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The start of the new year always reminds us of the abacus. Not only because it features
on the new covers of the Gazette, but publication collections, appraisals and looming ARC
application deadlines all require a careful counting of one’s yearly output. It’s a bean counters paradise. In Math matters Tony Bracken considers the merits of citations and impact
factors to quantify scientific productivity, and, alarmingly, notes the relatively low scores of
mathematics compared to other sciences.
One of the obvious consequences of the rise of impact factors is that the prestige of journals in which we publish is becoming more and more important. In his President’s column
Michael Cowling urges us to contribute more to our own journals and to raise their profile
and that of Australian mathematics.
The richness of Australian mathematics is evident, including for example research into
“elliptic differential equations” and “bottom-up modelling of gene componentry”. The former contains a challenge, described by John Urbas in The 9th Problem, and being part of
the Gazette’s millennium series will win you fantastic prize money and an honorary mention.
The latter is explained eloquently by researchers from the ANU and UQ, demonstrating the
fact that bio-mathematics research has definitely taken off in Australia.
Speaking of genes, could these be the reason why so few female mathematicians occupy
senior positions around the country? New York Times scientific editor Cornelia Dean fiercely
rejects recent such comments made by Dr Lawrence H. Summers, president of Harvard. Although genes might play a role, she writes, the real issue still is society’s deprecative attitude
towards mathematically talented girls and women.
On a lighter note your mathematical inventiveness is tested by Norman Do’s card trickery
in Mathellaneous.
Finally, we wish to thank retiring local correspondents K.-G. Choo (Sydney) and G.
Robertson (Newcastle) and welcome M. Myerscough (Sydney) and J. MacDougall (Newcastle). We would also like to draw your attention to the call for nominations for the election
of officers and ordinary members of the AustMS council.

Michael Cowling
The Steering Committee of the Australian
Mathematical Society met in Napier, New
Zealand, at the end of January, just before
the ANZIAM meeting there. This was my
second visit to Napier in one month, as I
went there earlier in January (as a private
citizen of the mathematical world) to attend
the New Zealand Mathematics Research Institute meeting on groups and geometry. I
was very impressed by the quality of the
speakers and the lectures at the NZMRI.
Building trans-Tasman links is obviously a
good idea.
Raising awareness of the importance of
the Mathematical Sciences is, in my view,
the most important part of my brief as president. This involves action on a number of
fronts. First of all, the Society must remain
financially viable if it is going to continue
to promote mathematics. And our financial
viability depends on two things: our membership and our journals. And both these
depend on our members—this means you!
We really need to increase the sales of
our journals. I would ask those of you in
universities which do not subscribe to all
our journals to ask your librarians to do so.
At the present time, librarians are feeling
flush with funds, as the exchange rate with
the US dollar is favorable, and every subscription helps. But we also need to improve the “quality” of our journals (in this
day and age, librarians tend to measure this
using citations, and whether this reflects
real “quality” or not is a moot point), and
getting more Australian authors to submit
good papers to our journals would do a lot
to improve our rankings on the citation lists
and in the “invisible colleges” which reputably run academia, and hence the number of subscriptions. So please submit articles to our journals. The Society is also
working to get our journals on-line, and to

get back issues available to all. We recently
bought the source files to papers typed by
TeχAdel, and the American Mathematical
Society gave us—free, gratis, and for nothing, and very generously too—the source
files of papers they prepared for us from
1988 to 1993. This too ought to improve
our visibility.
At the same time, the only component
of our membership which is growing is the
list of our retired members. We will shortly
begin a membership drive, aimed at honours and postgraduate students, but let me
now ask those of you who are supervising
students at an honours level or higher to
ask them to consider joining (or rejoining)
the Society: the first year’s membership is
free for students, and thereafter the reduced
rate is very affordable. And you might even
ask your lapsed colleagues to unlapse themselves!
I hope that many members will be able
to help on one or other of the points above.
This will help your Society help you in the
future. Ways in which we are helping include in the preparation of publicity material to attract high school students to the
mathematical sciences (and we are working
right now on the operational details of an
agreement with AMSI and ICE-EM to avoid
duplication and use our resources more effectively), and in assisting with and making
submissions to reviews which may lead to
better deals for the mathematical sciences
inside universities or from the Commonwealth Government (I spent over an hour
yesterday talking about statistics to a review of that discipline organised by the Statistical Society of Australia). I would welcome suggestions about what else we might
do to promote the Mathematical Sciences in
this country.

Tony Bracken
Never mind the quality, feel the width1
Mathematics (including Statistics) at UQ
sits within the School of Physical Sciences,
together with Physics and Earth Sciences.
This year the School is due for its first
five-yearly review, and it has also been selected as a guineapig within the University for an associated exercise in the assessment of research quality. We are not quite
sure what this will involve, but there has
been some discussion among the troops of
performance-indicators for research, including citation counts and impact factors for
journals.
There is no doubt that the Web of Science and now scholar.google.com are very
useful research tools. Furthermore, most
people enjoy using them to find out who if
anyone is citing and perhaps extending their
work (or that of their colleagues!). And
who among us haven’t felt the disappointment of finding that a piece of our published
work that we consider interesting and of
high quality, is sitting like a dead duck in
the water, creating not the slightest ripple
of interest as measured by citations?
But are citation counts and impact factors useful in the assessment of research
quality? Few issues cause more animated
discussion when they are raised in the
Maths Common Room. In particular, it is
clear that most mathematicians and statisticians are openly hostile to the use or publication of citation counts, although there
are some enthusiasts. My feeling is that the
degree of hostility drops off as the research
area of the person involved becomes more
applied – not surprising perhaps, because

citation rates are typically greater in more
applied areas – and it is hard to escape the
conclusion that mathematicians in general
would be much more relaxed about citation
counts if only our counts were, on average,
much larger than they are, in comparison
with those of other scientists.
It is clear enough that heads of mathematics departments would be very unwise
to suggest the use of citation counts as a
measure of research quality amongst their
staff. Unfortunately, in our pre-review situation at UQ we probably cannot afford to ignore them completely, if only because some
of our colleagues in Physics and Earth Sciences are justifiably proud of their own citation records and will insist on including
them in our review document as evidence
of research quality. Indeed, there are certainly some in Mathematics here who feel
the same way.
More generally, it seems clear that the
Federal Government is determined to afflict
us all with some sort of research-quality exercise, so it’s perhaps timely for all of us
to think about how we are going to handle these issues in the near future. We may
hope that all such exercises will be carried
out in a more sophisticated and meaningful
way than by the mere collection of citation
data, but I am not confident that we will get
away with saying that impact factors and citation counts are irrelevant or inappropriate
for mathematics. The bean counters may
see it as incongruous that mathematicians,
the most numerate of scientists, have the

1The title of this note was used for a British TV comedy in the 1960s, but it has an earlier, uncertain

origin.

6

Tony Bracken

strongest objection to the use of these concepts. And an argument that it’s because
we are mathematicians that we can see the
weaknesses of attempts to quantify the quality of research, is unlikely to cut much ice
unless we can back it up with careful reasoning. If our citation counts and the impact factors of the journals in which we publish become perceived in Government circles
as unimpressively low, it may become that
much harder for us to argue that research
in mathematics is important and relevant.
The first objection that is commonly
raised against citation counts is their unreliability. Invariably, someone will say that
they know of at least N citations of their
works that don’t appear in the ISI database. This is a problem for mathematicians
mainly because our counts tend to be small.
I don’t hear the biologists or theoretical
physicists that I mix with complaining much
about the reliability of citation counts, and
that is presumably because their counts are
typically much larger and a few missed citations don’t affect their totals as much.
Citation counts, or average counts per paper, might be a more reliable indicator of
quality for our department as a whole, or
for sizeable research subgroups, rather than
for individuals, if we could collect the data.
But then we would need the data for similar
groupings elsewhere for comparison. In this
connection, I see that UNSW announces
proudly on its School of Mathematics web
page (and indeed, why shouldn’t it?) that
it ranked fourteenth in the world on the basis of citations of its papers in mathematics
over the ten-year period 1991-2001. They
go on to claim that they are “number one
in Australia for both quality and quantity,”
so they at least are confident of the reliability of citation counts when used for their
whole department in this way.
Another common objection to citation
counts for individuals is that a paper may
be widely cited because it contains faulty
conclusions. This one I regard as a furphy. Researchers whose counts have been

inflated in that way would be well known to
their colleagues, and seem to me rather unlikely to gain much benefit from their sins.
This is not to dismiss the importance in research, if one gets something wrong, of getting it wrong in an interesting way. Selfcitations are also a cause for objection to
citation counts, but this too is not a very
strong objection, I believe.
There are better reasons for not giving
citation counts too much weight. One is
that token citations are common, in the applied sciences especially. These are there
because the citing authors feel they should
be there for completeness, whether or not
they are really building on the results of the
papers they cite. Such citations tend to be
rather vaguely described and to appear in
nested groups: “Much research has recently
focussed on blah [m–n].”
This often happens with what could be
called, somewhat unfairly, bandwagon research. A bandwagon gets under way when
someone, usually a well-known big player in
a field, opens up a new area with a breakthrough paper, and hordes of smaller players quickly concentrate their attention upon
it and explore every possible variation. I am
reminded of piranha. It is a common phenomenon in the applied sciences, but much
less common in mathematics.
I don’t want to be too critical of bandwagon research because it is after all the
main way in which the cutting edge of scientific research keeps advancing: unpredictable leaps ahead, followed by backing
and filling. And which researchers should
be judged to be doing the more valuable
work? The ones who get on a bandwagon
where the hot topics are obvious but the
competition is fierce; or the ones who are
off in a quiet corner, trying to find original
problems of their own and chipping away in
an area that’s of current interest to only a
few colleagues around the world, with little
or no danger of being scooped, with little
pressure to obtain results quickly, but with
the hope and dream of a big breakthrough?

