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Recommended Textbooks from the
American Mathematical Society
These textbooks are ideal for classroom use.To request a copy to examine for course
adoption, go to www.ams.org/bookstore/rectexts or send email to textbooks @ ams.org.
3-Manifolds
3-Manifolds
John Hempel

John Hempel, Rice University, Houston,TX
John Hempel’s book is an ideal text to learn about
the world of 3-manifolds. It remains one of the
best and most popular introductions to the subject.

AMS CHELSEA PUBLISHING
American Mathematical Society
Providence, Rhode Island

AMS Chelsea Publishing; 2004; 195 pages; Hardcover;
ISBN 0-8218-3695-1; List $29; All AMS members $26; Order code
CHEL/349.H

A Course in
Ring Theory

Donald S. Passman
AMS CHELSEA PUBLISHING
American Mathematical Society
Providence, Rhode Island

A Course in Ring Theory

An Introduction

Graduate Studies
in Mathematics
Volume 66

This new version of a prizewinning book gives a
modern and self-contained introduction to the theory
of quadratic forms over fields of characteristic different from two. Included are a copious number of
carefully chosen examples and a rich stock of some 280 exercises.
Graduate Studies
in Mathematics
Volume 67

Graduate Studies in Mathematics,Volume 67; 2005; 550 pages;
Hardcover; ISBN 0-8218-1095-2; List $79; All AMS members $63; Order
code GSM/67

The Knot Book
An Elementary Introduction to the
Mathematical Theory of Knots
Colin C. Adams, Williams College,Williamstown,MA

Functional Analysis
An Introduction
Yuli Eidelman and Vitali Milman, Tel Aviv
University, Israel, and Antonis Tsolomitis,
University of the Aegean, Samos, Greece

Introducing the richness of knot theory, this book
starts with our familiar understanding of knots and
a bit of college algebra and finishes with exciting topics of current
research.The author has included fascinating examples, superb
figures, and thought-provoking ideas.
2004; 307 pages; Softcover; ISBN 0-8218-3678-1; List $29; All AMS
members $23; Order code KNOT
STUDENT MATHEMATICAL LIBRARY
VOLUME 27

Mathematical
Modelling
A Case Studies Approach

This textbook provides an introduction to the
methods and language of functional analysis. It is ideal for a oneyear course and provides a sound basis for further study.
Graduate Studies in Mathematics,Volume 66; 2004; 322 pages;
Hardcover; ISBN 0-8218-3646-3; List $55; All AMS members $44; Order
code GSM/66

Functional
Integration
and Quantum
Physics
Second Edition
Barry Simon

T.Y. Lam, University of California, Berkeley

Using the underlying theme of projective and
injective modules, this book touches upon various
aspects of commutative and noncommutative ring
theory. A number of major results are highlighted

AMS Chelsea Publishing; 2004; 306 pages; Hardcover; ISBN
0-8218-3680-3; List $45;All AMS members $41; Order code CHEL/348.H

Yuli Eidelman
Vitali Milman
Antonis Tsolomitis

T.Y. Lam

Introduction to Quadratic
Forms over Fields

Donald S. Passman, University of Wisconsin,
Madison

and proved.

Functional
Analysis

Introduction to
Quadratic Forms
over Fields

Functional Integration
and Quantum Physics
Second Edition
Barry Simon, California Institute of Technology,
Pasadena, CA

AMS CHELSEA PUBLISHING

Reinhard Illner
C. Sean Bohun
Samantha McCollum
Thea van Roode

AMS Chelsea Publishing; 2005; 306 pages; Hardcover; ISBN
0-8218-3582-3; List $39; All AMS members $35; Order code CHEL/351.H

Order your copies today!

A Case Studies Approach
Reinhard Illner, C. Sean Bohun, Samantha
McCollum, and Thea van Roode, University of
Victoria, BC, Canada

Mathematical modelling is the means by which
mathematics becomes useful to virtually any subject. Using a careful
selection of topics and fluent expository style, the authors explain the
process of modelling real situations to obtain mathematical problems
that can be analyzed, thus solving the original problem.
Student Mathematical Library,Volume 27; 2005; 196 pages; Softcover;
ISBN 0-8218-3650-1; List $35; All AMS members $28; Order code STML/27
STUDENT MATHEMATICAL LIBRARY
VOLUME 26

American Mathematical Society
Providence, Rhode Island

Written with great care and containing many
illuminating examples, this classic book is highly recommended to
anyone interested in applications of functional integration to quantum physics. It makes a fine textbook for a course in functional
integration.

Mathematical Modelling

Six Themes
on Variation
Robert Hardt, Editor
Steven J. Cox
Robin Forman
Frank Jones
Barbara Lee Keyfitz
Frank Morgan
Michael Wolf

Six Themes on Variation
Robert Hardt, Rice University, Houston,TX, Editor
The calculus of variations is a beautiful subject with
a rich history and origins in the minimization problems of calculus.This volume will serve to give the
reader a sense of its great character and importance.

Student Mathematical Library,Volume 26; 2004; 153
pages; Softcover; ISBN 0-8218-3720-6; List $29; All AMS members $23;
Order code STML/26

Visit the AMS Exhibit at the Second Joint Mathematics Meeting
of AMS-DMV-ÖMG, Mainz, Germany, June 16–19, 2005.
For many more publications of interest, visit the AMS Bookstore

www.ams.org/bookstore
AUS05
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At a recent speech delivered in Melbourne, immunologist Sir Gustav Nossal, former president
of the Australian Academy of Science and Australian of the year in 2000, remarked
“. . . there is a problem in science education. While the biological sciences
are doing well and subjects like medicine and biotechnology are exceedingly
popular, there has been a move away from mathematics, physics and chemistry . . .
Part of the problem here is that society is vitally interested in the fruits,
the products of research, but hardly at all interested in the process of research. Indeed, many people wear their illiteracy in science as a badge of
honour. It is not ok for a scientist, or a doctor or an engineer to be ignorant
of Mozart or Shakespeare. But it is quite alright for a lawyer, or a banker,
or a writer to profess indifference to an Einstein, a Rutherford or a Watson
and Crick . . . ”
Part of the problem is perhaps that mathematics, physics and chemistry are such hard and
unyielding subjects to learn, as opposed to, for example, learning to speak Japanese or to
play the violin. In Math matters Larry Forbes tries to dispel the myth that mathematics is
hard, and argues that we mathematicians, through our style of teaching and often insular and
exclusive attitudes, are part of the problem (and the solution). How to make mathematics
teaching more inclusive at secondary level is also the topic of the paper Increasing access to
mathematical thinking by Sullivan, Mousley and Zevenbergen.
Several surprisingly hard but fun mathematics problems are described in Norman Do’s
Mathellaneous, and such seemingly simple tasks as turning (burnt) pancakes may not
be so trivial after all. Certainly not easy is Igor Shparlinski’s 10th problem on bounds of
exponential and character sums. Perhaps some lessons on how to solve hard problems may be
drawn from nature; the capability of ant colonies to collectively solve optimisation problems
is beautifully described by Andre Costa in Ants, stochastic optimisation and reinforcement
learning.
For those of us wondering if there is life outside of academia for professional mathematicians
there is the new series My brilliant career. In this issue Romesh Silva details his life as
a human rights data analyst, currently working in Timor-Leste (formerly East Timor).
Finally we thank Rob May for his time as local correspondent at RMIT University and
welcome his successor Yan Ding.

Michael Cowling

The next Annual Meeting of the Australian
Mathematical Society will be held at the
University of Western Australia, in Perth,
at the end of September. The conference
web site http://www.maths.uwa.edu.au/
~austms05/ has details of what will be a
very interesting program, and how to register. I am looking forward to seeing many
of you there, and I point out that registrations completed by August 1 will be at a
lower rate.
Australian universities are going through
a difficult period, and mathematical scientists (and our colleagues in the physical and
chemical sciences) are having a harder time
than most, as students abandon us. The
newspapers (especially in New South Wales)
have been full of the problems of the University of Newcastle, and as President I have
already been called on twice this year to
make submissions to reviews in other universities explaining the importance of maintaining a visible department of mathematics. At the same time, the Federal Government has been proposing changes to research funding, student unions, and industrial relations inside universities. We certainly live in interesting times! Arguably
the Society should not be involved in the
latter issues, but many members are concerned about aspects of the proposed Research Quality Framework—of real concern
is the possibility that all scientific disciplines will be treated in the same way, and
that the lower publication and citation rates
in the mathematical sciences compared to
our colleagues in other sciences may be used
as evidence against us. The Society has
made a submission drawing attention to the
need to evaluate different disciplines in different ways. We should be very grateful to

Peter Hall, who did the great bulk of the
work in preparing this submission. By the
time this is printed, it should be accessible
to anyone who wants to see it on the Society’s web-site.
At the same time, there are reasons for
optimism too. The Australian Research
Council has agreed to fund a review of research in the Mathematical Sciences in the
near future; it is likely that this will happen during the next year. While this report
will focus on research, it is inevitable that
the reduction in research output due to the
erosion of the numbers of staff in university
mathematical science departments in Australia will be noted, and so this will provide us with a real opportunity to plead
our case for better support. In the United
Kingdom, the decline in the mathematical
sciences seems to be halting: on December
1 last year, the Secretary of State for Education and Skills, Charles Clarke, sought
advice on how to change university funding
to protect higher education courses of national strategic importance. The areas identified as being significant for the UK were
Middle Eastern studies, Far Eastern studies, Eastern European studies, vocational
courses of industrial significance (“e-skills”,
for example), and science, technology, engineering and mathematics. There are times
in this country where the tendency to emulate British trends can be very irritating,
but other times when it is very welcome. We
can aspire to obtain recognition of the importance of the mathematical sciences here
in the same way.
There are other reasons to be hopeful.
Those who have been involved in promoting
careers in mathematics to high school students have reported that there appears to be
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an increasing interest in mathematics at careers fairs and similar occasions. One factor
in this is certainly the better material about
careers for the mathematically trained that
is now being circulated by AMSI and ICEEM. But I’d like to hope that we are all becoming more aware of the need to promote
our discipline, and becoming better at it.

Many of us know that a career in the mathematical sciences can be very rewarding (and
a survey of careers in the USA a few years
ago suggested that mathematicians actually
enjoy more job satisfaction than all other
professionals); if we tell the world about
this, we may see student numbers rise and
mathematics departments thrive again.

Larry Forbes
How “hard” are the hard sciences?
Mathematics, Physics and Chemistry are
routinely referred to as the “hard sciences”.
Of course, I much prefer the terminology
adopted by Batterham [1], who refers to
them as the Fundamental Enabling Sciences, which better acknowledges their pivotal role in our society.
Nevertheless, the perception persists
that these subjects are uncompromisingly
“hard”, and that’s just how it has to be.
By all accounts, this has resulted in a big
turn-off for high-school students and those
in the university sector, prompting the Australian Council of Deans of Science to remark that “Mathematics continues to be in
difficulty ...”[2]. It is a well-worn cliché that
those of us who love this “hard” subject
must therefore necessarily live a monastic
existence, with little time or use for normal social graces and friendships [3], must
sport a type of Einstein hairdo and a rasping Julius Sumner Miller speaking voice.
I don’t particularly want to go down the
well-trodden and comfortable path of bemoaning the decline in Mathematics, the
brain-drain and all the rest of it again here.
While those issues do worry me, I suspect
we may still have over-stated that side of
things somewhat.
However, it has to be acknowledged that
the perception that Mathematics (along
with Physics and Chemistry) are “hard” is
not exactly helping the cause of university
Mathematics departments. In the Alicein-Wonderland world of university budgets,
departments are funded according to their
student load, so that falling student numbers translates to fewer staff, which in turn

means a reduced capacity to undertake research and teaching, and so on. The national interest seems not to figure in any of
this. So if students get the idea that Mathematics is hard and therefore “un-cool”,
from night-time television shows or whatever, they are now free just to avoid the
subject, which as a result struggles to survive. (There is something delightfully silly
about all this; for example, can we expect
a sudden increase in the national capacity
to undertake research in forensic science in
three years’ time, as a result of the current
popularity of the American television show
“CSI”?).
So are Mathematics (and Physics and
Chemistry) really “hard” sciences? I want
to argue that they are not. Furthermore, I’d
like to suggest that perhaps the best way of
reversing the fortunes of these subjects is
to convince people around us that these sciences are no harder than many other areas
of human activity. In doing so, we may also
need to change a few of our own perceptions
along the way.
Mathematics is the language of technology, and during the course of its history,
much of it was invented precisely for that
purpose. Like all languages, it has its own
notation, grammar and syntax. Learning
these can occasionally be tedious, but no
more so than learning the grammar of any
other language. The symbols of mathematics can be off-putting and appear “hard” to
the new student, but they are nowhere near
as difficult to learn as to write in Japanese
(for a Westerner such as myself). Like any
other language, Mathematics has its own
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culture and heritage, and once the basic language has been learned, it is possible to express ideas within that culture with a remarkable simplicity and clarity.
At the University of Tasmania, Mathematics is combined with Physics in a single School. This has forced me to see
the “hard” science debate from a perspective wider than just the Mathematical one.
While we love to rehearse the arguments
about decline and the brain-drain in Mathematics, I think it’s fair to say that Physics
has suffered far more in this respect than
Mathematics has. I believe a key reason
for this has been the entrenched and continuing view in many Physics departments
that for Physics to be done properly, it has
to be “hard” and unyielding, particularly
so because it has a strong practical component. As a result, Physics departments all
around the country have lost students and
even whole service subjects, and are only
now beginning to reverse the decline this has
caused. So is Physics really “hard”? Yes,
in some respects, but I suspect that learning to play the violin is harder. In Mathematics, we too had a similar view, but it
seems we were able to intervene at an earlier stage than was the case for Physics; this
may, however, have been more good luck
than good management.
Why is it that Mathematics is seen as
“hard”? We have all had the cocktail-party
experience of announcing that we do mathematics for a living, only to watch our fellow
party goers back away from us in discomfort, muttering something about “not being
good at maths at school”. Why does the
mention of Mathematics elicit this reaction,
in a way that other disciplines do not? It’s
hard to know for sure, but I suspect there
are three contributing factors.

Teaching style
It often seems to me that Mathematics
makes the mistake of teaching its concepts
deductively rather than inductively. That
is, a result will be introduced in its most

general possible form, couched in a sea of
impenetrable jargon and hedged about with
a host of conditions and exclusion clauses.
In this form it appears remote, inaccessible and unassailable, more like a religious
icon than a scientific principle. The useful
results of practical interest in almost every
situation are then obtained as trivial special
cases of this general statement. The poor
student is too often left wondering where
such an idea could possibly have come from,
and who on Earth could ever have thought it
up in the first place. The answer, of course,
is that nobody did; rather it evolved over a
period of time, in response to a mixture of
practical technological questions as well as
more abstract theoretical considerations.
It wasn’t always like this, however. Take
the case even of that most pure of pure
mathematicians G.H. Hardy, who famously
observed: “I have never done anything
‘useful’.”[4] In his treatise on divergent series [5], he explains concepts in language like
this:
“Newton and Leibniz, the first mathematicians to use infinite series systematically, had little temptation to use divergent
series (though Leibniz played with them occasionally). The temptation became greater
as analysis widened, and it was soon found
that they were useful, and that operations
performed on them uncritically often led to
important results which could be verified independently.”
A little later in the same book, Hardy
says: “Alternatively, we could, by a more
daring calculation, deduce ...”.
There is nothing pretentious or inaccessible about this. Instead, we get to see
the precise thought patterns taking place,
and we are invited to take an intellectual
risk along with the writer. This is engaging
stuff, and it’s a pity that much more mathematics isn’t written in this style.
Computer packages may help break down
the deductive style of traditional Mathematics teaching somewhat, since they do
allow a student to experiment with ideas

Math matters

and pictures. In this way, a more inductive
learning style may be helped along a little,
so that students get the chance to build up
a general understanding of a concept from
particular instances of it. (I am referring
here specifically to mathematical computer
packages, rather than to more general software for making lecture material accessible
over the web. This latter seems to be much
loved by university executives now far removed from daily interaction with students,
but I remain to be convinced of its merits as
a primary tool for teaching Mathematics).
Nevertheless, some changes to Mathematics curricula are probably still in order,
and it would undoubtedly help even to add
some background material about the arguments that were going on at the time the
concept was invented (as Hardy did), and
why this form of it seemed the best way to
address the concerns of the time. A subject
suddenly seems a lot less “hard” when there
is a clear and engaging reason behind its actions. (To their credit, Physics courses often
instill in the students a clear idea of why a
concept was developed, and what question
it was designed to answer).

Insularity
It often seems to me that Mathematics
projects an air of being supremely disinterested in what the rest of Science is doing.
It is not uncommon to see research papers
that begin in the subjunctive tense, with
a phrase something like: “Let X be a ...”
followed by a lengthy string of abstruse adjectives and nouns. The next sentence will
then be something like: “We prove the following theorem”. It strikes me that there
is a world of vital information missing from
an introduction of that sort. Where is the
initial discussion of why this result is of interest? How did such a question arise, and
why are the conditions that surround the
theorem of significance? Once the theorem
has been duly proved, how does the result
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connect with what other people are doing,
and what then is the next likely step? A result like this seems “hard”, probably not so
much because of the intellectual brilliance
of its content (although no doubt its author
would beg to differ on that point), but more
because its very insularity makes it seem remote and forbidding.
Mathematicians are sometimes resentful
of being seen as playing a mere support role
to other more glamorous endeavours. I believe they are mistaken for thinking that
way, if for no other reason that they underestimate the extent to which other Scientists genuinely recognize the worth of their
skills and want access to them. A few years
ago, I was required by my university to
write a “strategic plan” for our School of
Mathematics and Physics. Putting to one
side my own reservations about documents
of that sort, I tried to reflect the political
realities of that time in the usual bureaucratic language designed for that purpose,
and I wrote something to the effect that we
would undertake a vigorous programme of
research, in a variety of areas of modern
Mathematics, “supported by fundamental
research in pure mathematics...”. To my
surprise, a number of people objected to
this language, essentially to the effect that
their research stood on its own merits, and
was not intended to support anyone. My
own view is rather different to this, since
I believe that Mathematics historically has
done its best and most exciting work when
it has collaborated actively with some external project. Tony Dooley [6] and Peter Taylor [7] have expressed it perfectly,
with their phrase “the mysterious process
between theory and applications”.

