistakes.
Partly as a consequence, there is a pervasive belief, including among those who use and
apply mathematics, that any mathematical problem has a unique solution, which can be
readily computed numerically if one just had the right computer with the right programme,
or, failing that, by being adept enough.
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But even elementary arithmetic naturally provides ample opportunities for exposing such
pernicious nonsense as just that, at the same time as providing a convenient path to lead
a pupil or student from readily accessible problems to increasingly sophisticated and powerful theories and techniques. It is the use, as opposed to the neglect or abuse, of these
opportunities which marks the difference between mathematics and “mathematics”.

2

A Sample Problem

Let us examine one such opportunity, namely the one offered by
Problem 1

1, 2, 3, x, . . .

Find x.

When this problem is posed to students or school teachers, the typical first response is
a derisory laugh. When pressed, the audience’s most common reply is that the problem is
trivial, for the answer is “obviously 4”. When pressed even further for an explanation, the
most common one offered is that this is just the way we count.
This is plainly a very reasonable explanation for suggesting that x is 4, especially in light
of the fact that when we teach numbers and counting to young children, we inculcate that 4
comes immediately after 3, just as when we begin to teach reading and writing, we inculcate
that d is the next letter after c in the English alphabet.
We properly consider it an indication of success at learning when a young child says “4”
in answer to Problem 1, and would usually correct any other answer.
In “mathematics”, that settles the matter once and for all, and one simply “moves on”,
wondering rhetorically what the fuss was all about, questioning the seriousness or sanity of
any person wishing to pursue the matter further.
In mathematics, on the other hand, it is only the beginning of the matter.
Let us look at the problem a little more closely, even at the risk of ridicule, because
variants of Problem 1 are actually encountered quite frequently, in manifold guises.
One obvious place is in intelligence tests where a string of numbers is given and the
subject required to find “the next number” fitting the pattern established by the given ones.
The fact that many significant decisions, with far-reaching consequences, are made on
the basis of such “psychometric tests” is sufficient ground for deeper investigation.
However confident psychometricians might be, even a superficial analysis of the problem
reveals that caution is warranted. For as the following examples clearly illustrate, while it
might be “obvious” that “the” answer is 4, this is not necessarily true.
Example 1 It is Saturday night and the Lotto numbers are being drawn. The first three
drawn are 1,2,3. Quite a few people would like to know x — and the subsequent numbers!
Example 2 In a three-handed game, cards are dealt one at a time, with players receiving
their cards in order. Thus after Player 1 is dealt a card, Player 2 receives one, followed by
Player 3, after whom it is again Player 1’s turn to receive a card. So if our “1, 2, 3” is what
the dealer says to himself when dealing the cards to Players 1, 2 and 3 in order, “x” will be
1 until the dealing has been completed, and then there will be no “x”.
Example 3 A pupil has just heard of prime numbers, and wishes to list all the counting
numbers which have no divisors other than themselves and 1. Clearly “x” is 5 in this case.
Example 4 The complex numbers and the quaternions play an important rôle in mathematics and physics. They each form an algebraic structure known as division algebras
over the real numbers. There is a similar algebraic object called the octonians, for which,
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however, the “multiplication” fails to be associative. These have dimension 2, 4 and 8, respectively, over the real numbers. From the nineteenth century, there was an attempt to find
all other similar non-trivial algebraic structures. By the middle of the twentieth century,
it was known that the answer to this essentially arithmetic problem depended on the Hopf
Invariant 1 problem of algebraic topology. It was also known that the dimension of any
such object must be a power of 2: 2 = 21 , 4 = 22 , 8 = 23 . Moreover, the examples listed
were the only ones known at the time. Thus we may regard “1, 2, 3, x, . . . Find x.” as a
formulation of the Hopf Invariant 1 problem:
Find the next power of 2 which is the dimension of a (not necessarily associative) division algebra over the reals.
J.F. Adams showed in 1960, in effect, that there is no x.
These examples force the conclusion that, as it stands, Problem 1 is ill-formed, and
therefore cannot have a solution.
This is a very common phenomenon to anyone working in mathematics or any of the
sciences. We are frequently confronted with problems which are ill-formed. It is often
necessary to supplement the given information. The above examples demonstrate that it is
this supplementary information — in other words, additional assumptions — that determine
what comes into question as a possible solution.
The above examples illustrate that Problem 1 can have
(1) no solutions, as in Example 4,
(2) a unique solution, as in Example 3, or
(3) multiple solutions, as in Example 1.
Thus we confront one of the two principal difficulties with mathematics:
The obvious is not always true.
Of course, none of these is likely to be what someone posing Problem 1 “has in mind”. Much
more likely is the tacit assumption that “1, 2, 3” is intended to be the beginning of a sequence
of (whole) numbers determined by a “definite rule”. Moreover, the expected “obvious”, or
“natural” or “simplest” answer is that each term is one more than the previous term. In
other words, the respondent is required to recognise counting as being the pattern, rather
than being one pattern, amongst possibly many, to fit the data.
Such an additional assumption has everything to do with the demand to conform to
standard ways of perceiving, thinking and behaving, and nothing to do with mathematics.
It is a paradigm of “mathematics” as opposed to mathematics. It is misinformation passed
off as truth and enlightenment.
An example from the study of elasticity readily shows that there are naturally occurring,
practical situations in which the first three terms of a sequence of real numbers are as given,
the sequence is determined by a fixed and definite rule, and the natural — in fact only! —
answer is almost certainly not 4.
Example 5 Hooke’s Law states that the tension is proportional to the extension of a solid
body, such as a length of wire. This is known to hold with sufficient accuracy for “sufficiently
small” extensions. But it breaks down when the extension or tension is “sufficiently large”.
How small or large is “sufficient” depends on the material composition of the solid body.
Thus, choosing the units of measurement appropriately, it could easily happen that applying
1 unit of tension results in 1 unit of extension, 2 in 2, 3 in 3. If the critical value, at which
Hooke’s Law breaks down, lies between 3 and 4 units, then applying 4 units of tension will
not, in general, result in 4 units of extension: the natural answer in this case, is almost
certainly not 4.

“Mathematics” vs Mathematics

31

So let us formulate our problem in a form general enough to incorporate our examples
while accommodating those who might think that we have taken a “simple”,“very basic”
thing and turned it into an unrecognisable, complicated mess.
Let us regard 1, 2 and 3 as the values taken by a real valued function of a single real
variable at the real numbers 0,1 and 2 respectively.
This allows us to reformulate Problem 1 as
Problem 2

Let X be a set of real numbers containing 0, 1, 2 and 3. Given a function
f : X −→ R

(1)

such that f (0) = 1, f (1) = 2 and f (2) = 3, find f (3).
Before attempting a solution, let us see how this incorporates our examples.
Example 1
There are six numbers drawn from 1 to 45 and two “supplementary” ones. We label the
first number drawn x1 , the second x2 , . . . and the eighth x8 . Then X := {0, 1, 3, 4, 5, 6, 7}
and f is given by
f (j) := xj+1 .
(2)
Example 2
Let us suppose that there are 3n cards to be dealt, so that each player receives n cards. We
take X := {0, 1, 3, . . . , n − 1} and then f is defined by


if j ≡ 0 mod 3
1
f (j) := 2
(3)
if j ≡ 1 mod 3


3
if j ≡ 2 mod 3
Example 3
Writing pj for the j th prime number, we take X := N, the set of all natural numbers, and
f given by
(
1
if j = 0
f (j) :=
(4)
pj
if j > 0
Example 4
Here we take X := {0, 1, 2} and f given by
f (j) = 2j+1

(5)

Example 5
The situation is more complicated here, for it is not possible to give an explicit function.
It is the subject of extensive experimentation to find for each metal or alloy the function
which describes its behaviour under given ambient conditions. The set of values for which
the function is linear also varies from material to material. Those who have experience with
experimental physics or materials engineering will have had ample exercise in approximating
the function in question.
We have just illustrated how the mathematical notion of a function can be exploited to
model certain processes and procedures. The functions which arose varied quite significantly
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in sophistication, and so the objection could be raised that they are “too fancy” for our
original purposes.
So let us restrict attention to computationally “simple” solutions — ones expressible in
terms of polynomials. We then reformulate Problem 1 as
Problem 3 Suppose that the polynomial p(t) satisfies p(0) = 1, p(1) = 2 and p(2) = 3. Find
p(3).
We show that we given any real number x, we can find infinitely many polynomials
satisfying p(0) = 1, p(1) = 2, p(2) = 3 and p(4) = x.
Solution 1 Let p(t) be the polynomial
(t − 1)(t − 2)(t − 3) 2t(t − 2)(t − 3) 3t(t − 1)(t − 3) xt(t − 1)(t − 2)
+
+
+
.
−6
2
−2
6

(6)

Simple direct substitution verifies this polynomial satisfies the prescribed conditions.
Now let q(t) be any polynomial whatsoever. By inspection, the polynomial r(t) defined
by
r(t) := p(t) + t(t − 1)(t − 2)(t − 3)q(t)

(7)

satisfies the prescribed conditions, showing that there are infinitely many solutions.
We have used interpolation to fit functions of a specified form to given data.
We consider the data to be of the form ϕ(i) = xi (i = 0, . . . 3) and the problem is to
determine ϕ : R → R.
The mathematical idea used is to find functions f0 , f1 , f2 , f3 : R −→ R, with
(
1
if i = j
fi (j) =
(8)
0
otherwise
as well as functions g0 , g1 , g2 , g3 : R −→ R with gj (j) 6= 0. Then, given any function h :
R −→ R whatsoever, the function
ϕ : R −→ R, t 7−→

3
X
xj
fj (t)gj (t) + t(t − 1)(t − 2)(t − 3)h(t)
g
(j)
j=0 j

(9)

satisfies our requirements. There are, plainly, infinitely many different solutions.
This method can be applied when n values xj (j = 1, . . . , n) are prescribed at n points
tj (j = 1, . . . , n) in the domain of ϕ. The solution for the problem arrived at by the above
method is then
ϕ : R −→ R, t 7−→

n
n
X
Y
xj
fj (t)gj (t) +
(t − tj )h(t).
g (j)
j=1 j
j=1

(10)

Solution 2 Another approach to Problem 1 is to propose a polynomial of degree 3, say
p(t) = a + bt + ct2 + dt3 , and require it to satisfy p(0) = 1, p(1) = 2, p(2) = 3 and p(4) = x.
These requirements translate into a system of four linear equations in four unknowns:
a
a + b
a + 2b
a + 3b

+
+
+

c + d
4c + 8d
9c + 27d

= 1
= 2
= 3
= x

(11)
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This system can be expressed in terms

1 0
1 1

1 2
1 3

of matrices.
   
0 0
a
1
 b  2
1 1
   =  .
4 8   c  3
9 27
d
x
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(12)

It is a standard result from elementary linear algebra that this matrix equation has a
unique solution, whence we have a uniquely determined polynomial of degree at most 3,
p(t), fulfilling our requirements.
In our case, we can eliminate variables from the system of equations, or, equivalently, use
elementary row operations on the augmented matrix for the system of equations, to see that
the above system is equivalent to the following one, in the sense that any solution of one is
also a solution of the other,
a=1
b+c+d=1
c + 3d = 0

(13)

6d = x − 4.
In terms of matrices, we have

1
0

0
0

0
1
0
0

0
1
1
0


0
1

3
6

  

a
1
b  1 
 =

c  0  .
d
x−4

(14)

We now see that for each x there is a unique solution, namely,
−x + 4
x−4
x−1
, c=
, d=
,
(15)
a = 1, b =
3
2
6
so that
x−4 3 x−4 2 x−1
t −
t +
t + 1,
(16)
p(t) =
6
2
3
as can be readily verified by direct substitution.
It is also an immediate consequence of elementary linear algebra that there are infinitely
many polynomials of higher degree satisfying the same conditions. One way to see this is to
take any non-zero polynomial q(t) whatsoever and construct the polynomial
r(t) := p(t) + t(t − 1)(t − 2)(t − 3)q(t).