Math matters

Certainly the former are more likely to be
rewarded with higher citation counts.
The main objection to the use of citation counts is surely that it tries to trivialise the whole research exercise and to measure by a few numbers the quality (whatever that means) of an enormously complicated human endeavour. That is the real
reason we are uncomfortable with it. However, I fear that it will be difficult to convince Government bean counters with this
argument. Reducing the measurement of research quality to a few numbers is exactly
what they would like to do, and unfortunately their power and influence seem to increase steadily.
Why is it that citation counts are lower
for mathematics? An obvious reason is that
the bibliography of the average research paper in mathematics is shorter than for many
other disciplines. My very rough estimate,
based on looking at a handful of research
(not review) papers on the Web of Science,
is that a typical paper in pure mathematics cites ten or fewer sources; a typical paper in applied mathematics about twenty;
a typical paper in theoretical physics about
thirty; and a typical paper in the biological sciences about fifty. (I’m sorry but I
didn’t have time to look at papers in statistics as well.) It’s not so clear what is
the reason for this wide variation. People
tell me it’s that each field has its own culture, even to the extent of judgements as to
what is the real purpose of a bibliography –
a guide to background for the reader, or a
comprehensive listing of relevant sources –
but I don’t find this very convincing. Perhaps research problems in mathematics, especially pure mathematics, tend to be more
narrowly defined, so that fewer background
papers need be cited. Perhaps it’s that journals in more applied areas tend to require
authors to provide introductions accessible
to a wide readership. Undoubtedly there is
also the matter of how ‘hot’ is the relevant
research area. I have had limited experience
of bandwagon research on a really hot topic,
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but enough to know that other authors on
the bandwagon get very angry if you fail to
cite what they consider to be their relevant
papers or even their preprints.
Whatever the reasons, citation counts are
lower for mathematics and we may have to
deal with that when research quality is being assessed. A useful suggestion that has
been made to me is that for each of our research subgroups, rather than looking at citation counts, we might identify the top ten
or so journals, and then report how many
publications we had in those journals over
the past five years. This is a good idea, and
we shall probably adopt it, giving each subgroup the option of including citation data
as well if they wish.
Then comes the question of how we identify the top journals in a research area. This
is probably best left to the people in each
subgroup to decide, but we could look at impact factors which, on the face of it, can help
to identify the top journals in any field. As
far as I could tell from the ISI database, the
five top-ranking journals in pure mathematics (based on 2003 data), with their impact
factors, are
Bulletin of the American Mathematical Society (3.65)
Journal of the American Mahtematical Society (2.46)
Communications on Pure and Applied
Mathematics (2.25)
Acta Mathematica (1.79)
Annals of Mathematics (1.51)
I don’t know if any of the pure mathematicians among us would dispute that these are
five of the very top journals, although I am
sure that some might change the order, or
have a slightly different top five. Candidate top fives or tens for different research
sub-areas could perhaps be identified in this
way, using impact factors, without causing
much argument.
The problems with impact factors, as
with citation counts, arise when people
start to attribute too much weight to them.
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When commenting on research quality, colleagues in physics seem to talk a lot these
days about how many ‘Physical Review Letters’ or ‘Natures’ so and so has, presumably
because these journals have very high impact factors (7 and 31, respectively). And
a senior colleague in the biological sciences
with whom I have published, is now reluctant to use Journal of Theoretical Biology as
a journal of first choice because of its “low”
impact factor 1.55. A culture seems to be
developing in science generally that pays a
great deal of attention to impact factors as
well as to individual citation counts, and I

fear that as mathematicians we may have
trouble with both in the coming years.
I was slightly surprised to discover from
the Web that there is an active field of
study of the measurement of research quality called scientometrics, and even a wellestablished journal by that name. The immediate reaction of a colleague when I told
him this was, “What’s its impact factor?”
So I checked: It’s 1.25, which is higher
than the impact factors of most mathematics journals. Perhaps this one observation, more than anything I have said above,
shows how silly it would be to attach a lot
of weight to this whole business.

Department of Mathematics, University of Queensland, St Lucia, QLD 4072
E-mail: ajb@maths.uq.edu.au

Norman Do
A Mathemagical Card Trick

1

Card Trick
Here I have a normal deck of 52 playing cards. . . take them and have a look for yourself.
I would like you to choose five, any five, of your favourite cards and remove them from
the deck. Now, being careful not to show me, pass those five cards to my lovely assistant.
She will reveal four of them by placing them face up on the table — the 4♠, the Q♣,
the 5♥ and then the 10♦ — but leave the identity of the remaining card known only
to you and herself. And the identity of that card is none other than the 9♠!

Few people would fail to be amazed by this card trick, especially when performed live. Many
spectators will propose that there is some sleight of hand or secret signalling involved, while
the more credulous in the audience may even suspect telepathy! However, I assure you that
there is no legerdemain, no underhand communication and certainly no mind reading. The
cards are all on the table, so to speak, and the only communication seems to be via the
order that they are laid down by my lovely assistant. Thus, the question which I now ask is
purely a mathematical one: “How does the trick work?”
As with any worthwhile mathematical problem, it pays to spend some time working towards
a solution. So I encourage the reader to immediately grab a pen and the nearest scrap
of paper and return to this article only after some serious contemplation. The solution
appears below but to delay revealing the spoiler, I will briefly recount some history. The
card trick originated from the mind of mathematician and magician William Fitch Cheney,
Jr (1894–1974), who was awarded the first ever PhD in mathematics from MIT. Fitch’s Five
Card Trick, as we shall refer to it, first appeared in print in Wallace Lee’s Math Miracles
[2] way back in 1950. It was not until 1986 though, that the trick was revived by yet
another mathematician and magician Art Benjamin. Since then, the trick has achieved
more widespread fame, appearing on the rec.puzzles newsgroup, in recent articles by
Michael Kleber [1] and Colm Mulcahy [3], and even in job interviews!
Despite these public appearances, I have come across few people who have had the opportunity to be amazed by Fitch’s Five Card Trick. Hopefully this article will help to rectify
the situation, at least amongst the mathematicians of this country. For it serves not only as
a beautiful problem and interesting party trick, but also as an instructive and entertaining
educational tool, as evidenced by the article Using a Card Trick to Teach Discrete Mathematics [4]. My hope is that after passing Fitch’s Five Card Trick secrets on to you, that it
will then be passed on to others, perhaps in the course of a mathematics lecture.
But now we turn our attention to the secret behind Fitch’s Five Card Trick. Congratulations
to those who have tried the problem and solved it, commiserations to those who have tried to
no avail, and those who have not tried the problem should do so without delay. The problem
yields to more than one approach, although those of mathematical inclination invariably use
the following three main ideas.
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◦ The first observation we make is that the assistant is handed five cards, whereas
there are only four possible suits. Thus, a trivial application of the pigeonhole
principle yields the fact that at least two cards must be of the same suit. So the
assistant can choose one of these to be the hidden card and communicate its suit by
revealing the other card first.
◦ The second observation is that the assistant can use the natural ordering on the
cards, from Ace up to King. Ties can be broken by ordering the suits in bridge,
or equivalently alphabetical, order — Clubs, Diamonds, Hearts and Spades — so
that the Ace of Clubs is the lowest card in the deck and the King of Spades the
highest. After revealing the first card, the assistant has no control over what the
remaining three cards are, except that there must be a Low, a Medium and a High
with respect to the strict ordering described. Thus, rearranging these three cards
can communicate one of six things, such as the numbers from 1 to 6. There are many
ways to do this, but my preferred method is the following: 1 ↔ LM H, 2 ↔ LHM ,
3 ↔ M LH, 4 ↔ M HL, 5 ↔ HLM , 6 ↔ HM L.
◦ Once I see that first card revealed by my assistant, I have immediately pinned down
the suit of the hidden card, which leaves only twelve remaining possibilities for its
identity. Unfortunately, this is twice the number of possible messages which I can
receive from my assistant with only three cards remaining. Resolving this discrepancy is the most subtle of these three main ideas. The critical observation is that
a number from 1 to 6 can always be added onto the value of the first card revealed
to give the value of the hidden card. For example, if the same suit pair consists of
the 3♠ and the 9♠, then the assistant should play the 3 first and communicate the
number 6 with the remaining three cards. But if the same suit pair was the 3♠ and
the 10♠, then the assistant should play the 10 first and communicate the number
6, where the addition is performed modulo 13. The extra factor of two comes from
the choice of which of the same suit pair the assistant chooses to reveal and which
to hide.
This solution to the problem is far from unique, although the scheme is certainly one of
the easiest to implement between magician and assistant. Having said that, I should warn
budding magicians not to perform the trick without much practice, some of which can be
gained from the following exercise.
What card is being encoded by the following sequences of four cards?
2♣, 6♠, 6♥, K♣
9♥, 3♣, A♦, K♥
4♦, K♠, 3♣, 10♠
3♠, A♠, Q♥, 8♥

