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A few weeks ago, University of Melbourne’s vice-chancellor Glyn Davis released the document Growing Esteem, outlining his vision for the future of UofM. Davis wishes to adopt an
American (and tomorrow’s European) style two-tiered degree system with a broad three year
first degree followed by graduate school. Since the latter would mainly comprise of full-fee
paying students, the University would break the cycle of having to continually grow to meet
expenses, and eventually reduce its numbers from around 50,000 to 35,000. In anticipation
of these radical plans the university has already dispensed with the tag “public”, replacing
it with the slogan “publicly-spirited”. Other Victorian Universities were quick to condemn
UofM, claiming it would cherry pick students, teachers and researchers, reducing equity and
access.
At around the same time as Growing Esteem was made public, the University of Sydney
announced a large number of university funded research fellowships, many at the professorial
level (http://www.usyd.edu.au/research/fellowships/).
A third and rather more subdued announcement was recently made by Charles Darwin
University, which as part of a university restructuring, has axed a large part of its mathematics programme. See also Ian Wanless’ Letter to the Editors.
The above developments probably mark the onset of a more competitive university environment — in part triggered by the RQF and in part by reduced federal funding — where
smaller institutions will struggle to be more than just teaching colleges, and where the G8
universities will attract an even larger share of research funding. It is to be hoped that organisations such as the AustMS can unite us in an otherwise more fragmented and divided
academic world.
In My brilliant career, mathematics educator Peter Gould describes the everlasting
fight against the Brussels Sprouts effect — most people believe that mathematics is good
for you yet very few want to consume it themselves. On a similar theme, Don Taylor suggests
in his Math matters column Firmness, Commodity and Delight, how the public perception
of mathematics can be improved. He reminds us of G.H. Hardy’s statement that “. . . there
is no permanent place in the world for ugly mathematics.” In both Mathellaneous and
the The 13th problem Hardy’s words clearly echo through. In Mathellaneous, Norman
Do reports on some beautiful exact enumerations of two-dimensional tilings, such as the
number of domino tilings of checker boards (can you see why it should be a perfect square
for a regular checker board?) and Aztec diamonds of arbitrary size. In the 13th problem,
Tomaso Aste and Tiziana Di Matteo describe an elegant but extremely difficult problem
with a similar geometric-combinatorial flavour: that of finding the smallest sphere that can
contain n spheres of unit diameter.
Finally we wish to thank everyone who has contributed to the Gazette in 2005. In
particular we thank all reviewers and local correspondents, and are especially indebted to
our regular columnist Norman Do and to our referees Liz Billington, Peter Cerone, William
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Chen, Dave Coulson, Peter Donovan, Mike Eastwood, Joseph Ha, Mike Hirschhorn, Owen
Jones, Dirk Kroese, Keith Matthews, Terry Mills, Alexander Molev, Eckhard Platen, Jamie
Simpson, Terry Speed, Peter Sullivan, Ernie Tuck, Rudolph Výborný and Nick Wormald.

Michael Cowling

The last week of last September saw the
Annual Meeting of the Society at the University of Western Australia. This was an
excellent meeting: over two hundred people registered, the plenary speakers and the
public lecturers were very well chosen, and
I believe that anyone working in any corner
of the Mathematical Sciences would have
derived pleasure from all the lectures and
the social activities. Next year, the Society will hold its fiftieth Annual Meeting at
Macquarie University, and we hope that this
will be even bigger and better. Put the last
week of September in your diaries for next
year!
I spent much of October travelling, in the
USA and Canada, where I met John Ewing from the American Mathematical Society, and talked about the future of scholarly publishing, and attended a meeting in
Banff, Canada, with mathematical scientists from a number of Pacific Rim countries, to discuss possible interactions around
the Pacific Rim. The Banff meeting, under the auspices of the Pacific Institute of
Mathematical Sciences, was very successful, in as much as it was agreed to constitute a Pacific RIm Mathematical Association (PRIMA). This organisation will need a
constitution, of course, and a Steering Committee, which includes Tony Guttmann, our
previous president, is working on this. The
immediate aim is to open up the various
summer schools which are run around the
Pacific Rim to students from other Pacific
Rim countries, and to try to facilitate international exchanges of students between
these. In the longer term, there is interest

in exchange of students and staff, and in a
Pacific Rim Mathematical Congress. More
anon . . .
As I write, the announcement of results
of the current round of Australian Research
Council (ARC) Discovery Grants is imminent, and some of you will already be planning a submission for next year. Let me
try to convince more of you to do so. The
main point is that the amount of money
awarded in any discipline is influenced by
the number of applications: the more applications, the more will be successful. So every application, whether successful or not,
helps the Mathematical Sciences in Australia. Further, while the ARC and the
panel chairs claim that everything is decided
purely on merit, I suspect strongly that the
more applications come from an institution,
the more likely it is that that institution will
appear in the list of successes. So putting in
an application will, very probably, improve
the funding in your own institution. The
School of Mathematics at UNSW makes a
point of rewarding everyone who puts in an
application, both financially (via our internal grant scheme) and in allocating workloads: the hours spent on a grant application lead to a reduction in the hours spent
in the classroom. I would encourage all
Heads of Departments to try to do the same,
as more research funding for mathematics
would surely be a good thing!
At the same time, while I hope that many
of you will spend some of your summer applying for research funding, I hope that all
of you enjoy the forthcoming festive season
and the holidays.

Readers of the Gazette may be disappointed
to hear of the recent demise of mathematics
at Charles Darwin University. The situation
until now has been that students could complete a BSc with a major in mathematics or
a joint major in mathematics and computer
science. The elective units offered locally
reflected the research interests of the current staff in discrete mathematics and covered such topics as number theory, cryptography, coding theory, logic, computability,
graph theory and combinatorics. If desired,
students could choose to augment these with
units offered with a local unit code but
taught externally through Central Queensland University. Takers were drawn mostly
from the pool of IT and education students.
After building for more than a decade student numbers had recently dipped (largely
due to a (temporary?) collapse in numbers
in IT) but there remained a healthy conversion rate to honours and postgraduate level.
Now the axe has fallen. As part of a uni

versity wide ‘rationalisation’ all of the later
year mathematics units have been withdrawn, effective immediately. The possibility of doing external units has also gone,
despite their cost to CDU being negligible. While a few service units in calculus
(I wouldn’t use the name ‘analysis’) remain
for the benefit of the engineers, it is now
impossible to study mathematics in its own
right.
CDU is comparatively both new and
small, so that mathematics was struggling
to become established. Now, having being
sent back to square zero will make it much
harder for the discipline to evolve as the institution does. It is also a salutory warning that bean counters do not make any
automatic assumptions that a university
should have a mathematics programme or
that graduates of related disciplines should
be versed in the language and methods of
mathematics which underpins their subjects
as mature disciplines.

Ian Wanless
Formerly Charles Darwin University, but soon to be at Monash University
E-mail : Ian.Wanless@cdu.edu.au

Don Taylor
Firmness, Commodity and Delight
Mathematics has been in the world a long
time; it emerged in Babylonia in the 3rd
millennium BC and has permeated science
and civilization ever since. It crosses both
national boundaries and subject boundaries. In the words of R. W. Hamming [1],
“Our main tool for carrying out the long
chains of tight reasoning required by science
is mathematics”.
Today, the application of mathematics to problems in science, engineering, finance, economics and medicine requires
ever greater numbers of mathematically literate members of the community. Given all
that, why is the following comment still all
too typical: “I was forced to do mathematics at school but I have never needed any
of it. Why should we teach children algebra and calculus? ” Such a question was put
to me recently, and on camera! I provided
the generic skills response: “Mathematics
promotes strong problem solving skills, clear
thinking and logical analysis.” I came away
feeling that a lot more needed to be said.
But claiming that calculus could help balance your cheque book did not seem to do
justice either to mathematics or to the intelligence of the reporter.
I believe that the question asked by the
reporter is an excellent one and illustrates
the need to promote a better awareness of
the importance of mathematics in the general community. And it would not hurt to
establish a positive image of mathematics
in the minds of our scientific colleagues, our
political masters and our students as well.
Another question germane to this column
is “What is Mathematics?” Of course there

is a famous book with this title [2] and recently it has been asked by Ian Roberts [3]
requesting a more succinct answer.
While pondering this question I recalled
an article by Mitch Kapor [4] on software design. He asserts that good software
exhibits firmness, commodity and delight.
This is a reference to the Roman architect
Vitruvius, who flourished in the first century BC and who is attributed with the notion that well-designed buildings are those
which exhibit firmness, commodity and delight [5].
I believe that mathematics exhibits the
same qualities and to varying degrees it is
these qualities that attract people to mathematics. Furthermore, these notions provide
a useful framework on which to weave an account of mathematics suitable for a general
audience.
Firmness:
Mathematics has a strong logical foundation. Moreover it remains remarkably stable over time. The exemplar is Euclidean
geometry [1]. In this connection, it is worth
noting that many mathematicians and engineers were attracted to mathematics by
their first encounter with Euclidean geometry at school; sadly it is no longer a central
part of the high school curriculum for many
good students.
This aspect of mathematics is reflected in
its hierarchical nature and its long history.
This in turn contributes to the fact that the
study of mathematics, like the study of foreign languages, is inherently difficult.

Math matters

Commodity:
Mathematics is inextricably linked with applications in engineering, science, economics and, more recently, biology. In this it is
phenomenally successful. This interaction
cuts both ways: recent advances in particle physics have provided new techniques in
geometry and topology [6].
Delight:
For many mathematicians the most compelling feature of mathematics is its beauty
and the pleasure one gets from its pursuit.
In the words of G. H. Hardy [7]: “The mathematician’s patterns, like the painter’s or
the poet’s, must be beautiful; the ideas, like
the colours or the words, must fit together in
a harmonious way. Beauty is the first test:
there is no permanent place in the world for
ugly mathematics.” Of course Hardy also
said that the best mathematics is serious
as well as beautiful. Indeed, the fact that
good mathematics is both hard and beautiful is often the challenge that attracts the
best students to mathematics.
So where do these ideas lead us? The
key issue is the need to improve the public
perception of mathematics in order to ensure its long term support. Mathematicians
have not always done well at this but fortunately, as Michael Cowling points out in
his President’s column, there are signs that
we are getting better at promoting our discipline.
In previous contributions to the Math
matters series there has been an interesting mix of pessimism and optimism about
the state of mathematics in Australia. The
pessimism has been accurately captured by
Peter Hall [8] and stems from poor funding and the general decline in the number
of continuing positions for mathematicians
in Australian universities (39 at Sydney in
2005 compared with 65 ten years ago; somewhat offset by an increase in research-only
positions).
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But as the series progresses a note of cautious optimism has crept in. In particular
Peter Taylor [9], expanding on Tony Dooley’s [10] exhortation to “take greater control of the mysterious process between theory and applications”, observes that “our
destiny is in our own hands” and therefore
“the health of the mathematical sciences lies
with the mathematical community”.
To some extent the mix of pessimism and
optimism reflects global trends. The 2004
review of UK mathematics [11] listed concerns with the loss of mathematicians in key
areas such as statistics and at the same time
noted that advanced technology relies on
sophisticated mathematical content. The
1997 review of Canadian mathematics [12]
also noted many challenges and their effects
on the funding of mathematics.
A theme that permeates these reports is
the need for the mathematical community
to develop linkages with other disciplines
and with industry.
Following Garth Gaudry’s [13] account of
the establishment of the Australian Mathematical Sciences Institute (AMSI) and the
International Centre of Excellence for Education in Mathematics (ICE-EM) it was
especially welcome to read the column by
the Minister, Dr Brendan Nelson [14] acknowledging the importance of mathematics throughout primary, secondary and tertiary education. It is equally pleasing to
see that Dr Nelson highlighted the role that
ICE-EM will play in strengthening mathematics education and that there is recognition that discipline specific criteria should
be used in any assessment exercise.
On the other hand, an impediment to
the public recognition of the importance of
mathematics has been ably pointed out by
Cheryl Praeger and Ian Enting [15]. This
is the lack of visibility of mathematics and
mathematicians in the workplace.
Only a very small percentage of our students go on to become academic mathematicians. For example, at Sydney we see
more than 2500 students in first year but
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after four years there are only 25 honours
students. Of the other 99% of the cohort,
about 200 or so graduate with a major in
mathematics or statistics but then pursue
(well-paid) careers in areas that are not
readily identified with mathematics.
Most of these students go out into the
world without thinking of themselves as
mathematicians or statisticians, but they
will use their mathematical skills in their
jobs as engineers, scientists or economists.
We should be pleased that we see such a
large number of students and make every
effort to maintain contact with them.
It is also the case that a lot of mathematics, both teaching and research, is
conducted outside of mathematics departments. This is not necessarily a bad thing
but there is a danger that the successes of
mathematics will be labelled by the application area, ignoring the underlying mathematics. While it is wonderful that our students gain employment in diverse fields, the
prospect of ever shrinking mathematics departments is not a pleasant one. In order for
the profession to renew itself and to continue producing students we need departments of mathematics; the application areas are not set up to train new generations
of mathematically skilled graduates.
Perhaps a way of addressing this problem is to engage in joint teaching ventures with our scientific and engineering colleagues. There is already a heartening trend
in this direction but we should endeavour to be present wherever mathematics is
taught. For example: applied mathematics for chemical engineers; statistics for psychologists; cryptography and network security; bioinformatics; computational geometry. In many cases funding concerns may
make it difficult to negotiate such arrangements at the department level and therefore
the general principle needs to be established
at an institutional level.
Another way to increase the visibility
of mathematics is to increase the range of

public lectures and to support colleagues
who are good expositors and communicators. Not long ago I thought it next to impossible to illustrate abstract mathematics
with compelling images. Fortunately, Bill
Casselman’s excellent cover art for the Notices of the American Mathematical Society
has shown me otherwise.
Recreational mathematics [16] can also
play a rôle but we need to be careful that
we emphasize logical thinking.
Conclusion
This is a critical time for mathematics and
statistics in Australia. Following the lead
in Canada and the United Kingdom we are
embarking on a review of the mathematical sciences. It is essential that the profession widen its focus and establish an image
of mathematics in the general community
that is positive and conducive to ongoing
support.
To do this, we as a community should
• Use every opportunity to work with
school teachers and to take an active
part in curriculum issues. The ICEEM Mathematics program is a good example; it involves “professional development for teachers and provides materials that are clearly written, mathematically correct and consistent”[17].
• Increase the public awareness of mathematics.
• Ensure that there are mathematicians
on the key committees in our organizations. (Do not invite a ‘Rochester incident’ [18].)
• Actively seek to collaborate with science and engineering colleagues by
teaching joint courses in application areas.
Acknowledgements
Helpful conversations with Geoff Ball, Sandra Britton, Clio Cresswell, Nick Fisher and
Gus Lehrer are gratefully acknowledged.
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Norman Do
The Art of Tiling with Rectangles
1

Checkerboards and Dominoes

Tiling pervades the art and architecture of various ancient civilizations. Toddlers grapple
with tiling problems when they pack away their wooden blocks and home renovators encounter similar problems in the bathroom. However, rather than being a frivolous pastime,
mathematicians have found the art of tiling to be brimming with beautiful mathematics,
problems of fiendish difficulty, as well as important applications to the physical sciences. In
this article, we will consider some of the more surprising results from the art of tiling with
rectangles.
One of the most famous of tiling conundrums is the following, a problem which almost
every mathematician must have encountered at one time or another.
Consider the regular 8 × 8 checkerboard which has been mutilated by removing two squares from opposite corners. How many ways are there to tile
the remaining board with dominoes which can cover two adjacent squares?
The answer to this problem, which may seem surprising to an unsuspecting audience, is
that it is impossible to tile the mutilated checkerboard. Prior to removing the two squares,
there is a myriad of ways to perform such a domino tiling — actually, 36042 = 12988816
ways to be precise! So why should such a trivial alteration of the board reduce this number
to zero? The argument is stunning in its simplicity and the key to the solution lies in
the seemingly unimportant colouring of the checkerboard into black and white squares. Of
course, this colouring is such that the placement of any domino on the board will cover
exactly one square of each colour. Thus, a necessary condition for the board to be tiled
by dominoes is that there are an equal number of black and white squares. However, in
mutilating our checkerboard, we have removed two squares of the same colour from a board
that previously had 32 of each. From this disparity, we are led to the conclusion that the
mutilated checkerboard cannot be tiled by dominoes, no matter how hard one might try.

From such humble beginnings, we begin our journey into the amazing world of tiling. The
above well-known problem spawns a further interesting question whose answer is not quite
so well-known.

Mathellaneous
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Which pairs of squares may be removed from the regular 8 × 8 checkerboard
so that the remaining board can be tiled with dominoes?
Of course, the previous argument implies that any such pair of squares must be of opposing
colours. But if we remove two such squares, is it always possible to tile the remaining board
with dominoes? The answer is in the affirmative and the simplest proof requires us to
consider the checkerboard as a labyrinth, as pictured above. This labyrinth is hardly the
design that might be used for a hedge maze, since it not only has no entrance and exit, but
also consists simply of a cyclic path of 64 squares. All that is required now is to note that
the removal of two squares of opposite colours divides the path now into two shorter paths,
one of which may be empty. Furthermore, these two paths are of even length, so it is a
trivial matter to tile them both.
Once a mathematician knows that they can do something, their next question will often
be, “But in how many ways?” One of the first significant results on tiling enumeration
was the following landmark theorem which was proven independently in 1961 by Fisher and
Temperley [3] and by Kastelyn [6].
Theorem: The number of tilings of a 2m × 2n checkerboard with dominoes is

m Y
n 
Y
jπ
kπ
4mn
cos2
+ cos2
.
2m + 1
2n + 1
j=1
k=1

One glance at the formula should be enough to indicate just how remarkable it is. The
expression is the product of several terms, each one of which is usually irrational. And
yet, the terms conspire together, along with the factor of 4mn , to yield the answer to our
enumeration problem, an integer. The interested reader may like to use this formula to verify
that the number of domino tilings of the 8 × 8 checkerboard is indeed 36042 = 12988816, as
claimed earlier.