(17)

It is an instructive exercise to show that the polynomial p(t) in Equation 6 and the
polynomial p(t) in Equation 16 are, in fact, one and the same polynomial.
Another approach to Problem 1 is to regard 1, 2, 3 as the first three terms in a sequence
of numbers, for definiteness, say real numbers. If we abbreviate the sequence u1 , u2 , u3 , . . .
to (un )n∈N , we can reformulate Problem 1 as
Problem 4 Given a sequence of real numbers, (un )n∈N with u0 = 1, u1 = 2 and u2 = 3,
what is u3 ?
Of course any real number x is possible, for it could be that the sequence is the output
of a random number generator (cf. Example 1). But even supposing that the sequence is
not randomly generated, but is given by some definite rule, does not alter this fact.
One way of seeing this is to use the theory of difference equations.
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(1)

(j) 

:= un+1 − un , and whenever ∆n

Solution 3 We define ∆n

(j+1)
∆n

(j)
∆n+1

n∈N

has been defined for

(j)
∆n .

(0)

some j ∈ N, we define
:=
−
For notational uniformity, we write ∆n for
un .
Thus, if u0 = 1, u1 = 2, u2 = 3 and u3 = x, we obtain
(0)

∆n :
(1)
∆n

:

(2)
∆n

:

1

2

3

1

x
x−3

1

(18)

x−4

0

(3)

x−4

∆n :

where we have written the difference between successive terms in each row between them in
the row immediately below.
(j)
(j+1)
(j)
Of course, we can use the fact that ∆n+1 := ∆n + ∆n
to reconstruct (un )n∈N from
(j)

the ∆n

j, n = 1, 2 . . . Our data are
∆(3)
n =x−4

for all n ∈ N

(19)

and
(2)

∆0 = 0,

(1)

∆0 = 1

(0)

and ∆0 = 1

(20)

then we obtain, successively,
(2)

(2)

(2)

∆0 = 0, ∆1 = x − 4, ∆2 = 2x − 8, . . .
(1)
(1)
(1)
(1)
∆0 = 1, ∆1 = 1,
∆2 = x − 3, ∆3 = 3x − 11, . . .
(0)
(0)
(0)
(0)
(0)
∆0 = 1, ∆1 = 2,
∆2 = 3,
∆3 = x,
∆4 = 4x − 11,

(21)

(0)

and our sequence (un )n∈N is now completely determined, since un = ∆n .
We have exhibited a recursive procedure for constructing a sequence for each choice of x.
Our method may seem to be ad hoc, but it depends only on the fact that, given k numbers
in a given order, then after at most k − 1 iterations of taking differences between successive
term, we are left with a constant sequence.
If we express this last sequence of iterated differences using the given terms of the original
sequence, we arrive at a difference equation. For
∆2n :=∆1n+1 − ∆1n
=(un+2 − un+1 ) − (un+1 − un )
=un+2 − 2un+1 + un .

(22)

The corresponding calculation for ∆3n allows us to rewrite Equation 19 and thus obtain the
difference equation
un+3 − 3un+2 + 3un+1 − un = x − 4

(23)

together with boundary or initial conditions
u0 = 1,

(1)

∆0 = 0,

(24)

u1 = 2,

u2 = 3

(25)

∆0 = 1,

(2)

or, equivalently in this case,
u0 = 1,
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and these completely determine (un )n∈N . In fact, the general solution of the difference
equation 23 is
x−4 3
un =
n + Bn2 + Cn + D
(B, C, D ∈ R).
(26)
6
Imposing the boundary conditions leads to
4−x
x−1
B=
, C=
and D = 1,
(27)
2
3
so that
x−4 3 x−4 2 x−1
un =
n −
n +
n+1
(28)
6
2
3

3

Observation

We would like to emphasise that we have not rejected the usual immediate response “4”.
Quite the contrary, this solution plays a distinguished rôle in each of our proposed solutions:
When x = 4, p(t) in Equation 16 reduces to t + 1 and un in Equation 28 becomes n + 1,
both of which produce 1, 2, 3, 4, 5, . . ., the sequence of counting numbers. Moreover, it is
only when x = 4 that p(t), and the polynomial expressing un in terms of n, have degree less
than 3.
Thus we have neither lost sight of nor rejected our “intuition”. We have merely clarified
it by placing it into its proper, mathematical context, which, in turn, has led us naturally
to mathematically interesting questions:
(1) Does every similar problem have a distinguished solution?
(2) When there is a distinguished solution, is it unique?

4

Discussion

This is all well and good for those interested in mathematics. But what is there in all of
this for those who view mathematics as, at best, a necessary evil, while harbouring pressing
doubts about its necessity?
Hopefully, such a reader has been disabused. The analysis we have provided illustrates
several techniques central to the application of mathematics to the natural and the social
sciences, as well as revealing some of the pitfalls.
We have shown that quite diverse problems may sometimes be reduced to the same mathematical formulation. In our case, we have regarded the problem variously as illustrating
Prediction: We think of 1, 2, 3 as describing the state of a system at successive times,
for example the stock market index on successive days, and then our problem is to
predict its next state.
Interpolation: We think of 1, 2, 3 as sampling a distribution, or as being experimental
results in the investigation of the relationship between two measurable properties of,
say, a physical system, and then our problem is to deduce the “true” distribution,
or actual relation.
Optimisation: We think of 1, 2, 3 as being the result of a computational scheme, and
we seeking the “most efficient” such scheme which produces this output — in our
case we regarded a polynomial scheme as the most efficient, and for the polynomial
ones, we regarded ones of lower degree more efficient than ones of higher degree.
We have shown that mathematics often provides more than one method to solve problems,
by illustrating
continuous methods: when we sought to interpolate a polynomial function;
discrete methods: when we appealed to difference equations.
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Moreover, we showed how particular parts of mathematical theory can be applied to
facilitate computation. In our case, we saw how linear algebra can be applied.
Finally, our example of the Lotto draw hinted at the fact that statistical theory is often
indispensable to the understanding of common phenomena.
Our sample problem offers natural paths to mathematical ideas using “real life” applications and shows that the abstractness of mathematics is the reason for, and not an obstacle
to, its broad applicability.
This is the mathematics of the title.
As to the pitfalls, we have seen that the methods for solving problems often depend less
on the mathematical expression of the problem than on additional requirements imposed by
the nature of what is being modelled. Relying on the first formula to spring to mind for
“the solution” is fraught with danger.
This should be a salutary warning to those relying on such instruments as “intelligence”
tests, parts of which may be based on patent falsehoods. Such instruments are frequently
used to direct the course of a child’s formal education, not to mention their use in formulating
policy and as the basis for expert evidence in courts of law. These facts make it imperative
that such tests be soundly based on solid foundations, rather than crass misunderstanding
of elementary mathematics.
This is the “mathematics” of the title.
School of Mathematics, Statistics and Computer Science, University of New England, Armidale NSW 2351
E-mail: imi@turing.une.edu.au
Received 14 December 2005.
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Arthur Jones
27 December 1934 – 22 January 2006
Arthur Jones passed away on Sunday 22 January. Arthur had been unwell for some
time and finally succumbed to pneumonia.
Arthur Jones was a foundation member of the Australian Mathematical Society. He
was born in 1934 and was brought up in Melbourne, where he attended Essendon High
School. After undergraduate studies at the University of Melbourne he continued
there to complete an MA on “Automatic computation of the latent roots and vectors
of Matrices” and a PhD on “Periodic solutions of differential equations” under the
supervision of Sir Thomas Cherry, who was the Professor of Mathematics (and later
a member of La Trobe’s Interim Council). After completing his PhD in 1960, Arthur
went to the University of California at Berkeley as a postdoctoral fellow and then, in
1962, he moved back to Australia to take up a lectureship at the Australian National
University. He left ANU to accept a senior lectureship at La Trobe in 1967 and was
promoted to Reader and Associate Professor in 1991. He retired due to ill health in
1996.
Arthur co-authored 4 books:
• with John Banks and Valentina Dragan, “Chaos: a mathematical introduction”,
Australian Mathematical Society Lecture Series 18 (Cambridge University Press
Cambridge 2003).
• with Glenn Fulford and Peter Forrester, “Modelling with differential and difference equations”, Australian Mathematical Society Lecture Series 10 (Cambridge
University Press Cambridge 1997).
• with Sid Morris and Ken Pearson, “Abstract algebra and famous impossibilities”,
Universitext (Springer-Verlag New York 1991).
• with Alistair Gray and Robert Hutton, “Manifolds and mechanics”, Australian
Mathematical Society Lecture Series 2 (Cambridge University Press Cambridge
1987).
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Arthur had numerous postgraduate students, of whom Russell Rimmer, John
Strantzen, Jeff Brooks and Deb King published Memoirs of the Amer. Math. Soc.
based on their theses.
Arthur Jones was a leading figure in the Mathematics Department at La Trobe, and
played a key role in developing the Department’s distinctive teaching philosophy,
in which staff at all levels participate in an innovative tutorial system; see http:
//www.latrobe.edu.au/mathstats/maths/prospective/maths_distinct.htm
Arthur was a tireless worker and developed and wrote printed lecture notes, practice
class and tutorial sheets for a wide range of subjects, in particular in calculus and
analysis. Beyond this, he was always available to help students and was painstaking
and lucid in his explanations. He was much liked and respected by the many people
who had contact with him over the years.
Grant Cairns
Head of the Department of Mathematics, La Trobe University, VIC 3086
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Two generalisations of the binomial theorem
Sacha C. Blumen
Abstract
We prove two generalisations of the binomial theorem that are also generalisations of the
q-binomial theorem. These generalisations arise from the commutation relations satisfied
by the components of the co-multiplications of non-simple root vectors in the quantum
superalgebra Uq (osp(1|2n)).

Generalisations of the binomial theorem can be used to expand powers of sums of elements of non-abelian associative algebras. One well-known generalisation is the q-binomial
theorem, which gives the expansion of (x + y)n , for each n = 1, 2, 3, . . ., where x and y are
non-commuting quantities satisfying xy = qyx, for some 0 6= q ∈ C also satisfying q 2 6= 1.
Quantum algebras and quantum superalgebras are a rich source of elements satisfying
the relation xy = qyx. In addition, many elements of quantum algebras and quantum
superalgebras satisfy much more complicated relations, and different generalisations of the
binomial theorem may be called on in performing calculations in these or other algebras.
The two generalisations of the binomial theorem in this note appear in the author’s Ph.D
thesis [1]. For readers familiar with quantum algebras and quantum superalgebras, these two
generalisations are related to the commutation relations satisfied by the components of the
co-multiplications of non-simple root vectors in Uq (osp(1|2n)) defined following [2]. Using
these generalisations, it was shown in [1] that a certain two-sided ideal I of Uq (osp(1|2n)) is
also a Hopf ideal when q = exp (2πi/N ) for some integer N ≥ 3, a consequence of which is
(N )
that the quotient algebra Uq (osp(1|2n)) = Uq (osp(1|2n))/I admits a universal R-matrix
originally written down in [3].
The results in this note may be useful in calculations in other quantum (super)algebras,
but I leave this for further exploration.

1

Notations

We write N = {1, 2, 3, . . .} and Z+ = N ∪ {0}. For all 0 6= q ∈ C satisfying q 2 6= 1, we define
[n]q =

2

1 − qn
,
1−q

[n]q ! = [n]q [n − 1]q · · · [1]q ,

[0]q ! = 1,

for each n ∈ Z+ .

Two generalisations of the binomial theorem

Lemma 1 Let a, b and c be elements of an associative algebra over C satisfying
ab = qba + c,

ac = q 2 ca,

cb = q 2 bc,

where 0 6= q ∈ C and q 2 6= 1, then
X
[n]q !
(a + b)n =
bα cβ aγ ,
[α]
![γ]
![2]
[4]
·
·
·
[2β]
q
q
q
q
q
α,β,γ∈Z
+

α+2β+γ=n

(1)

n ∈ N.
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Proof. From (1) we can inductively prove that
an b = q n ban + q n−1 [n]q can−1 ,

n ∈ N,

(2)

and we can use (2) to prove the following relation, where we fix α, β, γ to be non-negative
integers:
bα cβ aγ b

= q γ+2β bα+1 cβ aγ + q γ−1 [γ]q bα cβ+1 aγ−1 .