2

Maths Problems

Maximizing the Deck
Note that the trick involves the assistant receiving a hand consisting of an unordered set of
five cards and encoding it as a message consisting of an ordered set of four cards. The astute
reader may have noticed that there is some slack in this encryption scheme for the following
two reasons.
◦ In any hand where all four suits do not appear, the assistant can encode the hand in
more than one way. For example, the unordered set of five cards {5♦, 2♥, J♥, 9♠, Q♠}

Mathellaneous

11

can be encoded as either of the following two ordered sets of four cards:
(J♥, 9♠, Q♠, 5♦) or (9♠, 5♦, 2♥, J♥).
◦ Any message which contains the card that it encodes will never be used. For example, the assistant will never receive a hand which can be encoded by the message
(3♣, J♥, 6♣, Q♦).
A mathematician’s first instinct upon seeing some slack in the solution to a problem is to
grab a loose end and try to tighten it. In this particular problem, this can be achieved by
increasing the number of cards in the original deck to more than the standard 52. Thus, the
natural question to ask ourselves now is the following.
What is the largest size deck for which Fitch’s Five Card Trick can be performed?
Suppose that we wish to perform the trick with a deck of N cards, labelled from 1 up to N .
Thus, a hand is simply an unordered set of size five while a message is an ordered set of size
four, where all elements are integers from 1 to N . If we denote the set of hands by H and
the set of messages by M , it is clear that the assistant’s role in the trick is merely to apply
some prearranged function which takes a hand in H and outputs a message in M . The
magician’s role in the card trick is to determine the input hand, and hence the identity of
the hidden card, of such a function given only the output message. For this to be possible,
it is clear that the function must be one-to-one. One consequence of this observation is
the fact that there must be at least as many messages as there are hands. This yields the
following non-trivial bound.
|H| ≤ |M | ⇒

N!
N!
≤
⇒ N ≤ 124.
5!(N − 5)!
(N − 4)!

Although N ≤ 124 is a necessary condition for the card trick to work, it may or may not
be sufficient. Faced with this upper bound on the number of cards, the obvious path from
here is to find a lower bound to match. In other words, we would like to show that the
card trick does, in fact, work with a deck containing as many as 124 cards. Given the above
discussion, the problem can be presented in the following more visual form.
Is there a way to pair up each of the unordered sets in the left column with a unique
ordered set in the right column in such a way that each set from the left column contains
its partner set from the right column?
unordered subsets of size 5
ordered subsets of size 4
with elements from 1, 2, . . . , 124 with elements from 1, 2, . . . , 124
{1, 2, 3, 4, 5}
(1, 2, 3, 4)
{1, 2, 3, 4, 6}
(1, 2, 3, 5)
{1, 2, 3, 4, 7}
(1, 2, 3, 6)
..
..
.
.
{120, 121, 122, 123, 124}

(121, 122, 123, 124)

Indeed, the answer to the above question is in the affirmative, thus proving that Fitch’s Five
Card Trick can accommodate a deck with 124 cards. The proof of this fact is a beautiful
application of Hall’s Marriage Theorem, a staple result for combinatorialists. The following
statement of the theorem and accompanying sketch proof are for those few whom are yet to
be fully acquainted with it, but most readers should be familiar enough with the theorem
to proceed beyond without delay.

12

Norman Do

Hall’s Marriage Theorem: Suppose that there are n boys, each of whom wishes to marry
a girl that he knows. This is possible if and only if every set of k boys knows at least k
girls between them, for all possible k.a
Sketch proof: Let us say that a set of boys satisfies the Hall Marriage Condition if every
set of k boys knows at least k girls between them, for all possible k. It is clear that if the
boys can be married off, then the Hall Marriage Condition must be satisfied, but the
reverse implication is the real meat of the theorem. The following is a sketch proof by
induction on the number of boys, the base case of one boy being trivial. Now suppose
that the theorem is true for 1, 2, . . . , n boys and consider a set of n + 1 boys which
satisfies the Hall Marriage Condition. One of the following two scenarios must occur.
◦ Every group of k boys knows at least k + 1 girls, for all k ≤ n.
Take any boy and marry him to a girl he knows, of which there are at least
2. Then after removing this happily married couple from the picture, the Hall
Marriage Condition still holds for the remaining set of n boys. So by the
induction hypothesis, the rest of these boys can also be happily married.
◦ There exists a group of k boys which knows exactly k girls, for k ≤ n.
Note that the Hall Marriage Condition is satisfied by this set of k boys, so by
the induction hypothesis, we can marry them off. Then after removing these
k happily married couples from the picture, the Hall Marriage Condition still
holds for the remaining set of n + 1 − k boys, a fact which the interested reader
should verify. So by the induction hypothesis, the rest of these boys can also
be happily married.
aThe majority of expositions on Hall’s Marriage Theorem involve a number of girls who wish to find

husbands for themselves. Hopefully, the statement provided here will help to restore the balance!

In order to use Hall’s Marriage Theorem in this context, it is helpful to think of the ordered
sets in the left column of the table as the boys and the unordered sets in the right column
as the girls. In particular, we will declare that a boy and girl know each other if and only if
the boy set contains the girl set. Of course, all of this information can be neatly represented
as a bipartite graph where the 124 vertices in each partition represent the boys and the
girls, while edges represent mutual acquaintance. This particular graph has a great deal
of structure, not least the fact that every vertex has degree exactly 120, as the reader can
easily verify. Suppose now that there is a set of k boys who know between them m girls.
Then there must be 120k edges emanating from those k boy vertices in the graph and the
m girl vertices must on average have degree at least 120k/m. In the case m < k, this value
is greater than 120, contradicting the fact that every vertex in the graph has degree exactly
120. So m ≥ k as required, proving that the Hall Marriage Condition is satisfied for this
particular set of boys and girls. Thus, we conclude that the required function exists.
Constructive Proof
We have proved, somewhat surprisingly, that Fitch’s Five Card Trick can be performed
using a deck of 124 cards, but no more. But even the purest of mathematicians would be
uneasy with this proof for to actually perform the trick requires more than knowledge of the
existence of a strategy. In fact, not only do we need an explicit example, but for practical
reasons, it is convenient to have one which is “easy to implement”.
Can you find an “easy to implement” strategy to perform Fitch’s Five Card Trick for a
deck with 124 cards?

Mathellaneous
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Of course, what we mean by “easy to implement” is subject to debate, but the following
scheme is arguably the simplest known. Suppose that the hand drawn consists of the five
cards 1 ≤ c1 < c2 < c3 < c4 < c5 ≤ 124. The lovely assistant should keep the card cm
hidden, where m is chosen to satisfy m ≡ c1 + c2 + c3 + c4 + c5 , where this and subsequent
calculations are considered modulo 5. If we let s denote the sum of the four revealed cards,
it is clear that cm + s ≡ m, so that cm ≡ m − s. In other words, one of the following five
cases must occur:
◦
◦
◦
◦
◦

cm
cm
cm
cm
cm

is
is
is
is
is

the
the
the
the
the

smallest card in the hand and satisfies cm ≡ 1 − s;
second smallest card in the hand and satisfies cm ≡ 2 − s;
third smallest card in the hand and satisfies cm ≡ 3 − s;
fourth smallest card in the hand and satisfies cm ≡ 4 − s; or
largest card in the hand and satisfies cm ≡ 5 − s.

A far more succinct way to think about the matter is as follows. If the remaining 120 cards,
apart from the four revealed, are renumbered from 1 to 120 in increasing order of size, then
cm ≡ 1 − s in the new labelling system. Since there are only 120/5 = 24 possible labels with
the given value modulo 5, the four cards revealed can be ordered in any of 4! = 24 ways to
communicate the new label of the hidden card cm . It is a simple matter to convert back
from the new to the old labels on the cards.