Exclusivity
There are occasions when I think Mathematicians expend too much energy deciding
who is in, and who is out. My own view
is that anyone who loves Mathematics and
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who teaches it with passion and enthusiasm
has earned the right to be considered fully
a Mathematician. Yet I have heard it said
in departmental tea-rooms and the like that
a certain person is not really a Mathematician, because he or she “does not prove theorems”. While I acknowledge the usefulness
of the Theorem as a rhetorical construct for
presenting an idea succinctly and efficiently,
it is by no means the only way of expressing
mathematical truth. It would be particularly sad if the work of an enthusiastic person were to be defined into irrelevance on so
flimsy a basis as a mere rhetorical presentation style. Our subject deserves to be taken
more seriously than that.
In a similar vein, there are areas of Mathematics where the residents seem to take
delight in making hyper-fine distinctions
between themselves and their close neighbours. To an outsider, it all seems very
confusing. I remember once being in yet
another Mathematics department tea-room,
where the work of an (absent) third party
was being discussed. Apparently this person had worked on topics such as Hopf algebra, Schur algebra, Hecke algebra, Weyl algebra, and then somebody observed sagely:
“I guess he would consider himself to be
an algebraist”. I promptly burst out laughing, very much impressed at such sardonic
humour, but I was immediately met by a
room full of disapproving stares. Evidently
the comment was meant in all seriousness,
a fact which baffles me to this day.
I believe we often under-estimate the extent of Mathematical training and expertise possessed by some of our colleagues in
other disciplines, too. This is why I feel
some of our arguments about the decline of
Mathematics and the brain drain are not
wholly accurate. In a sense, it is an acknowledgement that Mathematics is considered too important just to leave to those of

us in mathematics departments, although
this can pose an extra concern for us in retaining our students. However, that is primarily a political question, having more to
do with the way in which groups of people in
a university are organized, than necessarily
with the decline of Mathematics itself. During my three years on the ARC college of experts, for example, I was often asked about
the “under-representation” of Mathematics
on the panel. This came about because it
was quickly seen that there were only two
people on the panel who had a formal connection to a mathematics department, but
it completely overlooked the very substantial Mathematical expertise of a number of
the other members.
In this opinion piece, I’ve tried to argue that Mathematics in particular, and the
physical sciences in general, are not really
“hard” sciences, at least in the sense of being unusually difficult. In fact, the real
power of Mathematics is that many of its
central ideas possess an elegant and beautiful simplicity; this then gives them a universality that cuts across a wide variety of different subject and application areas. I believe that one of the things that holds Mathematics (and Physics) back is that some of
the people who communicate it to others
still allow themselves the luxury of supposing it to be fundamentally “hard”, more so
than other activities. Where it is manifestly
not difficult, it is nevertheless unwittingly
made to appear so by some of the means
discussed above. Who knows what culture
change we may be able to effect by a determination to convince people that, far from
being pointlessly “hard”, the real purpose
of Mathematics is to bring order and simplicity to otherwise difficult situations?
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Impact through availability
1

Preliminaries and context

In the late nineties a number of new initiatives were undertaken at Victoria University
which bear relevance to the discussions that
are currently being undertaken amongst the
mathematical community and more broadly.
These initiatives are elaborated upon below
but first some background.
It is recognised that academics provide
the intellectual input of the publication process and yet access to and costs of published
materials are under the control of large commercial publishing houses. It is also recognised that access to the academic literature
is of paramount importance to the health
of academic disciplines. By access here is
meant, both the extent and timely availability of materials that serve to inform and develop the community. The exchange scheme
outlined below is an example addressing this
issue. I argued within the AMSI and Head
of Mathematical Sciences Departments forums that it did not make sense for individual universities to replicate provision of
access to the literature especially since more
and more of this is available electronically.
This is being addressed to some degree by
more collaboration across the universities.
Access to information is the single most important factor to the development of knowledge.
At the recent executive meeting of
ANZIAM at Napier the issue of journal subscription and impact was raised. These were
also discussed, I am informed, at the editors
of AustMS meeting and at the Australian
Mathematics Council meeting. Some of the
issues relating to the discussion have been
reported by Michael Cowling (2005) in the

Gazette and it is pleasing to read in the president’s column that, “The Society is working
to get our journals online”[2]. Our experience below and as arguments put forward by
Lawrence (2001)[1] demonstrate, availability is of paramount importance. Availability in itself though does not ensure an impact. The case study presented below, however, demonstrates extensive impact that
has been possible in part through availability. Cowling (2005) states that “Raising
awareness of the importance of Mathematical Sciences is, the most important part of
my brief as president”. And that “our financial viability depends on two things: our
membership and our journals”. It is the tension between the dual impost on journals to
both be an income source and a means of
creating an awareness and impact of the discipline that needs to be given further consideration.
It is hoped that the above discussion and
the experience at Victoria University given
below will contribute to and inform this debate.

2

Initiatives @ Victoria University

The Research Group in Mathematical Inequalities and Applications (RGMIA) that
originated in the School of Computer Science and Mathematics at Victoria University has made a substantial international
impact. This is demonstrated by the fact
that the RGMIA now has over 850 members
worldwide and its development has been a
major contributing factor to the escalation
in research output in mathematical inequalities and related fields as well as in application areas. The initiative to provide
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electronic access to the RGMIA Research
Report Collection (http://rgmia.vu.edu.
au) which is a preprint series and the electronic peer-reviewed, Journal of Inequalities
in Pure and Applied Mathematics (JIPAM)
(http://jipam.vu.edu.au) have proven to
be an effective catalyst in generating interest in, and use of, mathematical inequalities.
The forum created by the RGMIA has been
able to breach the barriers of time, cost and
access frequently raised by the large publishing houses. The reader is referred to
Lawrence (2001)[1] which espouses the benefit of increased impact that electronic access brings.
RGMIA Research Report Collection
The RGMIA Research Report is a preprint
collection that began in 1998 and has as
its main goal the rapid dissemination of
results to a broad international audience.
To further this aim, papers submitted to
the report, subject to access security, can
be downloaded online. In addition, the
Research Report is exchanged with over
70 journals worldwide and sent to various
mathematics centers and departments. In
order to cope with the excessive number of
submissions when the Report was restricted
to four issues a year, the RGMIA introduced
Year
1999
2000
2001
2002
2003
2004

No. of submissions
23
52
92
155
178
252

No. of papers
published
NA
22
38
84
109
114

Papers are accepted or rejected by individual editorial board members based on
their own judgments and associated referees
reports. (N.B. The above table underestimates the number of submissions since direct submission of papers to editors that are
eventually rejected, may not be included.)

a completely electronic version that does not
appear in hard copy. The exchange scheme
continues to flourish, with an on-going increase in new exchange partners.
Journal of Inequalities in Pure and
Applied Mathematics
JIPAM is a fully-refereed electronic journal, with an initial editorial board of 56.
The first call for papers was in September
1999 and the first issue was published in
March, 2000. 2002 saw JIPAM implementing its new policy of putting papers online
once they were fully processed. In some
cases, this has reduced the publication waiting time to within a month of a paper being
accepted. In a few instances, the time between submission of a paper and publication
has been below two months. With these results, it is no wonder that submissions to
JIPAM are increasing. It is now recognized
as one of the quality journals in Mathematical Inequalities worldwide. To cope with the
expanding number of submissions, the JIPAM editorial board, as of April 2005, has
been increased to 74 international editors,
and 2 managing editors. With the increasing number of submissions, the number of
papers being published has also greatly increased as is indicated by the table below.
No. of issues
published
NA
2
3
5
5
4

No. of Austral.
papers
NA
4
7
13
8
4

The journal is reviewed by both major reviewing houses, Mathematical Reviews
and Zentralblatt MATH, and it is mirrored
on the European Mathematical Information
Service (EMIS). It is currently under review
for inclusion in ISI.
Our experience certainly confirms the
conclusion made by Lawrence that “There
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is a clear correlation between the number of
times an article is cited, and the probability
that the article is online” and that “Free online availability of scientific literature offers
substantial benefits to science and society”.

I invite the reader to visit the RGMIA
and JIPAM websites.
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Norman Do
Unsolved problems for young and old
1

The lure of an unsolved problem

In his superb article entitled “The two cultures of mathematics” [4], Fields medallist Tim
Gowers writes on the ever more prevalent dichotomy between mathematicians who are primarily problem-solvers and those who are primarily theory-builders. In particular, he defends the currently less fashionable problem-solving areas, such as combinatorics, and proposes that they should be just as highly regarded as theoretical ones. Despite this growing
trend towards theory-building, unsolved problems remain the driving force behind mathematical progress. For example, it seems highly doubtful that the state of the TaniyamaShimura Conjecture would now be known had Fermat the margin space to pen his infamous,
and most likely mythical, proof. For those unaware, the Taniyama-Shimura Conjecture was
finally proven in 1999 through the collaboration of Breuil, Conrad, Diamond and Taylor,
forty-four years after Taniyama first speculated the deep connection between rational elliptic
curves and modular forms. Much of the groundwork for the proof was provided by Andrew
Wiles after an incredible eight years of continuous toil spent searching for the Holy Grail of
mathematics, a proof of Fermat’s Last Theorem. But who amongst us has not felt the lure
of an unsolved problem?
This article contains concise expositions on four beautiful, though elementary, unsolved
problems which have lured me in the past. Of course, the word “elementary” refers only
to the lack of technical prerequisites needed to understand and approach the problems.
Indeed, the fact that they have all withstood attack from mathematicians the world over is
testament to their difficulty. Old mathematicians will hopefully be reminded that learning a
wealth of mathematical machinery is not necessary to attack interesting unsolved problems.
Young mathematicians can use such problems as these to cut their teeth on with a minimum
of knowledge before progressing on to higher mathematical pursuits. Since an article such
as this could easily contain hundreds of fascinating elementary unsolved problems, I have
adopted the following three criteria in problem selection, along with my own personal taste
and discretion.
◦ The problem can be understood by any person with a working knowledge of mathematics.
The reader will not be reading about the much publicized Clay Mathematics Institute Millennium Prize Problems here, all of which require mathematical mastery of
their respective areas.
◦ The problem is not very well-known.
Many of the well-known unsolved problems are considered intractable by the mathematical community, such as as Goldbach’s Conjecture or the Twin Prime Conjecture.
Anyway, what is the point of telling a joke that everyone already knows?
◦ The problem is interesting, tantalizing and surprising.
My hope is that readers might also feel the lure of these unsolved problems. Perhaps
they will be bandied around classrooms and offices, written on the backs of envelopes,
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and passed on by word of mouth until some very clever person can lay claim to a
solution. Remember that all maths problems were, at some stage, unsolved!

2

The Angel Problem
The Angel and the Devil are playing a game on an infinite grid of unit squares. The
Devil, on his turn, may remove any unoccupied square from the playing field. The
Angel is a chess piece on the board and, on her turn, can move to any remaining square
up to 1000 king moves away. Since she has wings, the Angel can fly over any intervening
squares that have been removed. In other words, she can move to any other available
square within the 2001 × 2001 square centred at her current location. The Devil wins
if he can trap the Angel while the Angel wins if she can continue flying forever. Can
the Devil beat the Angel?

There are few people who would suspect that the Devil has a chance of winning such a biased
game. For it seems that the Angel can fly far quicker than the Devil can remove squares
from the board. So it should come as a surprise that this problem, initially proposed by
John Conway over twenty years ago, remains unsolved to this day.
The Angel that we have described here is said to have power 1000, since she can move up
to 1000 king moves in one graceful bound. Of course, the problem admits generalization
to any positive integer power. It turns out that the Devil has the upper hand in a battle
against an Angel of power 1, otherwise known as a king in chess terminology. Surprisingly,
that is about the extent of our knowledge, since the winner of the game is unknown even
when we consider an Angel with any power greater than or equal to 2. The main difficulty
in the problem lies in the fact that the Devil can never make a wrong move — no matter
how the Devil moves, he is always better off than he was before.
In an excellent survey of the problem [2], Conway shows that such battles between the Angel
and the Devil may not be as one-sided as at first seems. For example, suppose that the Angel
adopts the naive strategy of flying as quickly as possible in one direction, gracefully weaving
around any squares that the Devil may have removed. The following result ensures that this
is bound to end in doom for the Angel.
Theorem 1 A Fool is an Angel who must increase her y-coordinate with every move. The
Devil can catch a Fool.
Proof. We will show that the Devil can start building a wall far to the North which, by
the time the Fool arrives, will be an impenetrable blockade of width 1000. First observe
that a Fool who begins at the point X0 is subsequently contained within the upward cone
1
emanating from X0 with a gradient of ± 1000
. Let us truncate this cone with the horizontal
line A0 B0 at some yet to be chosen height H far far above X0 . The Devil can now eat one
out of every M squares along A0 B0 , where M is chosen so that the Devil has completed this
task by the time the Fool has reached a distance of H
2 away from A0 B0 .
Now the Fool is at the point X1 and is subsequently contained within the upward cone
formed by X1 and the segment A1 B1 , which is exactly half the length of A0 B0 . The Devil
can now eat the second of every M squares along A1 B1 , and should be able to complete this
task by the time the Fool has reached a distance of H
4 away from A0 B0 .
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The Devil can merrily continue building his blockade, taking the third of every M squares,
then the fourth of every M squares, and so on. So there will be a point in time when the
Devil will have eaten all of the squares along A0 B0 which the Fool has a chance of reaching.
The Fool should now be a distance of 2HM away from A0 B0 . The Devil can repeat the very
same trick along the row just below A0 B0 . In this manner, he should easily be able to
remove all of the squares along or just below A0 B0 which the Fool can subsequently reach
by the time the Fool has reached a distance of 2H
2M away from A0 B0 . Now if we take H to
N
be 1000 × 2 , where N > 1000M , then continuing this strategy ensures that the Devil can
build his wall until it is 1000 squares in thickness before the Fool has reached it.

Conway believes that this problem has been alive far too long and offers $100 for a proof
that a sufficiently high-powered Angel can win, and $1000 for a proof that the Devil can
trap an Angel of any finite power.
Problem: An Out-and-Out Fool is an Angel who promises always to increase her distance
from the origin. Prove that the Devil can catch an Out-and-Out Fool.

3

The Happy End Problem

It is a somewhat trivial fact that three non-collinear points in the plane will always be
the vertices of a triangle. More interesting is the fact that among any five points in the
plane, with no three collinear, there are always four which form the vertices of a convex
quadrilateral. This is certainly not true for four points and is due to the fact that five such
points must be in one of the following three configurations.

One is now inclined to ask how many points in the plane are required to guarantee a convex
pentagon, or more generally, the following unsolved problem.
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Let f (n) denote the number of points in the plane, with no three collinear, that are
required to guarantee a convex n-gon. What is f (n)?
This problem was first examined in the 1930’s by a group of talented Hungarian mathematicians, including Paul Erdös, George Szekeres and Esther Klein, who may be familiar to many
readers. It was Erdös who named it the Happy End Problem after the latter two became
engaged and eventually married and the name has since been propagated throughout the
literature. Their early work on the problem produced the results f (3) = 3, f (4) = 5 and
f (5) = 9 which suggests that the correct expression for f (n) may be 2n−2 + 1. In fact, it
did not take long before they found a construction to show that this conjecture was indeed
a lower bound for f (n). And not long after they also discovered the following upper bound.
Theorem 2 Let f (n) denote the smallest number of points in the plane, with no three
collinear, that are required to guarantee a convex n-gon. Then f (n) ≤ 2n−4
n−2 + 1.

Proof. Given n points in the plane, we can find a Cartesian coordinate system in which it
is possible to list the points in strictly increasing order of x-coordinate. For two points A
and B in the plane, let g(A, B) denote the gradient of the line which passes through them.
Now define an m-cap to be a set of points Q1 , Q2 , . . . , Qm listed in strictly increasing order
of x-coordinate such that
g(Q1 , Q2 ) ≥ g(Q2 , Q3 ) ≥ . . . ≥ g(Qm−1 , Qm ).
Similarly, we can define an n-cup to be a subsequence Q1 , Q2 , . . . , Qn listed in strictly
increasing order of x-coordinate such that
g(Q1 , Q2 ) ≤ g(Q2 , Q3 ) ≤ . . . ≤ g(Qn−1 , Qn ).
Let F (m, n) be the smallest number of points in the plane, with no three collinear, that are
required to guarantee an m-cap or an n-cup. Then this function must satisfy the inequality
F (m, n) ≤ F (m−1, n)+F (m, n−1)−1. Now using the simple factthat F (3, n) = F (n, 3) = n
and applying the inequality recursively yields F (m, n) ≤ m+n−4
+1. Since f (n) ≤ F (n, n),
m−2

2n−4
it follows that f (n) ≤ n−2 + 1.


Unfortunately, this upper bound happens to be exponentially far away from the lower bound
of 2n−2 + 1, which is the conjectured value for f (n). However, it did pave the way for further
progress on the problem. It was not until 1998 that a second married couple, consisting of
Ronald Graham and Fan Chung, managed
to cleverly tweak the original proof to knock the

upper bound down by one to 2n−4
.
Such
a
slight improvement may not seem like much of
n−2
a dent on the original problem, but did mark the first significant progress made in over sixty
years. Not only that, their result was the start of a cascade of increasingly strong upper
bounds on the problem. In the very same volume of the journal Discrete and Computational

Geometry, Kleitman and Pachter managed to bring the upper bound down to 2n−4
+7−2n
n−2

2n−5
while Tóth and Valtr did better still with an upper bound of n−3 + 2
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n
3
4
5
6
7
8
9
..
.
n
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Lower Bound for f (n) Upper Bound for f (n)
3
3
5
5
9
9
17
37
33
128
65
464
129
1718
..
..
.
.
2n−5
2n−2 + 1
n−3 + 2

The table above gives the current upper and lower bounds for f (n) and it is amazing that
we still do not know the value of f (6). In fact, we cannot even close the upper and lower
bounds to within a factor of 2. The interested reader may like to consult the excellent survey
of this problem by Morris and Soltan [6].
Problem: Prove that F (m, n) ≤ F (m − 1, n) + F (m, n − 1) − 1.

4

The Burnt Pancake Problem

The following problem was introduced by W. H. Gates and C. H. Papadimitriou [3] in
the former author’s only published paper before founding a certain well-known software
corporation.
A chef decides to make n pancakes but, due to incredible sloppiness, the pancakes
all have different sizes and each is burnt on one side. A waiter wishes to sort them
in increasing order of size from top to bottom as well as ensure that all pancakes have
their burnt side down. With only one free hand, the waiter must achieve this by picking
up some number of pancakes from the top and flipping them over. How many flips are
required to sort any given stack of n burnt pancakes?
Let us consider the stack of pancakes as a permutation of the numbers 1, 2, . . . , n with some
elements negated, commonly known as a signed permutation. Here, the number +k denotes
the kth smallest pancake with burnt side down while −k denotes the kth smallest pancake
with burnt side up. In this notation, the flips of the waiter now take the following form.
(a1 , a2 , . . . , ak , ak+1 , . . . , an ) → (−ak , . . . , −a2 , −a1 , ak+1 , . . . , an )
Thus, a large pancake with burnt side up sitting on a small pancake with burnt side up
sitting on a medium pancake with burnt side down is designated by the signed permutation
(−3, −1, 2). And a clever waiter can sort this configuration in three flips as follows.
(−3, −1, 2) → (−2, 1, 3) → (−1, 2, 3) → (1, 2, 3)
The status of the Burnt Pancake Problem is found in [5] and can be summarized in the
following theorem.
Theorem 3 Let B(n) denote the number of flips required to sort any signed permutation
of the numbers (1, 2, . . . , n). Also, let R(n) denote the number of flips required to sort the
signed permutation (−1, −2, . . . , −n). Then B(n) ≥ 3n
2 , B(n) ≤ 2n − 2 for n ≥ 10, and
for
n
≥
23.
R(n) ≤ 3n+3
2
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Some known values for B(n) and R(n) are shown in the table below. Of course, there seems
to be striking evidence for the conjecture that B(n) = R(n) for all n. In other words,
it is conjectured that the worst case scenario occurs when the initial stack of pancakes
is in increasing order of size from top to bottom, but all pancakes have their burnt side
up. Proving this open conjecture would significantly help to sandwich the upper and lower
bounds for B(n).
n
1 2 3 4 5
6
7
8 9 10 11 12 13 14 15 16 17 18
B(n) 1 4 6 8 10 12 14 15 17 18 ?? ?? ?? ?? ?? ?? ?? ??
R(n) 1 4 6 8 10 12 14 15 17 18 19 21 22 23 24 26 28 29
Problem: The Unburnt Pancake Problem, as the name suggests, is the analogous problem
where the waiter is trying to sort a stack of n unburnt pancakes of varying sizes. Show how
to sort a stack of n unburnt pancakes with at most 2n − 3 flips. How much better can you
do?