It is not dificult to show that α + 2β + γ = n if bα cβ aγ is a component in the expansion of
(a + b)n , thus we have
X
(a + b)n =
θ(α, β, γ) bα cβ aγ ,
n ∈ N,
(3)
α,β,γ∈Z+

α+2β+γ=n

for some set of coefficients {θ(α, β, γ) ∈ C| α, β, γ ∈ Z+ }.
From the algebra relations and (3), the coefficients θ(α, β, γ) satisfy the recurrence relation:
θ(α, β, γ)

= θ(α, β, γ − 1) + q γ+2β θ(α − 1, β, γ) + q γ [γ + 1]q θ(α, β − 1, γ + 1)
(4)

subject to the boundary conditions θ(1, 0, 0) = θ(0, 0, 1) = 1. In (4) we fix θ(α, β, γ) = 0 if
any of α, β or γ are negative. To complete the proof, we just need to show that the set of
constants
[α + 2β + γ]q !
θ(α, β, γ) =
,
(5)
[α]q ![γ]q ![2]q [4]q · · · [2β]q
solves the recurrence relation and also satisfies the boundary conditions. The latter is easy
to see, and substituting (5) into the right hand side of (4) gives

[α + 2β + γ − 1]q !
[γ]q + q γ+2β [α]q + q γ [2β]q
[α]q ![γ]q ![2]q [4]q · · · [2β]q
which equals the right hand side of (5) as desired.



Note that Lemma 1 is just the q-binomial theorem when c = 0 in (1). For readers
familiar with quantum superalgebras, the generalisation of the binomial theorem in Lemma
1 is connected to the relations satisfied by the components of ∆(eζ ) ∈ Uq (osp(1|2n)) where
ζ is a non-simple root containing one copy of the odd simple root of osp(1|2n). Similar
remarks apply for Lemma 2, but here ζ is a non-simple root containing two copies of the
odd simple root.
Lemma 2 Let a, b and c be elements of an associative algebra over C satisfying
ac = q 2 ca + ξb2 ,
2

ab = q 2 ba,
2

bc = q 2 cb,

(6)

−1

where 0 6= q ∈ C, q 6= 1 and ξ = −(1 + q) /(q − q ), then
X
[n]q2 ! φβ
(a + b + c)n =
cα bβ aγ ,
2
2
2
[α]
![β]
![γ]
!
q
q
q
α,β,γ∈Z

n ∈ N,

+

α+β+γ=n

where φβ ∈ C is recursively defined by
φ0 = 1,

φ1 = 1,

φβ = φβ−1 + ξ[β − 1]q2 φβ−2 ,

β ∈ N\{1}.
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Proof. From (6) we can inductively prove that
an c = q 2n can + ξq 2(n−1) [n]q2 b2 an−1 ,

n ∈ N,

whch we can use to show the following relations, where α, β and γ are all non-negative
integers:
cα bβ aγ b

= q 2γ cα bβ+1 aγ

cα bβ aγ c = q 2γ+2β cα+1 bβ aγ + ξq 2(γ−1) [γ]q2 cα bβ+2 aγ−1 .
It is not difficult to show that α + β + γ = n if cα bβ aγ is a component of (a + b + c)n , thus
we have
X
(a + b + c)n =
θ(α, β, γ) cα bβ aγ ,
n ∈ N,
(7)
α,β,γ∈Z+

α+β+γ=n

for some set of coefficients {θ(α, β, γ) ∈ C| α, β, γ ∈ Z+ }.
From (7) and the algebra relations, the coefficients θ(α, β, γ) satisfy the following recursion
relation
θ(α, β, γ)

= θ(α, β, γ − 1) + q 2γ θ(α, β − 1, γ) + q 2γ+2β θ(α − 1, β, γ)
+ξq 2γ [γ + 1]q2 θ(α, β − 2, γ + 1)

(8)

subject to the boundary conditions θ(1, 0, 0) = θ(0, 1, 0) = θ(0, 0, 1) = 1. In (8) we fix
θ(α, β, γ) = 0 if any of α, β, γ are negative. To complete the proof, we just need to show
that the set of constants
2
[α + β + γ]q ! φβ
θ(α, β, γ) =
,
(9)
[α]q2 ![β]q2 ![γ]q2 !
solves the recurrence relation and satisfies the boundary conditions, where φβ is itself recursively defined as stated in the lemma.
It is clear that the constants in (9) satisfy the boundary conditions, and substituting
them into the right hand side of (8) gives
[α + β + γ − 1]q2 ! φβ
[α + β + γ − 1]q2 ! φβ−1
+ q 2γ
[α]q2 ![β]q2 ![γ − 1]q2 !
[α]q2 ![β − 1]q2 ![γ]q2 !
[α + β + γ − 1]q2 ! φβ−2
[α + β + γ − 1]q2 ! φβ
+q 2γ+2β
+ ξq 2γ [γ + 1]q2
[α − 1]q2 ![β]q2 ![γ]q2 !
[α]q2 ![β − 2]q2 ![γ + 1]q2 !


[α + β + γ − 1]q2 !
=
[γ]q2 φβ + q 2γ+2β [α]q2 φβ + q 2γ [β]q2 φβ−1 + ξ[β − 1]q2 φβ−2 .
2
2
2
[α]q ![β]q ![γ]q !
(10)
By writing φβ = φβ−1 + ξ[β − 1]q2 φβ−2 for each β ∈ N\{1}, we can rewrite (10) as

[α + β + γ − 1]q2 !
[γ]q2 φβ + q 2γ+2β [α]q2 φβ + q 2γ [β]q2 φβ ,
[α]q2 ![β]q2 ![γ]q2 !
which is just

[α + β + γ]q2 ! φβ
as claimed.
[α]q2 ![β]q2 ![γ]q2 !



Note that Lemma 2 is just a version of the q-multinomial theorem if we artificially fix
ξ = 0 in (6). We obtain a general expression for φβ below.
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Lemma 3 Let 0 6= q ∈ C satisfy q 2 6= 1 and let φβ ∈ C be recursively defined by
φ0 = 1,

φ1 = 1,

φβ = φβ−1 + ξ[β − 1]q2 φβ−2 ,

β ∈ N\{1},

where ξ = −(1 + q)2 /(q − q −1 ). Then φβ is explicitly
φ0 = 1,

φ1 = 1,

φ2i = (1 − q)−i Ψ2i ,

φ2i+1 = [2i + 1]q φ2i ,

for each i ∈ N, where
Ψ2i =

[4]q
[8]q
[12]q
[4i]q
[3]q
[5]q
[7]q · · · [2i − 1]q
.
[2]q
[4]q
[6]q
[2i]q

Proof. We firstly calculate that
φ2 = 1 + ξ[1]q2 = (1 + q 2 )/(1 − q) = (1 − q)−1 [4]q /[2]q ,
and thus φβ is as claimed for β = 0, 1, 2. Assume now that φ2i and φ2i−1 are as is stated in
the lemma for some i ∈ N, then
(1 + q)2
[2i]q2 φ2i−1
q − q −1

(1 + q) −q −1 − [2i]q
[4i]q
=
[2i − 1]q
φ2i−2
q − q −1
[2i]q
[4i]q
[2i + 1]q φ2i−2
= (1 − q)−1 [2i − 1]q
[2i]q
= [2i + 1]q φ2i ,

φ2i+1 = φ2i −

(11)

and
(1 + q)2
φ2i+2 = [2i + 1]q φ2i −
[2i + 1]q2 φ2i
q − q −1


(1 + q)
= [2i + 1]q −
[4i + 2]q φ2i
q − q −1
−q −1 (1 + q)[2i + 1]q [4i + 4]q
=
φ2i
(q − q −1 )[2i + 2]q
[4i + 4]q
= (1 − q)−1 [2i + 1]q
φ2i ,
[2i + 2]q

(12)

as claimed. We used (1 + q) [2i + 1]q2 = [4i + 2]q to obtain (12).

The reader may find it interesting to explore these two generalisations of the binomial
theorem when q = ± exp (2πi/N ) and N ≥ 3 an integer.
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On Fourier and Hankel Sampling
Nils Byrial Andersen
Abstract
We use the Paley–Wiener theorem for the Fourier and Hankel transforms to compare
Fourier and Hankel Sampling.

1

Introduction

The Paley–Wiener theorem for the Fourier transform is an indispensable tool in Shannon
sampling, see e.g., [12]. Assume the Fourier transform Ff of f ∈ L2 (R) has support in
[−1, 1], that is, f is a Fourier bandlimited function. Shannon’s sampling theorem (also
called the Whittaker–Kotel’nikov–Shannon sampling theorem) then yields the well-known
sampling formula
∞
X
sin(z − πn)
f (z) =
f (πn)
(z ∈ C),
(1)
z − πn
n=−∞
with absolute and uniform convergence on compact subsets of C. To prove (1), one uses the
R1
Fourier inversion formula, the Fourier series for Ff and the formula: sin t/t = 1/2 −1 eixt dx.
We define the Hankel transform hν (f ) of order ν (ν > − 12 ) of a function f ∈ L1 (R+ , t2ν+1 dt)
by
Z ∞
hν f (x) =
f (x)(xt)−ν Jν (xt)t2ν+1 dt
(x ∈ R+ ),
0

where Jν denotes the Bessel function of the first kind
Jν (z) =

∞
X
(−1)n (z/2)2n+ν
.
n!Γ(n + ν + 1)
n=0

The Hankel transform extends to an isometric isomorphism of L2 (R+ , t2ν+1 dt) onto itself,
with symmetric inverse: h−1
ν = hν . Other versions and definitions of Hankel transforms can
be found in the literature. We note that our Hankel transform for ν = n/2, with n ∈ N,
reduces to the classical Fourier transform for radial functions in Rn .
Kramer’s sampling theorem, see e.g., [3], gives a sampling formula for a Hankel bandlimited function, that is, a function whose Hankel transform has compact support, see also (2).
An obvious question is: for which class of functions is each of the sampling formulae valid?
The relationship between the two sampling formulae has been discussed in several papers,
for further details and the history of this problem, we refer to [2, 3, 4, 6, 12] and references
therein.
The classical approach to the problem is by manipulating integral formulae. In this short
note, we use the Paley–Wiener theorems for the Fourier and Hankel transforms to give an
During the completion of this note the author was a Research Associate at the School of Mathematics,
University of New South Wales, supported by a research grant from the Australian Research Council.
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easy proof of results in [3]. Surprisingly, this approach seems new. The classical Paley–
Wiener theorem can be found in [8], see also [10, Theorem 19.3]. The earliest proof of
a Paley–Wiener theorem for the Hankel transform [5] was published 50 years ago by the
Australian mathematician J. L. Griffith, see also [11], but unfortunately this paper seems
almost unknown, even to experts.
Theorem 1 (J.L. Griffith) Let ν > − 21 and 1 = p1 + 1q . Let f be an even entire function of
exponential type 1. If 1 < p ≤ 2 and tν+1/2 f (t) ∈ Lp (0, ∞), then f can be represented by
Z 1
f (z) =
(xz)−ν Jν (xz)φ(x)dx
(z ∈ C),
0
−ν−1/2

with x
φ(x) ∈ L (0, 1). Conversely, if f has this representation and x−ν−1/2 φ(x) ∈
p
L (0, 1), 1 < p ≤ 2, then f is an even entire function of exponential type 1 such that
tν+1/2 f (t) ∈ Lq (0, ∞).

2

q

Bandlimited functions

A Hankel bandlimited function is in [3] defined as a function f with integral representation
Z 1
f (t) =
Jν (xt)H(x)xdx
(t ∈ R+ ),
(2)
for a function H. Assume
1
x−ν− 2 φ(x) ∈ L2 (0, 1), and

√

f (t) = tν

0

xH(x) ∈ L2 (0, 1), and define φ(x) := xν+1 H(x). Then
1

Z

(xt)−ν Jν (xt)φ(x)dx,

(t ∈ R+ ).