3

Variations on a Theme

Ups and Downs
After a few repeat performances with the same audience, Fitch’s Five Card Trick may start
to lose some of its shine. This little variation on the original trick due to Colm Mulcahy
[3] can add a little more spice to the show. It is based on the fact that numbers can be
communicated in binary by placing the cards face up or face down. Just as before, there
are three main ideas behind the trick, two of which remain exactly the same as before. The
pigeonhole principle guarantees that we can communicate the suit of the hidden card using
the first card revealed, while the choice of which card to hide means that we need only
communicate a number from 1 through to 6. This is now a simple task in binary, using
a face down card to represent 0 and a face up card to represent 1. More explicitly, the
correspondence is as follows: 1 ↔ DDU , 2 ↔ DU D, 3 ↔ DU U , 4 ↔ U DD, 5 ↔ U DU ,
6 ↔ U U D.
Two notable observations can help to spice up this variation even more. Firstly, since the
U U U combination is never used here, the assistant can choose to switch from the original
trick to this variation mid-performance. Mulcahy suggests using the line, “Should we make
it harder this time, and only show some of the cards?” Secondly, the DDD combination is
also never used here, so the first face up card among the three binary digits can always be
used to give the suit, thereby making the first card redundant. Thus, only three cards need
ever be shown, either face up or face down, while the fourth card can be completely ignored.
What card is being encoded by the following sequences of four cards, using the Ups and
Downs variation?
2♣, 6♠, DOWN, K♣
9♥, 3♣, DOWN, DOWN
4♦, DOWN, 3♣, DOW N
3♠, A♠, Q♥, DOWN

14

Norman Do

Suit Alterations
A shortcoming of the method given above to perform Fitch’s Five Card Trick is the fact that
the suit of the first card revealed will always match that of the hidden card. It is altogether
likely that shrewd audience members will pick up on this feature upon repeat performances.
It would be nice to tweak the above scheme so that the card which determines the suit of the
hidden card is not always revealed first. This can be achieved using the following scheme.
Sum the values of the four cards revealed and reduce modulo 4 to obtain the number 1, 2, 3
or 4. Then use that position to communicate the suit of the hidden card and the remaining
three to communicate the value. For example, consider the example from the beginning of
this article — 4♠, Q♣, 5♥ and 10♦. Summing the values of the cards gives 4+12+5+10 ≡ 3
modulo 4. Thus, the 5♥ determines the suit of the hidden card, the remaining three cards
4♠, Q♣, 10♦ are in LHM order, and the hidden card must be the 8♥.
What card is being encoded by the following sequences of four cards using the Suit
Alterations variation?
2♣, 6♠, 6♥, K♣
9♥, 3♣, A♦, K♥
4♦, K♠, 3♣, 10♠
3♠, A♠, Q♥, 8♥
Cards and Coins
In Kleber’s article [1], he mentions that Elwyn Berlekamp performs the trick with a deck
of size 64, with the additional feat of guessing the result of a coin flipped by an audience
member. The trick works in a similar fashion to the scheme proposed for 124 cards above,
but upon removing the four cards, only 60 remain rather than 120, and the result of the
coin flip is encoded using the remaining bit of information

4

Further Thoughts

Generalizing Fitch’s Five Card Trick
Fitch’s Five Card Trick originally involved five cards in order to accommodate the standard
deck size of 52 cards. However, if we are to consider decks of arbitrary sizes, then there is
nothing to stop us from also considering in all generality an n card trick, where the audience
member may remove n cards from the deck. We can even generalize the number of cards
revealed by the assistant to be some value r, so that the magician must then be able to
name the remaining n − r cards. Fortunately, a completely analogous analysis to the one
performed above, using Hall’s Marriage Theorem, guarantees the existence of strategies for
certain values of N , where N is the number of cards in the deck. Let us call this generalized
version Fitch’s (n, r) Card Trick, so that the (5, 4) case corresponds to the original version.
A strategy exists for Fitch’s (n, r) Card Trick if and only if
(N − r)!
≥ n!.
(N − n)!
However, similar to the analysis performed earlier, the proof shows the existence without a
concrete construction. Thus, it would be nice to have an answer to the following question.
For arbitrary values of n, r and N satisfying the above inequality, is there an “easy to
implement” strategy?

Mathellaneous
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Perfect Card Tricks
One of the pleasing properties about performing Fitch’s Five Card Trick with the maximal
deck size of 124 is that the number of possible hands is exactly equal to the number of
possible messages — there is absolutely no slack in the encryption scheme. More generally,
if we were to perform Fitch’s (n, n − 1) Card Trick, the maximal deck size can be obtained
using the bound given above.
(N − n + 1)!
≥ n! ⇒ N ≤ n! + n − 1.
(N − n)!
When equality holds, in other words N = n! + n − 1, we are again in the pleasing situation
of having an equal number of possible hands and possible messages. Following the parallel
with perfect codes from coding theory, let us call Fitch’s (n, p) Card Trick a perfect card
trick if there exists a deck size for which the number of hands is equal to the number of
messages. A perfect card trick results from equality in the bound given earlier, so finding
them boils down to solving the following Diophantine equation.
For which positive integer values of n and p does there exist a positive integer N such
that
(N − p)!
= n! ?
(N − n)!
I have not had the time to solve or research the problem, so I do not know in which part of
the spectrum from trivial to notoriously impossible the problem lies.
How Many Card Tricks?
In the articles [1] and [4], the authors raise the combinatorial question of counting the number
of strategies that exist for performing Fitch’s Five Card Trick. Of course, the problem can
be answered for the standard deck of 52 cards or for the maximal deck of 124 cards. It
can also be generalized to Fitch’s (n, r) Card Trick. It probably makes sense to only count
strategies as equivalent if they are related by renumbering the underlying deck of cards.
How many strategies modulo equivalence exist to perform Fitch’s (n, r) Card Trick?
More Card Tricks
This particular gem is one of only a small number of card tricks to my knowledge that
relate to non-trivial mathematics. I would be very interested to hear of any others from the
readership of the Gazette.
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John Urbas
In the year 2000, exactly one hundred years after David Hilbert posed
his now famous list of 23 open problems, The Clay Mathematics Institute (CMI) announced its seven Millennium Problems. (http: // www.
claymath. org/ millennium ). Any person to first publish a correct solution, proof or disproof of one of the following problems: 1) Birch
and Swinnerton–Dyer Conjecture, 2) Hodge Conjecture 3) Navier–Stokes
Equations 4) P versus NP 5) Poincaré Conjecture 6) Riemann Hypothesis 7) Yang–Mills Theory, does not only earn immortal fame but will be
awarded the generous sum of one million US dollars. With Perelman’s
(likely) proof of the Poincaré Conjecture, the continued optimism about
an impending proof of the Riemann Hypothesis, and the omission of such
famous problems as Twin Primes and Goldbach, it seems the CMI would
have been wise to have followed Hilbert’s example in announcing not 7
but 23 Millennium Problems. The Gazette will try to repair the situation,
and has asked leading Australian mathematicians to put forth their own
favourite ‘Millennium Problem’. Due to the Gazette’s limited budget, we
are unfortunately not in a position to back these up with seven-figure
prize monies, and have decided on the more modest 10 Australian dollars
instead.
In this issue John Urbas will explain his favourite open problem that
should have made it to the list.

Nonlinear elliptic equations
In this article I will describe a longstanding open problem whose resolution will be a major
development in the theory of nonlinear second order elliptic equations, and which I think is
of sufficient importance and depth to be included in the Gazette’s Millennium Series. The
question can be phrased simply as follows. Under what conditions (beyond natural ellipticity
and regularity assumptions to be described below) are solutions u of an elliptic equation
F (D2 u) = g(x)

(1)

(interpreted in a suitable generalized sense) necessarily classical solutions, that is, solutions
having continuously differentiable second derivatives? This is known to be true in two
dimensions with no structure condition on F because of certain estimates proved in the
1950s, while in higher dimensions it was proved in the 1980s under the assumption that F
is concave. We would like to know just how much the concavity condition can be weakened,
or whether it can be eliminated altogether. A resolution of this problem will either lead
to the existence of classical solutions for various important equations for which this is not
known at present, or else, identify a fundamental structural obstruction to the existence of
classical solutions.
To discuss the problem further we need to explain the terms used above. In (1) F is a
smooth function defined on the space of symmetric n × n matrices Sn×n , or on some open
Supported by an Australian Research Council Senior Fellowship
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subset of Sn×n , and g is a smooth function defined on some bounded open set Ω ⊂ Rn ,
usually having a smooth boundary ∂Ω. A classical solution u of (1) is a twice continuously
differentiable function u : Ω → R (we write this as u ∈ C 2 (Ω)) which satisfies equation (1)
at each point of Ω. In (1) D2 u denotes the Hessian or matrix of second partial derivatives of
u. We say that (1) is elliptic with respect to a given solution u if [F ij ] := [∂F (D2 + u)/∂uij ]
is a positive definite matrix at each point of Ω. This means that the differential operator
Pn
ij ∂ 2
i,j=1 F ∂xi ∂xj is second order in every direction. We say that (1) is uniformly elliptic
with respect to a given solution u if there are positive constants Λ ≥ λ such that
n
X
λ|ξ|2 ≤
F ij ξi ξj ≤ Λ|ξ|2 for all ξ ∈ Rn
i,j=1

at each point of Ω.
The best known example is the linear equation
∆u = g(x),
where ∆ =

(2)

n
X
∂2
is the Laplace operator. It is obviously uniformly elliptic on any solution,
∂x2i
i=1

with [F ij ] equal to the identity matrix.
Another important example is the Monge-Ampère equation
det D2 u = g(x).