2

Tilings and Fault Lines

Thus far, we have considered only the case of tiling with 1×2 rectangles, more affectionately
known as dominoes. Let us now broaden our horizons and consider the more general case
of tiling with a × b rectangles, where a and b are positive integers. Of course, we can start
by making the simplifying assumption that a and b are relatively prime, since other cases
reduce to this after the appropriate dilation. In particular, we will discuss the following
problem.
When can an m × n rectangle be tiled with a × b rectangles?
Before we state the answer, let us consider three instructive cases.
◦ Can you tile a 12 × 15 rectangle with 4 × 7 rectangles?
No, of course not, since the area of each tile does not divide the area of the board.
◦ Can you tile a 17 × 28 rectangle with 4 × 7 rectangles?
The answer is again in the negative, although for a more subtle reason. It turns
out that 4 × 7 rectangles cannot even be used to tile the first column of a 17 × 28
rectangle. For if such a tiling is possible, we must certainly be able to write the
number 17 as a sum of 4’s and 7’s. A quick check shows that this is not the case.
◦ Can you tile an 18 × 42 rectangle with 4 × 7 rectangles?
In actual fact, it is not possible to tile the 18 × 42 rectangle. In fact, we will prove
the stronger result that it is impossible to tile such a board with 4 × 1 rectangles.
We will rely on a colouring argument, a generalization of the earlier proof that tiling
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a mutilated checkerboard with dominoes was impossible. In that case, the crucial
feature of the natural black and white colouring of the checkerboard was the fact
that each domino covered exactly one square of each colour. In the same vain, let
us consider a colouring of our board such that every 4 × 1 rectangle placed on the
board covers exactly one square of each of four colours. This can be achieved by
“colouring” the square in the ith row and jth column with the colour i + j modulo
4. Of course, a necessary condition for a tiling to exist is that this colouring has
exactly the same number of squares of each colour. If 4 was a factor of one of the
dimensions of the rectangle, then it would be clear that this condition would be
satisfied. However, in this case, a simple count reveals an abundance of one colour
and a deficit of another, from which we can deduce that no tiling of the 18 × 42
rectangle with 4 × 1 rectangles exists.
These arguments can be generalized to prove the following theorem, which gives a complete answer to our original problem.
Theorem: Let a and b be relatively prime positive integers. A tiling of an m × n
rectangle with a × b rectangles exists if and only if
◦ both m and n can be written as a sum of a’s and b’s; and
◦ either m or n is divisible by a, and either m or n is divisible by b.
Let us now turn our attention to the following beautiful tiling problem which appeared
in the All Soviet Union Mathematical Olympiad back in 1963.
A 6 × 6 checkerboard is tiled with 2 × 1 dominoes. Prove that it is possible
to cut the board into two smaller rectangles with a straight line which does
not pass through any of the dominoes.
Given a tiling, let us call a line which cuts the board into two pieces and yet does not
pass through any of the tiles a fault line. For example, the diagram below shows two tilings
of a 5 × 6 rectangle with dominoes, one which has a fault line and one which does not. This
particular problem asserts that every possible domino tiling of the 6 × 6 rectangle must have
a fault line.

In order to obtain a contradiction, let us suppose that we have a domino tiling of the
6 × 6 rectangle which has no fault line. Consider any one of the ten potential fault lines
and, without loss of generality, we may assume that it is vertical. Since our tiling has no
fault line, at least one domino must cross this vertical. However, it cannot be the only such
domino, since otherwise, an odd number of squares would remain to the left of the line.
Thus, this part of the board cannot be tiled with dominoes. So at least two dominoes must
cross the given vertical. The same argument applies for all ten potential fault lines, so at
least two dominoes must cross each of the ten potential fault lines. Since a domino may
cross at most one such line, we conclude that the tiling must involve at least 10 × 2 = 20
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dominoes. However, 20 dominoes cover an area of 40 squares, more than the area of the
board in question. This contradiction implies that no faultless tiling of the 6 × 6 board
exists.
Having solved this question, it is only natural to ask the more general question.
When can an m × n rectangle be tiled with a × b rectangles without any
fault lines?
In The Mathematical Gardner [4], a collection of essays on recreational mathematics
in honour of Martin Gardner, Ron Graham considers this exact question. Despite first
appearances, there is a natural answer to this problem as described in the following theorem.
Interestingly enough, the case of tiling a 6 × 6 rectangle with dominoes which produced such
a nice mathematics competition problem, is the only exception to the rule.
Theorem: Let a and b be relatively prime positive integers. A faultless tiling of an
m × n rectangle with a × b rectangles exists if and only if
◦ either m or n is divisible by a, and either m or n is divisible by b;
◦ each of m and n can be expressed as xa + yb in at least two ways, where x and
y are positive integers; and
◦ for the case where the tiles are dominoes, the rectangle is not 6 × 6.

3

Aztec Diamonds and Arctic Circles

Earlier, we witnessed an amazing formula enumerating domino tilings of a rectangular
checkerboard. More recently, further enumeration results for domino tilings have been obtained for a skew chessboard, referred to in the literature as the Aztec diamond. The figure
below depicts the Aztec diamonds of orders 1, 2, 3 and 4.

It turns out that for the four Aztec diamonds pictured above, there are precisely 2, 8, 64
and 1024 domino tilings, respectively. Of course, the astute reader will have noticed that
these numbers are all perfect powers of 2. This fact is no coincidence, as verified by the
following theorem.
Theorem: The number of domino tilings of the Aztec diamond of order n is 2

n(n+1)
2

.

In contrast to the checkerboard case, the enumeration formula for domino tilings of the
Aztec diamond is stunning in its sheer simplicity. However, do not be fooled — the answer
in no way suggests that there exists a simple proof. In fact, the result first appeared in
the literature in 1992, when Elkies et al [2] demonstrated four quite involved proofs. The
first exploits a connection between domino tilings and alternating-sign matrices, the second
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considers monotone triangles, the third uses the representation theory of GL(n), while the
last is more combinatorial and produces a generating function using a technique known as
domino shuffling. There now exist reasonably elementary combinatorial proofs, although
the constructions involved are ingeniously tricky.
However, perhaps the most amazing aspect of the Aztec diamond is not the number of domino tilings, but the nature of
them. For example, consider the diagram
of a particular domino tiling of the Aztec
diamond of order 64. From each corner emanates an area where the domino tiling is a
regular brickwork pattern. The tiles which
are part of this highly organised structure
have been shaded in the diagram and form
what is known as the arctic region. On the
other hand, the unshaded region is known
as the temperate zone, and the domino tiling
follows no set pattern there. Amazingly
enough, it has been shown that as the order
of the Aztec diamond approaches infinity,
the boundary between the arctic region and
the temperate zone will approach a circle
for almost all of the possible domino tilings. This phenomenon is now known as the Arctic
Circle Theorem and was first proved in 1998 by the team of Jockusch, Propp and Shor [5].
A more precise statement of their result is as follows.
The Arctic Circle Theorem: Let ε > 0. Then for all sufficiently large n, all but an
 fraction of the domino tilings of the Aztec diamond of order n will have a temperate
zone whose boundary stays uniformly within distance εn of the inscribed circle.

4

Tiling with Similar Rectangles

Thus far, we have restricted our attention to tilings with rectangles, all of which are congruent to each other. These have been extensively studied and the literature contains many
results which involve tiling with finite sets of possible tiles. However, a quite remarkable
problem arises if we broaden our horizons and consider tiles which may be of any size, but
which are all similar to each other. In particular, let us consider the following problem.
For which values of x can we tile a square with rectangles similar to the
1 × x rectangle?
It is simple enough to deduce that such a tiling is possible when x = pq is a rational
number, since a square of side length pq can be tiled by rectangles of dimensions p × q. It
takes a bit more consideration, however, to see that far more exotic cases can occur. For
example, consider the tiling of the square with three similar rectangles shown in the diagram
below. If we suppose that the small rectangle has dimensions 1 × x, where x > 1, then this
forces the dimensions of the medium rectangle
to be x × x2 . This, in turn, implies that the

large rectangle has dimensions x + x1 × (x2 + 1). Since the whole figure fits snugly inside
a square, the value of x must satisfy the equation

Mathellaneous



1
x +1=x+ x+
x
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⇒ x3 − 2x2 + x − 1 = 0.

To five decimal places, the unique real root of this polynomial is 1.75488. A simple consequence of the Rational Root Theorem is the fact that this particular value of x is irrational
— but what other irrational values are possible? Is it possible to√use transcendental numbers, such as our good friends π and e? How about the humble 2, historically significant
as the first number proven to be irrational? Can we classify the values of x which allow such
a tiling of the square with similar rectangles? The incredible answer to this problem was
provided by Miklós Laczkovich and the late great George Szekeres [7].
Theorem: A square can be tiled by rectangles similar to the 1 × x rectangle if and
only if
◦ x is the root of an irreducible polynomial with integer coefficients; and
◦ the roots of this polynomial all have real part greater than zero.
Therefore, we can deduce√from this theorem that it is not
√ possible to tile a square with
rectangles similar to a 1 × 2 rectangle. This is because 2 is the root√ of the irreducible
polynomial x2 − 2. Since this polynomial also has the negative root − 2, it follows from
the theorem that no such tiling exists.

√ 
On the other hand, it is possible to tile the square if we take the value of x to be pq + 2
√
√
√
for any rational number pq ≥ 2. This is because pq + 2 and pq − 2 are both positive and
are roots of the following irreducible quadratic polynomial with integer coefficients.
q 2 x2 − 2pqx + (p2 − 2q 2 )
Here ends our brief foray into the art of tiling with rectangles. There is an abundance
of fascinating tiling problems in the literature and a good starting point for the interested
reader is the informative and entertaining article by Ardila and Stanley [1].
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Peter Gould
Where can a mathematics education lead you? In this series, mathematics
and statistics graduates from Australian universities write about their
careers, proving that the world is their oyster. Peter Gould is a teacher,
and Chief Education Officer in Mathematics at the NSW Department of
Education and Training. Below he details the joys and pitfalls of effective
teaching in mathematics, and the fight against the Brussels Sprouts effect
— most people believe that mathematics is good for you yet very few
want to consume it themselves.

Teaching mathematics
“The title which I most covet is that of
teacher...Happy is the person who comes to
understand something and then gets to explain it.” (Marshall M. Cohen)

It is 4.30 a.m. on a Friday morning in
August. The alarm has just gone off and
I recall that I set the alarm 30 minutes
earlier than usual so that I would not be
late for breakfast. This morning, breakfast is a Mathematics Roundtable discussion
at Sydney University, facilitated by Adam
Spencer. As I drive to the roundtable breakfast I think about the workshop I ran yesterday for the Newcastle Mathematics Association. The enthusiasm and professionalism of the 50 mathematics teachers who
attended the workshop is fresh in my mind.
I am welcomed to the roundtable discussion
by Professor Gavin Brown and Professor
David Day. The topics under discussion include the shortage of secondary mathematics teachers and changes in enrolment patterns in mathematics courses in New South
Wales.
One of the questions that people want to
know the answer to is, do we have a shortage
of secondary mathematics teachers in NSW
and if so, how large is the shortfall? I have
discussed this question with colleagues from
the area of workforce planning within the

NSW Department of Education and Training, and now at least I understand the nature of the question. One of the advantages
of having a background in mathematics is
that it gives you an appreciation of just how
difficult it can be to answer apparently easy
questions.
As much as we may wish otherwise, the
challenge of staffing secondary mathematics classrooms in NSW does not lend itself
to an application of the Dirichlet Principle. If m pigeons are put into m pigeonholes, there is an empty hole if and only if
there’s a hole with more than one pigeon.
There may well be more secondary mathematics teachers than teaching positions, yet
the pigeons are not prepared to travel to the
pigeonholes! If you add in the age of the
teaching population, you also have some aging pigeons. The projections as to whether
supply will meet demand are at best “seen
through a glass darkly”, and the uncertainty
surrounding projections does not allay anyone’s fears.
My current occupation is the state manager of the mathematics learning area, also
described as the Chief Education Officer, for
NSW government schools. It is a role, like
many others, well described by the final sentence of the role statement; “and other duties as required”. I should mention from the
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outset that although I have the word mathematics in my job description, I do not call
myself a mathematician. The problems that
I deal with each day are sometimes assisted
by mathematics but they are not of themselves mathematical.
By inclination and training, I am a
teacher. I started teaching mathematics to
high school students in the Western suburbs
of Sydney in 1978 and completed a Masters
degree in Mathematics (part-time) by 1982.
I was promoted to head of department in
1988 and spent five years as the Mathematics head teacher at Canley Vale High School,
a comprehensive high school of 1200 students in the outer suburbs of Sydney. In
the three years following this, I worked as
a Regional Mathematics Consultant, supporting teachers and heads of departments
in the South West of Sydney. It was during this time that I started to learn about
the way that young children develop their
understanding of mathematics concepts. I
came to this task with an immense treasure, my ignorance. In 1995 I moved to
my current role with state responsibility for
support in the teaching of mathematics. I
provide advice on the teaching of mathematics. I also manage support for teachers
in implementing the mathematics syllabus
from Kindergarten to Year 12 in government
schools.

Why teaching?
Some students have a clear vision of what
occupation they will pursue when they leave
school. I was not one of those students. Two
factors led to my career choice. The first
was that I was offered a teacher’s scholarship
and the second was some pragmatic advice
from a good friend. Having some financial
support to gain a degree was important and
the guarantee of a job when I finished was a
bonus. It could be said that I stumbled into
mathematics teaching, yet it was a happy
stumble.
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When I first started teaching, I remember being surrounded by other mathematics teachers who also loved mathematics. Perhaps that is why mathematics teachers were sometimes considered a
little strange. They enjoyed conquering
mathematical challenges. They thrived on
the excitement of finding something that
you did not know and coming to know it
as irrefutably proven! Strange indeed are
the things that excite mathematics teachers. Even today, mathematics teachers are
often believed to be a little different.
With the arrogance of youth, a trait
I sometimes miss, after about four years
I thought that I knew everything that I
needed to about teaching. In the following years I revised my assessment of what
I knew. I subsequently came to believe that
I had not even managed to get the questions
right. Although I could keep a class of students busy and quiet for significant periods
of time, I was not certain that they were all
learning. In fact, when I got around to asking myself this question, my honest answer
would have been that I did not really expect
them all to learn everything that I taught.
If I gave a test at the end of a topic and everyone had managed to get close to 100%, I
would have concluded that I had made the
test too easy!
Spending time being both a student and
a teacher helped to bring some of my beliefs about teaching and learning into the
light. Perhaps the most poignant memory
is of discovering the difference between what
a good assessment looks like from the point
of the assessor compared to the one who is
assessed. As a student, I found I was far
less fond of the “good assessment to really
sort them out” than I might otherwise have
been as a teacher. The words “fair and balanced” were more likely to come to mind
when assessment was viewed from the perspective of the learner. This time in the dual
role of teacher and student also helped to
shape one of my central beliefs about teaching. Expressed simply, I believe that it is
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almost impossible to be an effective teacher
if you have forgotten what it is like to be
a learner. I have watched teachers, usually
early in their careers, struggle to understand
why their students could not see what to
them was obvious. These teachers had forgotten what it was like “not to know”.
Good mathematics teaching is not necessarily a new mode of teaching. In an oldfashioned mathematics classroom, the junior students talk quietly to each other as
they await the arrival of their teacher. The
teacher enters the room quietly, walks to the
chalkboard, lifts his right foot and stamps
it firmly on the chalkboard. You can clearly
see the outline of the teacher’s boot on the
board. The sound and the unusual action
have silenced the class. The teacher slowly
scans the faces of the students to be certain
that he has their undivided attention. Into
that moment of anticipation he states, “How
are you going to find the area of that?” A
lesson on finding the area of irregular figures
has begun.
Although, in many ways, effective teaching is a performing art, it is not simply a
series of gimmicks or a bag of tricks. A
good mathematics lesson is often like a good
story. A good story is highly organised; it
has a beginning, a middle, and an end. The
story often follows a protagonist who meets
challenges and resolves problems that arise
along the way.
Just as good literature never goes out of
fashion, neither does good teaching. The
use of technology can enhance mathematics teaching but good teaching is not dependent upon digital technology. I have taught
mathematics to children and adults using
drinking straws, pieces of string, golf balls,
glass marbles and pieces of paper. Whether
the mathematics was basic or advanced was
not a function of the materials used but
rather the questions asked.

Which mathematics?
One of the enduring enquiries of mathematics students is, “When are you ever going to

use this?’” Mathematics teachers hear the
question so often that they become quite
creative in their answers. First there is
the pragmatic answer, “In your mathematics test.” Then there is the earnest answer,
“You are learning about quadratic functions
because the reflector inside a car’s headlight
is parabolic!” And finally, there is the plain
silly: “Sine curves will be useful when you
become a hair dresser in creating natural
looking waves.”
Clearly knowing something of the applications of mathematics is of value to mathematics teachers. It is the ‘applications
component’ of your studies that ages most
rapidly. I have heard a mathematics teacher
explain how pyramidal numbers are useful
in determining the number of cannon balls
you have! Historically, this may well have
been an application of figurate numbers but
it is not one that students relate to easily today. More relevant may be an appreciation
of the different types of functions associated
with wavelets because of their use in compressing image data, or the use of prime factorisation as the trapdoor one-way function
in public-key encryption codes.
You can study mathematics simply for
the joy of exploring new ideas. However,
students do need to see the significance of
what they are learning. “Trust me, it is
good for you” does not convince a large
number of students.
Beyond the mathematics underpinning
the content I teach, the form and essence of
the mathematics I have learnt permeates my
day-to-day work. Rather than the detail, it
is a number of general principles and fundamental theorems that influence my work.
For example, although I have had no need to
calculate the Jacobian of a transformation
in my work, I frequently draw on the idea of
metric spaces, or more precisely, creating a
metric. This basic idea underpins my interpretation of the measurement principles involved in the Simple Logistic Model of Item
Response Theory and my limited knowledge
of psychometrics. Modern test development
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often makes use of Item Response Theory,
the probabilistic model used with international comparisons of performance in mathematics, such as the Trends in International
Mathematics and Science Study (TIMSS).
The role of information and communication technologies (ICT) in the learning of
mathematics also plays a significant role in
my work. This can range from advising on
representing mathematical ideas for young
children in television programs on the ABC
to the design of interactive content for websites, such as HSC-Online. It has also involved investigating the advantages of using vector-based animations to provide online mathematics content compared to bitmapped raster images. Indeed, the question
of what may be the best teaching applications of emerging technologies contributes to
an ongoing exploration.
Basic principles of information theory
and coding theory are used in designing
components of online learning in mathematics. They also assist in appreciating the
opportunities provided by an effective implementation of MathML. At a more basic
level, questions surrounding the use of technology in teaching mathematics often translate into questions of access. When should
students be able to use four function calculators, scientific calculators, graphing calculators or computer algebra systems in learning
mathematics?
My involvement in curriculum development means that the history of the development of mathematical ideas is particularly important to me. In NSW, we are due
to review our senior mathematics syllabuses
and this will be accompanied by active debate as to which mathematics should be in
these courses. Without understanding the
history of the development of mathematics,
it is easy to fall prey to simplistic arguments
that “it was ever thus”.
Mathematics is a dynamic body of knowledge. It has also been described as a universal language. Although the appellation of
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universal language is used to justify the messages sent into space in search of extraterrestrial life, in its most basic interpretation
it is not literally true. Anything described
by language will be subject to the dynamic
nature of language. As an example of the
dynamic nature of language, I point to the
use of the term trapezium. From a purely
mathematical perspective it does not matter
what we take a trapezium to be as long as we
clearly define this at the start of any argument we make involving this term. However,
mathematics textbooks and syllabus documents like to define terms. Added to this is
the weight of opinion of parents and some
teachers that mathematics is first and foremost about correct answers. We know that
Americans take a trapezium to be a quadrilateral with no sides parallel and a trapezoid
to be a quadrilateral with two sides parallel.
Australia tends to follow the British use of
the term trapezium.
It would be comforting to leave the discussion of the term trapezium at this point.
My word processor accepts three “dialects”
of English: AUS, UK and US. Why not accept that when you write the word trapezium, what you mean depends upon which dialect of English you speak? However, those
imbued with the belief that you need to have
a correct answer in mathematics are not
satisfied with what they perceive to be an
anomaly. They want an authoritative and
definitive answer!
In seeking to understand mathematics, I
have often been exhorted to read the originals. As Euclid’s Elements was, for a
long time, the “bible” of Euclidian geometry, I consider this to be an adequate original source. Indeed, at one time, Euclid’s
Elements was the second most frequently
printed publication following the Bible.
In Euclid’s Elements Book I, Definition
22 we have, “Of quadrilateral figures, a
square is that which is both equilateral and
right-angled; an oblong that which is rightangled but not equilateral; a rhombus that
which is equilateral but not right-angled;
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and a rhomboid that which has its opposite
sides and angles equal to one another but
is neither equilateral nor right-angled. And
let quadrilaterals other than these be called
trapezia.”
What I discovered by examining Euclid’s
Elements is simply that our current definitions have evolved. Definition 22 does not
allow a rhombus to be a square, something
that would be at odds with the geometry we
currently teach in schools. Euclid’s classification system does provide the rationale for
the American definitions of trapezium and
trapezoid.