0

The function g(t) := t−ν f (t) is by Theorem 1 the restriction to R of an even entire function
of exponential type 1 such that tν+1/2 g(t) ∈ L2 (0, ∞). It follows that g ∈ L2 (0, ∞), and by
the (Fourier) Paley–Wiener theorem that
Z 1
f (t) = tν
F (x)eixt dx,
(t ∈ R+ ),
(3)
−1

for some (even) F ∈ L2 (−1, 1), which is (4) in [3].
Conversely, assume f can be written as in (3) for some even F ∈ L2 (−1, 1). Then
g(t) := t−ν f (t) is Fourier bandlimited and is thus an even entire function of exponential
1
type 1 by the (Fourier) Paley–Wiener theorem. Assume tν+ 2 g(t) ∈ L2 (0, ∞). By Theorem
1, f can be written as
Z 1
f (t) = tν
(xt)−ν Jν (xt)φ(x)dx
(t ∈ R+ ),
0

√
with x−ν−1/2 φ(x) ∈ L2 (0, 1). We get (2) with xH(x) ∈ L2 (0, 1) if we define H(x) :=
−ν−1
x
φ(x), and f is thus Hankel bandlimited.
In particular, let ν = n+ 12 with n ∈ N∪{0}, and assume that F is n+1 times differentiable
with F (k) , k = 0, . . . , n, continuous, F (k) (1) = 0, k = 0, . . . , n, and F (n+1) ∈ L2 (−1, 1).
Then
Z
1

1

tν+ 2 g(t) = tn+1 g(t) = (−i)n+1

F (n+1) (x)eixt dx

(t ∈ R+ ),

−1
1

and thus tν+ 2 g(t) ∈ L2√
(0, ∞). This essentially gives [3, Theorem 4] with the extra information that we know our xH(x) ∈ L2 (0, 1).
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3

The Dunkl transform

Finally a few words about the Dunkl transform. The Dunkl transform on the real line
reduces to our Hankel transform when restricted to even functions, see [9] for details. A new
elementary proof of Theorem 1 can then be deduced from [1].
Many (new) proofs of Paley–Wiener theorems for the general Dunkl transform have appeared recently, see [1] and the references therein. We note in particular that the proof in
[7] is by reduction to the one-dimensional even case, and thus more or less follows from the
work of J. L. Griffith.
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On the zeros of finite sums of exponential functions
Timo Tossavainen
Abstract
We establish an upper bound for the number of zeros of finite sums of exponential
functions defined in the set of real numbers, and then discuss some applications of this
result to linear algebra. Also, we record a few questions for classroom conversations on
the modifications of our theorem.
Key words: Finite sum, exponential function, basis of Rn .
MSC : 26A09, 15A03, 15A45.

1

Introduction

Almost every college student knows that a polynomial (in one real variable) of degree n has
at most n zeros. Fewer of them notice that a similar result is true for the finite sum of
exponential functions. More precisely, the following theorem holds.
Theorem 1 For n ≥ 1, let p0 > p1 > · · · > pn > 0 and, for j = 0, 1, ..., n, let αj be a real
number so that α0 6= 0. Then the function f : R → R,
f (t) =

n
X

αj ptj

(1)

j=0

has at most n zeros.
In other words, the similarity lies in the relationship between the number of terms in the
finite sum and the upper bound for the number of zeros; recall that a polynomial of degree
n is a finite sum of n + 1 power functions, possibly with some coefficients equal to zero. We
shall give an elementary proof for Theorem 1 that is based upon just a few basic facts in
real analysis. Therefore, it is suitable to be presented in classrooms, also at the college level.
In the last section of this paper, we shall also discuss a few applications of Theorem 1 to
linear algebra. The purpose of this section is, on the one hand, to demonstrate once again
how knowledge in one field of mathematics is often applicable in another field, and on the
other hand, to indicate that even elementary methods of classical real analysis are still of
use in modern mathematical research.

2

Proof of Theorem 1

We prove the theorem by using mathematical induction and Rolle’s theorem. Consider first
the case n = 1. By writing q0 = p0 /p1 , we have


f (t) = pt1 α0 q0t + α1 = pt1 g(t),
where f (t) = 0 if and only if g(t) = 0. Since q0 > 1 and α0 6= 0, there is at most one value
t = t1 such that g(t1 ) = 0.
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Assume then that the claim holds for some n = k ≥ 1 and study the function
f (t) =

k+1
X

αj ptj .

j=0

Similarly as above, we denote qj = pj /pk+1 in order to have f (t) = ptk+1 g(t), where
g(t) =

k
X

αj qjt + αk+1 ,

j=0

in which q0 > · · · > qk > 1. Again, f (t) = 0 if and only if g(t) = 0.
Now, for all t ∈ R, the derivative of g is
g 0 (t)

=

k
X

αj (ln qj )qjt

j=0

=

k
X

βj qjt ,

j=0

where β0 6= 0. By assumption, at most k distinct numbers δ1 > · · · > δk exist such that
g 0 (δ1 ) = . . . = g 0 (δk ) = 0. Thus, by Rolle’s theorem, there are at most k +1 distinct numbers
t1 > · · · > tk+1 such that g(t1 ) = . . . = g(tk+1 ) = 0. Theorem 1 follows.
Observe also that Theorem 1 is sharp in the sense that, for every n ≥ 1, it is possible
to construct a function f satisfying the conditions of the theorem so that f has exactly n
zeros.

3

Further questions

In this section, we raise a few questions related to Theorem 1 for classroom conversations. In
particular, some students might have an interest in considering, for example, the following
problems.
a) Let n = 1 in Theorem 1. How does the number of zeros of the function f in (1) depend
on the values of α0 and α1 ?
b) Do we get an analogy of Theorem 1 if the exponential functions in (1) are replaced with
any monotonic real functions?
c) Exponential and logarithm functions share many properties (continuity, monotonicity
etc.). Therefore, one might think that a similar result to Theorem 1 for finite sums of
logarithm functions would hold (in the set of the positive real numbers) and then try to
prove it by replacing every ptj with logpj t, where pj > 1, in the proof of Theorem 1.
Unfortunately, this will not work. Why?
d) One can show that the function g : (0, ∞) → R,
g(t) =

n
X

αj logpj t,

j=0

where p0 > · · · > pn > 1 and α0 6= 0, is either strictly monotonic with g(1) = 0 or g(t) = 0
for every t > 0 and that the latter condition occurs if and only if
α0
αn
+ ... +
= 0.
ln p0
ln pn
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Which properties of logarithm functions are needed for this result?
e) What can be said of the number of zeros of finite sums of sine or cosine functions?
Clearly, in order to be able to answer these questions, one may have to specify them first;
for example, one has to decide to consider in e) either the sines of the same parameter with
different amplitudes or the sines with different parameters etc.

4

A few applications to linear algebra

There are many problems in mathematics that can be solved by a very elementary method
if one is ready to carry out the required, and often a large, number of calculations. However,
often a little extra theoretical knowledge might lead us to the final solution more quickly. As
an example of this, consider first the trouble when determining whether or not the following
set X of vectors in Rn , n ≥ 2, is linearly independent, by solving the corresponding system
of linear equations or using any other elementary method of linear algebra;
X = {x1 , . . . , xn },

(2)

where xj = (ptj1 · · · ptjn ) ∈ Rn , pj > 0 and tj ∈ R are numbers such that pj 6= pk and tj 6= tj
whenever j 6= k.
Using Theorem 1, we shall now see in a simple and quick way that X in (2) is always a
basis for Rn . Of course, this is not a major result in modern mathematics but demonstrates
once again how expertise in one field of mathematics is often of use in other fields as well.
On the other hand, we would like to point out that one may run into this kind of basis
candidates for Rn in several and sometimes quite surprising occasions, for instance, while
searching for the upper bounds for the sum of the entries of matrix Am in terms of the data
of a nonnegative square matrix A. At the end of this section, we shall give some references
of this research and shortly tell how Theorem 1 is related to it.
Corollary 1 For n ≥ 2 and j = 1, ..., n, let pj > 0 and tj ∈ R such that pj 6= pk and tj 6= tj
whenever j 6= k. Then X = {x1 , ..., xn }, where
xj = (ptj1 · · · ptjn ),
is a basis for Rn .
Proof of Corollary 1. Since the number of vectors in X equals the dimension of Rn , it is
enough to show that
n
X

αi xi = 0 implies α1 = · · · = αn = 0.

i=1

Also, because n is finite, we may without loss of generality suppose that p1 > · · · > pn , cf.
how the value of P
an n × n determinant is affected when two rows of it are interchanged.
n
Suppose that i=1 αi xi = 0. Now
n
X

αi xi = 0 ⇔ f (t1 ) = · · · = f (tn ) = 0,

i=1

where f is the function in (1) (with the obvious modification j = i−1 in (1)). Hence
Pnwe must
have α1 = 0 by Theorem 1. Repeating a similar argument for the partial sums i=k αi xi ,
k = 2, ..., n − 1, we are led to the conclusion that α2 = · · · = αn = 0 as well. The corollary
follows.
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Finally, we observe that, by letting t → ∞, we also deduce the following consequence for
Theorem 1.
Corollary 2 Let f be the function of Theorem 1 with α0 > 0. If
f (t1 ) = · · · = f (tn ) = 0
for real numbers t1 > · · · > tn , then f (t) > 0 for every t > t1 .
This fact, although a simple one, was one of the key elements to establish the most recent
results in a larger study, e.g. [2], [3] and [5], on the upper bounds for the sum of the entries
of matrix Am , m ≥ 2, in terms of the column and row sums of n × n matrix A. The detailed
description of these results is given in [2].
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A class of applications of AM-GM Inequality:
From a 2004 Putnam competition problem to Lalescu’s sequence
Wladimir G. Boskoff and Bogdan D. Suceavă
Discussing a series of inequalities, B. Bollobás reminds us in [3] that Harald Bohr wrote:
“All analysts spend half their time hunting through the literature for inequalities which they
want to use but cannot prove.” Fortunately, other inequalities can be reduced to techniques
whose strategy of proof is familiar to us. This expository note has been inspired by the
problem B2 from the 2004 edition of the W.L. Putnam competition. We will show that a
natural context where this problem can be discussed is the area of applications of arithmetic
mean-geometric mean (AM-GM) inequality. We conclude our note with a presentation of a
classic problem, the Lalescu’s sequence.
n
is
Using only elementary arguments, we can show that the sequence xn = 1 + n1
increasing and convergent to a limit between 2 and 3 that we denote by e. The fact that
xn is increasing is mentioned in [5], p. 37, application 35. In [7], this fact is proved as an
application of the AM-GM inequality.
To remind ourselves here of the proof that {xn }n∈N is increasing, we start with the AMGM inequality. For a1 , a2 , ..., an ≥ 0, we have:
a1 + a2 + ... + an
≥ (a1 a2 ...an )1/n ,
n
with equality if and only if a1 = a2 = ... = an . This inequality has many simple proofs. For
example, a proof based on the concavity of the logarithmic function is presented in various
sources, and the original reference is Jensen’s paper [6]. A proof based on induction, given
by Cauchy in 1821, is presented in many sources, as for example in [3], pp. 1–2. We use the
AM-GM inequality to show that {xn }n∈N is increasing. We apply this inequality to n + 1
positive real numbers, a1 = 1, a2 = ... = an+1 = 1 + n1 . We get:

 n
1 + n(1 + n1 )
1 n+1
> 1+
,
n+1
n
which yields immediately:

xn+1 =

1
1+
n+1

n+1


>

1
1+
n

n
= xn .