5

The Lonely Runner Conjecture
Suppose that n people are running at distinct constant speeds around a circular track
of unit length. They all start at the same time and place and never stop. A runner is
said to be lonely whenever every other runner is at least n1 away. Is it true that every
runner must get lonely at some time?

Despite appearances, this beautiful conjecture is number theoretic in nature, since it has
been shown that the speeds can be assumed to be integral. Of course, it is sufficient to
concentrate on one particular runner and show that he or she must get lonely at some time.
Since we are only concerned with the relative speeds and distances between the runners, it
is also safe to assume that this particular runner has zero speed. Thus, the problem can be
restated more mathematically, though far less poetically, thus.
Let v1 , v2 , . . . , vn−1 be distinct integers. Then there exists a positive real number t such
that n1 ≤ {vk t} ≤ n−1
n for all k. (Here, {x} denotes the fractional part of x.)
Note that the Lonely Runner Conjecture can be stated as a visibility problem. For example,
the n = 3 case is equivalent to the fact that a ray from the origin can
 avoid
 all points in
the plane whose coordinates both have fractional parts in the interval 13 , 23 only if the ray
travels along one of the axes. A proof of this is obvious upon consideration of the following
diagram.
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The furthest progress to date on the conjecture is the following theorem which was first
published in 2001 by the team of Bohman, Holzman and Kleitman [1].
Theorem 4 The lonely runner conjecture holds for up to six runners.
The proof of this statement was simplified by Renault [7] in 2004, using involved arguments
in numerous cases based on congruence classes of the runners’ velocities. It remains to be
seen whether the proof can be simplified further, whether there exists a proof which applies
more generally, or even whether the conjecture is true for all runners.
Problem: Prove the lonely runner conjecture for four runners.
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Romesh Silva
Where can a mathematics education lead you? In this new series, mathematics and statistics graduates from Australian universities write about
their careers, proving that the world is their oyster. In the first instalment
of this series Romesh Silva describes a day in the life of a human rights
statistician. Romesh Silva has worked on human rights data analysis
projects in Timor-Leste, Sri Lanka, Chad and Palestine. He is a graduate
of the University of NSW and Columbia University.

Quantitative data analysis of large-scale human rights violations:
An example of applied statistics at the grassroots

It is 5am on a balmy Sunday morning in
Dili. The roads are still deserted and the
sun is only just starting to peep over the
towering mountains which form the eastern
perimeter of the town. We wearily bundle
into the jeep and commence our long journey along the winding mountain roads of
Timor-Leste to the tiny village of Mauxiga.
Only 8 hours ago did we receive a message
from a colleague that the village was accessible. There are no telephones over in Mauxiga, and one of our colleagues had spent
his entire Saturday traversing the mountains of Mauxiga looking for Abilio dos Santos. Abilio, the village secretary of Mauxiga has sent us a set of detailed lists of detentions, displacements and conflict-related
deaths experienced by the people of Mauxiga. He would like us to include this data
in the statistical analysis we are developing
for the UN-mandated truth commission. In
my preliminary descriptive analysis of the
lists, I have identified several ambiguities
and some key pieces of data which are missing. Hence, our efforts to locate Abilio, the
principal author of the lists, to assist us with
our analysis and clarify the ambiguities in
the data.

Since September 2001, I have been working with a team of statisticians and database programmers in developing scientifically defensible measurements of the extent
and pattern of large-scale human rights violations. Our team, the Human Rights
Data Analysis Group (HRDAG) designs
and builds information management solutions and conducts statistical analysis in
partnership with truth commissions, NGO
projects and UN missions1. In June 2003,
we were invited by the Commission for Reception, Truth and Reconciliation (CAVR,
by its Portuguese acronym) to assist in integrating statistical science into the Commission’s multidisciplinary research processes.
CAVR was established in July 2001 by the
United Nation’s Transitional Authority in
East Timor, through collaboration with the
National Council and Cabinet after public consultation. CAVR is an independent statutory authority, mandated to inquire into human rights abuses committed
by all sides between April 1974 and December 1999, in addition to facilitating reconciliation and justice for less serious offenses.
CAVR’s mandate period covers the internal
civil war between Timorese political parties,

1HRDAG was initially incubated at the American Association for the Advancement of Science. The
Group is now based at the Benetech Initiative in Silicon Valley. See http://www.hrdag.org for details.
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Reviewing some raw data and examining some time-series graphs in
Mauxiga - Olga da Silva, Abilio dos Santos, Romesh Silva (seated)
and Antonio Pires and Xavier da Amaral (standing).

the 24-year occupation of Timor-Leste by
the Indonesian military, a famine between
1975 and 1982 and the violence surrounding the UN-sponsored popular consultation
in 1999. We arrive in Mauxiga just before
midday and after a quick cup of Timor coffee and some moments taking in the natural
beauty of this tiny village, we get to work.
Mauxiga is nestled under the watchful eye
of Mount Kablaki, amidst some of the most
fertile coffee producing and vegetable growing areas of Timor. However, in August
1982 it was the focus of an armed attack
by the pro-independence movement against
a number of Indonesian army posts. This
opposition was met with a strong military
response from the Indonesian Army which
involved mass arrests, forced displacements
and arbitrary detentions of those suspected
of contributing to or supporting the resistance movement. It is these human rights
violations which Abilio dos Santosdos Santos, the village secretary of Mauxiga and
Olga da Silva, a teacher at the local primary

school have spent the last 19 years meticulously documenting in the hope that the
plight of villagers in Mauxiga in the 1982
will not be forgotten or denied by future
generations.
As we go through the lists we note some
structural ambiguities in the data and how
we can represent the data in a way which
does not make false simplifying assumptions. In particular, the way the lists had
been constructed implies that one victim
could only have suffered exactly one violation. So to solve this problem, we restructure the data model to allow for the fact
that any given victim may have suffered
any number of non-fatal violations in the
reference frame2. So we work through the
lists, and through narrative testimony and
some careful thumbing through the original
field notes from which the data was constructed Abilio is able to reconstruct the
one-to-many relationship of violations, victims and perpetrators which were experienced by the people of Mauxiga.

2For a description of this and other common data representation errors of human rights violation information, refer to P. Ball, Who Did What to Whom: Planning and Implementing a Large-Scale Human
Rights Data Project (AAAS Washington DC 1996).
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From the reworked data, I develop some
descriptive statistical analysis of the reported arrests, detentions, displacement and
conflict-related mortality in Mauxiga. As I
guided Olga and Abilio through the preliminary graphs and analysis which give statistical representation of their data we discussed hypotheses which the data support
and possible explanations for the resulting
statistical patterns and trends. A significant
part of my job is often spent presenting and
explaining descriptive statistical analysis or
estimates of the extent and pattern of human rights violations to non-technical colleagues. By being able to defer to empirical
quantitative data which has been carefully
cleaned, edited and developed into a coherent statistical analysis, our partners and colleagues in the human rights movement are
able to make scientifically defensible human
rights findings against established international human rights norms and concepts.
Such notions as whether the extent and pattern of violations are “widespread” (as opposed to following a purely random distribution) , “systematic” or follow patterns
which are consistent with the hypothesis
that such acts were “part of a policy or plan
by those responsible” are all measurable and
testable when empirical data is available. As
Abilio and Olga examine the age-sex pyramids and time-series graphs which I have
developed from their data they launch in
and out of historical accounts which contribute a rich and detailed context to the
meaning of this statistical data. With the
expert eyewitness accounts from Abilio and
Olga and with their comprehensive empirical data at my fingertips, we are able to
review the population-based detention and
killing rates as we discuss whether the data
supports the argument that such violations
were targeted against certain civilian subpopulations or whether such acts appear to
have been more indiscriminate.
As we finish working through the queries
and clarifications I have about the lists,
Abilio and Olga ask about the overall scope

and nature of our statistical analysis on past
human rights violations in Timor-Leste. I
explain that in partnership with the CAVR,
we have created two important innovations
that will greatly assist future truth commissions and other large-scale human rights
data projects. First, the CAVR created
new data sources never before foreseen in
work by truth commissions, and second, the
CAVR statistical work was on such a massive scale that it required adoption of statistical algorithms for matching repeated reports of the same deaths.
Most truth commissions base their empirical findings principally on databases derived from the large-scale collection of qualitative testimonies. In this, the CAVR was
no different from the commissions in Haiti,
South Africa, or Peru. In other countries,
the truth commissions were able to draw on
substantial additional information that had
been collected by governmental and nongovernmental human rights projects. Additional sources are important in order to “triangulate”, or understand the patterns and
magnitude of human rights events from perspectives other than the commission’s own
qualitative material. Without outside corroboration, commission’s work could be dismissed as partisan.
The CAVR did not have massive external sources available, so new sources were
created. First, the CAVR conducted a retrospective mortality survey of 1396 households that were randomly selected from
Timor-Leste’s approximately 180,000 households. Each sampled household gave information about their residence pattern and
household members and relatives who died
during the CAVR mandate period. Mortality surveys of this kind are common
among governmental statistical offices to assess health conditions or to adjust censuses.
Inter-governmental health authorities and
academic demographers and epidemiologists
also conduct surveys of this kind. However,
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no truth commission has ever done a rigorously sampled household survey, of any
kind.
A third dataset collected by the CAVR
was the graveyard census database. Every
cemetery in Timor-Leste was visited, and
the name, date of birth, and date of death
was recorded for every grave for which the
information was available. Approximately
327,000 grave records were collected; after
duplicate enumerations are removed, there
are approximately 319,000 unique graves in
the sample, of which about half have complete name and date information. Cemetery
records have been used by historical demographers to reconstruct historical patterns of
mortality, but no truth commission has ever
used data of this kind as part of the reconstruction of historical memory. In the
world of human rights measurement, these
are tremendous innovations which greatly
enrich our understanding of the past.
A second CAVR innovation is purely
technical: the adoption of automatching
techniques. A common problem in largescale data collection (of all kinds, not just
human rights) is that the same people,
deaths, or other events are frequently reported by multiple witnesses or registries.
In the CAVR testimonies, for example, the
same human rights violations may have been
witnessed by several people, each of whom
gave statements to the CAVR. It is essential to count each unique event only once so
that we do not overcount duplicate reports.
Analysis of the duplicate reports can also
provide a basis for statistical inferences via
multiple systems estimation (MSE) about
how many events were never reported at
all3. Finding the duplicated reports in the
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same dataset and across multiple dataset is
called “matching” or “record linkage” 4.
The CAVR project was faced with much
larger datasets than previous projects; the
graveyard census, in particular, is vastly
larger than any previous truth commission
dataset. As a result, the complexity of the
matching problem was considerably greater.
As a result, my colleagues and I adopted
complex techniques from mathematical statistics that assign a probability of matching between every pair of records in the
combined data. The “likely” matches were
reviewed by a person, but the person was
then required only to review likely matches,
reducing by nearly ten-fold the amount of
human effort required to “de-duplicate” or
match the data.
Using this empirical data, my colleagues
at HRDAG and I have been developing
scientifically-defensible estimates and analysis of the magnitude and patterns of
conflict-related mortality (namely civilian
killings, disappearances, combatant deaths
and famine-related deaths) and non-fatal violations (such as detentions, tortures and
displacement). We are analyzing this statistical evidence in light of international
human rights norms to test whether human rights violations in Timor were “widespread”, “systematic” or followed patterns
which suggest evidence that they were coordinated or part of a formal policy by those
responsible for the violence. This analysis is
also being integrated with the Commission’s
legal, historical and qualitative research.
At present we are now working together
with the staff of the CAVR to draw conclusions, based on the newly established empirical data, that are among the bases for
the Commission’s most important findings.

3MSE are explained in S.E. Fienberg, M. S. Johnson, and B.W. Junker, Classical multilevel and Bayesian
approaches to population size estimation using multiple lists, Journal of the Royal Statistical Society, Series A 162 (1999), 383–405. MSE techniques have previously been employed in human rights projects in
Guatemala, Kosovo and Peru. For example, see P. Ball, Policy or Panic: The Flight of Ethnic Albanians
from Kosovo, March–May 1999 (AAAS Washington D.C 2000).
4There is extensive statistical literature on record linkage methods. See for example P. Christen, T.
Churches and M. Hegland, A Parallel Open Source Data Linkage System, Proceedings of the 8th PacificAsia Conference on Knowledge Discovery and Data Mining, Sydney, May 2004.
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These findings address the total extent, pattern, trend and levels of institutional responsibility for past human rights violations
in Timor between 1974 and 1999. Our descriptive statistical analysis of arbitrary detentions, forced displacement and conflictrelated deaths in Mauxiga will be an important episode about the nature of the conflict
in the Eastern region of Timor-Leste in the
early 1980’s.
As we close our discussions and sit down
for some dinner, Abilio quizzes me about
how I got involved in quantitative analysis of large scale human rights violations.
I explain that in the late 1990’s as I was
completing my honors degree in statistics at
UNSW, I became increasingly involved with
Amnesty International both on the campus
and at the national level. At the time,
Amnesty International Australia was heavily focused on the human rights situation
in Timor-Leste. As I spent my time organizing public seminars, campus rallies and
petitions calling for greater human rights
protections in Timor, I began to wonder
how I might be able to directly apply my
mathematical education and quantitative
skills to international human rights. Having
read Nobel Laureate Amartya Sen’s writings
on extreme deprivation and socioeconomic
rights, I started to think about ways in
which his elegant measurement framework
for human rights might be implemented in
war-torn societies or countries which are under authoritarian rule5. Upon obtaining my
first class honours degree, I went off to Laos
to work for the United Nations Development Program (UNDP) developing statistical analysis for their flagship publication on

poverty and rural development. The experience heightened my awareness and understanding of the challenges of collecting data
in developing countries. Over the last four
years I have focused exclusively on data collection, data processing and statistical analysis of large-scale human rights violations
for projects HRDAG projects in Sri Lanka,
Timor-Leste and Chad.
My education in mathematics and statistics has helped me adapt quantitative methods from the literature on inter-rater reliability measurement, survey methods and
record linkage to develop scientifically defensible measurements of large scale human
rights violations. As the field of human
rights statistics is relatively new, our main
challenge remains in attracting more mathematicians and statisticians to work in this
area and also communicating to the human
rights field how quantitative data analysis
can contribute to accountability and truthtelling processes.
The Commission will hand over its findings to the President of Timor-Leste in June
2005. At this time, the Commission’s Final Report which will span more than 2,000
pages and be published in English, Portugese, Tetun and Bahasa-Indonesia will be
released publicly. HRDAG will simultaneously publish a series of additional, indepth methodological publications on the
Benetech-HRDAG web site. In addition,
HRDAG will publish the Commission’s statistical data (stripped of all personallyidentifiable information) in order to promote
ongoing research and further discussion between the scientific and human rights communities on human rights accountability for
past atrocities in Timor-Leste.

E-mail: Romesh.S@benetech.org

5In particular, for me the two most influential ideas of Sen’s were (i) his conceptualization of human
development and basic rights within a framework of human capabilities, and (ii) his lucid framing of the
poverty measurement as a problem of “identification” and “aggregation”. For a more detailed discussion
of these ideas see A. Sen, Sen, Poverty and Famines; An Essay on Entitlement and Deprivation (Oxford
Clarendon Press 1981).

Igor E. Shparlinski
In the year 2000, exactly one hundred years after David Hilbert posed
his now famous list of 23 open problems, The Clay Mathematics Institute (CMI) announced its seven Millennium Problems. (http: // www.
claymath. org/ millennium ). Any person to first publish a correct solution, proof or disproof of one of the following problems: 1) Birch
and Swinnerton–Dyer Conjecture, 2) Hodge Conjecture 3) Navier–Stokes
Equations 4) P versus NP 5) Poincaré Conjecture 6) Riemann Hypothesis 7) Yang–Mills Theory, does not only earn immortal fame but will be
awarded the generous sum of one million US dollars. With Perelman’s
(likely) proof of the Poincaré Conjecture, the continued optimism about
an impending proof of the Riemann Hypothesis, and the omission of such
famous problems as Twin Primes and Goldbach, it seems the CMI would
have been wise to have followed Hilbert’s example in announcing not 7
but 23 Millennium Problems. The Gazette will try to repair the situation,
and has asked leading Australian mathematicians to put forth their own
favourite ‘Millennium Problem’. Due to the Gazette’s limited budget, we
are unfortunately not in a position to back these up with seven-figure
prize monies, and have decided on the more modest 10 Australian dollars
instead.
In this issue Igor Shparlinski will explain his favourite open problem that
should have made it to the list.

Exponential and character sums with polynomials
1

Introduction

Let p be an odd prime. We denote e(z) = exp(2πiz/p) and use χ to denote a non-principal
multiplicative character modulo p. An enormous number of number theoretic (and not only)
results depend on bounds of exponential and character sums
X
X
S(N ; f ) =
e(f (n))
and
T (N ; f ) =
χ(f (n))
1≤n≤N

1≤n≤N

with a polynomial f with integer coefficients of degree n ≥ 1, see [7, 8, 9, 10, 11, 12, 13] and
references there in. The celebrated Weil bound asserts that for N = p, that is, for complete
sums we have
|S(p; f )| ≤ (n − 1)p1/2

and

|T (p; f )| ≤ (n − 1)p1/2

(1)

unless there is “an obvious” reason why this cannot be true. In the case of the sums S(N ; f )
this reason is simply the fact that f is a constant polynomial modulo p, In the case of the
sums T (N ; f ) this reason is simply the fact that f is a kth power of another polynomial
modulo p, where k is the order of the character χ. Under a similar conditions one has bounds
for incomplete sums
|S(N ; f )| = O(np1/2 log p)

and

|T (N ; f )| = O(np1/2 log p)

(2)
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for every N ≤ p.

2

Polynomials of large degree

One immediately remarks that the bounds (1) are useless if n > p1/2 . Despite a half a
century history of attempts to obtain a general nontrivial result beyond the square-root
bound, we still do not know any such result. However, in some special cases, very ingenious
methods have been invented, see [1, 2, 5, 6, 4], which may be a good indication (and even a
way to go) that sich a non-trivial general bound exists. Proving such a bound or showing that
it does not exist would have a tantalasing effect on a vast number of areas such as number
theory, algebraic geometry, coding theory, theoretic computer science and cryptography.