The emperor’s new clothes
My mathematical studies have contributed
to my sense of what constitutes a sound argument and an appreciation of scholarship.
When I use the term scholarship, I mean the
development of logically reasoned argument
rather than argument solely by appeal to
authority. One of the reasons I enjoy mathematics and teaching it is that you do not
need to seek a priest to tell you what to believe. You can, with care, use reasoning to
determine the truth or falsehood of a statement in mathematics.
This same need for critical reasoning is
essential to appreciate the decisions that are
being made by governments. Public policy discourse increasingly involves the formulation and critique of arguments based
on data. Yet data sense is a relatively rare
form of reasoning, especially in the political
domain.
At the July 2001 conference on global
warming at Bonn, Australia argued to use
“carbon sinks” as credit for cutting greenhouse gas emissions. Carbon sinks are
forests that eliminate carbon dioxide from
the atmosphere. There appears to be some
kind of balance sheet logic behind this and
the problem reduces to a measurement task.
However, measuring things is rarely simple.
For example, a government report indicated that the area of forest in Australia had
increased from 43 million hectares in 1992

to just under 157 million hectares in 1998.
How could this be? Trees did not suddenly
sprout up all over the country. Taking the
numerical data to be correct, what could account for this rapid increase in the growth
of forests in Australia? What constitutes a
forest? An initial response is that a forest is
a bunch of trees. How big do the trees need
to be and how far apart could this bunch
of trees be? Between 1992 and 1998 it was
the definition of “forest” that changed. Now
we count all our woodlands (where the trees
are quite far apart) and most of our mallee
(where the trees are not very tall) as forest. The principle of needing to compare
like with like, can be easily overlooked.
The current Australian Government Department of the Environment and Heritage
website suggests that “a forest of trees with
a potential height of at least two metres and
crown cover of at least 20 per cent” and “in
patches greater than one hectare in area”
may be counted as afforestation. Perhaps all
of those practical activities getting students
to measure the height of a tree might have
been worthwhile after all! What are the implications of this definition of afforestation
and does it matter? As a teacher, I believe
that logical argument, which is at the very
heart of mathematics, needs to be evident
in public policy discussions.

Mathematics education and the
media
Appreciating the significance of the study
of mathematics to effective citizenship is
often overlooked. One of the unintended
consequences of mathematics schooling has
been the creation of a fixed attitude towards
mathematics evident in much of the community. People’s attitudes appear to have been
shaped by what I sometimes refer to as the
Brussels Sprouts effect - most people believe
that mathematics is good for you yet very
few want to consume it themselves.
Mathematics tutoring colleges and programs abound in Australia, encouraged no
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doubt, by the Brussels Sprouts effect. Parents want the best for their children and are
happy to pay someone to “feed their children
Brussels Sprouts.” The Brussels Sprouts
effect is not necessarily a recent phenomenon. Bertrand Russell may have identified
an early form in his own education.
I was made to learn by heart: “The
square of the sum of two numbers is equal
to the sum of their square increased by twice
their product”. I had not the vaguest idea
what this meant, and when I could not remember the words, my tutor threw the book
at my head, which did not stimulate my intellect in any way. (Bertrand Russell, Autobiography, 1986, p. 34)
If you look at the way that mathematics
education is portrayed in the media, there
appears to be little reason to hope. Standards are almost always reported as falling
as people hark back to a golden era that
never existed. I read newspaper articles
with titles like Learning Curves. Teaching
does not add up, and A teacher problem that
is multiplying, or my current favourite, A
cure for maths hysteria? Viewing television, I am exhorted to learn how schools are
failing our kids. The news reports and current affairs programs play a significant role
in inoculating the community with a Brussels Sprouts view of mathematics.
Portraying occupations in television series can have a significant impact on career
choices. Shows such as CSI have spawned
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an increase in applications to study forensic science in many universities, well beyond
the actual needs of the community. Although it is currently too early to tell, it will
be interesting to see what impact the show
NUMB3RS has on enrolments in mathematics courses. At least the shows aired to date
are based on real cases and the mathematics
is correct.

Teaching mathematics
Teaching mathematics is not always easy.
There are days when you feel that you are
truly “advancing to the rear”. These are
the days when you might even start to believe Mencken’s quip, “Those who can — do.
Those who can’t — teach”.
Yet outweighing all of the challenges are
the days when you see the light shine in the
eyes of your students and you can hear “I
get it” like a summer cicada chorus. I can
still bring to mind a memory of one of my
students smiling and nodding all the way
through an explanation I was providing in
introducing a new topic. He told me at the
end of the lesson it was because it just made
so much sense! These are the days when you
know that, “The best teacher is not the one
who knows most, but the one who is most
capable of reducing knowledge to that simple compound of the obvious and the wonderful”. As a mathematics teacher, I think
that this time, unlike his earlier quip, H. L.
Mencken got it right!

NSW Department of Education and Training, GPO Box 33, Sydney NSW 2001
E-mail: Peter.Gould@det.nsw.edu.au

Tomaso Aste and Tiziana Di Matteo
In the year 2000, exactly one hundred years after David Hilbert posed
his now famous list of 23 open problems, The Clay Mathematics Institute (CMI) announced its seven Millennium Problems. (http: // www.
claymath. org/ millennium ). The Gazette has asked leading Australian
mathematicians to put forth their own favourite ‘Millennium Problem’.
Due to the Gazette’s limited budget, we are unfortunately not in a position to back these up with seven-figure prize monies, and have decided on
the more modest 10 Australian dollars instead.
In this final instalment, Tomaso Aste and Tiziana Di Matteo will explain
their favourite open problem that should have made it to the list.

In this note we describe our favourite problem in discrete geometry: how many equal spheres
can be packed inside a larger sphere?
This problem is related with the long standing ‘greengrocers dilemma’: which is the most
space-efficient way of placing vegetables in a market stand? Such a dilemma might have
intrigued a few greengrocers (Fig. 1) but it has certainly attracted several mathematicians
becoming one of the best-known problems in discrete geometry. This problem is often
referred as the Kepler conjecture and it was included at the 18th place in the Hilbert’s list.

Figure 1. The greengrocers dilemma: which is the most space-efficient way of
placing vegetables on a market stand?

In the winter 1611, Kepler was fascinated by the origin of the hexagonal shapes of the
snowflakes and he hypothesized that they could be originated by the tight packing of small
spherical ice pieces. For this reason he investigated the ‘most compact’ way to arrange ‘equal
pellets in any vessel’ [1]. Kepler conjectured that the closest packing is achieved by placing
the pellets in stacks of hexagonal layers (Fig. 2). He wrote: ‘This arrangement will be the
tightest possible, so that in no other arrangement could more pellets be packed into the same
container’ [1, 2].
There are several possible ways to place the hexagonal layers one upon the other (Barlow
packings) but in all these packings
the fraction of the volume occupied by the balls divided
√
by the total volume is ρ = π/ 18 ' 0.74048.

The 13th problem
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The so called ‘Kepler conjecture’ affirms that this is the maximum density attainable.
Such a conjecture resisted challenges for almost 400 years, but in 1998 T. Hales produced
a proof [2, 3, 4]. Such a proof is still under examination (and verifying the Hales proof has
become a challenge per se...), however it is widely believed in the scientific community that
ρ = 0.74048... is indeed the maximum density achievable for a packing of equal spheres in
an infinitely large container with no boundary.

Equal spheres are packed tightly
in the plane making hexagonal layers
figure from the original Kepler’s paper [1].

Hexagonal layers can be placed in
stacks one upon the other forming the
so called Barlow packings.

Figure 2. The densest packing of spheres in a infinitely large container with no boundary.

The Kepler problem might be solved for an infinite number of spheres in infinitely large
containers but it rests still open for finite arbitrary containers. Indeed, the effect of the
container on the packing density of a finite number of spheres can be dramatic. For instance,
if we let the shape of the container be deformable (as for the case of a rubber balloon), the
problem becomes the search for the configuration that minimizes the volume of the convex
figure containing all the spheres. In this case, for small n (eventually up to 56) the shape
that maximizes packing is a ‘sausage’ [5] (spheres placed in a straight line).
In general the finite sphere packing problem is addressing the maximization of the local
density. But local density is intrinsically related to the way in which space is subdivided (i.e.
the container’s shape) and different ways of dividing space lead to different answers. Indeed,
such differences between local and global packings are the very sources of all the difficulties
encountered in the solution of the Kepler problem. There exist several local configurations
that are denser than the Barlow’s packings, however it appears that these configurations
cannot be combined in space in a way to avoid large gaps. The result is that, for large
enough systems, the densest packings tend to the density of the Barlow’s arrangements.
Once clarified that the solution of the finite Kepler problem depends on the container,
let us come back to our proposed problem. Our choice for the ‘13th Millennium Problem’
has been to address the case for the simplest possible container: a spherical vessel. An
equivalent formulation of our proposed problem is the quest for the smallest diameter s(n)
of a spherical container in which interior n spheres with diameter d = 1 can be packed.
Simple solutions can be found for small n. For instance, it is straightforward to prove that
s(1) = 1 and it is easy to verify that s(2) = 2. It is also established that no more than 13
spheres can be packed in a sphere of diameter s = 3 (this is related with the kissing number
problem [6]). Very few results are known for larger n. Up to 32 spheres have so far been
packed in a sphere of diameter s = 4 and up to 67 can be fitted into a sphere with s = 5
[7]. Other bounds for the cases up to n = 40 where published recently in [8]. On the other
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hand, for very large n, the tightest packings
√ must tend to the Barlow’s one and the solutions
should approach the bound: s(n) > 2(n 18/π)1/3 .
The study of the most effective packings is of great relevance in several physical systems.
Atoms can be often conveniently modelled as hard spheres and the pursuit of densest packing
is a feature associated with the metallic bond. There is therefore no surprise in discovering
that several metals naturally have fcc crystalline structure, which is the one described by
Kepler and it is also the favourite greengrocers’ choice. However, when we look at local
arrangements of small clusters of atoms very different scenarios arise. Indeed, it has been
observed that atoms in nano-clusters or nano-wires result in arrangements that are different
from the one in the larger bulk structures.
The Gazette’s prize of 10 Australian dollars might not sound too appealing to some of
the readers. However, the solution of the proposed problem could yield to much greater
rewards. Indeed, it turns out that a complete enumeration of the densest local packings for
different number of spheres in different containers is of great interest in the cutting-edge
field of nanotechnology.
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A National Strategic Review of Mathematical Sciences
Research
Barry D. Hughes

A National Strategic Review of Mathematical Sciences Research is currently under
way, with the final report scheduled for
July 2006. The review is being held under the auspices off the Australian Academy
of Science, with financial support from the
Australian Research Council, the Australian
Mathematical Society, the Australian Mathematical Sciences Institute and the Statistical Society of Australia, Inc.
The present review commenced in September 2005 and the final report is scheduled to be completed by July 2006. It comes
a decade after a previous comprehensive review (“the 1995 review”)1, which identified
a number of challenges to the Australian
mathematical sciences community, including: the need to improve our image; unbalanced age distributions in university departments; gender imbalance at senior levels; attracting good undergraduates students; increasing opportunities for post-doctoral researchers; broadening the funding base for
research; educating potential users to the
value of the mathematical sciences; and improving technology transfer programs.
Several of the recommendations of the
1995 review have now been achieved at least
in spirit, if not in the anticipated way. I
note in particular the following twin recommendations, which were directed to the
ARC and the then National Committee for
Mathematics of the Australian Academy of
Science.
19a The Australian Research Council
should facilitate application under
the SRC program by the mathematical sciences disciplines for a National Research Centre in the mathematical sciences.
1

19b The National Committee for Mathematics should conduct a competitive tender amongst universities
prepared to offer funds to be the
site of a proposed National Research
Centre in the mathematical sciences
in similar style to MSRI, IMA, the
Fields Institute or the Newton Institute.

We now have the Australian Mathematical Sciences Institute, with premises in Melbourne but partner institutions spanning
the nation as our national centre. Significantly, this centre did not come to pass
from an ARC initiative, or even with initial
ARC funding, but through a strategic initiative of the Victorian State Government,
a major commitment from the University
of Melbourne, and significant funding from
other partner institutions. Since the establishment of AMSI, welcome direct Federal
Government and ARC funding for specific
activities has followed. I can see no better
example than this of the need for the profession to work to secure its own future, rather
than waiting to be rescued by a prospective
saviour who may have other priorities.
Since the 1995 review, great changes have
taken place in the Australian higher education sector generally, and in the mathematical sciences in particular. Many of the challenges identified in 1995 remain, while the
shifting funding base of universities presents
new threats to the viability of mathematical
science departments. This comes at a time
when the critical national importance of the
mathematical sciences, identified so forcefully in the 1995 review, may have increased.
Consider, for example, recent developments

Mathematical Sciences: Adding to Australia (Australian Government Publishing Service, 1995). For
extracts, see http://wwwmaths.anu.edu.au/other/ncms/NCMDiscRev.html.
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in bioinformatics, environmental and financial risk assessment, and information security.
In the context of reviewing research, the
review will consider teaching, research and
practice in the mathematical sciences in universities and beyond, and the present use
and anticipated future needs of mathematical sciences in business and in the wider
community.
Groundwork will be laid by a Working
Party including distinguished international
reviewers and the review will be guided by
an Advisory Board that includes both local
and international mathematical scientists.
This international perspective distinguishes
the present review from the 1995 review,
and this aspect was especially important
in securing the ARC contribution towards
the cost of the review. The review will include a national tour by the international reviewers and other members of the Working
Party in February 2006 to meet stakeholders and interested persons from academia,
business, government and the broader community. The International Reviewers are
• Professor Jean-Pierre Bourguignon, Director, Institut des Hautes Études Scientifiques, France
• Dr Brenda Dietrich, Director, Mathematical Sciences, IBM Thomas J. Watson Research Centre, U.S.A.
• Professor Iain Johnstone, Stanford University, U.S.A.
The Working Party for the Review consists
of the International Reviewers and five local members: Professor Hyam Rubinstein
(Melbourne, Chair of the Working Party),
Dr Barry Hughes (Melbourne, Executive
Director of the Review), Professor Peter
Hall (Australian National University), Ms

Jan Thomas (Australian Mathematical Sciences Institute), and Dr Edwin van Leeuwen
(BHP–Billiton). Dr van Leeuwen was a
member of the Working Party for the 1995
review.2
The chair of the Advisory Council is Professor Michael Cowling, University of New
South Wales, the current President of the
Australian Mathematical Society. Other
professional societies are represented on the
council by the President of ANZIAM, Professor Peter Taylor (Melbourne); the President of the Australian Society for Operations Research, Professor Lou Caccetta
(Curtin); and the current President and
immediate Past-President of the Statistical Society of Australia, Inc.3, Professor
Kaye Basford (Queensland) and Dr Neville
Bartlett (N.R. Bartlett Consulting). To offer a perspective to the council from beyond
our shores we have Professor John Coates
(Cambridge) and Professor Marston Conder
(Auckland). Other academic members of
the council include Professor Andrew Bassom (Western Australia), Professor Nigel
Bean (Adelaide), Professor Phil Broadbridge (Director, Australian Mathematical
Sciences Institute), Professor Nalini Joshi
(Sydney), and Professor Garth Gaudry (Director, International Centre of Excellence
for Education in Mathematics). For a view
from outside the university environment, we
have Dr Murray Cameron (Divisional Chief,
CSIRO Mathematical and Information Sciences), Ms Judith Downes (ANZ Bank) and
Dr Les Trudzik (Executive Director, KPMG
Risk Services).
Material related to the review will be
available on-line4, including the terms of reference, questionnaires suitable for completion by individual mathematical scientists,
progress up-dates and details of cities to be

2The other members of the 1995 review Working Party were Professor A.J. van der Poorten, Macquarie

University (Chair); Dr N.G. Barton, CSIRO (Executive Officer and Editor); Professor M.N. Barber, University of Western Australia; Professor T.C. Brown, University of Melbourne; and Professor D.W. Robinson,
Australian National University.
3The Statistical Society of Australia commissioned a recently completed review of the specific discipline
of statistics in Australia, and the present review should benefit considerably from the work of that review.
4http://www.review.ms.unimelb.edu.au.
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visited by the International Reviewers and
the appropriate dates. Several members of
the Working Party will be in attendance at
the ANZIAM Conference (Mansfield, Victoria 5-9 February 2006), which takes place
shortly before the arrival of the international reviewers. Written submissions from
individual mathematical scientists, professional societies, academic departments, industry clients and all other stakeholders in
mathematical sciences research or advanced
mathematical sciences will be gratefully received. Submissions and enquiries may be
sent to barrydh@unimelb.edu.au or to Dr

Department of Mathematics and Statistics,
University of Melbourne, Victoria 3010
E-mail: barrydh@unimelb.edu.au
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Barry Hughes, Executive Director, National
Strategic Review, at the address below.
In the findings of the 1995 review it was
noted that if the challenges identified by
that review were not met
“there will be a significant diminution in
Australia’s capabilities in the mathematical
sciences, to the detriment of the nation.”
Indeed. I encourage you to assist us in the
present endeavour to document the state of
the mathematical sciences profession, to develop a clear vision for where we need to be
in a decade, and to identify realistic ways in
which we might arrange to get there.