Thus, we proved that {xn }n∈N is increasing.
It is well known that this fact can be proved also by using the Bernoulli inequality (see,
for example, [8], vol. 1, p. 63):
(1 + t)n > 1 + nt,

t ∈ (−1, ∞) − {0},

by computing the ratio
!

n+1

n+1
 2
n+1
xn+1
n+2
n+1
n
n+1
n + 2n
=
:
·
=
·
=
xn
n+1
n
n+1
n
(n + 1)2

n+1


1
n+1
n+1
n+1
·
>
1
−
·
= 1.
= 1−
(n + 1)2
n
(n + 1)2
n
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Application 1 (Problem B2, the Sixty-Fifth W.L. Putnam Mathematical Competition,
December 4, 2004.) Let m and n be positive integers. Show that
m! n!
(m + n)!
< m · n.
(m + n)m+n
m
n
Solution: Let m be fixed. We prove the statement by induction for n ≥ 1. For n = 1, the
inequality we need to prove is
(m + 1)!
m!
< m.
(m + 1)m+1
m
Simplifying, we get:
(m + 1) <

(m + 1)m+1
m+1
m+1
= (m + 1) ·
···
,
mm
m
m

which is obviously true.
Suppose now the statement is true for n, and let’s prove it for n + 1. We need to prove
the following statement:
m!
(n + 1)!
(m + n + 1)!
< m·
.
m+n+1
(m + n + 1)
m
(n + 1)n+1
We start with the right hand side term. We use the induction hypothesis:
m!
(n + 1)!
m! (n + 1) · n! nn
(m + n)!
(n + 1) · nn
·
=
·
·
>
·
.
mm (n + 1)n+1
mm (n + 1)n+1 nn
(m + n)m+n (n + 1)n+1
Now it suffices to prove:
(m + n)!
(n + 1) · nn
(m + n + 1)!
·
>
.
(m + n)m+n (n + 1)n+1
(m + n + 1)m+n+1
This last inequality is true if and only if the following inequality is true:
nn · (m + n + 1)m+n > (n + 1)n · (m + n)m+n
which reduces to

m+n 
n
m+n+1
n+1
>
= xn .
xm+n =
m+n
n
This is true, as we proved above, since the sequence {xn } is increasing.


Note Alternative solutions to the problems from the 2004 edition of the W.L. Putnam Competition have been published in Mathematics Magazine 78 (2005), 76–80, and in American
Mathematical Monthly 112 (2005), 713–725. However, the solution we presented above for
Problem B2 is different from these published solutions.
Remark This inequality can be iterated to obtain the following extension. Let m1 , ..., mk
be positive integers, for k ≥ 2. Then
(m1 + ... + mk )!
m1 !
mk !
< m1 · · ·
.
(m1 + ... + mk )m1 +...+mk
m1
mk mk
A problem
where the AM-GM inequality is applied on the terms of the sequence xn =
n
1 + n1 has been assigned previously in the Putnam competition, as we see in the following
example.
Application 2 (The Thirty-Sixth W.L. Putnam Mathematical Competition, Dec. 6, 1975)
Prove that if sn = 1 + 12 + 13 + ... + n1 , then
(a) n(n + 1)1/n < n + sn , for n > 1, and
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(b) (n − 1)n−1/(n−1) < n − sn , for n > 2.
Solution: We present here the solution from [1], p.94. Applying the AM-GM inequality, we
have:
(1 + 1) + (1 + 12 ) + ... + (1 + n1 )
n + sn
=
>
n
n

1/n 
1
1
1
1
3 4
(n + 1) n
> (1 + 1)(1 + ) · · · (1 + )
= 2 · · ···
= (n + 1) n ,
2
n
2 3
n
and this proves part (a). For the proof of part (b), we see that:
(1 − 12 ) + ... + (1 − n1 )
n − sn
=
>
n−1
n−1

 1

 1
1
1
1 n−1
1 2
(n − 1) n−1
> (1 − ) · ... · (1 − )
=
· ···
= n− n−1 .
2
n
2 3
n
A classical exercise from mathematical
folklore
is
the
following
application, where we will
n
use the fact that xn = 1 + n1 < e. (See, for example, [8], p.44.)
Application 3 Prove that
11 + 22 + ... + nn
= 0.
n→∞
(n!)2
Solution: We have the obvious inequality
lim

11 + 22 + ... + nn
n · nn
<
= βn ,
(n!)2
(n!)2
for all integers n ≥ 1. If we prove that limn→∞ βn = 0, we are done. Too see this, we show
first that the sequence {βn } is decreasing:

n
βn+1
(n + 1)n+2 (n!)2
1
1
1
=
·
=
1
+
< · e.
2
n+1
βn
((n + 1)!) n
n
n
n
αn =

The ratio ne is less than 1 for all n ≥ 3, which proves that βn is a decreasing sequence. To
find the limit, let us remark first that this sequence satisfies the recurrence relation

n
1
1
βn+1 =
1+
βn ,
n
n
thus limn→∞ βn = 0. Since 0 <
nαn < βn for all n ≥ 1, we have limn→∞ αn = 0.
The fact that xn = 1 + n1
is increasing and converges to e suggests also the study of
the auxiliary function f : (0, ∞) → R, f (x) = (1 + x1 )x . Of course, the differential approach
can be useful in some applications, as it is, for example, the following problem.
Application 4 Find all positive integers such that
(n + 3)n =

n+2
X

kn .

k=3

The solution is presented in [2], pp. 56–57; this problem has been proposed in a national
contest in France, in 1999. The answer is that n = 2 and n = 3 are the only solutions
to the equation. The solution uses, besides the derivative of the function log f, the Taylor
expansion about a = 0 of the function log(1 + x).
In conclusion, we can say that the problem B2 from the 2004 edition of the Putnam
Competition
is related to a class of problems where the properties of the function f (x) =
x
1 + x1 are studied. The general context to discuss these properties, as for example [5] and
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[7] suggest it, is the class of applications of AM-GM inequality. This class of applications
are related to the study of Lalescu’s sequence, as we’ll see in the next part of our note.
We continue our presentation with the following exploration. We have seen that xn =
n
1 + n1 is increasing. We try to produce an inequality similar to the one in Application 1,
starting from the fact that m < n implies

n 
m
1
1
1+
> 1+
.
n
m
We rewrite this inequality as
(n + 1)n
(m + 1)m
>
.
nn
mm
Cross-multiplying and dividing both sides by n!m!, we get:
mm (n + 1)n
nn (m + 1)m
·
>
·
m!
n!
n!
m!
which can be rewritten as
mm (n + 1)n+1
nn (m + 1)m+1
·
.
·
>
m!
(n + 1)!
n!
(m + 1)!
This is the inequality we were looking for. Now we can summarize these computations.
n

Application 5 Let θn = nn! . Then the following statements are true:
(a) If m < n, then θm · θn+1 > θn · θm+1 ;
(b) θm+n < θm · θn ;
θn
(c) limn→∞ (n−1)!
= 0.
We have proved (a) in the remarks preceding the statement of Application 5. Application
1 is (b), and we have used (c) as an argument in the proof of Application 3.
Application 6 Denote zn =


n! 1/n
nn

−1/n

= θn

. Then

1
.
e
exists and it is not 0, we have
lim zn =

n→∞

Solution: Since limn→∞

θn
θn+1

(n + 1)!
nn
·
=
n+1
n→∞
n→∞
n→∞ θn+1
n→∞ (n + 1)
n!
1
1
n = .
lim
n→∞ 1 + 1
e
n
Finally, we will discuss here the famous Lalescu’s sequence, known since the beginning of
the 20th century.
lim zn = lim (θn )−1/n = lim

θn

= lim

Application 7 Prove that
 1
((n + 1)!)1/n+1 − (n!)1/n = .
n→∞
n→∞
e
We present here two proofs of this application. To establish notation, we will denote the
above limit by L.
Solution 1: (Due to Marcel Ţena, see [8], vol. 2, pp. 93.) First, remark that
lim Ln = lim



[(n + 1)!]1/n+1
[(n + 1)!]1/n+1 n + 1
n
= lim
·
·
= 1,
1/n
n→∞
n→∞
n+1
n
(n!)
(n!)1/n
where for the last equality we have used Application 6.
lim
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Now we compute
1

lim

((n + 1)!) n+1

!n

1

n→∞

(n!) n

in two different ways.
First, let
n

bn =

[(n + 1)!]
(n!)n+1

and compute
lim

bn

n→∞

bn−1


= lim

n→∞

n+1
n

n
= e.

Secondly, using the notation Ln = ((n + 1)!)1/n+1 − (n!)1/n , we have:

lim

n→∞

[(n + 1)!]1/n+1
(n!)1/n

n
=

 (n!)n1/n ·Ln

(n!)1/n


1/n+1
1/n ((n+1)!)1/n+1 −(n!)1/n
((n + 1)!)
− (n!)

lim  1 +
n→∞
(n!)1/n
Thus, in the second way of computing the limit we get ee·lim Ln . Comparing the two different
ways of getting the same limit, we obtain that e = ee·lim Ln . Thus, limn→∞ Ln = 1e .
Solution 2: As far as we know, this solution appears here for the first time. Observe that
Ln may be written in the form
Ln =
(n+1)!1/n+1
.
(n!)1/n

where An =

(n!)1/n
(An − 1)n,
n

Then, we can rewrite


(n!)1/n elog An − 1
· n log An .
Ln =
n
log An

On the other hand
n+1
n
n
X
1 X
1X
1
1
log k =
log(n + 1) −
log k,
log An =
log k −
n+1
n
n+1
n(n + 1)
k=1

k=1

which means
log An =

k=1

1
(n + 1)n
log
.
n(n + 1)
n!

Therefore,
" 
#
 1
1
(n!)1/n elog An − 1
(n + 1)n n+1
Ln =
·
· log
+ log(n + 1) n+1 .
n
log An
(n + 1)!
1

In this last relation, using Application 6, lim log An = 0, and lim n n = 1, we get that
lim Ln = 1e .
Thanks
The authors express their thanks to Alfonso Agnew and Oliver Dragičević for their useful
suggestions on the material presented in this note.
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The Mathematics Compendium

F 0 (kx − x) = 0.

A.C. Fischer-Cripps
Institute of Physics Publishing 2004
ISBN: 0-7503-1020-0
In the Preface to his Mathematics Compendium, Fischer-Cripps (Fischer-Cripps
Laboratories Pty Ltd, NSW) writes that “It
is not surprising that [. . . ] the pass rate
for students in science courses in mathematics subjects is usually much lower than
that for their other subjects.” After reading this book I am left with the impression that Fischer-Cripps himself was among
this group of under-performing students in
mathematics. Indeed, this is arguably one
of the worst mathematics books ever written. Worse still, it exactly aims at those students with limited confidence in their own
mathematics skills, promising them an “alternative (read easier) viewpoint of mathematics”, but delivering chaos and misery
instead.
Apart from being very sloppy and often
incomplete — even the very first table of
formulae on page 2 contains a typo, subtraction is misspelled as substraction, the
general equation of a straight line is given
as y = mx+b, the anti derivative of 1/(x+a)
is stated as log(x + a) + C, a formula is
given for the angle between lines of equal
slopes, and so on — the book contains some
seriously bizarre “mathematics”. Take for
example the discussion of the natural logarithm on page 37. The author introduces
the function F (x) by F 0 (x) = 1/x so that
the reader will recognize F (x) = log |x| + C.
Then a list of properties of F (x) is stated.
Among these are the beauties
F 0 (kx) − F 0 (x) = 0

and

(1)

(2)

Clearly, Fischer-Cripps is as confused about
rules of differentiation as some of our weaker
first year calculus students. In (1) he obviously tries to say that
d
F (kx) = kF 0 (kx)
dx
1
d
1
= =
F (x),
=k·
kx
x
dx
but evidently he had no access to a good
mathematics compendium to remind him
of the chain rule . . . . What he has in mind
with (2) remains a mystery. Hopefully it
is ridiculous enough to alert even the most
unsuspecting beginner to the dangers of this
book.