(3)

In this case [F ij ] is the matrix of cofactors of D2 u, so (3) is elliptic on functions u with
the property that all the eigenvalues of D2 u have the same sign. By replacing u by −u if
necessary we may assume that D2 u is positive definite. For such solutions to exist we must
take g positive. Equation (3) is uniformly elliptic on solutions u such that the eigenvalues
of D2 u are bounded between two positive constants. In particular, any solution u ∈ C 2 (Ω)
with D2 u > 0 is uniformly elliptic on any compact subset of Ω.
If we denote the eigenvalues of D2 u by λ1 , . . . , λn , then evidently
X
Y
∆u =
λj and det D2 u =
λj .
It is clear that many other nonlinear equations of the form (1) can be generated by taking other symmetric functions of λ1 , . . . , λn . Some interesting examples are obtained by
considering the k-th elementary symmetric functions
X
σk (λ1 , . . . , λn ) =
λ i1 · · · λ i k ,
1≤i1 <···<ik ≤n

which give rise to the k-Hessian equations
Fk (D2 u) = g(x),
of which (2) and (3) are special cases. The k-Hessian equations are elliptic on solutions
u ∈ C 2 (Ω) satisfying a condition called k-convexity; it is equivalent to D2 u > 0 if k = n,
and is weaker than this if k < n.
Equations of the above type are usually studied in conjunction with a boundary condition.
The simplest and most studied boundary condition in the theory of elliptic equations is the
Dirichlet condition: we are required to find a solution u of (1) defined in a given bounded
domain Ω ⊂ Rn with u = φ on ∂Ω for a given smooth function φ.
The basic technique to solve the Dirichlet problem is to embed the given problem
F (D2 u) = g(x)

in Ω,

u = φ on ∂Ω

(4)
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into a family of problems
Ft (D2 u) = gt (x)

in Ω,

u = φt

on ∂Ω

(5t )

for t ∈ [0, 1], in such a way that t = 1 corresponds to the problem we want to solve, while
t = 0 reduces to a problem we know to be solvable in a suitable class of functions. It turns
out that an appropriate class of functions to work in is the Hölder space C 2,α (Ω), where
α ∈ (0, 1). The Hölder spaces C k,α (Ω) are defined as follows: Given a nonnegative integer
k and α ∈ (0, 1), a function f belongs C k,α (Ω) if and only if
kf kk,α;Ω :=

k
X

sup |Dj f (x)| + sup

j=0 x∈Ω

x,y∈Ω
x6=y

|Dk f (x) − Dk f (y)|
< ∞.
|x − y|α

We then need to show that the set T of t ∈ [0, 1] for which (5t ) is solvable in C 2,α (Ω) is
both open and closed. Since T is not empty (because 0 ∈ T), by connectedness of [0, 1] we
conclude that T = [0, 1], so our original problem (4) is solvable in C 2,α (Ω).1
Showing that T is open uses the implicit function theorem for mapping between Banach
spaces and linear elliptic theory (see [6], Chapter 17). Proving that T is closed depends on
establishing a priori estimates for solutions ut of (5t ) in C 2,α (Ω). This is usually the most
difficult part of the whole procedure.
Once we have proved the existence of solutions in C 2,α (Ω), it is usually possible to get
further results by approximation. For example, for less regular boundary data we can often
prove the existence of solutions in C 2,α (Ω) ∩ C 0 (Ω) 2, provided we can prove precisely these
bounds for solutions of a suitable family of approximating problems.
Sometimes we are not able to prove the existence of solutions in C 2,α (Ω) or in C 2,α (Ω) ∩
0
C (Ω) because we lack the appropriate estimates. In such cases the best we can usually do
is prove the existence of some kind of generalized solution u and show it has some low level
of regularity, for example u ∈ C 0,α (Ω) or u ∈ C 1,α (Ω) . Again, all this depends on proving
appropriate estimates.
At the begin of the article the problem was phrased as a question about the smoothness
of generalized solutions. However, the key issue is really what estimates can be proved for
smooth solutions. Once we have such estimates, the regularity of generalized solutions can
be addressed by suitable approximation techniques. For the purposes of this article it is not
necessary to know what a generalized solution is.3
It should be clear from the preceding discussion that estimates play a central role in the
theory of partial differential equations. For this reason major bursts of progress in the subject
have come about with the discovery of new estimates and new ¿¡DEFANGED.4 techniques
for proving estimates. Very often these are estimates for solutions of linear equations rather
than nonlinear ones, but it turns out that the linear estimates provide fundamental tools
for studying nonlinear equations.
There have been several such major breakthroughs during the last fifty years. In the late
1950s De Giorgi [4], Nash [10] and Moser [9] proved a local estimate in C 0,α (Ω) for weak
1For some equations such as the Monge-Ampère equation this needs to be modified a little; we sometimes
need to work in a suitable open subset of C 2,α (Ω) rather than in the whole space. Also, the family of problems
(5t ) needs to be chosen so that various structure and regularity hypotheses are satisfied uniformly for the
whole family of problems.
2u ∈ C 2,α (Ω) ∩ C 0 (Ω) means that u ∈ C 2,α (Ω0 ) for each bounded open set Ω0 ⊂ Ω with Ω0 ⊂ Ω, and u
extends continuously to Ω.
3The appropriate notion is that of viscosity solution. An exposition of this theory is given in [3].
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solutions of linear, uniformly elliptic equations of divergence form
n
X


Di aij (x)Dj u = f (x)

i,j=1

with bounded measurable coefficients aij . This development rapidly opened up the theory
of quasilinear equations of the form
X
Q[u] =
aij (x, u, Du)Dij u = b(x, u, Du)
i,j=1

in dimensions n ≥ 3. Previously the theory of such equations had been almost entirely
restricted to two dimensions, where complex analytic techniques were available.
A second major development occurred in 1980. This was the derivation by Krylov and
Safonov [8] of an analogue of the De Giorgi-Nash-Moser estimate for solutions of linear
uniformly elliptic equations of nondivergence form
n
X

aij (x)Dij u = f (x)

i,j=1

with measurable coefficients aij .
Estimates for solutions of linear equations are useful for studying nonlinear equations
because we can apply the estimates for linear equations to the first and second derivatives of
a solution u of a nonlinear equation to obtain Hölder continuity estimates for the first and
second derivatives of u. The equations for the derivatives of u are obtained by differentiating
the original equation, so the first and second derivatives of u may not satisfy a nice equation, especially when we consider more general equations of the form F (x, u, Du, D2 u) = 0.
Usually all we can derive is a reasonable differential inequality, so a good deal of further
work is necessary.
To illustrate this we return to equation (1) and differentiate it twice in a direction ξ,
obtaining
X
X
F ij Dijξξ u +
F ij,kl Dijξ uDklξ u = Dξξ g,
i,j

i,j,k,l

where
F ij,kl =

∂ 2 F (D2 u)
.
∂uij ∂ukl

Notice that in general this does not give us a good differential equation for v = Dξξ u because
the quadratic term in third derivatives of u cannot be expressed in terms of first derivatives
of v, and certainly not in a linear way. However, if F (D2 u) is a concave function of D2 u,
this quadratic term is nonpositive, and we see that v satisfies the linear looking differential
inequality
X
F ij Dij v ≥ Dξξ g.
i,j