320

Higher Degrees and Honours Bachelor Degrees in Mathematics and Statistics Completed in Australia in 2004
Peter Johnston
This report presents data relating to students who completed Honours or Higher Degrees in Mathematics during 2004. The data
is part of an on going project for the Australian Mathematical Society and should be
read in conjunction with previous reports
[1, 2, 3, 4, 5] covering the period 1993–2003.
Table 1 presents data for students completing Honours degrees in 2004, at all Universities in Australia. Within each institution, the data are broken down into male
and female students and into the three traditional areas of Mathematics: Pure; Applied and Statistics. There is also the general category “Mathematics” for institutions
which do not differentiate between the conventional areas. Finally, there is an “Other”
category for newer areas of mathematics
such as Financial Mathematics.
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Each category is further broken down into
classes of Honours awarded. The table
shows that in 2004 there were 138 Honours
graduates in Australia (this is down from
approximately 160 over each of the past
three years), with 99 (72%) receiving First
Class Honours (compared with 119 (74%) in
2003). The downturn in student numbers is
possibly due to the incomplete data collection with only 25 responses received out of
a possible 37. This compares with 30 responses last year. Despite the decrease in
numbers of students, the standard is just as
high.
Figure 1 presents the total number of students completing Honours degrees in Mathematics over the period 1959–2004. It shows
that in 2004 the number of graduates has
reduced to the levels over the period 19972000.

Total Honours Students
Male Students
Female Students
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Year

Figure 1. Number of Honours degrees completed in Mathematics and Statistics, 1959-2004.
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The figure also shows the numbers of
male and female students who completed
Honours over the same time period. Unfortunately, there was a more significant drop
in the number of female graduates than male
graduates.
Table 2 presents the data for Higher Degree completions in 2004. The data are
broken down into Coursework Masters, Research Masters and PhD degrees, with the
latter two divided into the three typical areas of Mathematics. These data are also
represented in Figure 2, as part of the overall Higher Degree data for the period 1959–
2004. The figure shows that: (1) the number of PhD completions has dropped considerably compared to the past few years;
(2) the number of Research Masters completions remains steady and (3) the number
of Coursework Masters completions continues to increase.
Finally, Table 3 gives a list of completed
Research Masters and PhD theses awarded
in 2004.

80
70

For those who are interested in the finer
details, the raw data is available from
links on the web page www.cit.gu.edu.au/
maths. There is an Excel spreadsheet containing the complete data for 2004 as well
as spreadsheets containing cumulative data
from 1959 for Honours, Research Masters
and PhD degrees. Readers might be interested to know that this data was accessed as
part of the Review of Statistics conducted
by the Australian Bureau of Statistics earlier in the year.
I would like to thank the many people
who took the time and effort to collect this
data and forward it to me. Next year I will
endeavour to obtain data earlier in the year,
when the figures are still fresh in peoples’
minds. Finally, if having read this report,
you would like to contribute missing data
for 2004, I can add it to the data on the
website and republish these tables if there
are significant changes.

Research Masters
Coursework Masters
PhD
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Figure 2. Number of research higher degrees completed in Mathematics and Statistics,
1959-2004.
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Table 3: Higher Degrees in Mathematics and Statistics, 2004
Uni.
ANU

Degree
PhD

Area
Appl

Name
Paola Pozzi

PhD

Pure

Tamiru Jarso

PhD

Stat

Hong Ooi

PhD

Pure

Sergey Ajiev

PhD

Stat

Yvonne Pittelkow

CQU

PhD

Appl

Patrick Keleher

MDU

PhD
PhD

Stat
Stat

Sue Lindsay
Alexandra Bremner

MSc
PhD

Stat
Pure

Julie Sims
J Buckland

PhD

Appl

A Karakas

MNU

QUT

UMB

UNS

USN

UWA

PhD

Appl

E Stark

MSc
MSc

Stat
Appl

Sorn Norng
Andrew Durick

PhD

Appl

Daniel Mallet

PhD

Appl

Simon Truscott

PhD
MSc

Stat
Pure

Simon Sando
Terence Jegaraj

MSc
PhD

Stat
Pure

Marta Salek
Cheuk Chui

PhD

Appl

Bruce Davey

PhD
PhD
MSc
MSc

Appl
Stat
Appl
Pure

Andrew Rogers
Stanislaus Uyanto
Glen Grice
Oldrich Klima

PhD

Appl

Peng Xu

PhD
PhD

Pure
Appl

Bill Cruickshank
Josef Dick

PhD

Appl

Kassim Mustapha

PhD
PhD

Pure
Appl

Keith Rogers
Ann-Marie Wong

PhD

Appl

Haixiong Zhuang

PhD

Appl

Eunjoo Jung

MSc
MSc

Pure
Stat

MSc
PhD
PhD

Appl
Pure
Appl

Stephen Meagher
Ponnuthurai
Ainkaran
Henrik Latter
Noelle Antony
William Bertram

PhD
PhD
PhD
PhD
PhD

Pure
Appl
Appl
Pure
Pure

Beatrice Bleile
Otto Konstandatos
Greg Woodbury
Ruxue Xu
Yunchuan Yin

MSc
PhD

Pure
Stat

Sanka Balasuriya
Tarn Duong

PhD

Appl

Ronald Monson

PhD

Stat

Sandra Pereira

Title
Finite Element Approximations to Solutions of Geometric
Problems
Automorphisms Fixing Subnormal Subgroups of Certain Infinite Soluble Groups
Recursive Partitioning for Density Estimation and ModeHunting
Singular and Supersingular Operators on Function Spaces,
Approximation and Extrapolation
Analysis of High-Density Oligonucleotide Microarray Data: A
Statistical Perspective
Adaptive and Sliding Mode Control of Articulated Robot
Arms using the Liapunov method Incorporating Constraint
Inequalities
Estimation for Components of Variance Models
Localised splitting criteria for classification and regression
trees
Modelling overdispersed Poisson data
Mean curvature flow with free boundary on smooth hypersurfaces
Asymptotic giant branch stars: their influence on binary stars
and the interstellar medium
Gravito-electromagnetism and the question of stability in numerical general relativity
Statistical Decisions in Optimising Grain Yield
Analysis and Improvement of the Nonlinear Iterative Techniques for Groundwater Flow Modelling Utilising MODFLOW
Mathematical Modelling of the Role of Haptotaxis in Tumour
Growth and Invasion
A Heterogeneous Three-Dimensional Computational Model
for Wood Drying
Estimation of a Class of Nonlinear Time Series Models
Polynomial birth-death approximation of pattern occurrences
in an independent, identically distributed sequence
Existence of a Bishop family oa annuli
Integrable boundary conditions of lattice models in more general topologies
Algorithmic applications of knapsack covers and duality to
integer programming
Parallel algorithms for lattice enumeration problems
Regression with symmetric alpha-stable distributions
Constant speed flows and the nonlinear Schrodinger equation
Analysis of a subelliptic operator on the sphere in complex
N-space
A computational model for the assessment and prediction of
salinisation in irrigated areas
Vershik systems and non-singular ergodic theory
Digital lattice rules: multivariate integration and discrepancy
estimates
Analysis of fully discrete element methods with quadrature
for second order nonlinear parabolic and hyperbolic problems
Real and p-adic oscillatory integrals
Deep convection processes off the coast of Adelie Land, East
Antarctica
Parameterizations of atmosphere-ocean and atmosphere land
surface interactions, with an application to the Australian
Monsoon
Numerical simulation of Asian Dust Events: The effects of
Convective Transport and Wet Deposition
Cusps of Hilbert modular surfaces and 4-folds
Analysis of some linear and nonlinear time series models
Topics in Kinematic Dynamo Theory
On Singular Artin Monoids
Modelling asset dynamics via an empirical investigation of
Australian stock data
Poincare Duality Pairs of Dimension Three
A new framework for pricing barrier and lookback options
Modelling emergent properties of the visual cortex
Fixed point calculations on cones
W-graph representations for Coxeter groups and Hecke algebras
Maximal Monotone Operators in Banach Spaces
Bandwidth Selectors for Multivariate Kernel Density Estimation
The Computer-Aided Verification of Mathematical Reasoning
in Education and the Counting of Satisfiable Instances of kSAT
Analysis of Spatial Point Patterns using Hierarchical Clustering Algorithms

Peter Johnston
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UWG

PhD

Appl

Ricky O’BRIEN

PhD

Pure

Tian LIM

PhD

Appl

PhD

Stat

Tomomichi
Nakamura
Jahar Choudhury

MSc

Pure

Amos Koeller

PhD

Appl

PhD

Appl

Bronwyn BradshawHajek
Raseelo Joel Moitsheki

Modelling the transport and reaction of enzymes in germinating barley
Edge-transitive homogeneous factorisations of complete
graphs
Modelling nonlinear time series using selection methods and
information criteria
Completing Risks Models for the Analysis of Multivariate
Failure-Time Data: Applications to Biomedicine and Criminology
Ergodic transformations that generate the Caratheodory definition of measurable sets
Reaction-diffusion equations for population genetics
Invariant solutions for transient solute transport in saturated
and unsaturated soils
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Mathematics and Statistics Degrees, 2004
Uni.

Sex

Mathematics
I IIA IIB III

I

Pure
IIA IIB III

I

Applied
IIA IIB III

I

ACU
ANU

M
F

4
2

1

1

BOU
CDU
CQU

M
F
M
F

CSU
CUT
DKU
ECU
FDU
GFU

M
F
M
F
M
F
M
F

1
1

JCU
LTU
MDU
MNU
MQU
QUT
RMT

M
F
M
F
M
F
M
F
M
F
M
F

1

3
1

2
2

1
1

3
1
3
1

1

1
1
1

SCU
SUT
UAD
UBR

M
F
M
F
M
F

2

2

1
1

1

1
1

1

1
2
1

1

UCB
UMB
UNC

M
F
M
F

6
1

1

5

1

4
2

1

5
4

2

UNE
UNS

M
F

1

1

UQL
USA
USN
USQ

M
F
M
F
M
F

6
1

2
2
1

1
2

1

2
1

2

1

1

1

1

UTM
UTS
UWA
UWG

M
F
M
F
M
F

1
1

1

1
1

1

1

UWS
VUT
Totals

8

2

0

0

32

2

2

0

27 12

5

1

23

Statistics
Other
Honours
IIA IIB III I IIA IIB III Total
0
0
1
7
2
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0
1
1
0
0
1
2
0
1
1
1
7
3
0
0
3
2
4
2
0
0
0
0
1 1
8
1
5
1
1
0
0
1
1
21
1
9
1
3
0
0
0
8
1
1
0
0
0
3
13
3
1
1
0
0
0
1
2
4
1
1
7
0
5
7
3
6
0
0
0
0
8
2
1 9 2
2
0
138
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University Sex Coursework
Research Masters
Total
PhD
Total
Masters
Pure Applied Statistics
Pure Applied Statistics
ACU
0
0
0
0
ANU
M
0
2
1
3
F
0
1
1
2
BOU
0
0
0
0
CDU
M
0
0
F
0
0
CQU
M
0
1
1
F
0
1
1
CSU
0
0
0
0
CUT
0
0
0
0
DKU
M
0
0
F
1
1
1
1
ECU
M
1
1
0
F
0
0
FDU
M
0
0
F
0
1
1
GFU
M
0
0
F
0
0
JCU
0
0
0
0
LTU
M
0
0
F
0
0
MDU
M
0
0
F
0
1
1
MNU
M
0
1
1
F
1
1
2
2
MQU
M
0
2
2
F
0
0
QUT
M
4
1
1
2
2
1
3
F
0
0
RMT
M
0
0
F
0
0
SCU
0
0
0
0
SUT
M
0
0
F
0
0
UAD
M
5
2
0
0
2
1
1
0
2
F
1
0
2
2
UBR
M
0
1
1
F
0
1
1
UCB
0
0
0
0
UMB
M
1
1
1
2
1
4
F
1
1
0
UNC
M
0
1
1
F
0
0
UNE
0
0
0
0
UNS
M
7
1
1
2
1
4
5
F
3
0
2
2
UQL
0
0
0
0
USA
M
0
0
F
0
0
USN
M
1
1
1
3
2
3
5
F
0
2
2
USQ
M
0
1
1
F
0
0
UTM
0
0
0
0
UTS
M
0
0
F
0
0
UWA
M
1
1
1
3
2
6
F
0
1
1
UWG
M
1
1
1
1
1
F
2
0
1
1
UWS
0
0
0
0
VUT
0
0
0
0
Totals
23
7
4
5
16
13
27
10
53

Table 2. Number of research higher degrees completed in Mathematics and Statistics, 2004

325

326

The 49th Annual Meeting of the Australian Mathematical
Society
Lyle Noakes

The 49th Annual Meeting of the Australian
Mathematical Society was held at the University of Western Australia from September 27–30, 2005, and was opened by the
Dean of the Faculty of Engineering, Computing and Mathematics. The President
of the Society, Professor Michael Cowling
shared personal reminiscences about George
and Esther Szekeres, and Hilary Booth.
Rodney Baxter spoke about Renfrey Potts.
Following this, it was announced the 2005
Annual Medal of the Australian Mathematical Society would be awarded to Terence
Tao, who was unable to attend the Meeting.
Garth Gaudry outlined Professor Tao’s outstanding achievements leading to the award.
Michael Cowling and Barry Hughes then
spoke about the federal government’s proposed Research Quality Framework and the
Review of Mathematical Sciences.
There followed a full program of 8 invited
plenary lectures, contributed talks, and invited keynote lectures in each of 17 special sessions ranging from algebra, analysis and geometry through to applications in
physics, finance, fluids and engineering.
The public lectures were given by the
2005 Mahler lecturer, Professor Bruce
Berndt, University of Illinois at UrbanaChampaign, and by Professor Rida Farouki,
University of California at Davis. The plenary lectures were given by Professor Rodney Baxter (ANU), Dr Natashia Boland
(U Melbourne), Professor Jonathon Borwein (Dalhousie), Professor Robert Calderbank (Princeton), Professor Angus Macintyre (QMC), Dr Shahar Mendelson (ANU),
Professor Michael Nielsen (UQ), and Dr Akshay Venkatesh (MIT). The B.H. Neumann
Prize for best student talk was awarded at
the conference dinner on Thursday, to Geoffrey Pearce.

Wednesday September 28 included general sessions in the morning and a teacher’s
afternoon, sponsored by the International
Centre of Excellence for Education in
Mathematics (ICE-EM) and the Australian
Mathematical Sciences Institute (AMSI).
This included discussion of AMSI - ICE-EM
and the Review of Mathematical Sciences,
following on from Barry Hughes’ presentation at the opening of the Meeting. The
teacher’s afternoon was organised by Jan
Thomas, Garth Gaudry and Ken Harrison.
The 49th Annual Meeting also included
public lectures on the history of mathematics (number theory, given by the Mahler
Lecturer and sponsored by the Society and
AMSI), and on applications of mathematics in mechanical engineering (sponsored by
the UWA Institute of Advanced Studies).
There were, in addition, three associated
mathematics miniconferences at UWA in
the same week, organised in cooperation
with the 49th Annual Meeting. The 2005
Annual Meeting of the Australian Society
for Operations Research also took place in
Perth during the week, at Curtin University.
The Miniconference on Functional Analysis (in memory of Simon Fitzpatrick, of the
University of Western Australia School of
Mathematics and Statistics) was organised
by John Giles and took place on September
25–26 at UWA. Most participants had research links with Simon, including Jonathon
Borwein and Marian Fabian. Jonathon Borwein also contributed to the teacher’s afternoon and gave a plenary talk at the
49th Annual Meeting. The miniconference
was assisted financially by a Special Interest Grant from the Society, by AMSI, and
by the 49th Annual Meeting.

Lyle Noakes

The Annual Victorian Algebra Conference was held at the University of Western Australia in 2005 from September 24–
26, 2005, organised by John Bamberg and
Maska Law. There were 42 participants,
and 19 lectures including three plenary
talks. Financial assistance was received
from AMSI, and the UWA School of Mathematics and Statistics.
The 2005 Annual Conference of the Australasian Association of Logic was held at
UWA on September 24–25, and was organised by Hartley Slater, Alan Woods, Mark
Reynolds and Tim French. There were
16 talks, and Angus Macinytyre also contributed a plenary talk to the 49th Annual
Meeting. Financial assistance was received
from the Association for Symbolic Logic and
the 49th Annual Meeting.
The 49th Annual Meeting attracted some
200 registered participants from 21 count-
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ries, an additional 40 for the teacher’s
day. The Meeting received financial support from the Australian Mathematical Society, AMSI, ICE-EM, the UWA School of
Mathematics and Statistics, the UWA Institute for Advanced Study and from Thomson Learning. The local organising committee was Lyle Noakes, Michael Giudici, Ken
Harrison, Lucho Stoyanov, John Bamberg
and Grant Keady. Seed funding was not requested from the Society, and the meeting
ended with a budget surplus. Registered
participants received lunches, morning and
afternoon tea, and entitlement to the conference dinner. The 49th Annual Meeting
ended with a survivor’s barbecue on Friday
evening.
The 50th Annual Meeting of the Australian Mathematical Society will be held
at Macquarie University in 2006.