S. Ole Warnaar
Department of Mathematics, University of Melbourne VIC 3010
E-mail: warnaar@ms.unimelb.edu.au













Insurance Risk and Ruin
David Dickson
Cambridge University Press 2005
ISBN: 0-521-84640-4
As a teacher of undergraduate actuarial students in insurance risk theory for the past
decade, I have for some time been painfully
aware of the relative lack of appropriate
level texts in this area. So, even if it had no
other redeeming features, Professor Dickson’s Insurance Risk and Ruin would be
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laudable for helping to alleviate this notable gap in the educational literature. Fortunately, Professor Dickson’s text is much
more than just a placeholder in the lexicon
of actuarial science textbooks. It provides
an accessible treatment of some of the most
fundamental concepts in the classical development of insurance portfolio modelling,
admirably treading the tightrope between
rigorous detail and intuitive argument. As
with any text which attempts to present
mathematical material without dwelling on
the exacting technical details, it occasionally strays in one direction or the other. For
the most part, however, the text traverses
the critical topics from compound distributions and convolutions in aggregate claims
modelling to compound Poisson processes
and ruin probabilities at a level which is neither so detailed as to bog down the reader,
nor so vague as to inhibit real understanding of the underlying theory.
The structure of the book moves in logical progression from dealing with distributions for individual claims through distributions for aggregations of claims in a
fixed period to distributions for processes
of claim distributions through time. The
initial sections on individual claim distributions covers all the common choices of
positively skewed distributions as well as
providing a useful grounding in the application of statistical principles to actuarial
and insurance frameworks, including discussions of reinsurance, policy excess and utility theory. However, the one notable omission in coverage for the entire text is here
in these sections, with the lack of a discussion of the use and development of mixture
distributions (as distinct from mixed distributions, which are discussed in the context of reinsurance and policy excess). Of
course, no table of contents will ever map
perfectly to the ideals of every reader, but
some discussion of this topic would have
made for a useful grounding when discussing
the comparisons of the collective risk and

individual risk models, as well as combining compound Poisson insurance portfolios
in general. The subsequent sections gradually build up more complex model structures and provide a standard, but eminently
understandable, presentation of compound
distributions and convolutions in a very
practical and useful way. Finally, the last
sections of the book traverse the more complex area of compound Poisson processes,
breaking the material into chapters, the first
focussing on discrete time processes and the
latter on continuous time. The ordering
here is the common one, though it is sometimes suggested that the reverse order of
presentation is actually more pedagogically
sound. In any event, both chapters compliment each other as necessary components to
a full understanding of the material, as well
as a solid grounding for the material in the
final chapters. These latter chapters include
a selection of advanced topics including the
‘old standards’ of severity of ruin and optimal reinsurance structures. One might have
hoped for some lead-in to a more advanced
course on the topic with a brief discussion of
measure theory and martingales, but then
again, this would have likely exceeded the
appropriate level of the text, which it maintains admirably throughout, and allows the
book to stand as a complete course on its
own.
The style of the presentation is readable
and straightforward, if not overly innovative; though given the lack of texts in this
area noted previously, the text’s very existence could be seen as important innovation. A structured and consistent mathematical notation is employed throughout,
making for ease of reference across the
topics of the text; however, a notational
glossary page would not have gone astray.
The book’s fundamental distinction is, as
is noted in the author’s introduction, the
liberal inclusion of discussions of recursive
calculation techniques. These are a clear favorite of the author, and while one can quibble as to the relative number of pages that
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ought to be afforded to such topics, it does
give the book its unique signature. From
this reviewers perspective, modern computing technology and highly accurate approximation techniques based on, for instance,
saddlepoint methods are a preferable approach to these issues, and some comparison
of alternatives might bolster the relevance
of these sections. Nevertheless, every book
needs its unique character, and the recursive
calculation sections are this book’s emblem.
In addition, the book also contains a broad
array of useful exercises and, perhaps more
importantly, model solutions.
On the whole, Professor Dickson’s text
gives an excellent undergraduate treatment
of an important and often daunting subject
and will make a more than useful addition
to the shelves of both actuarial educators
and students alike.

Steven Stern
School of Finance and Applied Statistics, Australian National University, ACT 0200
E-mail: Steven.Stern@anu.edu.au













Alan Turing’s Automatic
Computing Engine
B. Jack Copeland (Ed.)
Oxford University Press 2005
ISBN: 0-1985-6593-3
“Solving one’s difficulties
by thought rather than
equipment.”
25% or so of this book is immensely valuable. Turing’s original document: “Proposed electronic calculator” is reproduced
in full, including circuit and other diagrams.
Also included are notes based on lectures by
Turing and Wilkinson in 1947, and a wonderful lecture by Wilkinson from 1974 (first

59

published in The Radio and Electronic Engineer, 45 (1975), 336–340). The quotation
that begins this review is from that lecture.
Turing’s proposal is an object lesson to
present day writers of grant proposals: a seductively simple but powerful introduction,
followed by increasingly precise and technical details. The budget is disarmingly simple (but perhaps more explanation might
be needed today). He asks for £11,200 or
about $.5M in today’s currency. Turing succeeded in getting his project approved.
Unfortunately the blurb on the dust
jacket (and also the subtitle: The Master
Codebreaker’s Struggle to Build the Modern Computer) of this overly expensive book
($185) leaves OUP open to a possible suit
for misleading advertising. It is not true to
say that the book “describes Turing’s struggle to build the modern computer.” Nor is
the rest of the paragraph justified by the
book. What the book does do is to provide
documents on Turing’s progress.
There are the makings of a book here,
but what there is needs to be organized logically, probably largely historically, but certainly not with basic technical details commencing on p.341. Incidentally the clearest descriptions of Turing’s coding are to be
found in Turing’s original proposal and not
in the new text. The present editing is minimal, and a number of the contributors are
deceased, so rewriting the book would be
onerous rather than profitable.
On the history of computers, apart from
the pieces already noted, the reader is urged
to consult Martin Davis’s The Universal
Computer: The Road from Leibniz to Turing, W. W. Norton, New York and London,
2000. This is a work by an American written with honesty and without bias but unfortunately not referenced in the book under review. (Davis’s name appears once in
a reference to another work of his and not
in the index.) In particular, Davis looks at
the achievements of Turing and von Neumann objectively and clearly.
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Even from a bad book there are lessons
to be learnt. In this case there are quite
a number: The importance of mathematicians and engineers working together rather
than one sending instructions to the other;
the balance between speed and legibility in
algorithms and computer programs; the importance of proper management; and the
value of practical mathematics, to mention
but a few.
For the reader of the Gazette the change
in emphasis required for doing numerical
analysis rather than pure analysis is well
brought out in the short piece by J. G.
Hayes Programming the Pilot ACE pp. 215–
222. As I observed at first hand in Britain
in the sixties, Leslie Fox and others had an
unnecessarily hard struggle for the recognition of work on numerical analysis. This
reflects ill on the closed-mindedness of the
mathematical community.
Finally, as Whiteside, the editor of another giant English mathematician’s works,
told this then young historian of mathematics many years ago: “Look at the originals.”
There is no better advice. Copeland has
made some of Turing’s unpublished works
accessible. For this he is to be thanked.
John N. Crossley
Faculty of Information Technology, Monash University, Clayton VIC 3800
E-mail: John.Crossley@infotech.monash.edu.au













The Pea and the Sun
A Mathematical Paradox
Leonard Wapner
AK Peters 2005
ISBN: 1-56881-213-2
Popular science books play an important
role in the early stages of the careers of
many budding research scientists. Stephen
Hawking’s A Brief History of Time and

Brian Greene’s The Elegant Universe, along
with a large number of similarly outstanding popularisations of physics, have surely
influenced the interests of many high school
and undergraduate students. The list of authors who have succeeded in making physics
accessible to the interested general reader
goes on: Penrose, Rees, Thorne, Feynman,
even Einstein have written successful popularisations of physical theories. Similar success attends many of the authors, such as
Stephen Jay Gould and Richard Dawkins,
who seek to explain biology, and particularly evolution, to the layperson.
The popularisation of pure mathematics
is somewhat more problematic. While one
may get the feeling from reading a Stephen
Hawking book that one knows what a black
hole ‘is’ (whether or not that feeling is justified), it is not possible to get such a feeling
for many of the theorems of pure mathematics. Some books circumvent this problem by concentrating on the ‘human interest’ element of the history of the relevant
area — thus the life story of Évariste Galois
makes perhaps more appearances in popular mathematics books than one might consider are warranted. Simon Singh has been
particularly successful in this area (human
interest in general, not life stories of Galois,
although he is pretty good at them too). He
has also had the knack of picking an area of
mathematics to write about that is comprehensible to the reader without much background. Fermat’s last theorem, for example,
while involving a very technical proof, is one
of the most easily-stated difficult problems
that exist, and it was the subject of one of
Singh’s most successful books. Others (such
as Martin Gardner, whom Leonard Wapner acknowledges as a major influence on
his choice of career as mathematician) focus
more on ‘recreational’ mathematics, allowing technicalities to be cast aside and giving the reader a taste for the excitement of
mathematics without the tedium of familiarisation with definitions and preliminary
lemmas and such. Mathematics has been
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blessed with such maestros of this most difficult of arts as Singh, Gardner, Raymond
Smullyan and Ian Stewart.
Leonard Wapner, in The Pea and the
Sun, adopts a combination of these approaches. Short biographies of many of the
fascinating mathematicians involved in the
development of the ideas leading up to the
Banach-Tarski theorem are related. Many
delightful recreational morsels relevant to
the main theorem are also presented, including ‘scissors congruence’, some elegant
dissection problems and various paradoxes
(the latter are used to illustrate the exact
sense in which the Banach-Tarski paradox
is a ‘paradox’).
Where Wapner diverges from the canonical popular maths book types is in his
decision to present, in detail, the proof
of the Banach-Tarski theorem.
The
Banach-Tarski theorem states that a threedimensional sphere may be divided into a
finite number of pieces which can then be
put back together to make two spheres of
the same size as the original (if one assumes
the Axiom of Choice). It is commonly referred to as a paradox because it appears
that volume has been ‘created’. This is resolved as soon as one accepts that the intermediate pieces are not measurable, i.e.
their volume can not be defined. This is a
technical and subtle theorem for the general reader — Wapner’s goal is a very ambitious one! The proof presented is complete,
and is certainly very accessible to any lateryear undergraduate student of maths. This
is a feat in itself, and makes the book excellent reading for anyone in this position.
It is doubtful, however, whether the proof
would be accessible to the “general public”,
who Wapner appears to have in mind. The
concept of a group of 3 × 3 matrices is essential to the proof, and it is tricky to pick
up without a course at university level.
That certainly does not mean that the
book is not worth reading for the interested
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high school student or layperson. The biographical and recreational sections are excellent fodder for the youthful mathematical
imagination.
However, the later chapter entitled ‘The
Real World’ is unfortunate. It certainly
ought not to have been included, and readers are advised to skip it. It focusses on
the relevance of the Banach-Tarski theorem
to physics, and the connections made might
be described as tenuous at best. It is suggested that a ‘Banach-Tarski mechanism’ is
responsible for the inflation of space-time
after the big bang, that the Banach-Tarski
theorem may be the “source of all randomness and chaos in the world”, and that various fundamental particle reactions in which
quarks are created may be accounted for by
“Banach-Tarski duplication”. Wapner has
clearly not researched the credibility of his
sources for this chapter, and some are highly
questionable. Propagating such poor science devalues the rest of the book.
Excluding this chapter, The Pea and the
Sun is a very good book for reasonably experienced mathematics students, and worth
reading for what is surely the most accessible explanation of the proof and the
implications of the Banach-Tarski theorem
that exists. For the majority of the intended audience, certain parts of the book
will be fascinating, but the proof that is
the keystone of the book, binding the ideas
presented in earlier chapters, will be inaccessible. For this reason, the book probably
does not ‘work’ for as large an audience as
intended. This is exactly why the popularization of pure mathematics is so very
difficult — almost all serious theorems do
not lend themselves to popular exposition.
Ultimately, successful books about pure
mathematics fall into the historical or the
recreational categories. Intrepidly stepping
outside these boundaries, Wapner has done
as good a job of making the Banach-Tarski
theorem accessible as it seems possible to
do (with the exception of his dalliance with
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physics). Unfortunately, Wapner’s considerable skill and imagination in rendering
the technical material understandable are
not quite enough to bring the book into the
realm of ‘popularisation’.
Nick Sheridan
Department of Mathematics, University of Melbourne VIC 3010
E-mail: n.sheridan@ugrad.unimelb.edu.au