Of course, a differential inequality is much weaker than a differential equation, so it is
far from obvious that anything useful can be obtained from this. Remarkably, in the 1980s
Evans [5] and Krylov [7] independently used the Krylov-Safonov theory and other tools to
prove a local second derivative Hölder estimate for solutions of (1) under the above concavity
assumption. A more precise statement is the following: If u ∈ C 2 (Ω) is an elliptic solution
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of (1) and D2 u 7→ F (D2 u) is concave, then for any concentric balls Br ⊂ B2r ⊂ Ω we have
an estimate
o
Cn
[D2 u]α;Br ≤ α kD2 ukL∞ (B2r ) + rkDgkL∞ (B2r ) + r2 kD2 gkL∞ (B2r )
r
for some α ∈ (0, 1) and C > 0 depending only on n and Λ/λ, where λ and Λ are the ellipticity
constants, and
|D2 u(x) − D2 u(y)|
[D2 u]α;Br = sup
.
|x − y|α
x,y∈Br
x6=y

Fortunately, many important equations satisfy the concavity condition, or can be rewritten in a such a way that it is satisfied. For example, for the Monge-Ampère equation (3),
both (det D2 u)1/n and log det D2 u are concave functions of D2 u if D2 u > 0. More generally,
Fk (D2 u)1/k is a concave function of D2 u if u is k-convex. Concave equations of the form
(1) can also be written as Bellman equations


n
X

inf
aij
=0
α Dij u + fα (x)

α∈A 
i,j=1

for a suitable family of symmetric positive definite matrices [aij
α ]. Bellman equations arise
naturally in stochastic control theory and have been much studied from this point of view.
However, there are important examples of equations for which the concavity condition is
not satisfied, and, therefore, for which the existence of classical solutions is not presently
known. The first such example is Isaacs equation


n

X
aij
(x)D
u
+
f
(x)
= 0,
(6)
F (D2 u) = inf sup
ij
αβ
αβ

α∈A β∈B 
i,j=1

aij
αβ

with
positive definite for each α and β. This arises in stochastic games theory.
The second example is the equation
n
X
arctan λi = c

(7)

i=1

where λ1 , . . . , λn are the eigenvalues of D2 u and c is a constant. This equation arises in
the theory of special Lagrangian submanifolds in the following way. Let M be the graph
n
in Cn ∼
= Rn × Rn of a smooth map f : Ω → Rn , where
h Ω
i is an open set in R . M is a
i
∂f
Lagrangian submanifold of Cn if and only if the matrix ∂x
is symmetric. In particular, if
j
Ω is simply connected, then there exists a function u : Ω → R with Du = f . A Lagrangian
submanifold of Cn is called special if it is also a minimal submanifold. In the above situation
the graph of Du is a special Lagrangian submanifold of Cn if and only if
√

Im det(I + −1 D2 u) = constant,
where I is the identity matrix and Im denotes the imaginary part. This can be rewritten in
the form (7).
Equation (7) takes different forms depending on the dimension n and the value of c. For
n = 2 and c = 0 it reduces to ∆u = 0, while for n = 2 and c = π/2 it reduces to det D2 u = 1.
In both these cases one has all the estimates one needs.
For n = 3, the c-level set Σc = {M ∈ Sn×n : F (M ) = c} of
F (D2 u) = arctan λ1 + arctan λ2 + arctan λ3
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is convex if |c| ≥ π/2, but it is not convex if −π/2 < c < π/2. So in this range the concavity
condition fails. Yuan [11] was nevertheless able to establish a local second derivative Hölder
estimate for solutions of (7) in three dimensions.
In higher dimensions some progress on second derivative Hölder estimates for elliptic
equations of the form F (D2 u) = 0 has been made by Caffarelli and Yuan [2] under weaker
geometric conditions than concavity. However, their condition is far from general, and the
theorem of Yuan [11] is not included as a special case.
In addition, Cabré and Caffarelli [1] have proved the second derivative Hölder estimate
for solutions of a class of equations including the simplest nonconvex Isaacs equation
min {L1 u, max{L2 u, L3 u}} = 0
P
where L1 , L2 , L3 are linear elliptic constant coefficient operators of the form Lk u = i,j aij
k
Dij u + ck . Their results are in fact valid for operators that can be written as the minimum
of a concave operator and a convex operator of D2 u, such as
(
)
F (D2 u) = min

inf Lα u, sup Lβ u

α∈A

= 0.

β∈B

But this is still far from including the general Isaacs equation (6).
Most experts in the field seem to believe that it is not possible to dispense with the concavity condition altogether, although this is known to be possible in two dimensions because
of some estimates for solutions of linear equations that are true only in two dimensions.
But we are still far from understanding just how much the concavity condition can be can
be weakened without losing the continuity estimate for second derivatives. For some years
a counterexample to C 2 regularity for solutions of (1) in high dimensions was claimed by
Nadirashvili, but his construction has not stood up to close scrutiny. A resolution of this
question would be a major advance in the theory.
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[4] E. De Giorgi, Sulla differenziabilità e l’analiticità delle estremali degli integrali multipli regolari, Mem.
Accad. Sci. Torino Cl. Sci. Fis. Mat. Natur. 3 (1957), 25–43.
[5] L.C. Evans, Classical solutions of fully nonlinear, convex, second-order elliptic equations, Comm. Pure
Appl. Math. 35 (1982), 333–363.
[6] D. Gilbarg and N.S. Trudinger, Elliptic partial differential equations of second order, 2nd edition
(Springer-Verlag Berlin 1983).
[7] N.V. Krylov, Boundedly inhomogeneous elliptic and parabolic equations (in Russian), Izv. Akad. Nauk
SSSR Ser. Mat. 46 (1982), 87–523, 670.
[8] N.V. Krylov and M.V. Safonov, A property of the solutions of parabolic equations with measurable
coefficients (in Russian), Izv. Akad. Nauk SSSR Ser. Mat. 44 (1980), 161–175, 239.
[9] J. Moser, A new proof of de Giorgi’s theorem concerning the regularity problem for elliptic differential
equations, Comm. Pure Appl. Math. 13 (1960), 457–468.
[10] J. Nash, Continuity of solutions of parabolic and elliptic equations, Amer. J. Math. 80 (1958), 931–954.
[11] Y. Yuan, A priori estimates for solutions of fully nonlinear special Lagrangian equations, Ann. Inst.
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For some girls, the problem with math is that they’re good at
it
Cornelia Dean

A few years ago, I told Donald Kennedy, editor of the journal Science, that I wanted to
write an essay for his publication. It would
say, “Anyone who thinks that sexism is no
longer a problem in science has never been
the first woman science editor of The New
York Times.”
I never wrote the essay. But the continuing furor over Dr Lawrence H. Summers’s
remarks on women and science reminds me
why I thought of it.
For those who missed it, Dr Summers, the
president of Harvard, told a conference last
month on women and science that people
worried about the relative dearth of women
in the upper ranks of science should consider the possibility that women simply cannot hack it, that their genes or the wiring
of their brains somehow leave them less fit
than men for math, and therefore for science.
Dr Summers has since said clearly that he
does not believe that girls are intellectually
less able than boys. But maybe his original suggestion was right. If we ever figure
out exactly what goes on inside the brain, or
how our genes shape our abilities, we may
find out that men and women do indeed differ in fundamental ways.
But there are other possibilities we
should consider first. One of them is the
damage done by the idea that there is something wrong about a girl or woman who is
really good at math.
I first encountered this thinking as a seventh grader who was scarred for life when
my class in an experimental state school for
brainiacs was given a mathematics aptitude
test. The results were posted and everyone
found out I had scored several years ahead
of the next brightest kid. A girl really good