The University of Western Australia, Nedlands, WA 6009
E-mail: lyle@maths.uwa.edu.au
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CSIRO celebrates 75 years of advancing statistics
Andrea Mettenmeyer

September 29 this year marked 75 years
since the appointment of CSIRO’s first
statistician, Betty Allan. The anniversary
was celebrated with two talks followed by
a dinner at University House, ANU, Canberra. Among the guests were Betty Allan’s
son and grandson.
The first talk, by John Field (formerly of
CSIRO, now a statistical consultant), outlined Betty’s statistical career.
John explained that Frances Elizabeth
‘Betty’ Allan was a gifted mathematician
who had studied pure and mixed mathematics at the University of Melbourne and
with RA Fisher at Rothamsted Experimental Station in the UK. She was appointed
on 29 September 1930 to apply statistical methods to agricultural research at the
then-CSIR Division of Plant Industry, in
Canberra.
Betty Allan’s projects included control of
oriental peach moths and blowflies, work on
plant diseases and noxious weeds, and studies of the effects of supplements on sheep.
Much of her work involved helping others and supporting their research projects
rather than pursuing her own research interests. After she retired in 1940 following

her marriage, CSIRO formally established
a Biometrics Section, forerunner to the
present-day CSIRO Mathematical and Information Sciences.
The second talk was by Terry Speed
(Walter & Eliza Hall Institute and University of California, Berkeley) who spoke
on aspects of statistical research in CSIRO
which linked back to Betty Allan. Allan’s
research with John Wishart had been on the
estimation of missing values in designed experiments, a topic later taken up in CSIRO
by E.A. Cornish, G.N. Wilkinson, R.G. Jarrett and E.R. Williams.
Moving to molecular biology, Terry highlighted the influence of a paper by A.J.
Gibbs and G.A. McIntyre (1970) who developed a precursor to the widely used “dotplot” for sequence comparison, and a number of publications by Richard Cowan written while working with the CSIRO Division
of Molecular Biology. Finally, he speculated
on possible future directions for mathematics, statistics and molecular biology.
For slides and/or summaries of these
talks, and to view photos of the anniversary dinner, see http://www.cmis.csiro.
au/stats75/dinner.htm.
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A Continuous Time Model for Election Timing
D. Lesmono, E.J. Tonkes, and K. Burrage
Abstract
We consider a continuous time model for election timing in a Majoritarian Parliamentary
System where the government maintains a constitutional right to call an early election.
Our model is based on the two-party-preferred data that measure the popularity of the
government and the opposition over time. We describe the poll process by a Stochastic
Differential Equation (SDE) and use a martingale approach to derive a Partial Differential
Equation (PDE) for the government’s expected remaining life in office. A comparison
is made between a three-year and a four-year maximum term and we also provide the
exercise boundary for calling an election. Impacts on changes in parameters in the
SDE, the probability of winning the election and maximum terms on the call exercise
boundaries are discussed and analysed. An application of our model to the Australian
Federal Election for House of Representatives is also given.

1

Introduction

In Majoritarian Parliamentary Systems such as in Australia, United Kingdom, or New
Zealand, Prime Ministers have the discretion to call an early election. This discretion may
give governments an advantage to remain in power by calling elections at the most favourable
time, especially when their popularity is high. In those countries, governments’ and oppositions’popularity are determined by poll data. Both governments and oppositions are very
concerned about these data and when they are behind in the poll, they will try through their
policies to improve their popularity in the next poll. This decision to call an election at the
most favourable time is interesting to model from a mathematical point of view. Mathematical techniques such as the optimal stopping problem, dynamic programming, game
theory, stochastic and partial differential equations have been used to describe and analyse
this problem.
Smith [8] modelled optimal election timing by considering the government’s competency
and outcomes. Voters gain information about the government’s competency via its outcomes
and then they can judge whether or not the government is competent. The decision to call
an election is based on the difference in the expected utility between calling and not calling
an election given the government’s competency and voter beliefs about this competency.
His analysis also included political business cycles where the government can manipulate
economic instruments to its favour and the role of the opposition’s campaign.
Kayser [6] considered election timing as a finite horizon optimal stopping problem to
model the government’s decision explicitly. The government’s decision at each time is to
maximize the utility of office holding by considering an option to call an election. He used the
term surfing to indicate the ability of the government to time the election and manipulation
to indicate where the government manipulates its policies for its advantage. He found that
changes in factors such as government’s competency, utility, discount factor and maximum
terms will impact on the degree of surfing and manipulation.
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Balke [2] derived a mathematical model for optimal timing by considering the benefits
and costs of calling an election. His model allows the government to choose a stopping
time that maximizes the expected utility given a government’s current popularity and the
amount of time in power since the last election. The popularity is governed by a SDE
with constant drift and volatility. His model started by maximizing expected utility for
some given conditions and ended by solving a PDE with some boundary conditions. He
gave analysis on election boundaries for different values of drift and volatility coefficients,
maximum terms in office, alternative popularity processes, winning probability functions
and discount rates of being in office until the next election.
A discrete time model of the early election problem with a constant lead time, a period
between announcing and holding an election, was solved in [7]. A mean reverting SDE was
assumed to describe the popularity of the government and the opposition from the poll
data. Instead of using a given drift and volatility coefficient as in [2], we estimated our
SDE parameters from the poll data using Maximum Likelihood Estimation (MLE). Also,
we derived the probability of winning the election from any level of popularity based on the
last 22 Australian Federal Election since 1949.
In this paper, we develop a continuous version of our model in [7]. We start by fitting
a mean reverting SDE to the poll data and use a martingale approach and Ito’s Lemma to
derive a PDE for the expected remaining life in power with some boundary conditions. A
Crank-Nicolson method is employed to solve the PDE numerically and yield results in terms
of the expected remaining life in power and the call exercise boundary. The call exercise
boundary gives the government an optimal policy to use its control, that is a decision whether
to call an election or not. Comparisons for a three-year and a four-year maximum term are
also given.
The rest of this paper is organised as follows. Section 2 gives the formulation of our
model. Parameter fitting that includes the probability of winning the election and parameter
estimation using MLE are given in section 3. The numerical scheme to solve our PDE along
with the algorithm is given in section 4. Section 5 deals with results in terms of the expected
remaining life in power and the call exercise boundary. Conclusions are presented in the last
section.

2

The Model

In Australia, there are many polls to measure the voting intention of the public towards the
government or the opposition. Polls usually are taken fortnightly but once an election is
announced, they may be taken more frequently, weekly or even daily in days leading to the
election date. Both the government and the opposition take these polls seriously as they
believe that poll data reflects the intention of the public and indicates who will win if the
election is held on the day when the polls were taken. In this paper we just use one of the
popular polls, namely Morgan Polls (www.roymorgan.com).
There are two major opposing political blocs in Australia, the Liberal and National
Party (Coalition) and the Australian Labor Party (ALP). At the moment, the Coalition is
in government while the ALP is the opposition. The data we use from Morgan Polls is twoparty-preferred data, which measures the popularity of the government and the opposition.
Our variable of interest is S, the difference between the government’s popularity and the
opposition’s popularity. For example, when the two-party-preferred data gives 50%-50% for
the government and the opposition’s popularity, S will be zero. We maintain the condition
−1 < S < 1, however later in the computation we shrink the interval to −0.5 < S < 0.5 as
it is very unlikely to assume values outside of this interval.
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We propose that the poll process is governed by the following mean reverting SDE:
S
dS = −µ
dt + σdW.
(1)
1 − S2
The above SDE is mean reverting toward S = 0, which means that when one party is behind
in the poll then it will react in such a way through its policy to make its popularity higher
in the next poll. The rate it will move to S = 0 depends on the value of µ and S. We
assume that µ and σ are positive constants. If |S0 | < 1 and µ > 2σ 2 then there exists a
unique solution to 1 (by applying Theorem 2.3 of [4]).
Let t = 0 represents the time when the current government was first elected to power and
L be a random variable describing the length of time that the current government spends
in office from t = 0. Also, let Qt = E(L | Ft ) be the expected total life of a government
given the filtration to time t, that is, all information about t and Ss with s < t. Then
Vt = Qt − t = E(L − t | Ft ) is the expected remaining life in power. By the phrase
“remaining life in power”, we mean the length of time from the present, until the next time
that the opposition wins an election. Clearly, Vt is not a martingale, but Qt is a martingale
(from the Tower Property of expectation):
E(Qt | Fs ) = E(E(L | Ft ) | Fs ) = E(L | Fs ) = Qs
Applying Ito’s Formula to Q = Q(t, S) gives:
∂Q
∂Q
1 ∂2Q
dt +
dS + σ 2 2 dt
∂t
∂S 
2 ∂S

∂Q
∂Q
S
1 ∂2Q
=
dt +
−µ
dt
+
σdW
+ σ 2 2 dt
2
∂t
∂S
1−S
2 ∂S


∂Q
S ∂Q 1 2 ∂ 2 Q
∂Q
=
−µ
+ σ
dt + σ
dW.
2
2
∂t
1 − S ∂S
2 ∂S
∂S
Because Qt is a martingale, the drift of the last equation above is zero and we obtain a PDE
for Q.
∂Q
S ∂Q 1 2 ∂ 2 Q
−µ
+ σ
= 0.
∂t
1 − S 2 ∂S
2 ∂S 2
Substituting Vt = Qt − t, we have a PDE for V , namely
dQ =

∂V
S ∂V
1 2 ∂2V
−µ
+
σ
= −1.
(2)
∂t
1 − S 2 ∂S
2 ∂S 2
The boundary conditions are given by
∂V
∂V
(−1, t) =
(1, t) = 0.
(3)
∂S
∂S
These boundary conditions indicate that when the government is at the lowest (highest)
level of popularity it can not become more unpopular (popular).

3
3.1

Parameter Fitting
Probability of Winning

We assume that the probabilities of winning the election at each level of S, which are depicted
in figure 1, are given by:
P (W |S) = 10(S + 0.5)3 − 15(S + 0.5)4 + 6(S + 0.5)5

(4)

P (W |S) = 3(S + 0.5)2 − 2(S + 0.5)3 .

(5)
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Figure 1. Probability of Winning the Election

These probabilities are modified from those used in [2] to accommodate a situation where
−0.5 < S < 0.5. These probabilities of winning the election increase as S increases, but they
increase at a decreasing rate for high values of S. For low values of S, P (W |S) increases
at an increasing rate. In our numerical computation we use −0.5 < S < 0.5 since in the
real poll data it is unlikely to have the value of S outside that interval. Also we have
P (W |0.5) = 1, P 0 (W |0.5) = 0, P (W | − 0.5) = 0 and P 0 (W | − 0.5) = 0 to indicate that at the
highest level of S, the government will certainly win the election while at the lowest level
of S, the government will lose office with certainty. Note that in reality even if S > 0.5 the
party is not guaranteed to win the election due to exaggerated majority effect (a party can
win more than 50% of the votes and yet still lose the election). Equation (4) gives a higher
probability of winning the election from state S > 0, but lower if S < 0 than equation (5).

3.2

Parameter Estimation

Parameters for the SDE in (1) were derived using MLE. This method is quite robust for
time series data with unequal increments. Based on Morgan Polls data from April 1993 October 2004, the estimated value for µ̂ and σ̂ in (1) are 4.17 and 0.28, respectively.
Since there is no explicit analytical solution to (1), we start by taking Euler-Maruyama
discretization to our SDE in (1), which is:


Si
Si+1 = Si − µ
∆ti + εi+1 ;
εi+1 ∼ N (0, σ 2 ∆ti ) i = 1, 2, ..., N − 1.
1 − Si2
The discretization follows the method used by Broze, Scaillet and Zakoı̈an ([3]) in modelling
the short-term interest rate. We use Si as a short notation for Sti to indicate the difference
in popularity at time t at the ith level. The log-likelihood function, which we want to be
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maximized is :



2
Si
N
−1  S
N
−1
X
X
i+1 − Si + µ 1−S 2 ∆ti 
N −1
1
1
i
Li = −
ln(2πσ 2 ) −
ln(∆ti ) − 2

2
2 i=1
2σ i=1 
(∆ti )1/2
where N is the number of data. Taking the first partial derivatives of Li with respect to σ 2
and µ, and setting them to zero will give the maximum likelihood estimates for µ and σ 2 :


PN −1
Si
(S
−
S
)
2
i+1
i
i=1
1−Si
µ
b=−
PN −1  Si 2
∆ti
i=1
1−Si2



2
Si
N
−1  S
b 1−S
∆ti 
X
2
i+1 − Si + µ
1
i
σ
b2 =
.


(N − 1)
(∆ti )1/2
i=1

We note that the Euler-Maruyama method has strong order 0.5 for general nonlinear SDEs,
but for additive noise problems it is strong oreder 1 and so is more than adequate for our
purposes.

4

Numerical Scheme

4.1

Finite Difference Scheme

For the numerical solution, we use a weighted average (θ) method, that reduces to the CrankNicolson Method when θ = 0.5. First, we divide the time T into n partitions, j = 1, 2, .., n
and the popularity level S into m partitions, i = 1, 2, ..., m and approximate the partial
derivatives using the finite difference scheme below.
V (i, j + 1) − V (i, j)
∂V
≈
∂t
δt
V (i − 1, j) − V (i + 1, j)
V (i − 1, j + 1) − V (i + 1, j + 1)
∂V
≈θ
+ (1 − θ)
∂S
2δS
2δS
V (i − 1, j) − 2V (i, j) + V (i + 1, j)
V (i − 1, j + 1) − 2V (i, j + 1) + V (i + 1, j + 1)
∂2V
≈θ
+(1−θ)
.
∂S 2
(δS)2
(δS)2

At the boundary, we use a reflecting boundary condition by assuming V (0, j) = V (2, j)
and V (m + 1, j) = V (m − 1, j). Substituting these approximations into (2) and considering
the boundary conditions (3) for the top and lowest level of S, lead us to the following
tridiagonal system of equations :
B
A


0


.
.
.

.
.
.
0

C1
B

0
C

···
0

A
···

B
..
.

C
..
.

···
···

0
···

A
0

···
···
..
.
..

.

B
A1

β
0   V (1, j) 
0   V (2, j) 
α



.



.

0

0
.






 = .

.
.
.


0
.

.





.
.
.

.

C
.
.
V (m, j)
B
0

γ1
β

0
γ

···
0

α
···

β
..
.

γ
..
.

···
···

0
···

α
0

···
···
..
.
..

.

β
α1

0   V (1, j + 1)  δt
0   V (2, j + 1)  δt
  

.

 .
.

  .. 
0
.

  

  

+.
.
.
 .

0 
.
 .
  


 .
.
.

 .
.
.
γ
V (m, j + 1)
δt
β

where
#
"
#
"
#
µSθδt
σ 2 θδt
µSθδt
σ 2 θδt
σ 2 θδt
A=
; B = 1+
−
2 ; C = − 2 (1 − S 2 ) δS +
2
2δS (1 − S 2 ) 2 (δS)2
(δS)
2 (δS)
"
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α=






σ 2 (1 − θ) δt
µS (1 − θ) δt
σ 2 (1 − θ) δt
µS (1 − θ) δt
σ 2 (1 − θ) δt
−
;
γ
=
;
β
=
1
−
+
2
2
2
2 (1 − S 2 ) δS
2 (1 − S 2 ) δS
2 (δS)
(δS)
2 (δS)

A1 = C1 = −

σ 2 θδt

2;

(δS)

α1 = γ1 =

σ 2 (1 − θ) δt
2

(δS)

.

We use a Crank-Nicolson method, which is an implicit method and then solve the tridiagonal system above. Since, the Crank-Nicolson method is an implicit method, it is unconditionally stable and so there is no stability restriction on the size of δt.

4.2

Algorithm

The algorithm for our solution method is as follows. We start with an initial estimate for
the expected remaining life in power at time t1 , which is V (Si , t1 ), i = 1, 2, ..., m. Then we
calculate the expected remaining life at the election date at t = 3 years using the following
formula:
Z
h
2 iµ/σ2
P (W | Si ) 1
V (Si , t1 ) 1 − Si q 2 + q − Si
dq
(6)
V (Si , T ) =
K
−1
where K is a probability normalizing constant given by:
Z 1h
2 iµ/σ2
K=
1 − Si q 2 + q − Si
dq.
−1

In (6), the expected remaining life at the final time depends on the expected remaining
life at the beginning of the term, the probability of winning the election and some sampling
and response errors and diffusion of the poll process. The sampling and response errors
basically measure the deviation of the voting intentions over some periods of time. The
2
term (1 − (Si q 2 + q − Si )2 )µ/σ in V (Si , T ) and K is intended to represent the sampling
and response errors and the diffusion of the poll process and to capture the evolution of this
process from the beginning of term to the steady state distribution.
After calculating the expected remaining life at the election date, the algorithm moves
backwards by solving the expected remaining life at time tn−1 , tn−2 , ..., t1 according to the
PDE in (2) and boundary condition (3) for the lowest and the highest values of S. At each
time step, the algorithm checks whether or not an election should be called. If V (Si , tj ) <
V (Si , T ) then the value of calling an election is greater than the value of not calling an
election; therefore an election should be called. We then update the expected remaining
life at the beginning of the period and repeat the procedure until the difference between
V (Si , t1 ) in two consecutive iterations is less than some tolerance value, . In this algorithm
there exists a fixed point that guarantees the convergence, by Brouwer’s fixed point theorem.
This procedure is represented in Algorithm 1.
Note that from the PDE in (2), we can calculate its steady state distribution by letting
∂V /∂t = 0 and assumming a symmetry condition ∂V /∂S = 0 at S = 0. The steady state
distribution is given by:
µ
1 − S 2 σ2
.
V∞ = Z 1
µ
2 σ2
dS
1−S
−1
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Algorithm 1
1: Start with initial estimate V (Si , t1 ), i = 1, 2, · · · m.
2: Calculate V (Si , T ).
3: Calculate V (Si , tj ), j = n − 1, n − 2, · · · , 1 according to the PDE.
4: If V (Si , tj ) < V (Si , T ) then set V (Si , tj ) = V (Si , T ).
5: Stop if kV (Si , t1 )(3) − V (Si , t1 )(1) k ≤ , otherwise go to (2).