3

Short sums

Even if n is small (for example n = 2) the bounds (2) are also useless for “short” sums
with N ≤ p1/2 and generally the situation seems to be a mirror reflection of the situation
with polynomials of large degree. However, here there is one important exception for linear
polynomials. Namely, the celebrated Burgess bound [3] asserts that if for any ε > 0 there is
δ > 0 such that if N ≥ p1/4+ε then
N
X

χ(n + a) = O(N p−δ )

(3)

n=1

for any integer a, see also [7, 10]. Curiously enough, all know proofs of this bound are based
on the Weil bound (1).
This naturally leads to two questions:
• What about even shorter sums? For example with N ≥ pε ?
This question seems to be extremely hard, such a bound does not even follow from
the Extended Riemann Hypothesis (at least not in a obvious way, unless a = 0).
Moreover it would immediately imply the famous Vinogradov’s conjectures about
the smallest quadratic non-residue and primitive root modulo p (both are believed
to be of order O(pε ). Thus it would probably be too ambitious to believe that we
will be able to prove a nontrivial bound for N of order pε . However, moving beyond
1/4 + ε could be a much easier but still enormosuly important achievement.
• What about extending the Burgess bound (3) to polynomials of higher degree? For
example n = 2?
Again, it seems that even the Extended Riemann Hypothesis is of no help here.
Besides being a very natural number theoretic problem, such a bound would have
a number of applications, including better analysis of a polynomial factorisation
algorithm over finite fields, see Section 1.1 (and Problem 1.3 in particular) in [11].
Even the special case of quadratic polynomials of the form f (X) = (X + a)(X + b)
(the only one needed for the aforementioned purpose) seems to be hard (however,
it is not infeasible to hope for some progress in the nearest future).
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A “Professional Issues and Ethics in Mathematics” course
James Franklin

Some courses achieve existence, some have
existence thrust upon them. It is normally
a struggle to create a course on the ethical
or social aspects of science or mathematics.
This is the story of one that was forced to
exist by an unusual confluence of outside circumstances.
In the mid 1990s, the University of New
South Wales instituted a policy that all its
undergraduates should undertake a course
in “Professional Issues and Ethics” appropriate to their major. The academic community by and large opposed the plan, regarding it as an attempt to substitute politically correct hot air for serious content.
But University policy is decided by a Council dominated by parliamentarians, business people and other outside interests, who
believed the concentration of undergraduate education on technical content was not
preparing students for the workplace. It was
rumoured too that the University feared being sued in the future by employers facing
losses through unethical behaviour of graduates, graduates who might then claim in
court, “But the university never trained me
to behave ethically.”
Individual Faculties and Schools were left
to develop their own course content. Disciplines such as law and medicine had in effect
been doing similar things for years. Science
and mathematics were caught unprepared.
Given the diversity of career destinations for
their graduates, what are the “professional
issues”? Apart from whether it is acceptable to work on bombs, what ethical issues
are there in mathematics? Most urgently,
where to find someone to teach a course like
that?
As the only academic in the School of
Mathematics with some humanities background, I was approached by a sheepish
Head of School with a message along these
lines, “We’re not desperate to find someone

to create Professional Issues and Ethics in
Mathematics; but if you don’t do it, we will
be.” I accepted.
The gift of a greenfield site and a bulldozer is a happy occasion, undoubtedly. But
what to do next? It seemed to me I should
ensure the course satisfied these requirements:
• It should look good to students, to staff,
to promotions committees.
• It should in fact be good, in containing
content and activities of benefit to the
students.
• It should allow me some space to promote my enthusiasms, such as mathematical modelling, but not too much.
• Subject to these constraints, it should
take a minimal amount of work.
Looking good to other staff was easy: if it required no action from them and fulfilled the
University’s formal requirements, they were
ecstatic. Looking good to promotions committees was probably impossible, so there
was no point worrying about it; I used the
time saved on the course to write a book
on something else. Looking good to students, and genuinely benefiting them, took
more care, especially as the course was compulsory (for all mathematics majors) and
hence contained a proportion of students unhappy about being there. To make matters
worse, mathematics attracts both some of
the best students, often intent on a research
career, and some of the worst, sometimes
with poor English and substandard communication and research skills. The class size
– now about 50 – and course length – 27
contact hours – means that some personal
interaction is possible, but not serious individual attention for most students.
To convince students very quickly that
something of interest to themselves is happening, I open the course with a discussion
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of careers in mathematics. Since I as a typical academic have not soiled my hands with
anything that could be called real work, I
need outside information. It takes little effort to search the major job web sites for
the keyword “mathematics” and show the
class a selection of results, calling attention
to the demands of employers for “communication skills”, “teamwork”, “ethical behaviour” and the like. Then I use a quarter of the contact hours for visiting speakers from “industry” (widely understood),
who can speak with credibility on what it
is like “out there”. The School is happy to
pay a fee for them, especially as there are
other benefits to the School in maintaining
contacts with industry. As the course has
progressed, I have used ex-students of the
course itself as visiting speakers, for talks
on “when I was in your position a year or
two ago”. Students soon to graduate learn
something genuine about what they face,
and even the students planning research careers find their minds expanded by seeing
how their discipline is used in the real world.
I had my doubts about the ethical perspective of one speaker: “I would have taken the
statistics job with the tobacco company, but
my name would have been mud”, but a productive variety of points of view will probably not damage student minds irreparably.
Then I devote a few lectures to an
overview of mathematics and its uses. That
goes some way to making up for the fact that
a mathematics student hardly ever studies
a course on mathematics (courses on calculus and algebra, yes, but not a course
that shows where those topics fit into the
big picture). So there is something on the
classification of mathematics, its history in
one lecture from “can cats count?” to data
mining, the various fields from climate to finance where mathematical modelling is central, mathematical proof versus experimental evidence.
Moving to ethics, I give my views briefly
on the foundations of ethics and why it is
important and considered important in the
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workplace. The ethical issues then treated
are mostly not specific to mathematics, but
arise in any job that deals with ideas, data
and information – general concepts that the
law uses to organise cases, like “duty of
care” (when a product may be dangerous
or cause loss), “conflict of interest”, “professional responsibility”, “accountability”.
Probably the issues most directly relevant to
a mathematics graduate’s work are in “information ethics” confidentiality including
cases of commercially sensitive information
and insider trading, necessary disclosure in
whisteblower cases, intellectual property issues and plagiarism, the necessity to be adequately informed when making decisions.
There are enough detailed case studies available in textbooks on professional ethics and
in legal cases to bring the issues down to
earth and to show they are taken seriously.
Finally, I consider what mathematical careers are especially inspiring ethically. Is
epidemiology or evaluating climate models a
better way to use one’s mathematical abilities than making another million for a bank?
The assessment is a little different too.
In mathematics education, assessment tasks
are typically small, rigidly specified, objective, individual and the same for all students. Many students choose mathematics because they like it that way. But employers of graduates, and even many graduates themselves, complain that this process creates graduates who have good technical skills but lack lateral thinking and the
ability to listen or to communicate their results. The main assessment task in Professional Issues and Ethics is therefore a large
essay/report plus class presentation, done
in teams, on a topic chosen by the team
(subject to approval). The topic must be
interesting (judgement again subject to the
lecturer’s approval – experience has shown
that certain topics always lead to uninteresting essays and need to be forbidden, such
as “Pi” and “The abacus”). Some students
experience a kind of intellectual vertigo at
the prospect of actually choosing a topic of
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their own, and plagiarism is sometimes the
upshot. But it does not hurt people who
have been studying for some fifteen years
to let go of the alma mater’s apron strings
just once before they graduate and think of
a question for themselves. A framework is
needed, for example, some examples of titles for essays, a model essay from a previous year’s student, a list of information resources where research can start, and guidelines on how the essay and presentation will
be marked. But if one awards marks for
what one actually wants from students, for
example, for “interesting choice of original
topic”, one will get positive results and cost
one nothing but some justified praise.
As to minimizing the amount of work
for the lecturer while still extracting quality from the students, that bird has been
killed by the two stones of guest lecturers
and class presentations. There is some assessment work marking the essays and a
short-answer test on the lecture material (a
device to ensure attendance, physical and
mental), but the number of essays is small
because of their team nature. They are
mostly marked by tutors, who are normally
ex-students of the course who have become
honours or postgrad students.
The experience has been a reasonably
painless one for all concerned except those
with English skills so poor as to constitute
a hazard to employers. Student evaluations
are reasonably good, and ex-students report
its relevance to their work. I am subject to
no more, perhaps less, stress than I would be
with any other teaching of equivalent length.
The course has had one interesting spinoff. The best students in the first year,

catching on to the idea of modelling, entered the excellent international Mathematical Contest in Modeling (www.comap.com/
undergraduate/contests/mcm) Every year
since we have had at least one team and
some have brought home very good results.
The intensive research and writing experience of the Contest (teams write a paper on
a problem over four days) has proved good
training in thesis writing for our top students.
Should the Australian Mathematical Society follow the lead of the professional societies in medicine, engineering and computer
science in encouraging every mathematics
degree to include a course on Professional
Issues? From UNSW’s experience, students
and employers would benefit. It would address the problem raised in Cheryl Praeger’s
article (Gazette September 2004) as to what
the AMS can do for the broad mass of mathematics undergraduates, whose prime concern is their looming job search. If anyone wishes to use UNSW’s course materials, ICE-EM might like to pay to have them
made into a package. Naturally, there is a
problem of where to fit such a course in a
crowded syllabus, but it is a fair bet that
most universities are still teaching methods
of integration or other topics that should
have been replaced by software, some of
our speakers from finance have made unkind remarks about the relevance of complex analysis. For some programs at least,
those topics would not be missed. Students
have plenty of teaching on technical material. They need a break on something that
connects them with what they will do when
we let them out.

School of Mathematics, University of New South Wales, Sydney 2052
E-mail: j.franklin@unsw.edu.au
Received 18 October 2004.
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Twenty of Australia’s leading scientists were honoured on 25 March by election to the Australian Academy of Science, see http: // www. science. org. au/ academy/ fellows/ 2005.
htm . Among the new fellows are AustMS members Michael G. Eastwood (University of
Adelaide), Jorgen S. Frederiksen (CSIRO Atmospheric Research, Victoria), Amnon Neeman
(Australian National University) and Hugh Ph. Possingham (University of Queensland).

Michael Eastwood was born in Cumbria and grew
up near Manchester in England. He read Mathematics at Hertford College, Oxford and obtained his
PhD from Princeton University in 1976. Most of the
next several years were spent in Oxford working with
Roger Penrose and his school. He moved to Adelaide
in 1985 where he is currently a Professor and Senior
Research Fellow of the Australian Research Council.
Much of his work is concerned with geometry and
symmetry.

Jorgen Frederiksen completed his undergraduate
studies at the University of Adelaide in mathematical
physics and his PhD in theoretical physics in 1972 at
the Australian National University and was awarded
the Peter William Stroud Prize. Since 1974 he has
worked for CSIRO Atmospheric Research where he is
currently Chief Research Scientist. He was awarded
the CSIRO David Rivett Medal (1984), a Crafoord
Fellowship by the Royal Swedish Academy of Sciences (1983) and a DSc by the University of Adelaide (1988) for his work in atmospheric dynamics
and theoretical physics. He has held positions as
visiting scientist in The Netherlands, Sweden and
the USA and as program leader and deputy director of the Cooperative Research Centre for Southern Hemisphere Meteorology. His work has contributed to the fundamental understanding of atmospheric processes determining weather and climate
and their predictability, including the structures of
storm tracks, blocking, teleconnection patterns, intraseasonal oscillations and equatorial waves, and the
statistical dynamics of turbulence.
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Amnon Neeman received his BSc and MSc from the
University of Sydney in 1979 and his PhD from Harvard University in 1983. He was a fellow at the Institute for Advanced Studies (Princeton) in 1983–84,
then taught at Princeton University 1984–87, the
University of Virginia 1987–1998, and has been at
the Australian National University since early 1999.
He has worked in algebraic geometry, algebraic Ktheory, homological algebra and topology.

Hugh Possingham completed Applied Mathematics
Honours at the University of Adelaide in 1984 and
a doctorate at Oxford University in 1987 (Rhodes
scholarship). Postdoctoral research followed at Stanford University and the Australian National University (QEII Fellow). In 1991 he took a Lectureship
in the Department of Applied Mathematics, and by
1995 was Professor and Foundation Chair of the Department of Environmental Science at the University of Adelaide. In July 2000 he became Professor of Mathematics and Ecology at the University
of Queensland where he is currently an ARC Professorial Research Fellow and Director of The Ecology Centre. Hugh plays public roles as chair of the
Federal government’s Biological Diversity Advisory
Committee and member of The Wentworth Group.
He has been awarded the POL Eureka Prize for Environmental Research (1999), the Australian Academy
of Science’s inaugural Fenner Medal (2000) and the
Australian Mathematical Society Medal (2001).
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ANZIAM 2005: The forty-first Applied Mathematics
Conference, Napier, New Zealand, 30 Jan–3 Feb 2005
Alfred Sneyd

This conference was held at the War
Memorial centre on Marine Parade, Napier.
The conference was officially opened by Professor Robert McKibbin. There were 114
non-student registrants and 39 student registrants at the conference and 117 contributed talks. Because of the large number of talks the allotted time was reduced
to 20 minutes with five minutes for questions. In addition to the regulars from both
Australia and New Zealand, who are the
backbone of this community, there were delegates from Fiji, The United States, Korea,
Brunei, Canada, England, Japan, Norway,
and Spain. There was no central conference
theme but biological mathematics and magnetohydrodynamics were well represented.
There were seven invited talks, selected
to present as wide an overview of Applied and Industrial mathematical research
as possible.
Boris Baeumer from the department of
Mathematics and Statistics at the University of Otago gave a talk entitled “A random
walk to fractal calculus”.
Sam Howison from the Oxford Centre
for Industrial and Applied Mathematics described “challenges and opportunities for
mathematicians in the finance industry”.
Robert McLachlan from the Institute of
Fundamental Sciences, Massey University
spoke on “geometric numerical integration”.
Mark Nelson from the School of Mathematics and Applied Statistics, University of
Wollongong talked on “improving the performance of bioreactors”.
Professor Eugene Parker from the University of Chicago spoke on “the singular
property of the Maxwell stress tensor and
stellar X-ray coronas”.

Charles Pearce from the School of Mathematical Sciences at the University of Adelaide explained mathematical theory of rumours.
Professor J.J. Tyson from the Department of Biological Sciences, Virginia Tech.,
USA talked on “network dynamics and cell
physiology”.
Student presentations were again an important part of ANZIAM 2005. There were
34 student talks, 26 of which were entered
for the Cherry Prize. All were well prepared
and delivered. The T.M. Cherry Prize for
the best student talk was awarded to Jason
R. Looker of the Department of Mathematics and Statistics, University of Melbourne,
for his talk “Homogenization of the ionic
transport equations in periodic porous media”.
Honourable mentions were:
• Emily Duane (who spoke on her honours work).
• P.-J. White (who spoke on undergraduate work).
• Maya Ramakrishnan.
• Jane Thredgold.
The judging panel was:
• Larry Forbes (Tasmania) Chair
• Carlo Laing (Massey)
• Charles Pearce (Adelaide)
• Ken Louie (AgResearch)
• Kerry Landman (Melbourne)
• Aroon Parshotam (LandCare and
Massey)
• Yvonne Stokes (Adelaide)
• Robert McLachlan (Massey)
I am most grateful to Prof. Larry Forbes
for chairing the prize committee, and to the
judging panel for their professional work.
As usual a welcoming barbecue was held
on the Sunday evening at the War Memorial Centre. The conference dinner also took
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place on Wednesday evening at the Centre.
The after-dinner speaker was James Lyness
of the Argonne National Laboratory in the
USA, and we were treated to some insightful comments on NZ-AU relations, as well
as some interestingly unpleasant recipes. A
novel feature was the award of a special prize
for the best answer to the eternal question
— how many mathematicians does it take to
change a lightbulb? The prize was judged
and awarded by Fiona Sneyd to Professor
John Butcher of Auckland University, whose
answer was not only the most witty, but also
by far the longest.
There was a free afternoon on Tuesday
and excursions were organised to the gannet colony at Cape Kidnappers and to local wineries. Unfortunately the weather
throughout the conference was miserable —
light misty rain. The winery trip was not
affected but those who bravely ventured to
Cape Kidnappers returned somewhat wet,
cold and muddied.
I must thank the organising committee
for their tireless, accurate and efficient work.

As convenor I had the easy job, and the real
work was done by our Secretary Tim Stokes,
Treasurer Rua Murray, Webmaster Stephen
Joe, Programme Director Sean Oughton,
and Tour Organiser Evan Jones from the
Eastern Institute of Technology, Napier. I
must also thank the staff of the War Memorial Centre for the excellent venue and facilities, and for the very good barbecue and
conference dinner.
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Increasing access to mathematical thinking
P. Sullivan1 , J. Mousley2 , R. Zevenbergen3
Abstract
This article is a contribution to understanding of teacher actions that can contribute to
a successful mathematics learning experience, defined as one that engages all students,
especially those who may sometimes feel alienated from mathematics and schooling, in
productive and successful mathematical thinking and learning. We offer an example of
a task that can form the basis of such a learning experience. The key elements are that
the task is open-ended, that the teacher offers specific pedagogical prompts to support
student leaning, that the teacher builds a sense of community by ensuring that there are
some common experiences, and the teacher prepare prompts that can be used to support
students who are experiencing difficulty, or to extend those students who complete the
basic task readily.
Key words: classroom research, mathematics teaching, teacher actions, mixed ability
teaching, classroom community.
MSC: 97Cxx, 97C70, 97C90, 97D40, 97D80

1

Introduction

Our assumption is that most readers of this article love mathematics, enjoy teaching it, and
mainly do so to develop willing and confident learners. In contrast, we know that the school
experiences of many students are such that they choose not to pursue further studies in
mathematics. This has the effect of reducing the range of courses that they can study as
well as limiting their capacity to interpret life experiences from a mathematical perspective.
Both school teachers and university lecturers have an interest in improving the mathematical
experiences of students.
We are currently working on a project that is examining ways to maximise learning
opportunities for students in upper primary and lower secondary mathematics classes. There
are two aspects to the project: the type of tasks posed, and particularly ways to assist
students experiencing difficulty with those tasks; and the steps that teachers can take to
overcome structural barriers to mathematical learning by being explicit about classroom
processes.

2

Using open-ended mathematical tasks to engage all students

An underlying premise to our approach to mathematics teaching is that engagement in
mathematical thinking comes from students working on a succession of problem-like tasks,
rather than following the teachers instructions, step by step. There are two parts to the
rationale for this. The first is recognition that learning and knowing is a product of activity
that is “individual and personal, and . . . based on previously constructed knowledge” [1 §2].
The second relates to the role of the teacher in identifying blockages, prompts, supports,
challenges and pathways. Cobb and McClain argued that teachers should have a clear impression of the direction that the learning of the individuals and the class will take. They
proposed that the teacher should form an “instructional sequence (that) takes the form of a
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conjectured learning trajectory that culminates with the mathematical ideas that constitute
our overall instructional intent” [2 §24]. In other words, neither is it intended that students
learn mainly from listening to teacher explanations, nor that they work solely on unstructured but potentially rich mathematical tasks. The learning occurs as a product of students
working on tasks purposefully selected by the teacher, and contributing to ongoing dialog
with the teacher and their peers on their strategies and products. Open-ended problems
provide a suitable basis for achieving both of these goals.
First, some definitions. The task is the statement presented to students that serves
as the prompt for their work. Activity refers to the thoughts and actions in which they
engage in response to the prompt. The goal is the result the students seek as a product
of their activity in response to the task statement. Each has the potential to be open or
closed. Closed implies there is only one acceptable pathway, response, approach, or line of
reasoning. Open refers to the existence of more than one (preferably many more than one)
possible pathways, responses, approaches or lines of reasoning. We term tasks open-ended if
they have open goals, and we prefer tasks that prompt open activity. (We note the common
usage of the term open problem that refers to currently unsolved problems. Our use of the
term open-ended is intended to distinguish the tasks we use from open problems.)
Open activity and open goals foster some of the more important aspects of learning mathematics, including investigating, creating, problematising, communicating, and thinking–as
distinct from merely recalling procedures. This is evident in the example used below.