in math! What a freak! I resolved then and
there on a career in journalism.
I encountered the attitude again shortly
after I became science editor, taking up a
position I was to hold from 1997 to 2003.
I went to the annual meeting of the American Association for the Advancement of Science, a convention that attracts thousands
of researchers and teachers. My name tag
listed my new position, and the scientists at
the meeting all seemed to have the same reaction when they read it: “You’re the new
science editor of The New York Times!?”
At first I was deluded enough to think
they meant I was much too delightful a person for such a heavy-duty job. In fact, they
were shocked it had been given to a woman.
This point was driven home a few weeks
later when, at a dinner for scientific eminences, a colleague introduced me to one
of the nation’s leading neuroscientists. “Oh
yes,” the scientist murmured, as he scanned
the room clearly ignoring me. “Who is the
new science editor of The New York Times,
that twerpy little girl in short skirts?”
Dumbfounded, I replied, “That would be
me.”
A few weeks after that I was in another
group of scientific eminences, this one at a
luncheon at the Waldorf. The spokeswoman
for the group that organized the event introduced me to one of the group’s most eminent
guests, a leading figure in American science
policy.
“Oh,” he said kindly but abstractedly,
“you work for The New York Times. How
nice.” The spokeswoman explained, again,
that I was the newspaper’s science editor.
“An editor,” he said. “How nice.” The
woman explained again, but again he could
not take it in. “Oh, science,” he said, “How
nice.” At this point the spokeswoman lost
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patience. She grabbed the honored guest
by both shoulders, put her face a few inches
away from his and shouted at him – “She’s
it!”
Not long after, I answered the office telephone, and the caller, a (male) scientist,
asked to speak to several of my colleagues,
all male and all out. “May I help you?” I
inquired. “No, no, no,” he replied. “I don’t
want to talk to you, I want to talk to someone important!”
Even at the time, I could laugh at these
experiences. After all, I was a grown-up person who could take care of herself. (I informed the caller that all the men he wanted
to talk to worked for me, and then I hung
up. As for Dr Twerpy, he should know that
he was not the first man to refer to me professionally as “that little girl.” I reported on
the doings of the other one until he was indicted.)
But the memories of the seventh grader
are still not funny. Neither is it amusing to
reflect on what happened to a college friend
who was the only student in her section
to pass linear algebra, the course the math
department typically used to separate the
sheep from the mathematical goats. Talk
about stigma! She changed her major to
American civilization.
Another friend, graduating as a math major, was advised not to bother applying for
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a graduate research assistantship because
they were not given to women. She eventually earned a doctorate in math, but one
of her early forays into the job market ended
abruptly when she was told she should stay
home with her husband rather than seek employment out of town.
Experiences like hers – the outright, outloud dashing of a promising mathematician’s hopes simply because of her sex – are
no longer the norm. At least I hope not.
But they are enough, by themselves, to tell
us why there are relatively few women in
the upper ranks of science and mathematics
today.
Meanwhile, as researchers have abundantly documented, women continue to suffer little slights and little disadvantages,
everything from ridicule in high school to
problems with child care, to a much greater
degree than their male cohorts. After 10 or
15 years, these little things can add up to
real roadblocks.
So if I wanted to address the relative lack
of women in the upper reaches of science,
here is where I would start. By the time
these problems are eliminated, maybe we’ll
know what really goes on inside the brain
and inside the chromosomes. Then it will
be time to wonder if women are inherently
less fit for math and science.

This article appeared first in the New York Times on 1 February 2005. Cornelia Dean is Science Editor of
the NYT.
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2005 Australian Academy of Science Medals
The Australian Academy of Science has announced its Medallists for 2005. There are three
medals for the mathematical and statistical sciences, see http://www.science.org.au/
awards.
The 2005 awardees are
Lyle Medal: Prof. Tony Guttmann, UMB
The Lyle Medal recognises the contribution of Sir Thomas Ranken Lyle,
FRS, to Australian science and industry generally and in particular to his
own fields of physics and mathematics. The purpose of the medal is to
recognise outstanding achievement by a scientist in Australia for research
in mathematics or physics.
Professor Guttmann is a leading authority on the generation and analysis
of power series expansions in statistical mechanics and fluid dynamics. He
is the author of the most widely used method for analysing such series, the
method of differential approximants. He is a leading figure in the interchange of ideas between statistical mechanics and algebraic combinatorics.
His recent results, based on this fusion, include a polynomial time algorithm for the generation of series coefficients for the susceptibility of the
Ising model, a conjectured scaling function for the perimeter-area generating function of self avoiding polygons and a powerful, elegant, unexpected
numerical method enabling the analytic structure of the solution of unsolved
lattice enumeration problems to be conjectured (and subsequently proved.)
He has made major contributions to both the mathematics community and
the mathematical education community and has been instrumental in the
establishment of both AMSI and MASCOS and helped write the successful
grant application for ICE-EM.
Hannan Medal: Prof. Richard Brent, ANU
The Hannan Medal recognises the achievements in time series analysis
of the late Professor E.J. Hannan, FAA. Because of Professor Hannan’s
broad interests in the mathematical sciences the award is made in one of
three areas in turn at two-yearly intervals–pure mathematics; applied and
computational mathematics and statistical science.
Richard Brent is a world figure in computational mathematics. He is
renowned for his research on problems involving exact computations including integer factorisation, the Euclidean algorithm, algorithms for formal
power series, and computations over finite fields. He is responsible for many
of the best (in both asymptotic and practical senses) algorithms for important problems, such as high-precision computation of elementary functions
and constants such as π and γ, enumeration of nontrivial zeros of the Riemann zeta function, computations involving composition and reversion of
formal power series, enumeration of irreducible trinomials of given degree,
etc. He was elected FAA in 1982, and is also a Fellow of the ACM, AustMS,
BCS, IEEE and IMA.
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Moran Medal: Dr Mark Blows, UQ
The Moran Medal recognises the contributions to science of the late
P.A.P. Moran, FAA. Its purpose is to recognise outstanding research by
scientists 40 years and under, except in the case of significant interruptions
to a research career, in one or more of the fields of applied probability,
biometrics, mathematical genetics, psychometrics and statistics. The award
is normally made every two years.
Dr Blows has been developing new approaches to the analysis of the genetic
basis of quantitative traits, and how this genetic basis is associated with the
fitness surface and evolutionary divergence. This work has three main components. First, new analytical and visualization procedures have been developed for the representation of fitness surfaces based on thin-plate splines,
and the canonical analysis of the quadratic response surface. Second, matrix
projection and subspace comparison techniques have been adapted for use in
the direct comparison of the additive genetic variance-covariance (G) matrix
and the quadratic fitness surface. Third, a technique has been developed to
decompose phenotypic divergence (represented by the variance-covariance
(D) matrix of population means), into adaptive and neutral vectors, which
are then applied to determine how the eigenstructure of the G matrix may
influence evolutionary trajectories as a consequence of adaptive and neutral
processes.
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Obituary
Professor Rainer Radok has died in Bangkok (Thailand), at the age of 84. Rainer was co-founder with
Professor Ren Potts of the annual meetings of academics and research students that are now the Applied Mathematics Conferences, attended regularly
by many ANZIAM members and nowadays also by
other mathematicians from beyond Australasia. The
first gathering was held on Kangaroo Island (South
Australia) in 1966, and the first interstate meeting was at Hall’s Gap in the Grampians (Victoria) in 1968, co-organised by the author (then at
the Flinders University of South Australia) and Professor Bruce Morton of Monash University. SubProf. J.R.M. (Rainer) Radok sequent Applied Mathematics Conferences in other
Australian states and New Zealand have continued to
18 Feb 1920 – 23 Aug 2004
encourage postgraduate research students to present
talks, a tradition reinforced by the Cherry Prize award. The idea that the meetings
should normally be held away from academic institutions has also been preserved, to
foster an informal atmosphere where both younger mathematics students and more
senior researchers can interact in enjoyable surroundings. To date the Applied Mathematics Conferences have not been held outside Australia and New Zealand, but even
that may happen some day if relative travel costs permit!
Rainer was born at Koenigsberg (Germany), the fourth of five children labelled “NonAryans” during the Nazi regime because their father (although not a Jew) came from
an old Jewish family. In 1938 Rainer enrolled to study engineering at the Technische Hochschule Munich but just before the outbreak of the Second World War Rainer
managed to join his brothers Uwe and Jobst who were both working in Scotland. The
three brothers were interned in England. They survived the sinking of their deportation ship Arandora Star in the Atlantic, and were then sent to Australia via Cape
Town on the ‘Dunera’, reaching Melbourne and internment at Tatura in September
1940. After Pearl Harbour, they were allowed to join the Australian Army Labour
Corps to move supplies and equipment in stores and across platforms at the gaugebreakstations Albury and Tocumwal. Rainer used the early morning hours before
the heavy physical labour to study arts at Melbourne University, gaining credits in
higher mathematics that led to him being hired to work on problems in elasticity at
the then CSIR Aeronautics Division in 1945. Here he developed his lifelong interest
in translating mathematical texts, beginning with the famous monograph “Singular
Integral Equations” by N. I. Muskhelishvili. After gaining his MA in 1949, he was
sent to the College of Aeronautics at Cranfield (England) to work on the stability of
plates reinforced by ribs. This gained him a Diploma with Distinction and led to his
Engineering Doctorate awarded by the Technische Hochschule in Munich in 1955, during an appointment at the Applied Mathematics Division of Brown University (USA)
led by Professor W. Prager. Following other appointments in the USA (Emeryville
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Laboratories and the Brooklyn Institute of Technology), in 1961 Rainer joined Interscience Publishers as foreign editor stationed in Vienna (Austria). His translation
interests developed further, but when Interscience was taken over by Wiley he decided
to take up an appointment at the University of Adelaide as Reader, in the Applied
Mathematics Department led by Professor Potts. Ren encouraged Rainer to develop
his own research specialization – and he chose oceanography, in the period he considered to be the most successful and satisfying in his life. An early highlight was the
“Shell Rip Project” in 1965, when Rainer led a team including other (then and future)
well known Australian applied mathematicians to study the under-keel clearance of
tankers entering Port Philip Bay, to determine whether larger vessels could negotiate
this treacherous shallow passage in the presence of waves and swell. This work was
both mathematical and experimental – involving instrumentation, data collection and
analysis from both an actual 70000-tonne Shell tanker and wave-rider oceanographic
buoys. It is interesting that possible entry of larger vessels to Port Philip Bay is only
now being re-visited.
After he became Foundation Professor of Applied Mathematics in 1966 at the emerging Flinders University of South Australia, Rainer founded “The Horace Lamb Centre
for Oceanographical Research”, involving several other academics and a large number
of postgraduate students – including Roger Braddock, John Noye, Bill Summerfield
and Alan Easton. It was during this period that the annual Applied Mathematics Conferences were established (cf. R.D. Braddock, “An Anecdotal History of the
Applied Mathematics Conference and the Division of Applied Mathematics”(1984)).
Rainer continued to emphasise the importance of fieldwork, and his visit with Professor Munk and others at La Jolla (USA) led to a joint Southern Ocean expedition.
There was also the experiment organised with John Noye, to determine the influence
of wind on the water levels of the Coorong, involving about 80 South Australian
schoolchildren! Rainer initiated the School of Earth Sciences at Flinders University,
to the benefit of several others appointed to associated senior academic positions at
around the time he became Foundation Professor of Oceanography in 1971. However,
Rainer resigned shortly afterwards, to become a “demeritus professor” as he ironically put it. This led to a period of consulting to earn a living in his backyard Horace
Lamb Institute, which left behind previous conflicts but was only partly successful.
During a secondment as Professor of Applied Mathematics at the Asian Institute of
Technology (AIT) in Bangkok, the author proposed that Rainer take over in 1981.
After retiring from that position in 1985, Rainer continued to live in Thailand for
the rest of his life. He taught applied mathematics at Silipakorn University, and then
as Visiting Professor at Mahidol University. He remained a close friend of Professor
Vilas Wuwongse at AIT, and continued to assist postgraduate students there and
elsewhere with their theses. His last years were lived in a Thai village, with Kanueng
and her grandson Nop. Here he maintained his intellectual interests at his personal
computer, which he considered offered far more satisfying activity for mental survival
than television, golf and bowling! He found life in Thailand refreshing and joyful
especially in the countryside, including the area where he chose to live. Rainer is
survived by his daughters Stephanie and Kathy, and their children.
Roger J Hosking (with assistance from Rainer’s family members, former colleagues and students)
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Professor Bruce Berndt is 2005 Mahler Lecturer
Jim Hill