5

Results

The numerical results of the continuous model are presented in terms of the expected remaining life in government and the call exercise boundaries for a three-year and four-year
term. Effects on the call exercise boundary with changes in µ and σ are also given.
5.1

Expected Remaining Life

The expected remaining life for a three-year and a four-year term are depicted in figure 2(a).
It has been debated whether the Australian people prefer a three or a four-year maximum
term. There was a referendum proposed by the Hawke government in 1988 to alter the
Constitution from a three-year maximum term to a four-year maximum term, but only
32.92% of voters were in favour of a four-year term (see [1] for details). From those two
figures, we can see that at the beginning of the term, regardless of the level of popularity, the
expected remaining life is almost constant with a four-year term having a larger value than a
three-year term (around 10.8 and 7.6 years). Then as time elapses, the expected remaining
life decreases, except for the highest level of popularity, where it remains constant. A
four-year maximum term gives a longer expected remaining life in power than a three-year
maximum term since the government has more time to choose the best time to call an election
before its term expires. Having more time gives more possibilities for the government to
wait until its popularity reaches certain level before calling an election and therefore the
expected remaining life will be longer.
We also give in figure 2(b) the expected remaining life when the option to call an early
election is removed. This situation relates to the constitutions of other countries with fixed
terms. A comparison reveals that the option to call an early election significantly extend
the government’s life in office. The reason is quite obvious. The early election option gives
the government flexibility to choose a favourable time for holding the election. A similar
condition in finance is that the value of an American option is at least the same as a European
option.
5.2

Exercise Boundary

We also provide a comparison between a three-year and a four-year maximum term in the call
exercise boundaries in figure 3(a). These boundaries give an indication for the government
of the best time to call an early election. In general, calling an election should be done when
S is at least greater than zero. Calling an election earlier in the term requires a larger S
than calling it later in the term. This finding is in line with one of the testable implications
of Smith [8] where an early election is called when the government is popular. Also, the
call exercise boundary for a four-year term is above that for a three-year term, which gives
a smaller exercise region. So, for a four-year term, the government is less likely to call an
early election. This finding is the same as one of Balke’s findings (see Proposition 9 of [2]).
The call exercise boundary is monotonically decreasing in time. So, when at time t, an
election is called at popularity level S, then it should also be called when the popularity
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Figure 2. Expected Remaining Life (a) With Early Exercise Option (b) Without Early
Exercise Option
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Figure 3. Call Exercise Boundary for (a) Different Maximum Terms (b) Different P (W |S)

level is higher than S. Also, at the popularity level of S, if an election is called at time t, it
should also be called at time t + 1. These two properties agree with the findings of by Ito [5],
and are called reservation growth rate property of election timing and declining reservation
growth rate property of election timing.
In figure 4 we give results for the call exercise boundaries in response to some changes
in the values of µ and σ. When µ is fixed and σ varies, as in figure 4(a), the call exercise
boundaries rise as σ gets larger. This means that the exercise region becomes smaller and
the government is less likely to call an early election. Larger σ corresponds to a larger
volatility and this result seems to contradict Balke’s results in [2]. Balke found that as
volatility increases, the call exercise boundary becomes lower. So, when the government’s
popularity is higher, the government should call an election to lock in its higher popularity
and to increase the probability of winning the election. However, in our model, the drift
coefficent is not constant as in Balke [2] but its value depends on S. It seems that this drift
coefficeint has more control on the SDE than the volatility coefficient. As in figure 4(b),
when σ is fixed and µ varies, a larger value of µ gives a larger exercise region. As µ indicates
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σ = 0.28; µ = 3, 4.17, 7; P(W|S) = 3(S+0.5)2−2(S+0.5)3
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Figure 4. Call Exercise Boundary (a)µ fixed, σ varies (b) σ fixed, µ varies

the rate the SDE reverts to zero, larger µ corresponds to faster reversion to zero, so Balke’s
argument holds in this situation.
The effect of the probability of winning the election on the call exercise boundary is given
in figure 3(b). As the probability of winning the election becomes larger, especially for S > 0
(see figure 1 for equation (4)), the call exercise boundary decreases, giving a larger exercise
region. Thus, the government is likely to call an early election. This result also corresponds
to one of Balke’s findings (see Proposition 6 of [2]).

6

Conclusions

We derived a continuous time model for the election problem in the Australian House of
Representatives. Our model is based on the two-party preferred data that measure the
popularity of the government and the opposition. Based on that data, we fitted a mean
reverting SDE and used a martingale approach to derive a PDE for the expected remaining
life in power along with some boundary conditions. The solution of the PDE is calculated
numerically using the Crank-Nicolson method and the call exercise boundary was found for
the optimal policy. It was found that a four-year maximum term gives a substantially longer
expected remaining life in government due to more freedom owned by the government to
time the election. A condition where the option to call an election is removed was also
considered and we found that in this situation the expected remaining life is shorter than a
situation where there is an option for early election.
We also gave results in terms of the call exercise boundary that is monotonically decreasing
with time, meaning that an earlier and earlier election requires higher and higher government
popularity. In a three-year maximum term, the government is more likely to call an early
election than in a four-year maximum term. Impacts of the maximum term, parameter values
in the SDE and the probability of winning the election on the call exercise boundaries were
also discussed.
Some extensions to our model include the possibility for the government to use some
controls such as policy announcement to raise its popularity in the poll and thus impact on
the probability of being re-elected. Another extension is to consider the possibility for the
opposition to do the same by introducing policy responses to raise its popularity. In those
two situations, the election timing problem must be tackled using a game theory approach.
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Binomial formula and polynomial approximations
Rudolf Výborný
Abstract
We use the binomial formula to obtain approximations to some often used functions and
our approach yields an elementary and fairly simple proof of the Weierstrass theorem on
polynomial approximations of continuous functions.

1

Half the binomial formula

Using the binomial formula we obtain
m  
X
m
2m =
(1 + x)k (1 − x)m−k .
k
k=0

For an odd m, say m = 2n + 1, we take the first n + 1 terms of this expansion for a
definiton of interesting functions B2n+1 . We consider odd m for reasons of symmetry, the
binomial formula contains an even number of terms and we wish to retain exactly half of
them.

n 
X
2n + 1
B2n+1 (x) = 2−2n−1
(1 + x)k (1 − x)2n+1−k .
k
k=0

It is easy to see that B2n+1 (x) + B2n+1 (−x) = 1, 0 ≤ B2n+1 (x) ≤ 1 for x ∈ [−1, 1],
B2n+1 (−1) = 1, B2n+1 (1/2) = 1/2 and B2n+1 (1) = 0. Graphs of some functions B2n+1 are
in Figure 1.
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These graphs suggest that B2n+1 (x) → 1 for −1 ≤ x < 0 and B2n+1 (x) → 0 for 0 < x ≤ 1
as n → ∞.There is also a compact formula for the derivative


2n + 1
0
B2n+1
(x) = −2−2n−1
(n + 1)(1 − x2 )n ,
n
but we do not need it.

2

Convergence

For the proof of convergence mentioned at the end of the previous section we note that the
powers of 1 − x are dominant. We have
(1 + x)k ≤ (1 + x)n ,

(1 − x)2n+1−k ≤ (1 − x)n+1

for 0 < x ≤ 1 and k = 0, 1, . . . , n. Consequently
B2n+1 (x) ≤ (1 + x)n (1 − x)n+1 2−2n−1


n 
X
2n + 1
k=0

k

≤ (1 − x2 )n

It follows that B2n+1 (x) → 0 uniformly on 0 < ∆ ≤ x ≤ 1. Since B2n+1 (x) = 1−B2n+1 (−x)
we also have that B2n+1 (x) → 1 uniformly on [−1, −∆]. By replacing x with (t − c)/(b − a)
we have the following
Lemma 1 If a < c < b then for every positive ε and 0 < δ < M in(c − a, b − c) there exists
a polynomial E such that
0 ≤ E(t) ≤ 1
0 ≤ 1 − E(t) < ε
0 ≤ E(t) < ε

for a ≤ t ≤ b,
for a ≤ t ≤ c − δ,
for c + δ ≤ t ≤ b.

This leads to
Lemma 2 If a = c0 < c1 < c2 < · · · < cn−1 < cn = b and P1 , P2 , . . . Pn are polynomials
then for every ε satisfying
|P2 (c1 ) − P1 (c1 )| + |P3 (c2 ) − P2 (c2 )| + · · · + |Pn (cn−1 ) − Pn−1 (cn−1 )| < ε
there is a polynomial P such that
|P (x) − Pi (x)| < ε

for x ∈ [ci−1 , ci ]

and i = 1, 2 . . . n.
Proof We give the proof only for n = 2, the general case follows by induction. By
continuity there exists δ > 0 such that |P2 (x) − P1 (x)| < ε for c1 − δ < x < c1 + δ.
We choose a constant M larger than |P1 | + |P2 | on [a, b]. Let E be as in Lemma1 with
c = c1 and ε replaced by ε/M . Define P (x) = E(x)P1 (x) + (1 − E(x))P2 (x). Clearly
P (x) − P1 (x) = [1 − E(x)][P1 (x) − P2 (x)]. If c0 ≤ x ≤ c1 − δ then 0 ≤ 1 − E(x) < ε/M ,
if c1 − δ < x ≤ c1 then 0 ≤ 1 − E(x) ≤ 1 and |P1 (x) − P2 (x)| < ε. In either case
|P (x) − P1 (x)| < ε for x ∈ [c0 , c1 ]. The inequality |P (x) − P2 (x)| < ε on [c1 , c2 ] follows
similarly.
It is now easy to obtain polynomial approximations to some often occuring functions like
x 7→ |x| or
(
0, for t < 0
x+ (t) =
t, for t ≥ 0.
Graphs of these approximation are in Figure 2. Uniform approximation of |x| are useful
in proving many theorems in classical approximation theory.

Binomial formula and polynomial approximations

341

1

0.8

0.6

0.4

0.2

–1

–0.8

–0.6

–0.4

–0.2

0

0.2

0.4

0.6

0.8

1

x

Figure 2. Graphs of xB5 (−x), (−x)B7 (x) + xB7 (x)

3

Proof of the Weierstrass Theorem

An immediate consequence of Lemma 2 is
Theorem 1 A function continuous and piecewise polynomial on [a, b] can be uniformly
approximated by a polynomial.
By [1] Theorem 12.20 (or by using uniform continuity) a function continuous on a bounded
closed interval can be uniformly approximated by a continuous and piecewise linear function.
By the above Theorem this function can be uniformly approximated by a polynomial. Hence
the function itself can be uniformly approximated by a polynomial.
Remark Our proof has some similarity with the proof using the Bernstein’s polynomials,
compare [2] but is perhaps more suitable for undergraduates. An elementary proof of the
Weierstrass theorem are also given in [3] and [1].
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Enhance teaching and learning mathematics using
DERIVE
Nethal K. Jajo
Abstract
This article proposes the use of an algebra computer package named DERIVE to enhance
teaching and learning of mathematics. This proposal is based on our students’ results,
who were studying mathematics at the foundation (pre-university) level in China.

1

Introduction

Most college students feel mathematics is a boring and distant thinking subject. The negative feeling is increased when it is taught to students in a language different from their
native language, which is the case in many Australian colleges. It is important to show
that mathematics is not distant thinking. It can be a pleasure instead of boring and an
adjacent thinking instead of distant thinking. To assure this change, in this article we investigate how mathematical software can be used as an educational tool, and its ability to
change mathematical teaching/learning, both in methodological and technical aspects, see
Patricia [3].
DERIVE is a mathematical computer program. It is an algebra, equations, trigonometry,
vectors, matrices, and calculus processor, like a scientific calculator processing floating numbers, see Bernhard and Vlasta [1]. It can do both symbolic and numerical computations.
These can also be visualized with numerous 2-dimensional and 3-dimensional graphical capabilities. Many problems that require extensive and laborious training at school can be
solved with a single keystroke using DERIVE. Teachers and students can concentrate on the
exciting and useful techniques of problem solving, which includes the use of pen and paper
as well as the computer. This will enable students to work independently of the teacher and
to engage more with other students. This doesn’t undermine the need for a teacher, but
changes his/her role.
The advantage of using DERIVE in teaching may be recognized from the positive effect
of using this tool in providing fast solutions and good visualizations of applied mathematics
problems, which may help students to identify patterns and see connections. This tool
removes the needs of oppressive calculations and allows teachers to direct their students’
attention to the implicit mathematics. In a simple example: Teaching the concepts of limit
has always caused problems and frustrations to both students and teachers. Anyone who
taught limits will probably have spent some time trying to convince a puzzled student that,
for example,
sin x
sin x
=1
and
lim
does not exist.
x→0 x2
x
Graphing both functions, Figure 1 and Figure 2, illustrates the limits of these two functions
when x approaches 0. In using DERIVE to calculate limits of a function at a specified point,
lim

x→0
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students will be given three options: calculating the limit from the left, the right or both
directions. This makes the definition of the existence of the limit of a function at a specified
point clearer and easier to remember.

Figure 1: f (x) =

sin x
x

Figure 2: f (x) =

sin x
x2

In learning, the advantage of using DERIVE might lie in solving problems where analysis
is required and where the use of the tool removes the need for onerous calculations and
allows students to direct their attention to the underlying mathematics. For example, in
learning the trigonometric functions, it is necessary that students know that the sin x and
cos x are odd and even functions, respectively. Mostly, students learn that by the obscure
rule of (loosely saying): if f (x) = f (−x) then f is even and if f (−x) = −f (x) then f is
odd. Another approach which is simple and obvious using DERIVE can be illustrated using
Taylor series (say order 10) to have:
sin x = x −

x3
x5
x7
x9
+
−
+
6
120 5040 362880

and
x2
x4
x6
x8
x10
+
−
+
−
2
24 720 40320 3628800
which show that sin x is an odd function as can be seen from the odd powers of x and cos x
is an even function as can be noticed from the even power of x.
In a project which takes place in China to prepare Chinese students (Pre-University level)
for studying abroad, I have been asked to teach mathematics in the English language using
DERIVE to improve their mathematics skills. In this paper we present some results of this
teaching. In Section 2, we will describe the main objectives and activities of this teaching,
with some concluding remarks in Section 3.
cos x = 1 −

2

The project

The project is designed to prepare a group of 60 Chinese students to study abroad in English
speaking countries. The students were required to study Quantitative Methods, Business and
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Economics, Social Studies, Physics, Biology, Chemistry and English for Academic purposes.
Our concern in this paper is teaching quantitative methods using DERIVE. The teaching
plan included five hours face to face teaching per week, for two fifteen-week semesters, made
up of three hours using DERIVE in mathematics problem solving followed by two hours
pen and paper mathematics study. A laboratory with 20 workstations was available for
nine hours a week. The assessments included two parts; the first using computer, based on
DERIVE projects, and the second a mathematics paper (without computer).

Aims
• To enhance their English language ability in mathematics, to enable the students to
communicate and study mathematics effectively and confidentially at the undergraduate
level in English speaking countries.
• To motivate students to study mathematics.
• To develop their quantitative skills in pure mathematics, applied mathematics and mathematics for commerce.
We were concerned about some points made by John [2], which we tried to influence positively (by setting up an appropriate DERIVE project) to improve students’ progress. John
mentioned: First, the language of the students is unrefined. It consists to a large part of
‘this’, ‘that’ and ‘there’. Second, the students do not simply watch the screen, they use
their books as directed and to check work. Third, DERIVE generates considerable group
discussion and gives rise to the opportunity for students to explain to their follow students
what is happening. We carefully wrote ten DERIVE projects (two samples of these projects
included in Appendix A) for each semester to fulfill the aims, to avoid the first two undesirable results recorded by John [2] and to enhance the last desirable point. As a result of
using this algebra package we noticed that:
• The students were able to quickly learn the English mathematics terms, like function,
domain, limit, integration, etc.
• They overcome the problem of misunderstanding functions and variables. For example
they are not cancelling x from the numerator and denominator of x/ sin x anymore,
where most of our college students do that.
• The students discussed their results with their classmates and at the same time they
compared their work to the work they did without computer. This way students’ independent and collaborative thinking was improved.
• High level students extended their work to more simulation studies using DERIVE,
which ensured they were not bored when we were explaining simple processes to the
rest of the class.
• The students claimed in their feedback that the subject was more interesting when it
was accompanied by the Algebra package.
• There were some delays in the students’ print-out of their DERIVE results. A high
quality laser printer is required.
In addition to ten DERIVE projects for each semester, I gave the students 5 mathematics
assignments for each semester. I marked the projects and the assignments and returned it
to the students without awarding marks. The students had two exam papers at the end of
each semester, one solving a mathematics problem using DERIVE, and the other without
using a computer. Each paper weighted 50%. To pass the subject students needed to score
50% or over overall. The students’ overall grades in this subject are listed in Table 1.
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Table 1. The number of students at each grade; overall marks

H

D

C

P

F

High Distinction
85 ≤ mark ≤ 100

Distinction
75 ≤ mark < 85

Credit
65 ≤ mark < 75

Pass
50 ≤ mark < 65

Fail
mark < 50

6

7

18

21

8

This way of teaching was designed by the institute in a form that we explained earlier.
Therefore, a control group was not available for statistical study. Table 2 summarizes the
outcomes. D stands for the event that a student passes the DERIVE assessment and Dc for
the complement of this event. M stands for the event that a student passes the mathematics
paper (without using a computer).
Table 2. The number of students at each event

M
Mc

D
36
21

(= 9P + 14C + 7D + 6H)
(= 5F + 12P + 4C)

Dc
2 (= 2F)
1 (= 1F)

As can be seen from Table 2, the eight students who failed this unit were distributed as
follows: 5 students out of 21, who passed the DERIVE assessment but failed the mathematics
paper, failed the unit. Two students passed the mathematics paper but failed the DERIVE
test and one student failed both modules. Based on this, we believe DERIVE may have a
positive impact on students’ final achievement. In fact, D and M are highly correlated as a
student who passes the DERIVE assessment is much more likely to also pass the mathematics
paper then a student who fails the DERIVE assessment. A statistical analysis would only
make sense when mathematics papers of several years would be compared. As these are
not available at this stage a quantitative analysis was not possible. However, a qualitative
analysis based on the institute official students’ feedback (scale of 9; 1: strongly disagree,
. . . , and 9: strongly agree) was conducted and the mean value of responses were; 8.6 for the
usefulness of introducing DERIVE in teaching mathematics, 8.1 for the comprehension of
graphical representation of functions and 5.6 for the use of DERIVE by students apart from
the practical lessons, and not only to solve questions related to mathematical subjects.