Advanced Engineering
Mathematics with Maple
R.J. Lopez
Maplesoft
ISBN: 1-894511-86-7
If your university teaches engineers maths
at 2nd year undergraduate and upwards,
and uses Maple in teaching, you really
should look at this CD, published by maplesoft A list of its contents can be viewed at
http://www.maplesoft.com/. by selecting
‘products’ and then selecting ‘eBooks’.
Several years ago, I reviewed, in this
Gazette a book and CD-ROM by the same
author, and with essentially the same title.
(See AustMS Gazette 28 (2001), 160–162.)
The earlier book and CD was published by
Addison-Wesley.
There are obvious problems with large
books as paper and printing is expensive. In
my earlier review, there was a plea to consider just publishing via CD. The present
title does precisely this. For material which
depends on a software package, an additional advantage is that the CD can be kept
up-to-date with the releases of the software.
The present CD is for maple 10.01. It runs
trouble-free. I’m impressed by the consistent style. I didn’t discover any hyperlinks
which didn’t work, so the attention to detail
is to be commended. I liked the fact that
hyperlinks to the “Table of Contents” and

to the “Index” were always available at the
bottom of the “page/screen”. I wonder if it
might be worthwhile to make more use of
hyperlinking?
(i) Perhaps the index should send one to
where the word or phrase occurs rather
than merely to the section in which it
occurs.
(ii) More use of hyperlinking when refering
back to relevant earlier parts might be
useful.
For universities using Maple in their teaching of engineering mathematics this CD is
thoroughly worthwhile. (UWA engineers
use Matlab, not Maple, so UWA will not
be adopting the CD as a ‘text’.)
I’ve already had a visitor (Francis
Benyah) from a university where Maple
is used in teaching saying that “The CD
looks good but I don’t teach engineers:
why isn’t the same material available in
different eBooks, e.g. one on multivariable
calculus, one on ordinary differential equations, etc.?” The material in it is worth
using for classes other than engineers. The
eBook genre will grow: see the maplesoft
web site for more titles.
Grant Keady
School of Mathematics and Statistics, University of
Western Australia, WA 6009
E-mail: keady@maths.uwa.edu.au













N is a Number
A Portrait of Paul Erdös
George Paul Csicsery
Springer VideoMath (DVD) 2005
ISBN: 3-540-22017-8
This documentary film is an inspiration and
a delight.
I first met Paul Erdös when he visited
Adelaide in 1972, and mark the real beginning of my research career from the time of
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that encounter. Our acquaintance was renewed with several subsequent visits. Hence
this ‘final’ reacquaintance came as a great
pleasure.
The film begins in Cambridge 1991, with
Erdös being awarded an Honarary Doctorate at the age of 78 years. Then starting
with his birth in Budapest in 1913, it retraces his long and eventful life through a
skilfully edited sequence of interviews, and
film clips of Erdös himself. I was interested in the appearance of British number
theoreticians Hardy, Littlewood, Davenport
and Cassels, an interview with local (Australian) identity Marta Sved, and mention
of George Szekeres and Esther Klein (Szekeres).
Erdös was the most prolific mathematician who has ever lived, with an output of
over 1300 papers. He was always interested
in ‘elementary’ problems: problems which
could often be understood by school students, although not usually easily solved.
‘How many?’ ‘How big?’ were often motivating questions. A number of these problems are outlined in a graphic and easily
understood way within the presentation.
Erdös was also well known for his idiosyncrasies. For more than 50 years he travelled
the world, exchanging board and lodging for
a wealth of shared mathematical ideas and
inspiration. He liked having people around,
but often seemed to be lonely. He defined
a mathematician as a machine that turns
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coffee into theorems. He often offered large
sums of money for solutions to mathematical problems, although it is unclear where
the money came from! I remember Erdös
for his single-minded approach to mathematical problems: he seemed to be forever
working on a problem. I was therefore interested to learn that he had much wider interests. Erdös believed that the best proofs are
kept in ‘the book’. Thus new mathematics
is not created; rather, mathematicians discover pages of ‘the book’. Erdös was well
known for his incredible memory, his wry
sense of humour, and his inexhaustible supply of historical anecdotes.
The DVD contains around an hour of film
documentary, with the option of looking at
certain ‘scenes’. There are also a further 20
minutes of interviews with Erdös on various
topics. My review copy had a one-minute
glitch near the end, but I assume this was a
one-off.
In summary, this film is a wonderful eulogy to this gifted and amazing man. It will
encourage, inspire and enthuse all who have
an interest in mathematics, and fascinate
those who have not. It is a great resource,
and should be required viewing for all university mathematics staff and students.
Paul Scott
E-mail: mail@paulscott.info













Completed PhDs
University of Southern Queensland:
• Dr Tony MacKenzie, Create accurate numerical models of complex spatio-temporal
dynamical systems with holistic discretisation, supervisor: Prof. Tony Roberts.
University of Sydney:
• Dr Sacha Blumen, Quantum superalgebras at roots of unity and topological invariants
of three-manifolds, supervisor: R.B. Zhang

Awards and other achievements
Professor Peter G. Hall FAA, President-Elect of the Australian Mathematical Society, has
been awarded the Matthew Flinders Lecture and Medal by the Australian Academy of Science. The Matthew Flinders Medal and Lecture recognises scientific research of the highest
standing in the physical sciences. It was established in 1956 and named after Matthew
Flinders, the first man to circumnavigate Australia, in recognition of the early scientific
work carried out in Australia. It is awarded biennially by the Australian Academy of Science to an eminent scientist for a lecture to be given at the Annual General Meeting of the
Academy. See http://www.science.org.au/awards/flinders.htm.
Dr Harry Butler of the Department of Mathematics and Computing at the University
of Southern Queensland has been invited to join a National Wind Erosion Expert Panel
which is a joint venture between the Federal Departments of the Environment and Heritage
and Agriculture, Fisheries and Forestry. This panel is part of the National Soil and Water
Resources Audit, and will be responsible for developing guidelines for the modelling, monitoring and evaluation activities of major National Resource Management programs including
National Action Plan and National Heritage Trust.

ANZIAM Award for outstanding new researchers: J.H. Michell Medal
Nominations are called for the award of the J.H. Michell Medal for 2007 for ANZIAM
outstanding new researchers. Nominees must be in their first 10 years of research on 1
January 2007 after the award of their Ph.D., and be members of ANZIAM for at least 3
years. Nominations close on 30 September 2006. Further information can be obtained from
http://www.anziam.org.au/Medals/michell.html.
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The Chair of the Selection Panel for the 2007 award is Professor Larry Forbes (School
of Mathematics and Physics, University of Tasmania, Private Bag 37, Hobart TAS 7001,
E-mail : Larry.Forbes@utas.edu.au)
Nominations can be made by any member of ANZIAM other than the nominee. A
nomination should consist of a brief C.V. of the nominee together with the nominee’s list of
publications and no more than a one page resume of the significance of the nominee’s work.
Nominations should be forwarded to the Chair of the Selection Panel, in confidence.
Please note that, where necessary, the Selection Panel will consult with appropriate assessors concerning evaluation of any nominee’s research.
W. Summerfield
Honorary Secretary, ANZIAM

Appointments
Charles Sturt University:
• Dr Michael Kemp and Dr Philip Charlton have been appointed as Lecturers in
Mathematics.
• Patrick Lim has been appointed as a Lecturer in Statistics.
Griffith University:
• Dr Yuri Anissimov has taken up a continuing position as Senior Lecturer in the
School of Science from January 2006.
• Dr Peter Johnston was promoted to Associate Professor in the 2005 academic staff
promotion round.
• Dr Scott McCue has been appointed in a continuing position as Lecturer in Applied
Mathematics in the School of Science from January 2006.
La Trobe University:
• Dr Peter van der Kamp has taken up employment as a postdoctoral fellow for the
Centre of Excellence for Mathematics and Statistics of Complex Systems.
Macquarie University:
• Dr Stephen Lack has taken up his sabbatical leave in the Maths Department at
Macquarie from January to May 2006.
University of New England:
• Dr B. Bleile will leave the department to take up a Post-Doctoral Fellowship to the
Institute for Theoretical Physics at ETH (Zurich) in August 2006.
• The Dean of the Faculty of the Sciences has announced that the number of mathematicians employed will be halved, from 8 in June 2005 (one in a half-time position)
to four from February 2006. The mathematicians are defending the integrity of the
section with support from the statisticians and NTEU. In addition to the academic
objections to this decision, some legal objections are currently being heard in the
Industrial Relations Commission.
University of Sydney:
• Dr Rafal Kulik of the University of Ottawa and Dr Jennifer Chan, currently at the
University of Hong Kong, will both join the School as Lecturers in Statistics.
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University of Western Australia:
• Dr Elena Pasternak has started employment as Applied Lecturer.
• Dr Sven Reichard has started employment as Research Associate.
University of Western Sydney:
• Dr Robert Mellor, Associate Professor and Head of School, has retired after 20 years
at the University of Western Sydney.
• The School of Quantitative Methods & Mathematical Sciences has amalgamated
with the School of Computing & IT to form the School of Computing and Mathematics. Dr Leanne Rylands has been appointed acting Head of School.

Conferences
International Conference on Mathematical Modelling and Computation
5–8 June 2006, University of Brunei Darussalam, Brunei (Borneo)
Organiser: Dr Sannay Mohamad
E-mail : mmc06@fos.ubd.edu.bn
Web: http://www.ubd.edu.bn/news/conferences/fosmmc06/
The 8th Australasian Conference on Mathematics and Computers in Sport
3–5 July, 2006, Greenmount Resort, Coolangatta, Queensland
Organisers: Dr. John Hammond (SCU), Emeritus Prof. Neville de Mestre (Bond)
E-mail : jhammond@scu.edu.au
Web: http://www.anziam.org.au/MathSport/8M&CS.html
31st Australasian Conference on Combinatorial Mathematics and Combinatorial
Computing (31ACCMCC)
8–12 July 2006, Alice Springs, Northern Territory
Enquiries: Ian Roberts
E-mail : Ian.Roberts@cdu.edu.au
Web: http://www.cdu.edu.au/engineering/31ACCMCC.html
A provisional list of invited speakers is:
Sergei Bezrukov - University of Wisconsin
Charlie Colbourn - Arizona State University
Gyula O. H. Katona - Renyi Institute
Barbara Maenhaut - University of Queensland
Gary Mullen - Penn State University
Gordon Royle - University of Western Australia
Jozef Siran - University of Auckland
(more to be announced).
Contributed talks in all areas of combinatorics are welcome. Participants are
also invited to stay on for Dry and Discrete (see announcement below)
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Dry and Discrete (D&D)
13–15 July 2006, Uluru, and 16–18 July 2006, Kings Canyon, Northern Territory
Enquiries: Ian Roberts
E-mail : Ian.Roberts@cdu.edu.au
Web: http://www.cdu.edu.au/engineering/DandD.html
This workshop will be aimed at cracking some unsolved problems in Graphs,
Hypergraphs and Designs.
Recent Advances in Nonlinear Partial Differential Equations: A celebration of
Norman Dancer’s 60th birthday
16–21 July 2006, University of New England, Armidale, NSW
Organisers: Daniel Daners (USN), Yihong Du, Chris Radford, Shusen Yan (UNE).
E-mail : ydu@turing.une.edu.au
Web: http://www.maths.usyd.edu.au/u/daners/une2006/
50th Annual Meeting of the Australian Mathematical Society
25–29 September 2006, Macquarie University, Sydney
Director: William Chen
Enquiries: William Chen, Xuan Duong, Ross Street
E-mail : wchen@maths.mq.edu.au
E-mail : duong@maths.mq.edu.au
E-mail : street@maths.mq.edu.au
Web: http://www.maths.mq.edu.au/austms06/homepage.html
As at the end of January 2006, the following mathematicians have accepted
invitations to be plenary speakers at the meeting:
Robert Bartnik (Monash University)
Michael Batanin (Macquarie University)
Peter Forrester (University of Melbourne)
Andrew Hassell (Australian National University)
Adrian Lewis (Cornell University)
Ngaiming Mok (University of Hong Kong)
Christopher Skinner (University of Michigan)
Terence Tao (University of California at Los Angeles)
Katrin Tent (Universitaet Bielefeld)
Claire Voisin (Centre National de la Recherche Scientifique)
Xu-Jia Wang (Australian National University)
The Program Committee comprises Peter Bouwknegt (ANU), William Chen
(MQU and Chair), Xuan Duong (MQU), Nalini Joshi (USN), Amnon Neeman
(ANU), Cheryl Praeger (UWA), Hyam Rubinstein (UMB), Ross Street (MQU)
and Rob Womersley (UNS).
Details concerning further plenary speakers, special sessions, registration, accommodation and financial support will be made available on the conference
website.
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Visiting mathematicians
Visitors are listed in the order of the last date of their visit and details of each visitor are
presented in the following format: name of visitor; home institution; dates of visit; principal
field of interest; principal host institution; contact for enquiries.
Dr Klaus Lux; University of Arizona; 16 February to 1 April 2006; –; UWA; Dr Alice
Niemeyer
Dr Bahman Tabatabaie Shourijeh; Shiraz University, Iran; 1 October 2005 to 1 April 2006;
–; UMB; –
Dr Thomas Fisher; –; 20 March to 13 April 2006; Computational aspects of arithmetic geometry; USN; J.J. Cannon
Dr Mark Watkins; Georgia; 17 March to 19 April 2006; Computational methods in arithmetic
geometry; USN; J.J. Cannon
Dr Gwendal Le Grand; Groupe des Ecoles de Télécommunication and Télécom Paris; 10 to
21 April 2006; –; DKU; Lynn Batten
Dr Christopher Tout; Institute of Astronomy, Cambridge, England; 3 August 2005 to 30
April 2006; Stellar Evolution; MNU; John Lattanzio
Prof. Xiao Zhang; Academy of Mathematics and System Sciences; 5 February to 4 May
2006; Representation theory of sypersymmetry algebras in de Sitter spacetime and
their applications in cosmology; USN; R. Zhang
Dr Alice Devillers; Libre de Bruxelles; 25 March to 4 May 2006; –; UWA; Prof. Cheryl
Praeger
Prof. Laurent Cavalier; Aix-Marseille; 4 April to 5 May 2006; Statistical Inverse Problems’
USN; M. Raimondo
Prof. Valentin V Petrov; Steklov Mathematical Institute; 7 January to 30 June 2006; Limit
results and asymptotic methods; USN; Dr J. Robinson
Dr Zhishui Hu; University of Science and Technology, China; 1 July 2005 to 30 June 2006;
Limit theorems; USN; J. Robinson
Kim Lund Larsen; Aarhus University Denmark; 24 January to 1 July 2006; Analytic Number
Theory; MQ; Prof. W. Chen
Dr Yuly Billig; Carlton University; 16 July 2005 to 16 July 2006; Quantum algebras; USN;
Dr A.I. Molev
Prof. Peiwang Gao; Jinan University; 29 August 2005 to 31 July 2006; Financial Mathematics; UWG; Dr Songping Shu
Prof. Mikael Passare; University of Stockholm; July 2006; Algebraic geometry; UNE; G.
Schmalz
Prof. Jun Hu; Beijing Institute; 5 August to 5 September 2006; Hecke Algebras; USN; A.P.
Mathas
Dr Satoshi Koike; –; 1 August to 29 September 2006; Equisingularity problems; USN; L.
Paunescu
Prof. Dan Schafer; Oregon State University; 1 February to 31 December 2006; –; UWA; Dr
Berwin Turlach
Dr Alex Kitaev; Steklov Institute; 5 April to 5 August 2006 and 7 September to 31 December
2006; Singularities; USN; N. Joshi
Dr Damien Stehle; French Ministry of Education; 29 January 2006 to 28 January 2007; Lattice reduction; USN; J.J. Cannon
Prof. Buyung-Moo Kim; Chungju National; 31 July 2006 to 31 July 2007; Integral Theory;
USN; D.E. Taylor