3

Developing communal understanding

A key aspect of our work, though, is on the ways that teachers can support students who
experience difficulty with a task set that is set for the class. It is common for teachers to
gather students experiencing difficulty together and teach them as a group, probably more
slowly and perhaps in a louder voice and more repetition of procedural steps. We suggest
that students are more likely to feel fully part of the class, and so be more likely to choose
to participate fully, if teachers offer prompts to allow those experiencing difficulty to engage
in active experiences related to the initial goal task, rather than, for example, requiring
such students to listen to additional explanations or assuming that they will pursue goals
substantially different from the rest of the class.
A further aspect relates to teachers anticipating that some students may complete the
planned tasks quickly and posing supplementary tasks that extend their thinking on that
same task, rather than proceeding onto the next lesson. Here, the aim is to move the
learners forward, so that every student can engage in collective mathematical argumentation,
reflection and dialogue and all will be ready for the subsequent lesson. The linguistic,
psychological and cultural nature of classroom talk contributes to the development of deeper
communal understanding of mathematical concepts and principles [3 §87].
One of the characteristics of open-ended tasks is that they create opportunities for extension of mathematical thinking, since students can explore a range of options as well as
considering forms of generalised response. Another is the range of solution methods brought
to many open-ended problems, with discussions about these having the potential to make
methods that students use more powerful and efficient through communal consideration of
similarities, differences and links between various solution processes, why particular methods work–some more efficiently than others–and also possibilities for further generalisation,
abstraction and applications.
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Being explicit about classroom processes

The second part of our research relates to structural barriers that may inhibit the learning
of some students. There are factors inherent in the culture of schooling, particularly for
some lower socio-economic status students, that may constrain the potential of teaching
strategies to engage them in meaningful learning. Delpit argued that schools should actively
seek to teach their usually implicit values, and that to pretend that schooling (and society)
is democratic, for example, actually denies groups outside the mainstream access to the
opportunities that schooling is intended to provide [4]. Zevenbergen similarly argued that
teachers should make socio-cultural norms of pedagogy explicit to students [5]. For example,
we suggest that teachers explicitly explain to students, inter alia, such issues as the forms of
response sought, the potential for creativity, the mathematical focus and purpose of the task,
the nature of communication sought, their criteria for evaluating responses, and particular
terminology, especially mathematics terms.

5

The volume of boxes made from card: An example of a mathematical
experience

The following task is used to illustrate the key aspects of our project. We would pose such a
task to lower to middle secondary level classes. It is a simpler version of the more common
problem of maximising the volume of a box created from rectangular card.
A closed version of the task would be:
Squares of side 2 cm are cut from a rectangular sheet that is 20 cm long
and 16 cm wide, and the resulting shape is folded into a box. What is the
volume of the box?
The open-ended version of the task is:
Suppose that you have a rectangular sheet that is 20 cm long and 16 cm
wide, and you cut squares out of each of the corners, and then fold up the
sides to make an open-top box. Calculate the volume of some boxes that
can be made from that card.
We see the advantages of the open-ended form over the closed version are that it is able
to be used with heterogeneous classes since students can approach the task at different levels
and in different ways, and that this form of the task can focus students’ attention onto key
aspects of concepts (when different sized squares are cut out this results in different sized
boxes, that the volume of these boxes varies, etc.) as distinct from them merely trying
to recall and apply rules. This task also allows students opportunities to investigate the
problem context, make decisions, generalise, seek connections, and identify alternatives.
We are aware that some readers will not see the latter task as open-ended since, by
assigning a variable to the length of the side of the square, the volume of such boxes can
be described readily. We assume the task will be posed to students at an age prior to them
having an orientation to seeking general solutions to such tasks in this way. We anticipate
that many lower to middle secondary students will seek numerical solutions, even restricting
themselves to whole numbers. Nevertheless we anticipate that some students may explore
the possibility of describing a general solution.
A teacher could well anticipate that some other students might experience difficulty with
the task. We suggest that teachers not try to predict which students might experience
difficulty but allow all students to commence working on the task and make decisions based
on the students responses to the task. It is important to recognise that some students may
be unfamiliar with some linguistic or procedural aspects of such tasks. For example, the
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teacher could emphasise the meaning of key terms, such as volume and open-top box, could
explain that there are multiple possible solutions and many different ways of representing
solutions, that creativity is desirable, that responses do not need to presented neatly in the
first instance, that it can help if they imagine what the box might look like, and so on.
Most importantly, following our model of lesson planning, the teacher would have prepared
task variations that reduce an aspect of the demand of the original task, rather than changing
the task altogether or gathering such students together for a teaching session. Examples
of task variations that form a bridge to understanding the original task might be to have
available some sheets of the required dimensions–even some with the corner squares already
marked–and to invite students experiencing difficulties to cut out the squares and make
boxes. Those who experience difficulty even at this level could be given a card that is
already marked in a square grid. The intention is that once such students have completed
the variation on the task, they will be more likely to be able to proceed with original task as
posed, and will be able to both follow and make contributions to the subsequent classroom
discussions.
Of course some students will finish the original task before others. We recommend that
teachers seek to extend those students’ experience with this task, rather than posing something completely different. For example, students who complete a number of solutions could
be asked to try to find all possible solutions, to find different ways to represent their answers, to present their findings graphically, and so on. Simple prompts such as “Is there a
pattern?” or “What are the largest and smallest volumes possible, and how do you know?”
will keep quicker students on task and stimulate some higher-level mathematical thinking.

6

Discussion and conclusion

The above is an example of a classroom task that seeks to engage students in productive
exploration of a mathematical situation, by using an open ended problem with a clear
mathematical focus. Examples were given of ways that teachers can support the learning
of students who experience difficulty as well as of those who complete the task. Specific
pedagogical prompts can be used by teachers to support participation of a range of students
who may otherwise be marginalised.
In a series of case studies over the past three years, we have found that it is possible to plan
and teach lessons structured similarly, that such lessons do engage students in mathematical
explorations, and that it is possible for teachers to pose appropriate variations to the tasks.
Students generally responded positively to such variations, and when teachers were explicit
about the pedagogical intent this improved the students’ levels of engagement and the quality
of their responses.
We believe that such lessons are possible for the teaching and learning of any mathematics
topic at any level. We welcome any feedback from readers on whether they see this as relevant
for the level at which they are teaching.
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Quantifying symmetry
Jonathan A. Cohen
Abstract
Symmetry is all pervasive – from the day/night cycle to the rise and fall of the tides,
from geometry to physics. It is thus natural that mathematicians should want to study
symmetry, to quantify it, to exploit it. At its core, this article is about quantifying the
amount of symmetry in an object and separating those that, in a certain well-defined
sense, possess a large amount of symmetry from those that possess only a small amount.

1

A first attempt: size and lattice

How does one make precise the rather vague notion of the “amount of symmetry” in an
object? The difficulty of this question is exacerbated by the many possible interpretations of
“symmetry”. We can, however, make the question slightly more manageable by restricting
our attention to permutation groups, that is, to subgroups of symmetric groups. Let us
rephrase our question in this context: How can one turn the qualitative notion that a
permutation group has a “large” amount of symmetry into a quantitative notion?
Reflecting on this question, a reasonable expectation is that the symmetric group on n
points, Sn , contains the “most” amount of symmetry for any group on n points and that
the alternating group, An , contains the second most. At this level, one may make use of the
group order - certainly, Sn is larger than any other group on n points and An is a maximal
subgroup of index 2. Unfortunately, group order is too coarse a measure for our purposes.
For instance, let us consider groups of order 8. In particular, we focus our attention on the
dihedral group on 4 points, D4 , and the cyclic group on 8 points, C8 .
Now, D4 arises naturally as the automorphism group of a square, whereas C8 can be
seen as the rotation group of a regular octagon. However, one may gainfully argue that
D4 possesses more symmetry, as it contains every symmetry of a square, whereas C8 only
contains half of the symmetries of a regular octagon. So, perhaps subgroup structure has
something to do with quantifying symmetry? Looking at the nontrivial subgroups of D4 , we
see that it possesses three subgroups of order 4 and five of order 2. One of the subgroups of
order 4 corresponds to the rotation group of a square, whereas all but one of the subgroups
of order 2 correspond to the group generated by reflecting the square about some axis
(a diagonal, say). The key point, however, is that these subgroups behave qualitatively
differently. On the other hand, C8 possesses only one subgroup of order 4 and one of order
2, with the subgroup of order 2 contained in the subgroup of order 4. That is, the groups
are qualitatively indistinguishable, both corresponding to rotations of the octagon.

2

A better attempt: bases

Unfortunately, looking at subgroup lattices is unlikely to solve our problem in general, as it
becomes computationally intractable for groups of even moderate size. That is, the number
Jonathan Cohen is the winner of the 2004 B.H. Neumann prize. This contribution is a written version
of his winning talk presented at the 2004 AustMS meeting. See also AustMS Gazette 31 (2004), 298–300.
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of elements in the subgroup lattice grows to such an extent that it becomes very difficult to
read off any useful information. So, we need to focus our attention on specific subgroups,
which are more closely related to the actions of our groups.
Suppose that one has a permutation group G on a set Γ. Given some point α ∈ Γ, a
natural set to look at is all those permutations in G that do not move α. This is called the
pointwise stabiliser of α in G (or stabiliser for short). It is not hard to see that this set
forms a subgroup of G and it is usually denoted by Gα . We can once more pick a point
β ∈ Γ and look at the stabiliser of β in Gα . Continuing in this manner, we can stabilise a
sequence of points in Γ.
Let us now return to our previous example and see how stabilisers allow us to resolve
our question in this context. Firstly, if we stabilise a vertex, α, of the square on which
D4 is acting, then there is still a nontrivial permutation contained in this stabiliser. This
permutation reflects the square about the line passing through α and its diagonally opposite
vertex. If we subsequently stabilise a vertex not on this line, then we obtain the trivial
group. The situation is slightly different for C8 : every vertex on which it is acting is moved
by every nontrivial permutation contained in C8 , so the stabiliser in C8 of any vertex of
the octagon is trivial. Success! We have managed to find a seemingly reasonable method
for determining that D4 has qualitatively more symmetry than C8 . Let us formalise our
discovery in a definition.
Definition 1 (Base) Let G be a group acting on a set Γ. A base for G is a finite sequence
of points of Γ whose stabiliser in G is trivial.
In the next few sections, we shall see a little more about how bases relate to the structure
of the underlying group, why they are important and also some of the tools that have been
used to exploit them.

3

A closer look at bases

Calling the sequence in Definition 1 a base may cause one to think about vector spaces
and bases thereof. Indeed, there is a slight analogy in that, just as it is the case that a
linear transformation on a vector space is uniquely determined by its image on a set of basis
vectors, so it is that an element of a permutation group G is uniquely determined by the
image of its action on a base for G. Moreover, only the trivial linear transformation does
not alter any member of a basis for a vector space.
Sadly, the analogy with vector spaces starts to break down once one begins to look slightly
deeper. Noting that stabilising a sequence of points is a recursive process such that each
step of the recursion leads to a new subgroup, we come to the following definition.
Definition 2 (Stabiliser Chain) Let G be a permutation group and B = [α1 , α2 , . . . , αk ] be
a base for G. Then, the stabiliser chain for G relative to B is
G = G(1) ≥ G(2) ≥ · · · ≥ G(k+1) = {1},

(1)

where for each i with 2 ≤ i ≤ k + 1, the group G(i) is the stabiliser in G of the first i − 1
points of B.
This is where the analogy with vector spaces begins to go awry. Perhaps the most
fundamental fact about a set of basis vectors for a vector space is that its cardinality is
uniquely determined by the vector space. Unfortunately, the same does not ring true for
permutation groups. For instance, there is nothing in Definition 1 that requires the elements
of a base to be unique. Thus, any group with a base of size k has a base of size m, where m is
any integer bigger than k (since the elements of a base need not be unique). This may seem
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like a sly way to obtain a counterexample: the cardinality of a basis for a vector space ceases
to be unique if one drops the requirement that the vectors be linearly independent. Very
well then, let us call a base irredundant if all of the inclusions in the stabiliser chain that it
induces are strict and redundant otherwise. Surely, then, the length of an irredundant base
for a permutation group must be invariant?! Alas, this is not the case and counterexamples
are not hard to find. For instance, one may take a cyclic group of order 4 acting irregularly,
say the group, G, generated by the permutation (1, 2)(3, 4, 5, 6). Upon a little scrutinising,
it is evident that both h3i and h1, 3i are irredundant bases for G. So, not only is it the case
that the length of an irredundant base is not an invariant of a group, but one must also take
heed of the order in which points appear in the base.
Thus, it seems to be the case that the thing we really ought to be interested in is the
minimal length of a base for a group. Earlier, we saw that the minimal length of a base for
D4 is 2 and for C8 is 1. In fact, our observations easily generalise to any dihedral or cyclic
group. That is, the minimal length of a base for Dn is 2 and for Cn is 1. The following
lemma treats slightly more interesting examples.
Lemma 1 The minimal length of a base for the symmetric group, Sn , is n − 1 and for the
alternating group, An , is n − 2.
Proof. For Sn , suppose that we have stabilised fewer than n − 1 points. Then, there are at
least 2 points which have not been stabilised and, since Sn contains all permutations of an
n element set, the transposition which interchanges these two points is contained within the
stabiliser, so the stabiliser is nontrivial. If, on the other hand, we stabilise n − 1 distinct
points, then there is only one point left which has not been explicitly stabilised, so the
stabiliser contains only the trivial permutation, hence is trivial.
The argument for An is similar, except we only need to stabilise n − 2 distinct points, as
An contains no transpositions.

Henceforth, we use the notation b(G) to denote the minimal length of a base for a permutation group G. The question, then, is how much information is conveyed by b(G)
for a given group G. For instance, it follows immediately from the above lemma that
b(An ) = b(Sn−1 ) = n − 2. Surely, though, a symmetric group has slightly more symmetry
than an alternating group, given the presence of transpositions? We can alleviate this objection by considering not individual groups, but infinite families of groups. If we compare
the family of all alternating groups with the family of all symmetric groups then, for any
given n, the value of b(Sn ) just edges out that of b(An ), as it ought to do. Well, alternating
and symmetric groups are still very large compared to, say, dihedral groups, so we still need
to dream up a criterion for when we call a family of groups “large”. The following definition turns out to be very reasonable, as we discover in the next section. For the moment,
however, a little trust on the reader’s part is required.
Definition 3 (Small/Large Base) Let G be an infinite family of permutation groups. We
call G small base if there are positive integers a and b such that each G ∈ G acting on a set
of cardinality n admits a base of size a logb (n). Otherwise, we call G large base.
We shall sometimes abuse Definition 3 slightly by referring to individual groups as
small/large base when it is clear what infinite family they belong to. Notice that this
definition neatly separates the groups we have studied thus far: by Lemma 1, both the
alternating groups and symmetric groups form large base families. However, from our previous discussion, we know that both the dihedral and cyclic groups have constant length
minimal base size, so are certainly both small base.
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A little history

Let us now briefly consider one of the original motivations for studying base size. Recall our
off-the-cuff remark that that an element of the permutation group G is uniquely determined
by its action on a base, B, for G. The proof of this fact proceeds as follows. Consider the
stabiliser chain
G = G(1) ≥ G(2) ≥ · · · ≥ G(k+1) = {1}
for G relative to B. For each i, with 1 ≤ i ≤ n, let Ri be a set of coset representatives for
G(i) /G(i+1) . Let g ∈ G(1) . Then, it follows from the Orbit-Stabiliser Theorem that there
is a unique r1 ∈ R1 such that g ∈ G(2) r1 . Noting that gr1−1 ∈ G(2) , we may continue by
induction and write g uniquely as a product r1 r2 . . . rk , where each ri ∈ Ri . Conversely, each
such product is a member of G. Computational group theorists call this procedure sifting
and it provides an efficient method for testing membership in a permutation group. Along
with other useful algorithms that make essential use of bases, this method was originally
proposed in two seminal papers by Charles Sims [1, 2] and variants of them are still in wide
use today [3].
Thus, being able to construct a base is of vital importance for computing with permutation
groups. It is for this reason that small base groups are especially attractive, since the rate
of growth of their bases is such that the classical methods are computationally tractable.
Indeed, for much of the brief history of computational permutation group theory, small base
groups were the only class that was treated effectively when the degree of the group is large.
Only relatively recently has there been progress on algorithms for computing with “big” large
base groups (see, e.g., [3, Chapter 10]). So, it is a prudent endeavour to attempt to identify
those families of groups that are large base, so that we can develop specific algorithms for
handling them. We embark on such a search in the following section.