3

Conclusions

We find DERIVE helps to heighten the students’ interest in mathematics. It takes the
tedium out of algebraic manipulation and allows us to concentrate on concepts. The main
benefit that the laboratory sessions can bring to the teaching process is the generation of
enthusiasm among the students. They can actually find out themselves how the graph of
a function changes as a variable is altered: they can draw so many curves of a particular
type so quickly that they begin to “feel” what the mathematics is doing. This is mainly
achieved through the feeling of discovery that the experiments have given them. We hope
that this will stimulate their interest when the theory is taught, away from the computer,
and that they will be encouraged to ask searching questions; why they are doing such things,
why these things happen and how and why DERIVE gave such answers. For this reason,
these experiments must be fully integrated with normal classroom work: they are of limited
value in their own right. Students working with DERIVE were involved in mathematics
discussions with their classmates. They learn a language to speak about forms, process
and experience which improves their language and collaborative thinking. More detailed
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experimentally designed study is required to determine how and why this package enhances
teaching/learning mathematics.
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Appendix A
DERIVE project (. . . )
Q1: Use DERIVE to factorize the expressions and solve the equations. All workings must
be clearly shown as follows:
(1) DERIVE print-out to obtain answers.
(2) Put the answers in a table:
Equations Factors
Solutions
..........
(...)(...) x =..... or .......
(3) Full explanations of your reading information.
Expressions:
(a)
(b)
(c)
(d)
(e)

x2 + x + 30 = 0
x2 + 3x − 54 = 0
x2 − 7x − 18 = 0
x2 − 7x + 12 = 0
x2 − 11x + 30 = 0

Q2: Solve the following equations without using the computer:
(1)
(2)
(3)
(4)
(5)

x2 + 3x + 2 = 0
x2 + 8x + 15 = 0
x2 − 9x + 20 = 0
x2 + 2x − 35 = 0
x2 − 7x + 18 = 0

Q3:
(1) Try to solve the following equation using DERIVE.
(2) How would you have to solve it without the computer?
(3) How can you tell by looking at the quadratic equation whether or not it has 2, 1, or
0 solutions?
x2 + 2x − 6 = 0
................................................................... ..........................................................................
DERIVE project (. . . )
Q1: Use the binomial series to expand the given function as a power series. Use DERIVE
(Tayler series-10 terms only) to obtain the results and save it as your name file. All workings
must be clearly shown as follows:
(1) DERIVE print-out to obtain answers.
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(2) Compare the results that you will obtain without using the computer with your
DERIVE results.
(3) State the radius of the convergence.
(4) Full explanations
of reading information.
√
(a) 1 + x
(b) 1/(1 + x)2
4
(c) 1/(1
√ + 2x)
(d) x/√ 1 − x
(e) 1/ √
2+x
(f) x2 / 1 − x3
(g) x5 /(1 − x)5
Q2: Expand the following:
(1) Using DERIVE.
(2) Without computer; using Binomial Theorem.
(a) (1 + x)7
(b) (1 − x)7
School of Quantitative Methods and Mathematical Sciences, University of Western Sydney, Blacktown Campus, Locked Bag 1797, Penrith South DC NSW 1797
E-mail: n.jajo@uws.edu.au
Received 18 February 2005, accepted for publication 21 October 2005.

Computational Partial Differential
Equations: Numerical Methods
and Diffpack Programming

H.P. Langtangen
Texts in Comp. Sci. and Eng., Vol 1, 2nd ed.
Springer-Verlag Berlin Heidelberg 2003
ISBN: 3-540-43416-X

The aim of this book, as stated in the preface is “To Teach Numerics along with Diffpack”. The “target audience is students and
researchers in computational sciences who
need to develop computer codes for solving differential equations”. I feel that the
author has been successful with the stated
aim, and the content is well directed to the
target audience, or at least those who intend
to use Diffpack.
Before describing the book in detail, it
is sensible to first describe the Diffpack
environment. Starting in 1990, Are Bruaset and the author, Hans Langtanger of the
University of Oslo, Norway, began developing an object oriented finite element code,
using the computer language C++. This
was based on previous experience with a
Fortran finite element code. The initial
C++ classes for Diffpack, the basic finite
elements, finite differences, matrices, vectors, grids and fields were developed during
1991-1995. The first public release of Diffpack was in 1995, and the second release in
1997. Diffpack was initially available as
free source from the netlib site. In 1997, a
company, Numerical Objects was spun off to
support Diffpack and from 2003 the software has been developed by InuTech and
Simula. The software is now commercial,

with a cost somewhat comparable to that
of Matlab, with different rates for educational and commercial licences. Diffpack
is now a well tested sophisticated computing
environment which provides extensive support for developing codes for solving partial differential equations using finite element and finite difference methods. Extensive linear algebra modules are also available and provision for state of the art solution techniques, such as adaptive refinement and multigrid solvers are built into
the system. The system is used by numerous large organisations and universities, (as
advertised on the Diffpack web page) and
support is provided by an extensive program
of training courses. Indeed these courses are
based on the book being reviewed. These
courses are normally held in Germany at
the inuTech headquarters. This company
also provides consulting help for Diffpack
users.
As you can see, Diffpack is a complicated system which requires a large investment of time and effort to become familiar
with. It is really only for people or groups
who want to develop large numerical codes
for solving substantial real world problems,
want the ability to experiment with a wide
range of sophisticated solution techniques
and want software environment which allows complicated physical processes to be
coupled. If this is the case, then the use
of Diffpack is worth investigating and if
chosen, then Langtangen’s book becomes almost an indispensable aid to using Diffpack efficiently.
If you are interested in a simple environment for solving standard PDE’s, then
Diffpack is not the system to use, and it
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is worth looking at other computational environments, such as the Matlab PDE toolbox, or packages such as FlexPDE. Then it
would be better to consider computational
books which concentrate more on the specific problems at hand. Though I have to
admit that it would be hard to find any
other computational science book that covers as wide a range of topics as this book.
Let’s look at the content of the book.
Following the “Teach Numerics along with
Diffpack” aim, the book starts with the
standard model problems of the heat and
wave equations in one space dimension.
The reader is led through the process of
constructing more and more sophisticated
Diffpack programs for solving these problems. Starting with simple implementations
based on direct array access (ala Fortran
or C) we are led to the development of
codes using the built-in Diffpack grid and
field classes, and then to codes which support sophisticated parameter control, input
and output, user interfaces and graphics.
Through this process we are introduced to
the power of object oriented programming
within the context of the Diffpack environment. Along the way, the standard numerical methods of finite differences are introduced. The first chapter, (which is 138
pages long) is really an extended tutorial
and users manual on the use of Diffpack
to solve the heat and wave equations. The
chapter is liberally sprinkled with useful examples and indeed there is a long section
titled “Projects”. It is fairly obvious that
the book has been developed to support a
tutorial and hands on style of presentation.
But the real power of an object oriented
computational environment is its ability to
help with the development of finite element
codes. The “introduction” of the finite element method is extended over the next two
chapters. The first provides a self contained
mathematical and computational introduction to the finite element method (FEM),
together with an in-depth discussion on the
development of a one dimensional code. I
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quite like this as it allows the reader to develop and completely understand a simple
FEM code which has all the components of
any standard FEM code. But in addition
we know that we can “easily” increase the
sophistication of our method by using the
built-in Diffpack facilities, such as data
and parameter management, higher order
elements, adaptive grid refinement and multilevel solvers. The second FEM chapter
concentrates more on the Diffpack environment and shows us how to utilise the
more sophisticated Diffpack facilities.
These first three chapters provide an excellent introduction to the computational
solution of partial differential equations, appropriate for graduate students starting a
computational research project using Diffpack. These chapters could be used as a
basis for a computationally oriented numerical PDE course, and indeed as mentioned
before, the book is used by inuTech as the
basis for their Diffpack training courses.
The final four chapters concentrate on
more specific problems, the titles for those
chapters being: Nonlinear Problems: Solid
Mechanics Applications: Fluid Mechanics
Applications: and Coupled Problems. The
Nonlinear Problems chapter is of general
use, while the others are application specific and provide good methods and hints
for solving their respective problems. In
addition, there are four substantial appendices, ranging over 200 pages, in the areas
of Mathematical Topics (Stability and Accuracy), Diffpack Topics (e.g. Visualisation), Solution of Sparse Linear System, and
Software Support for Linear Systems.
So this book touches on nearly every
aspect of the development of finite difference and finite element numerical solution
of PDEs. There is mathematical analysis,
software engineering, mathematical modelling and numerous topics in between. In
a sense this parallels the range of skills that
a computational scientist needs to satisfactorily develop robust and efficient computer
codes.
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This book will be very useful, if not indispensable, for graduate students or researchers, who intend working with Diffpack. It provides an excellent advanced
tutorial and users manual for Diffpack,
while also providing a wealth of first hand
computational experience presented by an
excellent computational scientist.
Stephen Roberts
Department of Mathematics, Australian National
University ACT 0200
E-mail: Stephen Roberts@anu.edu.au













A Course in Modern
Mathematical Physics
Groups, Hilbert Space
and Differential Geometry
Peter Szekeres
CUP Cambridge 2005
ISBN 0-521-82960-7
In reviewing this book, one is inevitably
confronted with the question, what is mathematical physics? And it is fair to respond
that mathematical physics means different
things to different people. Ludvig Faddeev [1] argues the case that mathematical
physics has emerged as a rival to theoretical
physics, in the sense that each draws upon
different sources of inspiration. In this picture, theoretical physics is driven by experimental data, whereas mathematical physics
draws upon the powerful tools and formidable framework of mathematics. Peter Szekeres concurs with this view in writing that
“mathematical physicists put the mathematics first, while for theoretical physicists
it is the physics which is uppermost”. Of
course, each approach strives towards the
same goal, namely to the ultimate description of the physical world.
The classic texts in mathematical
physics, such as Courant & Hilbert [2],

Morse & Feshbach [3] and Jeffreys & Jeffreys [4] are essentially books on differential
equations and linear algebra. Yet much of
modern physics is heavily based on aspects
of geometry and topology. Although abundantly clear in fields like general relativity
and string theory, in some cases it lies beneath the surface. For example, although
there is no sign of it in P.A.M. Dirac’s series
of algebra-rich papers developing the foundations of quantum mechanics, Dirac insisted that his approach to quantum physics
was geometric and not algebraic [5]. It was
this geometrical structure that Dirac used
to develop his own picture. In A Course in
Modern Mathematical Physics Peter Szekeres presents a view of mathematical physics
with the emphasis on mathematical structures rather than mathematical analysis.
It is then shown how much of physics fits
within these structures. As examples, the
chapter on differentiable forms contains sections on thermodynamics and classical mechanics, while the chapter on connections
and curvature contains sections on general
relativity and cosmology.
The precise content of the book is best
illustrated via the sixteen chapter headings:
Sets and structures, Groups, Vector spaces,
Linear operators and matrices, Inner product spaces, Algebras, Tensors, Exterior algebra, Special relativity, Topology, Measure theory and integration, Distributions,
Hilbert spaces, Quantum mechanics, Differential geometry, Differentiable forms, Integration on manifolds, Connections and curvature, Lie groups and Lie algebras.
The book is based on the author’s lecture
notes to undergraduates and his vast teaching experience in mathematical physics at
the University of Adelaide. As such the
book is suitable for advanced undergraduate
and beginning graduate students in mathematical and theoretical physics. The assumed level of knowledge is basic calculus
and linear algebra, including matrix theory.
The style is very readable. Each chapter
includes a number of exercises which are
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intended not to be too difficult. Rather
they are designed to test the reader’s understanding or complete a proof. On the
other hand, the numerous and often multipart problems given at the section ends are
more challenging. Each chapter has a short
list of references with a general bibliography at the end of the book. At twelve pages
long, the index is comprehensive.
The author is to be congratulated for
producing an exceptional book which deserves to be another classic text in mathematical physics.
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Ramsey theory
on the integers
B. Landman and A. Robertson
AMS Providence 2003
ISBN 0-8218-3199-2
The authors begin by defining Ramsey
theory as “the study of the preservation
of properties under set partitions”. This
rather unsatisfying definition fails to convey the essence of the subject. No matter,
for it is often hard to define a mathematical
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discipline (or indeed, to define the mathematical discipline, as the current debate in
these pages attests). A typical Ramsey theory result says that at least one of a small
set of substructures is sure to occur inside
any sufficiently large structure. The structures might be graphs (as in Ramsey’s original theorem), groups, vector spaces or, as
in this book, sets of natural numbers.
By narrowing their focus to the integers
the authors (a) keep the material coherent, (b) avoid needing a lot of background,
(c) allow themselves to give a comprehensive treatment in 300 odd pages and yet (d)
manage to take the reader right to the coalface of mathematical research. This seems
a worthy combination of achievements.
The backbone of the book is van der
Waerden’s classic theorem that there exists an integer w = w(k, r) such that the
integers {1, 2, . . . , w} cannot be coloured
with r colours without creating a monochromatic k-term arithmetic progression. In
other words, the set {1, 2, . . . , w} cannot
be partitioned into r subsets without one
of those subsets containing a k-term arithmetic progression. Chapters 2 to 7 deal
with a (surprising, but at the same time
almost wearisome) host of variations on
this theme: working modulo m, arithmetic progressions which are predominantly
one colour, monochromatic sequences where
each term is some polynomial function of its
predecessor, etc, etc.
Chapter 8 deals with Schur’s theorem
that there exists an integer s = s(r) such
that any r-colouring of {1, 2, . . . , s} contains
a monochromatic solution to x + y = z.
Then chapter 9 covers Rado’s generalisation
which gives conditions under which there
must be a monochromatic solution to a system of linear equations.
The final chapter deals with assorted further topics such as double-free sets, diffsequences, zero sums and even a superficial
glance at Thue-Morse sequences.
As is probably inevitable in a full length
book there are some bloopers in the text.
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For example, the descending wave constructed in Theorem 3.21 is actually an ascending wave. Also, Theorem 7.17 is vacuous since j(n) ≥ O(n1/4 ) includes the possibility that j(n) is bounded. . . it certainly
does NOT imply that j(n) grows as fast as
cn1/4 for some constant c. (The authors fall
for this trap several times.) However such
errors are rare enough that they do not ruin
the book.
The writing style is clear, friendly and
accessible. Good explanations are given for
the context of each result, together with
clear examples. The structure and flow of
material is logical and well thought out.
The authors recognise the importance of
good indexing and a glossary of notation,
although the latter is missing a few things
(such as asymptotic notation and the use of
σ c to denote a string of c copies of a symbol
σ).
A feature of the book is that each chapter
ends with a set of exercises and then a (surprisingly long) list of enticing research problems. It seems that there are still many basic questions unanswered, making this book
an excellent starting point for a research career. It will also prove a very useful reference for established researchers, although I
suspect that a number of the open problems
will not be open for long, partly as a result
of the spur this book provides. Others have
the look of problems which will remain open
for many a year.
There are a number of good books covering Ramsey theory but to my knowledge
this is the first comprehensive treatment of
Ramsey theory for integers. As such it definitely fills a need for a reference in this interesting and active niche of mathematics. The
book is accessible with a minimum of background knowledge, meaning that it could be
used as the basis for a reading course. As
mentioned, it would also be an ideal instrument for introducing a student to research
since it is a large reservoir of unsolved problems of (it seems) varying difficulties. One
of those problems has already caught my

eye, so I’m going to sign off on this review
now so that I can work on it...
Ian Wanless
School of Engineering and Logistics, Charles Darwin University, Darwin, NT 0909
E-mail: ian.wanless@cdu.edu.au













Concrete Abstract Algebra:
from Numbers
to Gröbner Bases
Niels Lauritzen
CUP Cambridge 2003
ISBN-10: 0521826799
This slim and well written introduction
to “abstract algebra” covers an impressive
amount of ground, hitting some of the highlights of “elementary” mathematics such
as Gauss’ law of quadratic reciprocity and
Hilbert’s basis theorem. It is the best book
on abstract algebra that I have come across
recently—and it is the only one that I have
actually bought!
The book aims to motivate and inspire
the reader through “a lot of non–trivial and
fun topics”. Lauritzen has thought carefully about how to introduce each of these
topics and he spices the book with many
well chosen examples as well as real applications, primarily from cryptography. The
arguments in the book are concise and easy
to follow and they are written in such a way
so to convey the beauty and elegance of the
mathematics. Each chapter comes with an
abundance of exercises to keep the reader
honest.
The book opens with a chapter on elementary number theory, starting with
mathematical induction, the Euclidean algorithm, factorization and then builds
slowly up to quadratic residues. These
topics are motivated by an entertaining
treatment of RSA encryption. The following chapters of the book introduce, in
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turn, group theory (up to the Sylow theorems), rings (homomorphisms, unique factorization, Euclidean domains), polynomial
rings (primitive roots, public key encryption, ideals, finite fields, quadratic reciprocity). The final chapter of the book uses
Gröbner bases to give a constructive proof
of Hilbert’s basis theorem.
Up until now my favourite introductory
book on algebra has been Herstein’s classic
Topics on algebra, which is now out of print.
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Although not as comprehensive as Herstein,
the book under review is a worthy “modern” successor. I would be happy to use it
as an undergraduate textbook for advanced
second year or for third year students.
Andrew Mathas
School of Mathematics and Statistics F07, University of Sydney, NSW 2006
E-mail: mathas@maths.usyd.edu.au













Appointments
Monash University:
• Dr Ian Wanless will take up a fellowship in January 2006.
University of Melbourne:
• Dr Charles Lilley started a 3 year appointment as a Research Fellow in November
2005.
University of Sydney:
• In recent months a number of research-only staff have commenced work at Sydney
University including Dr Nils Ackermann, Dr Robert Carls, Dr Steve Donnelly, Dr
Michael Harrison, Dr Oliver Ruff, Dr Philip Treharne and Dr Guanglian Zhang.
• Dr Clio Cresswell has joined the School as a Senior Lecturer, on a one year appointment.
University of South Australia:
• Dr Irene Hudson has been appointed as Associate Professor in Statistics. Dr Hudson
will commence her appointment early in the new year.
• Dr Lesley Ward has been appointed to a Level C position, and will be commencing
in the middle of 2006.

Completed PhDs
University of Ballarat:
• Dr Simon Barty, Data mining the adverse drug reactions database using statistical
techniques, supervisor: Dr A. Bagirov.
• Dr Zari Dzalilov, Dynamic reconfiguration of telecommunication networks, supervisor: Prof. A. Rubinov.
• Dr Julien Ugon, Solving discrete optimization problems by some methods of continuous optimization, supervisor: Prof. A. Rubinov.
University of Melbourne:
• Dr John Mashford, Invariant measures and Möbius structures: a framework for field
theory, supervisor: Dr Iain Aitchison.
• Dr Hwan-Jin Yoon, Discrete regression and statistical moderation, supervisors: Dr
Ray Watson and Prof. Tim Brown.
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Awards and other achievements
Professor Rodney Baxter of the Australian National University has been awarded the Lars
Onsager prize for 2006 by the American Physical Society, for his original and groundbreaking
contributions to the field of exactly solved models in statistical mechanics, which continue
to inspire profound developments in statistical physics and related fields.
Professor Jerzy Filar, foundation professor of mathematics and statistics at the University
of South Australia has been awarded the Ren Potts Medal for his contribution to the advancement of operations research at the 18th National Australian Society for Operations
Research Conference in Perth.

Research Fellowships University of Sydney
The University of Sydney is offering the following research fellowships: Professorial Research
Fellowships (duration 6 years, expressions of interest close 6 January 2006); International
Senior Research Fellowships (duration 4 years, closing 6 January 2006); Short-term Visiting
Collaborative Fellowships (duration 2 to 12 weeks, 25 November 2005). Further information
is available at www.usyd.edu.au/research/fellowships/.