AustMS Membership
Late last year Council resolved that free membership be offered to Members over 70 years
of age who have been members of the Society for over 30 years.
So encourage your colleagues to join the Society well before their 40th birthday!

Honorary International Fellowship of AustMS
Late last year the Council of the Society voted to introduce the possibility of granting
Honorary International Fellowship (FAustMS) to illustrious Australian mathematicians, or
mathematicians with substantial links to Australia, who are based in other countries. The
Rules for this appear below. In accordance with Rules 4 a) and b), I hereby call for nominations. These should be sent electronically to Secretary@austms.org.au by Friday 16th June
2006 at the latest.

Rules for Honorary International Fellowship
of the Australian Mathematical Society
(1) From time to time, the Society may offer Fellowship (without requiring the payment of
accreditation fees) to distinguished international mathematical scientists. In the rest of
these rules, such persons are called Honorary International Fellows, but apart from the
method by which they are chosen, they are the same as other Fellows of the Society.
The total number of Honorary International Fellows shall be no more that 10 per cent
of the total number of Fellows of the Society, and also no more than 2 per cent of the
number of Ordinary Members of the Society.
(2) To be eligible for consideration for Honorary International Fellowship, mathematical
scientists must, in the preceding three years, have been members of the Society, and
not have been resident in Australia (except for short visits). Further, they must have a
strong association with Australian mathematics, such as
a) hold a degree with a strong mathematical component from an Australian university,
or
b) have worked in a mathematical role in Australia for at least three years.
(3) Honorary International Fellows will be recognised internationally as leaders in their
fields, and have been awarded notable distinctions such as
a) international prizes for research in any of the mathematical sciences that have been
awarded to citizens and residents of several countries; these include the Abel Prize,
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the Bôcher Memorial Prize, the Clay Mathematics Institute’s Millenium Prize, the
Clay Research Award, the Cole Prize, the Euler Medal, the Fields Medal, the Fulkerson Prize, the George Pólya Prize, the John von Neumann Theory Prize, the
Lobachevsky International Prize, the Loeve Prize, the Modesto Panetti Prize, the
Nevanlinna Prize, the Norbert Wiener Prize in Applied Mathematics, the Salem
Prize, the Schock Prize in Mathematics, the Steele Prize, the Theodore von Kármán
Prize, and the Wolf Prize in Mathematics (this list is not exhaustive, and does not
cover all awards and all of the mathematical sciences);
b) fellowship of learned academies that include citizens of several countries.
(4) The process for nomination is as follows:
a) If the number of Honorary International Fellows does not exceed the limit specified above, then the Secretary will publish a call for nominations in the Gazette
approximately six months before the Annual Meeting.
b) Two or more Australia-based Fellows of the Society may prepare an electronic nomination of at most three pages in length, which addresses the criteria above, and
submit this to the Secretary. The nominee must agree to her or his nomination, and
to attend an Annual Meeting of the Society if the nomination is successful.
c) Three months before the Annual Meeting, the Secretary sends copies of all nominations to the members of the Accreditation Committee, who verify that the proposed
Honorary International Fellows meet the criteria for Fellowship.
d) Six weeks before the Annual Meeting, the Secretary circulates the eligible nominations to the members of the Steering Committee, together with any relevant
commentary from the Accreditation Committee. In the following two weeks, the
members of the Steering Committee may vote for at most one candidate each, taking into account the quality of the nominees, and the desirability that a range of
mathematical disciplines is represented. The vote is by email to the Secretary. Four
weeks before the Annual Meeting, the Secretary informs all members of the Steering
Committee who has voted for whom. If no candidate has at least three votes, no
nomination will go forward, and if the number of votes for two candidates (or more)
is the same, the President has a casting vote.
e) The candidate chosen by Steering Committee is presented to Council at the Council
meeting immediately preceding the Annual Meeting, for ratification: the President
communicates the name of the candidate and outlines the case for Fellowship, and
Council then votes whether to offer Fellowship to the candidate, or not.
All nominations remain confidential. Nominations are not carried forward from one year
to the next. However, renomination is permitted, up to a total of five times.
(5) The selected candidate will be invited to give a Plenary Address at a future Annual
Meeting, and Fellowship will be awarded at the Meeting in which the address is given.
Note: In the event that an international Fellow returns to Australia, he/she is then deemed
an Australian Fellow for the purposes of the count in item 1 above.
Elizabeth Billington
Honorary Secretary, AustMS

Mathematics and National Prosperity
In the mid 1990’s I had trouble engaging any politician or senior bureaucrat in a discussion
on the strategic importance of mathematics education. Now only ten years later, I am
happy to observe that the situation has improved. Several senior employees of DEST and
other federal departments are keen to make better use of the country’s mathematical and
statistical expertise, to improve the provision of mathematics education and to protect our
universities’ mathematics instructional programs. In July 2005, the first AMSI/MASCOS
Industry Forum was opened by the Hon. Ian Macfarlane MP, Minister for Industry, Tourism
and Resources. In his introduction, he said,
“Coming from an engineering and farming background I know too well the every day
importance of mathematics in our working lives. Mathematics, in one shape or another,
stretches across industry from BHP to the corner store, from miners to medical researchers.
It’s a building block to business.”
Importantly, over the term of the Hon. Dr Brendan Nelson as Minister for Education
Science and Training, we had an ally in DEST who took a strong personal interest in
our efforts to improve mathematics education, particularly with the establishment of ICEEM. Dr Nelson’s recent article, “Supporting the Mathematical Sciences - Education for the
Future”, Aust. Math. Soc. Gazette 32 (2005), 227–232 outlines several other supportive
initiatives. We look forward to working with the new minister The Hon. Julie Bishop, who
is well regarded. We congratulate Dr Nelson on his appointment to the position of Minister
for Defence and we hope to collaborate with his department. For there are many ways to
employ mathematical sciences to improve national security. This was a major reason for
U.S. President George W. Bush announcing in his national address during the economic
downturn of 2002, a significant budget increase in support of mathematics.
In order to remain competitive, we must adapt to the changing landscape of the global
economy. This will require us as a nation to embrace mathematics and statistics as part of
our culture. International investment is guided by huge data sets including market prices
of materials, real estate, shares and financial derivatives; interest rates, currency exchange
rates, production rates, incomes, consumer behaviour, telecommunications traffic patterns,
travel patterns, political opinions, demographic details, land use, health status and in the
near future, genetic profiles. National economic success and national security rely on an
ability to analyse huge data sets, to turn them into useful decision-aiding measures. Our
capacity will not be helped by a relatively low number of enrolments in mathematics major
programs. We face a critical shortage in mathematically trained graduates, at least for the
next 5 years. I predict that with the increased government and community awareness of the
role of mathematical sciences, we will then experience a strong turn-around.
As stated recently by several commentators from within the engineering profession, there
is likely also to be an under-supply of engineering graduates, especially those that are well
trained in mathematics. For Australia to be competitive, it must maintain a portfolio of
industries that includes both manufacturing and service, as well as raw material production.
In all industrial sectors, we will have to be self-reliant in intelligent design of high quality innovative products and efficient processes. Ultimately, products are made of physical
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materials, often synthetic materials with new physical properties. Traditionally, engineers
have been taught the dynamics of solids and fluids so that they can predict the behaviour
of materials in new situations. For example, the flow of standard fluids, from situations as
diverse as airflow over an aeroplane wing and water tumbling over a dam wall is described
by the Navier-Stokes equations. These are important examples of non-linear partial differential equations. A conceptual grasp of these is achieved only by a considerable amount
of mathematical training. Unfortunately, in many cases modern engineering education is
deficient in these traditional areas.
While working in an American university, I taught mathematics to engineering students.
I noticed that they had been encouraged to study more mathematics than is commonly taken
by their Australian counterparts. In recent years, many Australian engineering programs
have reduced the mathematics requirements in favour of management, communication and
marketing courses. In two of our sandstone universities, engineering students are compelled
to take an unusually high number of mathematics courses, even by American standards.
However, the most common program structure now includes only three mathematics courses
beyond secondary education. This is certainly not sufficient to enable engineers to successfully model mechanical behaviour of new materials. Many of our engineering colleagues
share my concerns but opinions are divided.
At last week’s wonderful MISG in Auckland, I was reminded how much engineers and
mathematical scientists actually enjoy working together. In some of our universities there
are very strong relationships between the engineering departments and the mathematics
and statistics departments. However, such relationships can change whenever a new Dean
arrives. We must have regular meetings with our engineering colleagues to learn how we
can better serve their needs. If we are to adapt to the real world, it is time for a serious
re-inspection of our university mathematics offerings, both for mathematics majors and for
the technical professions.
Philip Broadbridge
AMSI Director

For current events and developments, see the websites http://www.amsi.org.au and http:
//www.ice-em.org.au.
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