5

Towards a characterisation of large base groups

In the last section, we caught a glimpse of why it is important to characterise permutation
groups according to base size. In this section, we set about this task. As it turns out, the
journey is perilous and we need to make use of some very heavy duty machinery in order to
make much progress.
From the onset, however, looking at all permutation groups does not give us much to
grab hold of, since an arbitrary permutation group has very little combinatorial structure.
So, we look at certain subclasses of permutation groups. We call a permutation group G on
a set Γ transitive if we can get from any point of Γ to any other point of Γ via the action of
a group element. This property can also be put slightly differently. For α ∈ Γ, we call the
set of images of α under members of G the orbit of α under G and the collection of all such
orbits partition Γ. Then, calling G transitive amounts to saying that it has only one orbit
on Γ.
Unfortunately, the class of all transitive groups is still rather broad, so we place a further
restriction on the groups that we look at. We say that a permutation group leaves a partition
invariant if it leaves it unchanged as a collection of sets. Every permutation group G acting
on a set Γ leaves the singleton partition {{α} : α ∈ Γ} invariant, since any permutation
must map a singleton to another singleton. Dually, every such group leaves the partition
{Γ} invariant. If G is transitive and leaves no other partitions invariant, then we say that
G is primitive.
Primitive groups turn out to be a good class to look at, since any intransitive group can
be embedded as a “subdirect product” of its transitive constituents (which correspond in a
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well-defined sense to its orbits) and a transitive but imprimitive group can be embedded in
an “iterated wreath product” of primitive groups. As we shall not actually need these constructions, we refer the reader to [4] for details. Unfortunately, however, the decomposition
into primitive groups can not, in general, be carried out in a unique way. That is, there may
be more than one way to “build” up a group from primitive “pieces”; see [5] for further details. Nevertheless, it is often possible to “lift” a result about primitive permutation groups
to more general classes.
For this reason, the theory of primitive permutation groups is very highly developed.
Typically, one is led to analyse the subgroup structure of a primitive group. The subgroup
which turns out to be most fruitful to look at is the so-called socle, which for an arbitrary
group G is defined to be the subgroup generated by the minimal normal subgroups1 of G.
It turns out that the socle of a primitive permutation group has a particularly perspicuous
structure, being a direct product of isomorphic simple groups [6, Corollary 4.3B].
It is, of course, possible to go through all of the possibilities for a finite simple group,
by using the classification of finite simple groups [7]. Although, since the proof of this
theorem currently weighs in at a whopping 15, 000 or so pages, one loses any intuition as
to why the result holds. Nevertheless, we push on with this approach. In order to do
this, one needs slightly more information about the possible structures for the socle of a
primitive permutation group. This is the content of the celebrated O’Nan-Scott theorem
[8, 9], which can be equivalently stated as classifying the maximal subgroups of the symmetric
and alternating groups. Of course, the maximal subgroups of the “largest” groups of any
degree is a prudent place to look for other large base groups. This was the technique utilised
by Cameron [5] and later extended by Liebeck [10] in order to characterise the large base
primitive permutation groups.
Before giving a statement of the characterisation, we need to cover a certain construction,
called the wreath product in its product action 2. Given a permutation group H acting on a
set ∆, as well as a permutation group G acting on a set Γ, where |Γ| = n, the construction
proceeds as follows. Take the cartesian product ∆n and, for each component, create a new
copy of H and allow it to act on that component naturally. Then, allow G to permute the
indices of ∆n in the same way as it permutes Γ. We denote this construction3 by H o G. We
are now in a position to state Liebeck’s result.
Theorem 1 (Liebeck [10]) If G is a primitive group of degree n then one of the following
holds.
(i) G is a subgroup of Sm o Sr containing (Am )r , where the action of Sm is on k-element
subsets of {1, 2, . . . , m} and the wreath product is in its product action of degree mr .
(ii) b(G) < 9 log(n).
This theorem makes sense intuitively, since it effectively says that the only large base
primitive permutation groups are those that contain a “big” alternating group. It also says
slightly more, namely that the gap in minimal base size between the large and small base
groups is quite large, since the latter is logarithmically bounded. By setting r = k = 1 in
Theorem 1, we obtain our previous result that the symmetric and alternating groups are
large base.
Lifting the last theorem to larger classes of permutation groups has proven to be rather
difficult. Praeger and Shalev [11] have lifted it to those permutation groups all of whose
1That is, they do not themselves contain a nontrivial normal subgroup of G.
2This is different from the more commonly used, or imprimitive, action of a wreath product.
3Algebraically, this is the semidirect product H n o G.
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minimal normal subgroups are transitive (all minimal normal subgroups of a primitive permutation group are transitive, but the converse need not hold). Subsequently, Bamberg [12]
has managed to lift the result to groups that contain at least one minimal normal subgroup.
Lifting it all the way to the class of transitive groups seems out of reach at the moment.
Indeed, it is unlikely that the characterisation is the same at this level of generality.
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Ants, stochastic optimisation and reinforcement
learning
Andre Costa
Abstract
Ant colonies are successful and resilient biological entities, which exhibit a number of
desirable collective problem-solving behaviours. The study of ant colonies has recently
inspired the development of artificial algorithms for stochastic optimisation and adaptive
control, which attempt to mimic some of the properties of the biological counterpart.
In this paper, we give a brief overview of this class of algorithms, and compare it with
other popular stochastic optimisation methods. In addition, we discuss the connections
between ant-based algorithms and the well-established field of reinforcement learning.

1

Introduction

Have you ever opened your pantry cupboard, only to find that the honey jar is teeming with
ants? Such events are the result of many years of biological evolution, which has endowed
ants with some remarkable collective resource-discovery and problem-solving behaviours.
An interesting aspect of such phenomena is that each individual ant possesses only a very
limited intelligence. Yet when each ant follows a simple set of rules, the emergent behaviour
of the ant colony as a whole can appear to be “intelligent”. The key to understanding such
behaviour lies in the identification of the rules followed by individual ants, and how these
rules give rise to positive feedback processes which reinforce successful behaviours at the
level of the ant colony. In addition, a certain degree of randomness at the individual ant
level is an important factor in the ability of the ant colony to adapt and survive in a changing
environment.
The success and resilience of ant colonies in the natural world has recently inspired the
development of artificial algorithms which mimic biological ant behaviour in order to solve
difficult combinatorial optimisation problems, such as the well-known travelling salesman
problem, or to perform adaptive real-time control of complex systems, such as a telecommunications network. Algorithms belonging to this class are known as Ant Colony Optimisation
(ACO) algorithms, and the common underlying approach is referred to as the ACO method
[2]. Like the biological counterpart that inspired it, the ACO method incorporates a distinct
stochastic element, which drives the discovery of new and hopefully better solutions. Thus,
ACO belongs to the growing family of stochastic optimisation methods, which includes simulated annealing [1], genetic algorithms [6] and the cross-entropy method [9]. In addition,
there exist a number of interesting connections between the ACO method and the field of
reinforcement learning [10], which has in recent decades played a prominent role in machine
learning and adaptive control.
This paper is organized as follows. In Section 2, we describe some properties of biological
ants, and give an example of the type of collective problem-solving behaviours of ant colonies
that inspired the development of the ACO method. We give a brief introduction to the
ACO method in Section 3, and discuss the similarities and differences compared with other
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stochastic optimisation methods. In Section 4, we highlight the connections between ACO
and reinforcement learning. Conclusions and directions for future research are given in
Section 5.

2

Biological ants and collective problem-solving

A well-known experiment involving an ant colony, known as the double bridge experiment
[4], has been performed in the laboratory, and serves to highlight how simple rules followed
by individual ants are able to give rise to a collective decision-making process. Some of these
simple rules, deduced via empirical observation of ant behaviour, are that
• ants deposit a chemical pheromone as they travel, and
• ants are able to detect differences in pheromone concentration in their surroundings,
and will tend to move in the direction where the concentration is highest.
In addition, as in many natural systems, there exists some degree of random fluctuation. In
particular, an individual ant occasionally follows a path with a lower or even zero pheromone
concentration level. This type of behaviour is referred to as exploration. Furthermore,
pheromone diffuses and evaporates as time passes, which means that pheromone trails must
receive continual reinforcement in order to remain in existence. In the double bridge experiment, ants are allowed to establish a pheromone trail between their nest and a food source,
as shown in Figure 1a. An obstacle is then placed in the path of the ants, in such a way that
the ants have a choice of two paths around the obstruction, one of which is twice as long as
the other. Initially, there is no pheromone on either the long or short path, and therefore
ants have equal probabilities of choosing either path. This results in approximately half of
the ants initially choosing the long path and half choosing the short path (Figure 1b).
Now consider that ants deposit pheromone at an approximately constant rate, travel
at approximately the same speed, and travel in both directions between the nest and food
source. As a result, after a given period of time, more ants have traversed the entire length of
the short path than have traversed the length of the long path (Figure 1c). This means that
after the given period of time, the concentration of pheromone on the short path is higher
than the concentration on the long path. A positive feedback process ensues, whereby after
some time, most of the ants take the short path (Figure 1d). Thus, the ants have collectively
found the optimal solution to the shortest path problem.
It is worth noting that the positive feedback that occurs in the double bridge experiment
is essentially a transient effect, arising from the fact that the pheromone concentration
increases at a faster rate on the short path. It is also found that once a stable pheromone
field is established on the short path, if a shorter path becomes available, then the ants are
not always able to switch to it, and continue instead to travel on the same path [4]. This
indicates that the positive feedback effect favouring the short path is strongly dependent
upon the initial conditions, in this case, the initial absence of pheromone on either path.
This serves to highlight the fact that in designing an artificial ant-based system, it is
desirable and indeed often necessary, to augment the artificial ants with properties and
behaviours which are not possessed by their biological counterparts. For example, the above
stagnation effect might be avoided if ants were somehow able to deposit pheromone in
amounts that reflect the length of the path that they are travelling on. This would provide
an additional mechanism for the differential reinforcement of the pheromone concentration
on paths of different lengths, in a manner that would not be solely dependent upon the
initial conditions.
In designing an artificial ant-based algorithm, a differential reward mechanism can easily
be introduced, whereby instead of depositing artificial pheromone at a constant rate, artificial
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Figure 1. The double bridge experiment.

ants deposit pheromone in quantities that are inversely proportional to the cost associated
with the paths they travel on. This can be accomplished by programming the ants to
effectively retrace their steps, and deposit pheromone after a path has been completed, and
the path cost is known.
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Indeed, in a different experiment, a simple differential reward mechanism is present in
the biological ant colony. In the experiment, ants have the choice between two paths leading
from the nest to a high and low quality food source, respectively. The ant colony is able to
choose the higher quality food source in the sense that after some time, the majority of ant
traffic is directed on the path that leads to the high quality food source. The underlying
mechanism which enables this choice, is that ants returning from the high quality food source
deposit pheromone at a faster rate than the ants returning from the low quality source.
An interesting theoretical analysis of the above experiments using statistical mechanics
appears in [8]. It is shown that the ant colony’s collective problem-solving behaviour is
present only in certain critical regions of the ant colony’s parameter space, comprising the
rate at which individual ants deposit pheromone, the rate of pheromone evaporation, and
the ant density.
The development of artificial ant-based systems, in which some of the biological ant
behaviours described above are reproduced in silico, is the subject of the rest of this paper.

3

Ant-based algorithms for discrete stochastic optimisation

The type of problem-solving phenomena described in Section 2 inspired the invention of the
ACO method [2] for solving discrete optimisation problems.
Consider a discrete optimisation problem, where X represents the set of all feasible solutions, and the objective function S : X → R assigns a cost to every solution x ∈ X. We seek
a solution which minimises the cost function S, that is, an optimal solution x∗ satisfying
S(x∗ ) ≤ S(x), for all x ∈ X.

(1)

When the number of feasible solutions is very large, exhaustive search is not an appropriate
approach, and often a heuristic search method must be employed. These fall into two main
categories: deterministic and stochastic. A well-known deterministic search method is the
branch and bound method [11]. In contrast, ACO is a stochastic search method, because
candidate solutions are generated by a random process, which we outline shortly.
The first step in applying the ACO method is to encode the optimisation problem in
such a way that every feasible solution can be uniquely represented as a walk on a directed
graph, G(V, E), where V is a set of vertices and E is a set of edges. Each solution can thus
be represented as an ordered sequence of vertices, or equivalently, edges. Each edge has an
associated cost, and the total cost of the solution is given by the sum of the costs of the
constituent edges.
As an example, consider the celebrated travelling salesman problem [11]; in this instance,
V would represent a set of cities, and E would represent transport connections between
pairs of cities. The set of feasible solutions, X, also known as tours, consists of all ordered
sequences of cities (or connections) for which each city appears exactly once. An additional
constraint is often imposed, whereby all tours must start and finish at a given city. A cost
is associated with the traversal of each edge, reflecting, for example, geographical distance
or transportation costs between the corresponding pair of cities. The goal is to find a tour
which minimises the total incurred cost.
In general, the ACO method involves an iterative procedure, where the following two
steps are performed at each iteration:
• Step 1. A random sample of candidate solutions is generated according to a parameterized probability distribution.
• Step 2. The candidate solutions generated in Step 1 are scored using the objective
function S, and the parameters of the probability distribution are updated with the
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aim of increasing the probability that the best solutions found so far will occur in
the next iteration.
We now describe each of these steps in greater detail.
In Step 1, the random sample of candidate solutions is generated by a set of artificial ants,
where each ant constructs a solution by performing a walk on the graph G. The parameters
of the probability distribution governing these walks are the set of artificial pheromone values
τ (e), e ∈ E, which are non-negative, and reflect the degree to which ants are attracted to
each edge when performing a walk. In particular, each ant begins at a given starting vertex
of the graph, and selects a sequence of edges. In order to describe this process, consider a
given ant A, that has performed a partial walk, having thus constructed a partial solution,
and suppose that the ant is currently located at the vertex v. Denote using E(v|A) the set
of outgoing edges at v which would maintain feasibility of the solution encoded by the ant’s
walk, given the identity of the partial solution it has constructed1. Then the probability
p(e) that edge e is selected by the ant as its next step, is given by a relation of the form

τ (e)
if e ∈ E(v|A),
p(e) ∝
(2)
0
otherwise
This process is performed at each subsequent vertex, and typically results in the construction
of a feasible solution. In the event that at some vertex v, the set E(v|A) is empty, such that
the ant is unable to construct a feasible solution, then a number of techniques to efficiently
re-initialize the ant can be employed [2].
In Step 2, the candidate solutions generated in Step 1 are used to update the pheromone
values. In particular, suppose an ant constructs a solution x = (e(1), e(2), . . . , e(K)), where
e(i), i = 1, . . . , K, is the sequence of constituent edges. Once the solution is constructed,
the corresponding cost S(x) is computed, and each of the pheromone values τ (e(k)), k =
1, . . . , K, corresponding to the edges that were “walked” by the ant, are increased according
to
τ (e(k)) := τ (e(k)) + ∆,
where
1
∆∝
.
(3)
S(x)
In addition, the update
τ (e) := κτ (e)
(4)
is performed for every edge e ∈ E, where κ ∈ (0, 1). Finally, a renormalization of the
pheromone values is usually performed, in order to improve the numerical stability of the
method.
We note that the the updates (3) and (4) perform roles that are analogous to the deposition and evaporation of chemical pheromone in a biological ant colony, respectively. We see
from (3) that the pheromone values on edges which are “walked” by ants which construct
the best solutions at a given iteration receive the largest reinforcement. In addition, the
pheromone values on edges which do not occur in any ant walks gradually decay due to
(4). A variety of functions to perform the transformations (2) and (3) have been used in
ACO algorithms, and it is possible to include additional problem-specific information at this
stage. The reader is referred to [2] for details.
Typically, after a number of iterations, the pheromone values parameterize a probability
distribution which contains most of its probability mass on a set of optimal solutions. More
1For example, in the travelling salesman problem, a walk containing a cycle is not a feasible solution, so
E(v|A) would not contain vertices that the ant has already visited.
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importantly, an optimal or near-optimal solution is usually discovered by at least one ant.
We make some comments regarding convergence properties of ACO algorithms in Section 5.
It is instructive to compare the ACO method with other popular stochastic optimisation
methods. ACO differs significantly from population-based methods, such as genetic algorithms [6] and simulated annealing [1], which operate directly on a set of candidate solutions,
and generate new candidates by perturbing or modifying existing ones.
In contrast, in the ACO method, the information about promising solutions is contained
in a probability distribution that is parameterized by the pheromone values. Although ants
are used to construct candidate solutions, there are no operations performed directly on the
population of ants themselves. Instead, at each iteration, the ants update the pheromone
values, and a completely new set of ants is created at the start of the next iteration. Thus,
the information about promising solutions is propagated from one iteration to the next
exclusively via the pheromone values. This is in keeping with the behaviour of biological
ants, who communicate with each other indirectly via a chemical pheromone fields. In this
regard, the ACO method is closely related to the cross-entropy method [9] and estimation
of distribution algorithms [7], which also perform an iteration on a probability distribution,
rather than on a population of solutions.

4

Ants and reinforcement learning

There exist a number of connections between ACO algorithms and the field of reinforcement
learning [10], an area which has attracted a great degree of research interest in recent decades.
Reinforcement learning algorithms attempt to learn an optimal solution, or strategy, in
situations where the objective function S is not explicitly available, but where cost function
values can be obtained by observing the outcomes of trials performed on the system to be
optimised.
As an example, consider the situation where a robot has to learn to navigate its way
through a maze (whose structure is unknown to the robot), by performing repeated trials
in the maze, and updating its strategy based on a set of reward or penalty signals that
it receives in response to each trial. There exists a large body of research literature on
reinforcement learning algorithms that are able to perform such a task. Other applications
range from learning optimal chess strategies, to the optimal real-time control of complex
manufacturing processes [10].
Biological ant colonies as well as ACO algorithms have a natural interpretation as reinforcement learning algorithms, since ants effectively perform trials, or experiments, on a
system whose global structure and parameter values need not be known in advance. The
pheromone values in ACO effectively parameterize a randomized strategy, which is updated
and improved by observing the outcomes of the ants’ experiments and making appropriate
changes to the pheromone values.
For example, in order to apply the ACO method described in Section 3 to solve the
travelling salesman problem, it is not necessary to know the matrix of edge costs in advance.
Instead, the edge costs and thus the costs of complete tours could be measured directly by
autonomous ant-like agents in a real instance of the problem. The situation becomes even
more interesting and challenging if the optimal solution is non-stationary. The problem is
then one of adaptive optimal control. The most prominent example of an application of
the ACO method in a non-stationary environment is the AntNet algorithm for adaptive
routing in packet-switched communications network [2]. Here, because of unpredictable
changes in traffic demands and events such as network component failures, the set of optimal
routing policies is typically non-stationary. AntNet employs a swarm of autonomous ants,

122

Andre Costa

which attempt to find the paths of least delay between origin-destination node pairs of the
network. In particular, ants perform network delay measurements and update routing tables
maintained at the network nodes in such a way that low-delay paths are reinforced. Data
traffic is then routed on the paths that are recommended by the ants. A reinforcement
learning-type approach, such as the ACO method, is highly appropriate for the task of
decentralized adaptive network routing, where routing decisions across the network must be
made using local measurements and information, in the absence of a central controller.
Exploration plays an extremely important role in reinforcement learning and ACO algorithms in a non-stationary environment. In the stationary optimisation scenario described
in Section 3, exploration is important in order to minimise the probability that an ACO
algorithm becomes stuck on a set of sub-optimal solutions. In a dynamic environment,
exploration performs the additional role of enabling adaptation when the optimal solution
changes. In particular, provided that all possible candidate solutions (or strategies) have
a positive probability of being generated by an ant, then the ACO method can, in principle, eventually discover the new optimum solution (or strategy). Not surprisingly, there
is often a tension between the imperative to explore the space of candidate solutions, and
to exploit the solutions that are currently estimated to be the best ones. This tradeoff is
strongly manifested in the context of real-time adaptive control, where exploratory actions
incur a real cost, since the reward and penalty signals are derived from the actual system
which one wishes to optimise, rather than a model. While in many instances the tradeoff
described above is unavoidable, it is sometimes possible to decouple the tasks of exploration
and optimal decision-making. An example of such a situation is in the application of ACO
methods to adaptive communications network routing. In [3], a number of modifications
to ant-based network routing algorithms such as AntNet are proposed, which achieve this
decoupling and improve their performance.