Conferences
ICE-EM AMSI Summer School 2006
16 January–10 February 2006, RMIT University, Melbourne
Organisers: Prof. Kathy Horadam and Dr Lynne McArthur
E-mail : Kathy.Horadam@ems.rmit.edu.au
E-mail : Lynne.Mcarthur@ems.rmit.edu.au
Manifolds at Melbourne
17–20 January 2006, AMSI, Melbourne
Organisers: I. Aitchison, L. Bartolini, J. Coffey, C. Hodgson, L. Reeves, J. H. Rubinstein
E-mail : manifolds@ms.unimelb.edu.au
Web: http://www.manifolds.ms.unimelb.edu.au
This workshop will cover areas around 3-manifolds, including geometric structures, flows and minimal surfaces, knot theory and geometric group theory. It
is anticipated that the conference will be partly sponsored by AMSI.
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Mathematics-in-Industry Study Group 2006
30 January–3 February 2006, Massey University, Albany, Auckland, New Zealand
Director: Prof. Graeme Wake
E-mail : g.c.wake@massey.ac.nz
Administrator: Nikki Luke
E-mail : n.luke@massey.ac.nz
Web: http://misg2006.massey.ac.nz
This meeting is being organised by the Centre for Mathematics in Industry.
Grants are available on application for student participants. Industries wishing
to present a problem, please contact the Director. The format will be similar
to MISG2005, see the website and the Equation-Free Summaries.
Applied Mathematics Conference ANZIAM 2006
5–9 February 2006, Mansfield, Victoria
Director: Dr Simon Clarke
E-mail : anziam06@sci.monash.edu.au
Web: http://www.maths.monash.edu.au/anziam06
International Conference on Mathematical Modelling and Computation
5–8 June 2006, University of Brunei Darussalam, Brunei (Borneo)
Organiser: Dr Sannay Mohamad
E-mail : mmc06@fos.ubd.edu.bn
Web: http://www.ubd.edu.bn/news/conferences/fosmmc06/
31st Australasian Conference on Combinatorial Mathematics and Combinatorial
Computing (31ACCMCC)
8–12 July 2006, Alice Springs, Northern Territory
Enquiries: Ian Roberts
E-mail : Ian.Roberts@cdu.edu.au
Web: http://www.cdu.edu.au/engineering/31ACCMCC.html
A provisional list of invited speakers is:
Sergei Bezrukov - University of Wisconsin
Charlie Colbourn - Arizona State University
Gyula O. H. Katona - Renyi Institute
Barbara Maenhaut - University of Queensland
Gary Mullen - Penn State University
Gordon Royle - University of Western Australia
Jozef Siran - University of Auckland
(more to be announced).
Contributed talks in all areas of combinatorics are welcome. Participants are
also invited to stay on for Dry and Discrete (see announcement below)

News

357

Dry and Discrete (D&D)
13–15 July 2006, Uluru, and 16–18 July 2006, Kings Canyon, Northern Territory
Enquiries: Ian Roberts
E-mail : Ian.Roberts@cdu.edu.au
Web: http://www.cdu.edu.au/engineering/DandD.html
This workshop will be aimed at cracking some unsolved problems in Graphs,
Hypergraphs and Designs.
Recent Advances in Nonlinear Partial Differential Equations: A celebration of
Norman Dancer’s 60th birthday
16–21 July 2006, University of New England, Armidale, NSW
Organisers: Daniel Daners (USN), Yihong Du, Chris Radford, Shusen Yan (UNE).
E-mail : ydu@turing.une.edu.au
Web: http://www.maths.usyd.edu.au/u/daners/une2006/

Visiting mathematicians
Visitors are listed in the order of the last date of their visit and details of each visitor are
presented in the following format: name of visitor; home institution; dates of visit; principal
field of interest; principal host institution; contact for enquiries.
Prof. Lynne Billard; University of Georgia USA; 30 November 2005 to 8 January 2006; –;
UMB;
Prof. Anthony Krzesinski; University of Stellenbosch; 13 January to 13 February 2006; –;
UMB; –
Prof. Graeme Milton; Utah; 30 September 2005 to 26 February 2006; Modelling of composite
materials; USN; C. Macaskill
Dr Jasper Scholten; –; 1 December 2005 to 28 February 2006; Arithmetic geometry; USN;
J.J. Cannon
Prof. Vladimir Rittenberg; University of Bonn; 1 December 2005 to 1 March 2006; –; UMB;
Dr J. De Gier
Dr Hua Zhang; Yunnan Normal University; 1 March 2005 to 1 March 2006; –; UWA; Dr Cai
Heng Li
Dr Raimundo Araujo dos Santos; Sao Paulo; 10 February to 10 March 2006; Singularity Theory; USN; L. Paunescu
Dr Mehdi Alaeiyan; Iran University of Science and Technology; 20 September 2005 to 19
March 2006; –; UMB; –
Prof. Catherine Baker; Mount Allison University USA; 4 January to 31 March 2006; –;DKU;
Dr Bahman Tabatabaie Shourijeh; Shiraz University, Iran; 1 October 2005 to 1 April 2006;
–; UMB; –
Dr Christopher Tout; Institute of Astronomy, Cambridge, England; 3 August 2005 to 30
April 2006; Stellar Evolution; MNU; John Lattanzio
Prof. Xiao Zhang; Academy of Mathematics and System Sciences; 5 February to 4 May
2006; Representation theory of sypersymmetry algebras in de Sitter spacetime and
their applications in cosmology; USN; R. Zhang
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Prof. Valentin V Petrov; Steklov Mathematical Institute; 7 January to 30 June 2006; Limit
results and asymptotic methods; USN; Dr J. Robinson
Dr Zhishui Hu; University of Science and Technology, China; 1 July 2005 to 30 June 2006;
Limit theorems; USN; J. Robinson
Dr Yuly Billig; Carlton University; 16 July 2005 to 16 July 2006; Quantum algebras; USN;
Dr A.I. Molev
Prof. Peiwang Gao; Jinan University; 29 August 2005 to 31 July 2006; Financial Mathematics; UWG; Dr Songping Shu

AustMS Accreditation
The secretary has announced the accreditation of:
Professor Robert Bartnik, Monash University, as an Accredited Fellow (FAustMS).
Dr Argenes Siburian, Swinburne University of Technology, Sarawak Campus, Malaysia, as
an Accredited Member (MAustMS).

The Australian Mathematical Society (Inc) rules for Special Interest
Meetings
The Australian Mathematical Society sponsors Special Interest Meetings on specialist topics
at diverse geographical locations around Australia. This activity is seen as a means of
generating a stronger professional profile for the Society within the Australian mathematical
community, and of stimulating better communication between mathematicians with similar
interests who are scattered throughout the country.
These grants are intended for once-off meetings and not for regular meetings. Such
meetings with both a large student involvement and a large number of AustMS members
amongst the participants are encouraged. If it is intended to hold regular meetings on a
specific subject area, the organisers should consider forming a Special Interest Group of the
Society. If there is widespread interest in a subject area, there is also the mechanism for
forming a Division within the Society.
The rules governing the approval of grants are:
(a) each Special Interest Meeting must be clearly advertised as an activity supported
by the Australian Mathematical Society;
(b) the organizer must be a member of the Society;
(c) the meeting must be open to all members of the Society;
(d) registration fees should be charged, with a substantial reduction for members of the
Society. A further reduction should be made for members of the Society who pay the
reduced rate subscription (i.e. research students, those not in full time employment
and retired members);
(e) a financial statement must be submitted on completion of the Meeting;
(f ) any profits up to the value of the grant are to be returned to the Australian Mathematical Society;
(g) on completion, a Meeting Report should be prepared, in a form suitable for publication in the Australian Mathematical Society Gazette;
(h) a list of those attending and a copy of the conference Proceedings (if applicable)
must be submitted to the Society;
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(i) only in exceptional circumstances will support be provided near the time of the
Annual Conference for a Special Interest Meeting being held in another city.
In its consideration of applications, Council will take into account locations around Australia of the various mathematical meetings during the period in question. Preference will
be given to Meetings of at least two days duration. The maximum allocation for any one
Meeting in 2006 will be up to $(1000 + 150n), where n is the number of AustMS members
registered for and attending the meeting with an upper limit of about $5000.
In 2006 a total of up to $12 000 is available for Special Interest Meetings. There will be
six-monthly calls for applications for Special Interest Meeting Grants, each to cover a period
of eighteen months commencing six months after consideration of applications.
An application for a grant should be made on the form available from the Secretary,
Elizabeth J. Billington.
[Last approved by Council, 2005.]

Nominations sought for the 2006 AustMS Medal
The Medal Committee for the 2006 Australian Mathematical Society Medal is now seeking
nominations and recommendations for possible candidates for this Medal. This is one of two
Medals awarded by the Society, the other being the George Szekeres Medal, which is awarded
in even numbered years. The Australian Mathematical Society Medal will be awarded to a
member of the Society, who is under 40 years of age on 1st January 2006, for distinguished
research in the Mathematical Sciences.
For further information, please contact (preferably by email) the Chair of the 2006 Medal
Committee, Professor A. McIntosh, School of Mathematical Sciences, ANU, Canberra, ACT
0200, (Alan.McIntosh@maths.anu.edu.au), or else the Outgoing Chair, Professor A.J.
Bracken (ajb@maths.uq.edu.au). Nominations should be received by 28th February 2006.
The other two members of the 2006 Medal Committee are Professor W. Chen (Incoming
Chair) and Professor P. Broadbridge (one year).
A list of past AustMS Medal winners appears at http://www.austms.org.au/AMSInfo/
medal.html.
Rules for the Australian Mathematical Society Medal
1. There shall be a Medal known as “The Australian Mathematical Society Medal”.
2. (i) This will be awarded annually to a Member of the Society, under the age of
40 on 1st January of the year in which the Medal is awarded, for distinguished
research in the Mathematical Sciences.
(ii) A significant proportion of the research work should have been carried out in
Australia.
(iii) In order to be eligible, a nominee for the Medal has to have been a member of
the Society for the calendar year preceding the year of the award; back dating
of membership to the previous year is not acceptable.
3. The award will be approved by the President on behalf of the Council of the Society
on the recommendation of a Selection Committee appointed by the Council.
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4. The Selection Committee shall consist of 3 persons each appointed for a period of 3
years and known as “Incoming Chair”, “Chair” and “Outgoing Chair” respectively,
together with a fourth person appointed each year for one year only.
5. The Selection Committee will consult with appropriate assessors.
6. The award of the Medal shall be recorded in one of the Society’s Journals along with
the citation and photograph.
7. The Selection Committee shall also prepare an additional citation in a form suitable
for newspaper publication. This is to be embargoed until the Medal winner has been
announced to the Society.
8. One Medal shall be awarded each year, unless either no one of sufficient merit is
found, in which case no Medal shall be awarded; or there is more than one candidate
of equal (and sufficient) merit, in which case the committee can recommend the
award of at most two Medals.

Elizabeth J. Billington
Hon. Sec., AustMS

Nominations sought for the George Szekeres Medal

The Medal Committee for the 2006 George Szekeres Medal is now seeking nominations
and recommendations for possible candidates for this Medal. This is one of two prestigious
Medals awarded by the Society, the other being the Australian Mathematical Society Medal.
The George Szekeres Medal is awarded for outstanding research achievement in a 15 year
period for work done substantially in Australia. It is awarded only in even numbered years.
Nominations, to be sent to the Committee Chair, should include: (a) an extended citation, not more than two pages in length, arguing the case for awarding the Medal to the
nominee; (b) a shorter citation, of not more than 100 words, which may be used to report
the candidate’s achievements in the event that the nomination is successful; (c) a full list of
publications of the candidate, with the most significant (up to a maximum of 20) marked by
an asterisk; (d) a curriculum vitae of the candidate’s professional career, highlighting any
achievements which add support to the nomination; and (e) the names of between three and
six suitable referees, along with a brief statement as to their appropriateness.
Nominations close on 31 March 2006.
For further information, please contact (preferably by email) the Chair of the 2006 George
Szekeres Medal Committee, Professor Ian Sloan, School of Mathematics, The University of
New South Wales, Sydney, NSW 2052, (Email: i.sloan@unsw.edu.au)
Other members of the 2006 George Szekeres Medal Committee are:
Professor G. Huisken, Dr R.S. Anderssen and Professor V. Jones.
The inaugural George Szekeres Medal in 2002 was awarded to Professor Ian Sloan FAA
FAustMS and to Professor Alf van der Poorten AM FAustMS. The recipient in 2004 was Dr
R.S. Anderssen FAustMS.
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Rules for the George Szekeres Medal of the AustMS
1. The award is for a mathematical scientist active in research who is a member of the
Australian Mathematical Society and normally resident in Australia.
2. The Medal may, in exceptional circumstances, be shared by at most two candidates.
3. The Medal is awarded every two years.
4. The award is for a sustained outstanding contribution to research in the mathematical sciences in the 15 years prior to the year of award. The candidate should have
been resident in Australia when the bulk of the work was completed.
5. (i) The George Szekeres Medal cannot be awarded to the same person on more
than one occasion.
(ii) The George Szekeres Medal can be awarded to a recipient of the Australian
Mathematical Society Medal, provided that the sustained outstanding contribution to research in Rule 4 is subsequent to the work for which the Australian
Mathematical Society Medal was awarded.
6. Normally the successful candidate will have an excellent record of promoting and
supporting the discipline, through activities such as extensive graduate student supervision, outstanding contributions to leadership in the Australian Mathematical
Society, or other activities which have materially promoted the mathematical sciences discipline within Australia.
Elizabeth J. Billington
Hon. Sec., AustMS

From the new AMSI Director
The Australian Mathematical Sciences Institute is a formal collaboration of eight universities as joint venture partners as well as 21 associate members including 18 other universities,
CSIRO, Australian Bureau of Statistics and the Australian Mathematics Trust. The institute was first funded for three years by a Science Technology and Innovation grant from
the Victorian Government. For two years, it received additional support from the federal
Department of Education, Science and Training. The University of Melbourne generously
supplies office space and administrative support for human resources.
It is a powerful selling point to have a single national agency that can call on at least
80% of the nation’s expertise in both mathematics and statistics. This continues to generate strong interest among potential new supporters, within both government and private
industry. Consequently AMSI has provided new opportunities for the mathematical sciences discipline. AMSI is a partner in the ARC Centre of Excellence for Mathematics and
Statistics of Complex Systems, whose central office is located on Barry Street Carlton, near
AMSI. AMSI manages the DEST-funded International Centre of Excellence for Education in
Mathematics, which is housed in the same suite of offices. These are three different types of
organizations with different but mutually supportive priorities, often providing joint sponsorship for enrichment activities in the mathematical sciences. All three are working to
improve support for the mathematical sciences. AMSI has sponsored a large number of research workshops, distinguished visitors, undergraduate summer research scholarships and
vacation schools for early-career researchers. Undergraduate vacation scholarships are offered to all of our member institutions. We are grateful to CSIRO for inviting our vacation
scholars to join theirs at next year’s Big Day Out, to be held in Sydney.
The range of activities hosted by AMSI is about to expand.
Over the next year, ICE-EM is sharing in the costs of setting up access grid rooms at six
institutions, plus the AMSI head office.
Beginning this year, we have started to cover the biennial Australian Mathematical Society Mahler Lecturer’s accommodation expenses at member institutions. As well as the
Mahler Lecturer, beginning this year, there will be an annual distinguished AMSI Lecturer,
whose field of interest will alternate between statistics and applied and industrial mathematics.
AMSI, MASCOS and the Canadian-based MITACS network have recently signed an
agreement of cooperation. There will be joint Canada-Australia workshops and AMSI is
looking for ways to subsidise Australians to attend these. AMSI is in the process of joining
PRIMA, a recently formed Pacific Rim Mathematics Association. As part of our membership
obligations, we are already offering free accommodation and meals to a small number of
overseas Pacific Rim postgraduate students to attend the annual ICE-EM /AMSI summer
school. Students at AMSI member institutions will have reciprocal rights to attend summer
schools around the Pacific Rim. This level of national and international exposure has the
side benefit of showcasing our hosting joint venture institutions to potential students.
The level of influence of the mathematical sciences is on the rise. Over the last year, the
entire field of mathematical sciences has been listed as one of three priority areas by the
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United States National Science Foundation. Most of us are well aware of the rise of mathematical finance and mathematical biology over the last decade. Now we are experiencing a
rising demand for expertise in mathematical risk analysis. This may be applied to such areas
as finance, ecology, emergency response and public health. In 2005, the Federal Department
of Agriculture, Fisheries and Forestry has shortlisted three applications for funding as the
Australian Centre of Excellence in Risk Analysis. Interestingly, DAFF expects outputs to be
mathematically-based decision support tools. AMSI has contributed a significant investment
to one of the shortlisted applicants. If that application is successful, then the guaranteed
returns will be 150% on top of the investment. This will be distributed to our member
institutions for workshops, post doctoral salaries and postgraduate scholarship top-ups to
support risk analysis. I have been told that other federal departments such as Department
of Health and Ageing are building similar funds to support their own related applications
of risk analysis. We are building our capability in these areas so that we are at the front of
the line. In February, there was a very successful MASCOS/AMSI joint workshop Decision
Making for Complex problems in Conservation. Some significant and well-known problems
in ecology were solved right there. In November, there is a MASCOS/AMSI Financial Risk
Breakfast. Next March in Melbourne, there will be an AMSI/MASCOS industry forum on
mathematical sciences in public health. The emphasis will be on emerging opportunities
in patient care and drug delivery, hospital logistics and community health, rather than the
established mathematical areas of medical imaging, epidemiology, tumour growth and organ
physiology. Of course, these areas are still relevant, and may be integrated in the overall
logistics of healthcare.
AMSI intends to be aggressive in connecting mathematical scientists to potential users and
supporters. When we can see a potential large return on an AMSI members’s institutional
grant application that will stimulate activity in the mathematical sciences, then we will
support the grant proposal financially, provided there is an understanding that we may
redistribute the income to other full and associate members in any Australian state. We
have recently introduced industrial sponsors to academic institutions with relevant expertise.
We are close to receiving funding to employ industrial post-doctoral fellows on-site at AMSI.
Finally, I must point out that I still see value in intrinsically interesting pure research that
has no obvious immediate application. Historically, civilisation has been enriched by the
possibility of unfettered thought. Good proposals for our members’ scientific workshops will
generally be funded, especially when there is a high involvement by early-career researchers.
Philip Broadbridge
AMSI Director

For current events and developments, see the websites http://www.amsi.org.au and http:
//www.ice-em.org.au.
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