5

Conclusions

The ACO method is a stochastic optimisation technique for discrete optimisation, which
can be applied to stationary as well as non-stationary (adaptive control) problems. A key
feature of this method is the fact that it performs an iteration on a probability distribution
over the set of feasible solutions, with the aim of increasing at each iteration the probability
mass located on the set of optimal solutions.
The basis, or motivation, for the ACO method is heuristic; it was inspired by the problemsolving behaviours observed in biological ant colonies, and thus the artificial ants in ACO are
loosely modeled on their biological counterparts. However, it has recently been recognized
that ACO has much in common with other stochastic optimisation methods, including the
cross-entropy method, which is derived from more rigorous mathematical foundations [9].
There is significant scope for gaining a greater understanding of the ACO method via such
comparisons, as shown in [12].
Also, there is scope for extending existing convergence results for ACO algorithms. In
particular, sufficient conditions are given in [5], which guarantee that an ACO algorithm will
eventually generate the optimal solution with probability one. However, these conditions
impose a very conservative limit on the rate at which the pheromone values are permitted
to change from one iteration to the next, and thus result in extremely slow convergence of
the algorithm. In practice, one would allow the pheromone values to change fairly rapidly
from iteration to the next, so that within a reasonable amount of time, most of the associated probability mass is located on some small subset of solutions, but the tradeoff is that
convergence to the set of optimal solutions can no longer be guaranteed. The nature of
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this tradeoff is an interesting and important area for future research on ACO and related
methods.
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On representations of π and

√

2

Michael D. Hirschhorn
√
2
4
In [1]
√ A. √Sofo has√given us many formulas for such numbers as π, 1/π, π , π , π/ 3,
π/( 6 − 2) and 640320/π in terms of infinite sums of rationals. The questions I would
like to discuss are, which is the “best” for computational purposes, and, can we do better?
Suppose that α ∈ R, and that
∞
X
α=
ak ,
k=1

where ak is rational.
Pn
Let xn = k=1 ak . Then xn → α as n → ∞. In order to discuss the rate of convergence,
let us define the discrepancy δn by
δn = |α − xn |.
We prove the following
Theorem 1 If an+1 /an → r as n → ∞ where |r| < 1, then δn+1 /δn → |r| as n → ∞.
Proof. We have
δn+1 /δn = α −

n+1
X

ak

.

α−

k=1

=

∞
X

n
X

ak

k=1

ak

∞
. X

k=n+2

ak

k=n+1

an+3 an+4
an+3
+
+ ···
|an+2 |
an+2
an+2 an+3
=
|an+1 | 1 + an+1 + an+1 an+2 + · · ·
an
an an+1
1 + r + r2 + · · ·
→ |r|
1 + r + r2 + · · ·
= |r|.
1+



Most of the sum–type examples given by Sofo are of the above type, for various values of
r. Obviously, the smaller |r|, the greater the rate of convergence. Indeed, every T terms of
the series will give an extra T log(1/|r|) decimal places of accuracy in α. Thus, in several of
his examples, r = 1/4, so every 5 terms will give 3 decimal places of √
accuracy.
By far the fastest converging series he gives is one for calculating 640320/π due to the
Chudnovskys, in which r = 1/533603 , and every term gives 14 extra decimal places.
But note that no matter the value of r, if |r| > 0, the number of extra decimal places
given by each additional term is (roughly) constant. We can sometimes do better than that!
Let me give a couple of examples.
It can be shown that, if the sequence of integers {ak } is given by
a1 = 1, a2 = 3, a3 = 21, an+3 = 5an+2 + 5an+1 − an
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then
√

2=2

∞
X
(−1)k+1
k=1

and if we define xn = 2

Pn

k−1
/ak ,
k=1 (−1)

δn+1 /δn →

ak

,

√
δn = | 2 − xn |, then

1
√ as n → ∞,
3+2 2

so every 4 terms give 3 extra decimal places.
On the other hand, if we define the sequence of integers {ak } by
a1 = 2, a2 = 12, ak+2 = 2ak+1 (4a2k + 1),
then
√

2=2−

∞
X
1
,
ak

k=1

and if we define xn = 2 −

Pn

k=1

1/ak ,
1
δn+1 < √ δn2 .
2 2

Such convergence is said to be quadratic, and means that with each extra term, the number
of decimal places of accuracy (at least) doubles! Thus
1
= 1.5,
2
1
1
=2− −
= 1.4166... ,
2 12
= 1.41421568... ,
= 1.41421356237468... ,
= 1.41421356237309504880168962... ,
= 1.41421356237309504880168872420969807856967187537732... ,

x1 = 2 −
x2
x3
x4
x5
x6

and so on.
As a third example, if we define the integer sequences {ak }, {bk } by
a1 = b1 = 1, ak+1 = 4a3k + 3ak , bk+1 = 8b3k − 3bk ,
then
√

2=1+2

∞
X
ak
,
bk+1

k=1

and if xn = 1 + 2

Pn

k=1

ak /bk+1 then
δn+1 ∼

1 3
δ ,
8 n
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the convergence is cubic, and the number of decimal places of accuracy more than triples
with each term!
x1
x2
x3
x4

= 1.4,
= 1.414213197... ,
= 1.414213562373095048795... ,
= 1.4142135623730950488016887242096
980785696718753769480731766797103... .
√
One can, alternatively, give iterative processes for 2, which converge to any given order.
For instance, here is one that converges to the 10th order, that is, each iteration gives 10
times as many decimal places of accuracy.
Let
x10 + 90x8n + 840x6n + 1680x4n + 720x2n + 32
,
xn+1 = n 9
10xn + 240x7n + 1008x5n + 960x3n + 160xn
√
and begin with x1 near 2, say x1 = 1.41421. Then
x2 = 1.414213562373095048801688724209698078569671875376948073176708...
√
and x3 agrees with 2 to more than 500 decimal places! I have found iterative processes
for π of the third and 5 orders, and so on. Their implementation requires some detailed
explanation. Let me give one of the third order:
x 
n
.
xn+1 = xn + 2 cos
2
To reduce the argument of the cosine term to less than 1 (I assume we will begin the iteration
near π), write
x 
n
xn+1 = xn + 2(2(2(2(2 cos2
− 1)2 − 1)2 − 1)2 − 1).
32
Next, if you want N (> 10) decimals, replace the cosine term by the polynomial
M
X
(−1)k  xk 2k
.
(2k)! 32
k=0

where

1
1
< N.
(2M )!
10

So
xn+1

M
X
(−1)k  xk 2k
= xn + 2(2(2(2(2
(2k)! 32

!2
− 1)2 − 1)2 − 1)2 − 1).

k=0

With x1 = 3.14, N = 10 and M = 7, this gives
x2 = 3.141592641... ,
with x2 = 3.141593, N = 20 and M = 11,
x3 = 3.1415926535897932389... ,
and so on, in a matter of seconds.
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Proofs from THE BOOK
Martin Aigner and Günter M. Ziegler
3rd Edition
Springer-Verlag Heidelberg 2004
ISBN 3-540-404460-0
Most Australian mathematicians have been
privileged to be present at at least one seminar given by the late Paul Erdős. He was a
regular, almost frequent visitor to Australia
and always gave talks of a very similar style.
He would choose a topic such as additive
number theory, extremal graphs or Ramsay
theory and talk for an hour or so on key
results in the area, recent progress (often
joint work of Erdős) and unsolved problems
in the area. He very rarely talked about
details of the proofs. Whatever the topic,
he always mentioned money prizes that he
personally had offered for solutions to problems. Sometimes he indicated how difficult
he thought problems were in other ways. As
an example – it is well known that the University of Illinois put “211213 − 1 is prime”
on its post franking machine in the mid–
sixties. Paul suggested that it would be
changed to “2p − 1 is prime infinitely often” in the year 5001. Another example he
quoted was that if powerful aliens were to
arrive and threaten to destroy the planet
in 5 years time unless we could supply the
value of the Ramsay number R(5, 5) then
the best strategy would be for us to divert
all mathematicians, computer scientists and
computers to attempt to calculate the value.
On the other hand if they asked for the value
of R(6, 6) then the best strategy would be to
divert all the world’s resources into weapons
research!

Paul also often talked about proofs that
came from “the book” or “the book proof”.
According to Erdős the Book is “maintained” by God, also known to him as
“the great fascist”, and contains the perfect proofs for all mathematical theorems.
When Erdős said a proof was “from the
book” what he meant was that in his opinion the proof was beautiful, striking and
probably the most insightful that could be
found. He certainly understood that his
views were culturally biased and I recall
him telling the story that a Sirian mathematician (from Sirius 5) had just received a
Sirian Fields Medal for a major contribution
to the Riemann Hypothesis – to be precise
he had received his award for realising that
something so obvious as the location of the
zeros of the zeta function actually needed
to be proved! For further information on
Paul Erdős and his unique life style may I
recommend “The man who loved only numbers” by P. Hoffman (London, 1998). Perhaps I should also mention Csiziczery’s documentary film on Erdős, now available from
Springer on both video and DVD.
In the early 1990s Aigner and Ziegler
suggested to Erdős that with his help they
should produce a first approximation to a
small portion of THE BOOK. It is unusual for a reviewer to have the opportunity to review the first three editions of
a book – the first edition was published
in 1998, the second in 2001 and the third
in 2004. All three editions contain about
thirty chapters grouped into five parts –
Number Theory, Geometry, Analysis, Combinatorics and Graph Theory. The choice of
topics has clearly been influenced by Paul.
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Not only do they reflect his view of mathematics but a number of the proofs are either due to him or are improvements of his
proofs. The authors also decided to only
present Book proofs that could be understood by those who had had exposure to basic analysis, linear algebra, number theory
and discrete mathematics. (This is not to
suggest that THE BOOK does not contain
proofs which use the Cohomology of Vector
Bundles of ...)
I was fortunate enough to obtain a copy
of the first edition while travelling in Europe
in 1999 and I spent many pleasant hours
reading it carefully from cover to cover. The
style is inviting and it is very hard to stop
part way through a chapter. Indeed I have
recommended the book to talented undergraduates and to mathematically literate
friends. All report that they are captivated
by the material and the new view of mathematics it engenders. By now a number
of reviews of the earlier editions have appeared and I must simply agree that the
book is a pleasure to hold and to look at,
it has striking photographs, instructive pictures and beautiful drawings. The style is
clear and entertaining and the proofs are
brilliant and memorable.
One of the unfortunate decisions that the
authors had to make was to drop Chapter
12 of the first edition on “The problem of
the thirteen spheres”. When I first read the
chapter I found it rather surprising that it
had been included. The proof clearly depended on some rather delicate calculations
and did not look like a BOOK PROOF. In
the preface to the second edition, the explanation given is that “the proof turned out
to need details that we could not complete
in a way that would make it brief and elegant”. The third edition contains three new
chapters taking the total to thirty five. One
P 1
π2
of these, on three proofs that
n2 = 6
is I think my favourite. How many of us

1Preface, page ix

have thought “how can I prove this result without using complex variable techniques?” However, I am afraid that Chapter 24 on shuffling cards looks to me more
like a very nice article from the American
Mathematical Monthly than a chapter from
THE BOOK. Clearly every serious reader
of the book will have different views on the
choices made by the authors but needless to
say that when the fourth edition appears in
2007 I will be the first to go to the bookshop
to purchase my own copy.
David Hunt
School of Mathematics, University of New South
Wales, Sydney NSW 2052
E-mail: d.hunt@unsw.edu.au













Mathematics of Genome Analysis
Jerome K. Percus
Cambridge University Press Cambridge 2002
ISBN 0-521-585171
The author’s stated aim in this book is to
set forth the mathematical framework in
which the burgeoning activity in the “hyperactive field of genomics” takes place.
Underpinning his approach is his assertion
in the Preface: “that the molecules we have
to deal with are fundamentally describable
as ordered linear sequences is a great blessing to the quantitatively attuned.”1 They
are thus amenable to study by methods of
statistical physics and information science.
Chapter 1 introduces nuclear DNA, simply and carefully describing the base pairs,
and the representation of double-chain DNA
as a linear sequence of the symbols A, T,
G and C, with a period often as long as
3 × 109 . Genes are characterised as ‘words’
in these symbols that translate into proteins, and occupy approximately 3% of the
sequence. Other components of the DNA
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sequence of known function are mentioned,
with the remainder of the sequence called
‘junk DNA’ (of unknown function). In reality DNA has an important 3-dimensional
spatial or folding structure, and this spatial structure is crucial for the resulting protein. However the linear DNA sequence determines this 3-dimensional structure (although it is only partially clear how), and so
the 1-dimensional structure of DNA is the
focus of the book. In particular proteins are
identified simply as certain subsequences of
a DNA sequence.
The initial information sought, therefore,
is knowledge of a full linear DNA sequence
of period ∼ 3 × 109 . Various fragments of
it can be obtained using enzyme cuts and
other methods. These fragments, which can
be replicated arbitrarily and studied intensively, are called clones. The hope is that
the full sequence, or genome, can be understood by studying a number of clones that
together cover it. Elementary probability
theory appropriate for studying these clones
is introduced and used, for example, to estimate the average distance between special
words in the full DNA sequence.
Chapter 2 considers the problem of recomposing a full DNA sequence from a
given fingerprint consisting of a set of subsequences (clones) that cover the sequence
with substantial but unknown overlap. The
idea is to order these pieces and identify
their overlaps, building up ‘islands’ of connected overlapping clones. Probabilistic
methods exploiting both enumeration and
analysis are used. Some technical language
about the biological setting at this point
made we wish I had been present at the author’s lectures in order more easily to gain
the necessary understanding. However one
can simply ‘read past’ these remarks in a
first reading.
In Chapter 3 it is assumed that long
stretches of the DNA sequence are known,
and the task is to analyse sequence statistics, such as the distribution of singletons, pairs and various other subsequences.
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Chapter 4 deals with the situation in which
certain words and ‘phrases’ in a given DNA
sequence recur in another DNA sequence.
The problem is to estimate the probability
that such an event is random and not ‘an
indicator of a functional or an evolutionary
relationship between the chains’. Various
techniques are employed to measure the degree of similarity and assess its significance.
The final chapter considers briefly the spatial structure and dynamics of DNA. It contains a discussion of various models that
have been proposed to describe the large
scale behaviour of DNA, especially the way
in which DNA transmits its information.
The type of mathematics employed is
varied, and is introduced as required. Elementary probability theory is used throughout. Generating functions, and Fourier and
Laplace transforms are used to estimate
coverage of a sequence by clones. Experimental designs are employed to locate proteins in a long sequence fragment. The theory of random walks is used to build up
islands of overlapping clones. Stochastic
models such as hidden Markov chains are
used to analyse sequence statistics. Spectral methods locate the placement and separation of identifiable subsequences. The
theory of entropy gives a measure of the information content of a sequence. Bayesian
analysis and neural networks are also used.
There is a substantial bibliography and a
useful index. However I found it difficult to
keep track of the notation, of which there is
a great deal. The book would have benefited
from a glossary of notation, both mathematical and biological, and perhaps the author might consider making such a resource
available via the web. The weighting given
to discussion of the biological background
will suit some readers more than others it will be found by some to be too much,
others too little.
The book is a good choice to use for a
reading seminar involving a mix of mathematicians and those with some biological
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training. Each chapter ends with substantial assignments that could be used in such
a reading group or in a class-room setting.
Professional mathematicians and students
wishing to understand what mathematics is
being used in Genome Analysis, and how it
is used, will find this short book a useful
and challenging introduction.
Cheryl E. Praeger
School of Mathematics and Statistics, University of
Western Australia
E-mail: praeger@maths.uwa.edu.au













Introduction to
Banach Algebras, Operators
and Harmonic Analysis
H.G. Dales, P. Aiena, J. Eschmeier,
K. Laursen and G. Willis
LMS Student Texts 57
London Mathematical Society 2003
ISBN 0-521-82893-7
This text contains expanded versions of five
series of lectures from two instructional conferences, the first in Mussomeli, Sicily in
1999, the second at Sadar Patel University,
Gujarat in 2002. The various series are:
I (7 lectures) (Dales) Banach algebras
II (5 lectures) (Willis) Harmonic analysis
and amenability
III (8 lectures) (Eschmeier) Invariant subspaces
IV (5 lectures + appendix) (Laursen) Local spectral theory
V (3 lectures) (Aiena) Single-valued extension property and Fredholm theory
In broad terms each series gives a brief introduction to the indicated area by a relevant expert. (Several of the writers have
(co)authored major monographs on the indicated area; for the reader’s information
these are listed below.) The basic material is in each case leavened by more recent
results, and each lecture contains exercises

and additional notes. Although the individual series can be read independently, there
are underlying themes which recur throughout giving consistency to the overall volume.
The level is suitable for a beginning graduate student, yet the approaches give good
indications of the flavour of current work
in the various areas. The volume is nicely
produced, with few misprints, though the
incorrect page header for Chapter 6 and a
missing reference in Part I are unfortunate.
Overall, the volume is highly recommended
as an accessible introduction to several important areas of modern functional analysis.
To give rather more detail, recall that a
Banach algebra is an algebra (almost always
taken over C), with a norm topology under
which the algebra is complete as a vector
space, and with respect to which multiplication is continuous (separately or jointly
are the same by the uniform boundedness
principle). The study of such objects has
developed into a major theory in its own
right, as well becoming a basic tool in other
areas of functional analysis.
Part I is an introduction to the general
theory of Banach algebras and important
examples, and in particular gives the necessary background for the other parts. It
includes some material on ‘automatic continuity’ where the interplay of algebraic and
topological properties is to the fore.
Part II is concerned with the particular
example of the convolution algebra L1 (G)
for G a locally compact group. As well
as discussing standard constructions, it includes material (much of it due to the author) on the structure of ideals of finite codimension and their link to automatic continuity questions.
The fact that a linear transformation on
a finite dimensional vector space has an
eigenvector is an important ingredient of the
structure theory for matrices. The corresponding infinite dimensional question, as
to whether a bounded linear operator on a
Banach space has a non-trivial closed invariant subspace is very much more difficult,

Book Reviews

indeed it fails in general, but the Hilbert
space case remains an open question after
80 years of study. Part III discusses these
questions, and in particular one approach
that has yielded positive results for suitable
operators.
Part IV discusses local spectral theory,
which in very broad terms considers the
situation when decompositions of the spectrum of an operator give rise to invariant decompositions of the Banach space on which
the restricted operators have spectrum contained in the corresponding piece of the
original spectrum. The “decomposable” operators with this property form a large class
with very important properties. For example, they include compact operators on a
Banach space, and normal operators on a
Hilbert space. Surprisingly, regularity of a
commutative semisimple Banach algebra is
equivalent to decomposability of the multiplication operators!
Part V continues with further discussion of the single valued extension property
(already introduced in Part IV) and semiFredholm operators.
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Essentials of Mathematics:
introduction to theory, proof
and professional culture
Margie Hale
MAA Washington 2003
ISBN 0-88385-729-4
This beautifully written book is intended to
be used by first or second year undergraduate university students to bridge the gap
from school mathematics to ‘what comes
next’. The author has designed the book to
be used as a text that introduces students
to ‘language and methods of the axiomatic
system and the art of proof’. She expects
students to work through the book guided
by a ‘knowledgeable, enthusiastic and caring instructor’.
The first section of Chapter 0 lists several outcomes that the author hopes students undertaking such a course will gain.
In addition to several outcomes relating to
the content, these outcomes include ‘practice in constructing proofs and evaluating
the proofs of others’, ‘an introduction to
the professional culture inhabited by mathematicians’, and lastly ‘an eagerness to do
more mathematics’.
Students who complete the first four
chapters will be prepared for theoretical
courses in linear algebra, abstract algebra,
real and complex anaysis, and topology.
They will be familiar with many of the techniques of these courses. In addition Chapter
5 contains the beginings of a course on real
analysis. The book grew out of the author’s
‘Moore method’ philosophy of teaching, but
the author has tried to make it adaptable to
any style of teaching, and gives several examples of how it might be used.
The ‘course material’ consists of definitions, theorems, and exercises, with no answers or hints, more details of which will be
given below. Each chapter begins with a
background discussion and some ‘warm-up
exercises’ intended to encourage students to
ask questions and to engage in the concepts
they will meet more formally later in the
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chapter. This is followed by an ‘essentials’
section containing the concepts and results.
Then follows a section of ‘further exercises’
that may be used by students for review, to
summarise the material, or to clarify some
of the concepts introduced in the chapter.
The treatment is careful and succinct. The
final sections of each chapter present material about ‘mathematical culture’. In some
chapters this is a discussion of famous mathematical theorems or conjectures, while in
one it is a discussion of ethics in mathematical writing. The underlying aim is to give
undergraduate students knowledge of things
that every educated mathematics graduate
should know, but ‘are not found in formal
coursework, except by chance’.
In Chapter 0 the author tries to describe
what mathematicians do, and what they
find satisfying. She recounts a joke heard
at an ‘annual math meeting’:
Q: How do you tell an introverted mathematician from an extroverted mathematician?
A: An extroverted mathematician looks
at your shoes while he’s talking to you.
wryly commenting on the joke’s assumption
that mathematicians are male, and then
proceeds to sketch perceptively the diversity of mathematicians and various of their
traits. This chapter also contains a very nice
discussion of the connections and distinctions between pure mathematics and applied mathematics.
Chapter 1 presents the essentials of logic.
Its final sections describe the axiomatic
method and results of Gödel. The introduction to Chapter 2 tackles the question
‘What is proof?’. The author distinguishes
between the processes of discovery and public presentation of a proof; she analyses the
structure of a proof and discusses strategies to help a student both construct and
read a proof. The essentials of this chapter are from set theory, and the final section discusses several famous paradoxes, the
Zermelo-Fraenkel axioms and the Axiom of
Choice. Chapter 3 starts by discussing the

use of symbols. The essentials of this chapter include Peano’s axioms for the natural
numbers, and various of their properties including the axioms for order. The chapter
concludes with a brief exposition of cardinal arithmetic and ordinal numbers, and includes Cantor’s diagonalization argument.
Chapter 4 begins with a discussion of the
philosophy of mathematics, addressing in
particular the question of whether mathematics is created or discovered. The essential content is the construction and properties of the positive rational numbers. The
chapter ends with a discussion of ethics, especially regarding the writing, presenting,
and reviewing of mathematics research. In
Chapter 5, Dedekind cuts are introduced to
construct the positive reals. A formal construction of the set of all real numbers is
given and its properties are explored, including order, completeness, and density of
the rationals. The final section looks forward to limits and calculus.
The last two chapters diverge from the
general pattern. Chapter 6 begins with
thumbnail sketches of the contributions
to mathematics of 27 famous mathematicians, from Newton to Erdös and Knuth.
The paragraph-long summaries are delightful and many contain references for further
reading. The essentials of this chapter are
properties of the complex numbers. The
chapter ends with discussion of the Fundamental Theorem of Algebra, the complex
plane, and various applications of complex
analysis. The last chapter addresses the
challenging question: ‘What is mathematical research?’ The importance of asking
good questions is stressed, and examples of
how to do this are given through considering
problems arising from the game of Nim and
related games. The book ends with brief descriptions of several famous theorems and
unsolved problems, and a (predominantly
US-based) overview of professional mathematical organisations and resources.
This is a wonderful book. Although it is
most suitable for use within the US course
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structure, it is a thought-provoking resource
for anyone involved in curriculum development and teaching of mathematics at a university entrance level. By way of comparison, every engineering undergraduate program, at least in my country, includes an introductory course on professional engineering. A course embracing the cultural aspects of this book, along with the broad
mathematical content, would fulfil the same
role for an undergraduate program in the
mathematical sciences. I commend it to
my mathematical colleagues and to students
of mathematics, and thank the author for
writing it. It should be essential reading for
every enthusiastic mathematics undergraduate.
Cheryl E. Praeger
School of Mathematics and Statistics, University of
Western Australia
E-mail: praeger@maths.uwa.edu.au













Combinatorics of Permutations
Miklós Bóna
Chapman and Hall/CRC 2004
ISBN 1-58488-434-7
This book is a timely and welcome introduction to the field of “permutation patterns”,
as it is sometimes called, in combinatorics.
Consider a permutation as an arrangement
of a set of distinct numbers, say 1, 2, . . . , n.
A permutation is said to contain a shorter
permutation, or “pattern”, if some choice
of entries in the first permutation has the
same relative ordering as the entries of the
second, and avoids a pattern otherwise. For
example, 52314 contains the pattern 321, by
taking the entries 5, 3, 1, but avoids the pattern 132.
Bóna examines a wide range of problems
arising from counting permutations under
various restrictions. He devotes a chapter
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(Chapter 4) to the motivation and resolution of a major open conjecture in this field:
the Stanley-Wilf conjecture. The number
of permutations of length n is of course
n!, but the Stanley-Wilf conjecture asserted
that as soon as you restrict to permutations that avoid at least one subpattern, the
number drops down to cn for some constant
c. The beautiful and surprisingly “elementary” proof of Marcos and Tardos is presented at the end of the chapter; Zeilberger
refers to this proof as one “from the book”
[1].
The next chapter concerns another important conjecture for the field, credited to
Gessel, Noonan and Zeilberger, about the
nature of generating functions for sets of
pattern-avoiding permutations. The concepts of P-recursive sequences and algebraic
and D-finite generating functions are explained. The connections between Standard Young Tableaux and permutations are
also discussed in detail, including an exposition of the Robinson-Schensted-Knuth correspondence.
The first three chapters bring together
a solid background in the study of permutations from various viewpoints, and the
later chapters are concerned with pattern
avoidance or containment (for instance, how
many copies of a certain pattern can a permutation contain, and which permutations
realise the maximum packings?). A natural place that pattern avoidance arises is in
stack-sorting, and a reasonable treatment of
the major results to date is included.
The book is readily accessible to honours
and graduate students, and also serves as a
useful resource for anyone working in combinatorics. Bóna’s style is relaxed and engaging, his proofs are often very visual and
combinatorial, and he spends time looking
carefully at particular examples rather than
giving sweeping overviews. Each chapter
ends with exercises and harder “Problems
Plus” which have solutions.
Its contribution to this relatively new
field is that it brings together and makes
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very clear the motivations, open problems
and different approaches that have been
used by researchers previously.
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Appointments
University of Melbourne:
• Professor Richard Huggins has taken up the Chair in Statistics.
• Andrew Robinson has been appointed as Senior Lecturer in statistics.
• Other new staff include Research Fellows Dr Munish Goyal (MASCOS), Dr Jaroslaw
Bosko, and Research Assistant Dr Con Lozanovski.
University of Sydney:
• Dr Frederik Hurst has been appointed as Research Associate.

Completed PhDs
RMIT University:
• Dr Alain LeBel, Shift Actions on 2-cocycles, supervisors: Prof. Kathy Horadam and
Dr Asha Rao.
Victoria University:
• Dr R. Summit, Warranty Inspection Costs of a Complex Product, supervisors: Dr
P. Cerone, Dr N. Diamond.
• Dr Florica-Corina Cirstea, Nonlinear Methods in the Study of Singular Partial Differential Equations, supervisors: Prof. S.S. Dragomir, Dr N.S. Barnett and Dr P.
Cerone.
University of Western Australia:
• B.A.C.S. Balasuriya did not complete a PhD, as was mentioned in the last issue of
the Gazette, but a Masters degree.

AustMS Accreditation
The secretary has announced the accreditation of:
Dr J. Roumeliotis, Victoria University of Technology, as an Accredited Member (MAustMS).
Dr M. P. Coupland, University of Technology, Sydney, as an Accredited Member (MAustMS).
Dr Anthony Sofo, Victoria University, as an Accredited Fellow (FAustMS).

136

News

Nominations for 2006 ANZIAM Medal
A search is under way to identify nominees for the 2006 ANZIAM Medal, and interested
persons should forward their nominations in confidence to the Chair of the Selection Panel,
Professor E. O. Tuck by the end of October 2005 at etuck@maths.adelaide.edu.au.
Nominees must have given outstanding service to the profession of Applied Mathematics
in Australia and/ or New Zealand through their research achievements and through activities enhancing applied or industrial mathematics or both. The person nominated must be
a long-term member and valuable contributor to ANZIAM or its predecessor, The Division
of Applied Mathematics of the Australian Mathematical Society.
W. Summerfield
Honorary Secretary, ANZIAM

Awards and other achievements
Peter Johnston, of the School of Science at Griffith University, has been elected a Fellow of
The Institute of Mathematics and its Applications in the United Kingdom.
Professor George Grätzer, University of Manitoba, Canada will be awarded an honorary
DSc by La Trobe University when (as previously announced) he visits La Trobe from midApril to mid-June.
Tony Guttmann has received the Lyle Medal. This medal recognises the contribution
of Sir Thomas Ranken Lyle, FRS, to Australian science and industry generally and in
particular to his own fields of physics and mathematics. The purpose of the medal is to
recognise outstanding achievement by a scientist in Australia for research in mathematics
or physics.

Conferences
Geometry: Interactions with Algebra and Analysis
January–June 2005, Auckland
Web: http://www.math.auckland.ac.nz/Conferences/2005/geometry-program
Counting Complexity: An International Workshop on Statistical Mechanics
and Combinatorics. In Celebration of the 60th Birthday of Professor Tony
Guttmann
10–15 July 2005, Dunk Island
Organisers: Aleks Owczarek, Richard Brak
E-mail : aleks@ms.unimelb.edu.au
Web: http://www.complex.org.au/conferences/t60
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Categories in Algebra, Geometry and Mathematical Physics (Conference in honour of Ross Street’s sixtieth birthday)
11–16 July 2005, Macquarie University, Sydney
Organisers: Michael Batanin, Alexei Davydov, Mike Johnson, Steve Lack, Amnon
Neeman
Web: http://streetfest.maths.mq.edu.au/
Japanese-Australian Workshop on Real and Complex Singularities
5–8 September 2005, University of Sydney
Web: http://www.maths.usyd.edu.au/u/laurent/RCSW/index.html
16th Australasian Workshop on Combinatorial Algorithms (AWOCA)
21–24 September 2005, University of Ballarat
Organiser: Professor Mirka Miller
E-mail : pmanyem@linus.levels.unisa.edu.au or m.miller@ballarat.edu.au
23rd Victorian Algebra Conference
24–26 September 2005, The University of Western Australia
Web: http://www.maths.uwa.edu.au/vac05
Miniconference on Functional Analysis - in honour of Simon Fitzpatrick
25–26 September 2005, The University of Western Australia
Organiser: John Giles
E-mail : jan.garnsey@newcastle.edu.au
Web: http://www.maths.uwa.edu.au/austms05/index.html
49th Annual Meeting of the Australian Mathematical Society
27–30 September 2005, The University of Western Australia
Director: Lyle Noakes
E-mail : lyle@maths.uwa.edu.au
Web: http://www.maths.uwa.edu.au/~austms05/index.html
Invited Speakers:
Prof. Rodney Baxter (ANU)
Prof. Bruce Berndt (University of Illinois) – Mahler Lecturer
Dr Natashia Boland (Melbourne)
Prof. Jonathan Borwein (Dalhousie)
Prof. Robert Calderbank (Princeton)
Prof. Rida Farouki (UC Davis)
Prof. Angus Macintyre (QMC)
Dr Shahar Mendelson (ANU)
Prof. Michael Nielsen (UQ)
Dr Akshay Venkatesh (NYU/Clay Institute)
Further suggestions of special sessions are welcome and should be sent to Lucho
Stoyanov (stoyanov@maths.uwa.edu.au).
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DELTA’05, Fifth Southern Hemisphere Symposium on Undergraduate Mathematics & Statistics Teaching & Learning
22–26 November 2005, Kingfisher Bay, Fraser Island, Queensland
Convenor: Christopher J. Harman
E-mail : harman@usq.edu.au
Web: http://www.maths.uq.edu.au/delta05/
8th International Conference of The Mathematics Education into the 21st Century Project: “Reform, Revolution and Paradigm Shifts in Mathematics Education”
25 November–1 December 2005, Johor Bharu, Malaysia
Contact: Alan Rogerson
E-mail : arogerson@vsg.edu.au

AMSI Summer School 2006
16 January–10 February 2006, RMIT University, Melbourne
Organiser: Professor Kathy Horadam / Dr Lynne McArthur
E-mail : Kathy.Horadam@ems.rmit.edu.au
E-mail : Lynne.Mcarthur@ems.rmit.edu.au

Mathematics-in-Industry Study Group 2006
30th January–3rd February 2006, Massey University, Albany, Auckland, New Zealand
Web: http//misg2006.massey.ac.nz
Applied Mathematics Conference ANZIAM 2006
5–9 February 2006, Mansfield, Victoria
Director: Simon Clarke
E-mail : anziam06@sci.monash.edu.au
Web: http://www.maths.monash.edu.au/anziam06

Visiting mathematicians
Visitors are listed in the order of the last date of their visit and details of each visitor are
presented in the following format: name of visitor; home institution; dates of visit; principal
field of interest; principal host institution; contact for enquiries.
Dr Alexander Kitaev; Steklov Mathematical Institute; 1 March to 1 June 2005; Singularities;
USN; Prof. Nalini Joshi
Prof. George Grätzer; University of Manitoba, Canada; Mid April to mid June 2005; Lattice
Theory; LTU; Brian Davey
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Prof. Willy Sarlet; Ghent State University, Belgium; 29 May to 19 June 2005; –; UMB; –
Dr Raimundas Vidunas; Fukuoka; 5 May to 5 June 2005; Painleve equations; USN; Prof.
Nalini Joshi
Prof. H J G Gundersen; University of Aarhus; 1 to 30 June 2005; –; UWA; Prof. Adrian
Baddeley
Dr Willem Adriaan de Graaf; Uni Di Trento: 3 to 30 June 2005; Computational methods in
Lie Algebras; USN; J. Cannon
Dr Chunsheng Ma; Wichita State; 1 June to 9 July 2005; Empirical saddlepoint problems;
USN; J. Robinson
Prof. Gurami Sh. Tsitsiashvili; Institute of Applied Mathematics, Far-Eastern Branch of the
Russian Academy of Sciences, Vladivostok, Russia; 2 to 10 July 2005; –; UMB; –
Prof. George Janelidze; Capetown; 7 to 20 July 2005; Category theory; USN; G. Kelly
Dr Myles Tierney; Quebec; 7 to 20 July 2005; Category theory; USN; G. Kelly
Dr Stephane La Fortune; College of Charleston; 15 May to 22 July 2005; Integrable dynamical systems; USN; Prof. Nalini Joshi
Prof Xiao Hui Wang; Univ of Virginia; 1 to 27 July 2005; Functional data analysis; USN; Q.
Wang
Prof. Hechen Zhang; Tsinghua University; 1 February to 31 July 2005; Representation theory of quantum groups; USN; Dr Ruibin Zhang
Prof. Akos Seress; Ohio State University; July 2004 to July 2005; –; UWA; Prof. Cheryl
Praeger
Prof. Wen-Han Hwang; Feng Chia University; February to August 2005; Statistical Science;
ANU; Prof. Richard Huggins
Prof. Luger Ruschendorf; University of Freiburg; 9 July to 5 August 2005; –; UMB; –
Dr T. Tuwankotta; University of Bandung; 1 June to 5 August 2005; Dynamical systems;
LTU; Prof. Reinout Quispel
Prof. Gunter Last; Universitu of Karlsruhe; 25 July to 7 August 2005; –; UMB; –
Dr Andrew Pickering; Universidad Rey Juan Carlos; 10 April to 14 August 2005; Analysis
of integrable systems; USN; Prof. Nalini Joshi
Dr Pilar Gordoa; Universidad Rey Juan Carlos; 10 April to 14 August 05; Analysis of integrable systems; USN; Prof Nalini Joshi
Dr Ki-Seng Tan; National Taiwan University; 24 July to 19 August 05; Number theory (diophantine problems); USN; K. Lai
Prof. Dianjun Wang; Tsing-Hua University; 20 February to 20 August 2005; –; UWA; Dr
Cai Heng Li
Prof. Shun-Jen Cheng; National Taiwan University; 2 July to 26 August 2005; Lie superalgebras and quantum supergroups; USN; R. Zhang
Dr Wei Qiang Wang; University of Virginia; 2 July to 26 August 2005; Lie superalgebras
and quantum supergroups; USN; R. Zhang
Prof. Vladimir Vatutin; Steklov Mathematical Institute, Moscow; 8 July to 28 August 2005;
–; UMB; –
Dr Guang-hui Wang,; Chinese Academy of Sciences; 8 September 2004 to 8 September 2005;
UWA; Dr Song Wang
Professor Xin Gui Fang; Peking University; 20 July to 19 September 2005; –; UMB; –
Dr Ruth Kantorovitz; University of Illinois; 20 September 2004 to 20 September 2005; Algebra and Topology; ANU; Prof. Amnon Neeman
Prof. Robert Lipster; Tel Aviv University; 1 October 2004 to 30 September 2005; Stochastic
Processes; MNU; Prof. Fima Klebanar
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Dr Aliki Muradova; Tblisi State University; 17 September 2003 to 17 September 2005; Advanced Computation and Modelling; ANU; Dr Markus Hegland
Prof. Chaohua Dong; Shanxi University; 11 March 2004 to 27 September 2005; UWA, Prof.
Jiti Gao
Dr Kenji Kajiwara; Kyushu University; 5 October 2004 to 30 September 2005; Discrete
Painlevé equations; USN; Prof. Nalini Joshi
Prof. Sergei Vostokov; St Petersburg; 26 September to 21 October 05; Automorphic forms;
USN; K. Lai
Dr Alexander Kitaev; Steklov Mathematical Institute; 1 August to 1 November 2005; Singularities; USN; Prof. Nalini Joshi
Prof. Rajat Tandon; Hyderabad; 1 to 30 November 2005; Algebraic number theory; USN;
K. Lai
Prof. Kazem Mosaleheh; Shiraz University; 1 January to 31 December 2005; Analysis of
PDEs; MNU; Dr Alan Pryde
Prof. Wenjun Yuan; Guangzhou University of China; December 2004 to December 2005;
Differential equations and financial mathematics; CUT; Dr Yong Hong Wu
Prof. John Ryan; University of Arkansas; August 2005 to December 2005: Analysis and
Geometry; ANU; Prof. Alan McIntosh
Dr Bernard Kron; University of Vienna; 5 March 2004 to 1 March 2006; Ends, group actions
and random walks; USN; Dr Donald Cartwright
Dr Hua Zhang; Yunnan Normal University; 1 March 2005 to 1 March 2006; –; UWA; Dr Cai
Heng Li
Prof. Valentin V Petrov; Steklov Mathematical Institute; 7 January 2006 to 30 June 2006;
Limit results and asymptotic methods; USN; J. Robinson
Dr Yuly Billig; Carlton University; 16 July 2005 to 16 July 2006; Quantum algebras; USN;
A.I. Molev
Dr Shenglin Zhou; Shantou University; October 2004 to October 2006; –; UWA; Prof. Cheryl
Praeger
Dr Adam Gregory Harris; University of New England; 15 August 2005 to 1 December 06;
Complex Singularities; USN; L. Paunescu
Dr Patrick Desrosiers; Université Laval, Qubec, Canada; 5 February 2005 to 4 February 2007;
–; UMB; –
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