Professor Bruce Berndt from the Department of Mathematics at the University of
Illinois, is the 2005 Mahler Lecturer. Professor Kurt Mahler was one of the major figures
in Australian mathematics from his arrival
in this country in the 1960’s until his death
in 1988. The Australian Mathematical Society was a beneficiary under his will, and the
funds from this bequest have been used to
set up a Visiting Lectureship in his honour.
The Mahler Lectureship is awarded every
two years to a distinguished mathematician,
who preferably works in an area of mathematics associated with the work of Professor Mahler. It is usually expected that the
Lecturer will speak at one of the main Society Conferences, and will visit as many universities as is practical. The Mahler Lecturer is supported by both the Australian
Mathematical Society and by the Australian
Mathematical Sciences Institute.
Professor Berndt will be one of the
keynote speakers at the annual winter meeting of the Society, to be held in Perth
September 27th–30th (Director Professor
Lyle Noakes). Professor Berndt (http://
www.math.uiuc.edu/~berndt/) is very well
known for his considerable efforts in establishing the veracity or otherwise of numerous formulae first derived by the Indian
mathematician Srinivasa Ramanujan (1887–
1920), and he has devoted the larger part of
his working life to the mathematics initiated
by Ramanujan. Predominantly based at the
University of Illinois, he has been the recipient of many awards and Distinguished Professorships in recognition of the excellence
and high standing of his work.
Professor Berndt is involved as an Editor of eight international mathematical journals, including the Journal of Mathematical
Analysis and its Applications, the Ramanujan Journal and the International Journal

of Number Theory. He is the author or coauthor of nearly two hundred research papers, and the following nine books, predominantly dealing with the life and mathematical work of Ramanujan, are excellent examples of the high level of erudition which
characterizes his work:
• Ramanujan’s Notebooks, Part I–V.
• Ramanujan: Letters and Commentary
(with R.A. Rankin).
• Gauss and Jacobi Sums (with R.J.
Evans and K.S. Williams).
• Ramanujan: Essays and Surveys (with
R.A. Rankin).
• Ramanujan’s Lost Notebook, Part I
(with G.E. Andrews).

Arrangements for seminars from
the Mahler Lecturer
After the meeting in Perth, Professor
Berndt will visit Adelaide, Melbourne, Canberra, Wollongong, Sydney and Brisbane,
and he is willing and happy to present seminars to individual universities as required.
Those interested should contact the appropriate person:
• Perth: Lyle Noakes
lyle@maths.uwa.edu.au
• Adelaide: Bob Clarke
robert.clarke@adelaide.edu.au
• Melbourne: Ole Warnaar
warnaar@ms.unimelb.edu.au
• Canberra: Peter Bouwknegt
peter.bouwknegt@anu.edu.au
• Wollongong: Jim Hill
jhill@uow.edu.au
• Sydney: Mike Hirschhorn
mikeh@unsw.edu.au
• Brisbane: Elizabeth Billington
ejb@maths.uq.edu.au

Jim Hill
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Please find below seven possible talks,
which Professor Berndt is willing to give.
The first talk is entirely suitable for a general audience, and almost all of the lecture
would be understood by laypeople. The
next three are on the lost notebook, while
the fourth deals with Ramanujan’s forty
identities for the Rogers-Ramanujan functions. Professor Berndt has been working on
this with students and former students for
over three years, and their goal was to find
proofs for all the identities in the spirit of
Ramanujan. The last two lectures are more
specialized, and are more suitable as seminars rather than general colloquium talks.

In view of the fame of Ramanujan’s “ordinary” notebooks, Andrews naturally called
this collection of sheets Ramanujan’s “lost
notebook”. This work, comprising about
650 results with no proofs, arises from the
last year of Ramanujan’s life and represents
some of his deepest work. After a brief
history of Ramanujan’s life and notebooks,
the history and origin of the lost notebook
will be given. The remainder of the lecture
will be devoted to a survey of some of the
most interesting entries in the lost notebook.
These include claims in q-series, theta functions, continued fractions, integrals, partitions, and other infinite series.

Talk 1: Ramanujan’s Life and Notebooks

Talk 3:
Ramanujan’s Lost Notebook with particular attention to
the Rogers–Ramanujan and Enigmatic Continued Fractions

Ramanujan was born in southern India in
1887 and died there in 1920 at the age of
32. He had only one year of college, but
his mathematical discoveries, made mostly
in isolation, have made him one of this century’s most influential mathematicians. An
account of Ramanujan’s life will be presented. Most of Ramanujan’s mathematical
discoveries were recorded without proofs in
notebooks, and a description and history of
these notebooks will be provided. The lecture will be accompanied by overhead transparencies depicting Ramanujan, his home,
his school, his notebooks, and those influential in his life, including his mother and
wife.

Talk 2: Ramanujan’s Lost Notebook
Srinivasa Ramanujan, generally regarded as
the greatest mathematician in Indian history, was born in 1887 and died in 1920
at the age of 32. Most of his work was
recorded without proofs in notebooks. In
the spring of 1976, while searching through
papers of the late G. N. Watson at Trinity
College, Cambridge, George Andrews found
a sheaf of 138 pages of Ramanujan’s work.

In the spring of 1976, George Andrews visited the library at Trinity College, Cambridge, and found a sheaf of 138 pages containing approximately 650 unproved claims
of Ramanujan. In view of the fame of Ramanujan’s notebooks, Andrews called his
finding “Ramanujan’s Lost Notebook”. I
will provide a history and description of the
lost notebook. I will then give a survey
on several entries of the lost notebook pertaining to the Rogers-Ramanujan and “enigmatic” continued fractions.

Talk 4: Ramanujan’s Contributions to
Eisenstein Series Especially in his Lost
Notebook
Eisenstein series are the building blocks of
modular forms; in particular, every analytic
modular form on the full modular group can
be represented as a polynomial in two particular Eisenstein series. For Ramanujan,
the primary Eisenstein series were, in his notation, P (q), Q(q), and R(q). We provide a
survey of many of Ramanujan’s discoveries
about Eisenstein series; most of the theorems are found in his lost notebook. Some
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of the topics examined are formulas for the
power series coefficients of certain quotients
of Eisenstein series, the role of Eisenstein
series in proving congruences for the partition function p(n), representations of Eisenstein series as sums of quotients of Dedekind
eta-functions, a family of infinite series represented by polynomials in P , Q, and R,
and approximations and exact formulas for
π arising from Eisenstein series.

Talk 5: Ramanujan’s Forty Identities
for the Rogers-Ramanujan Functions
The Rogers-Ramanujan identities are
among the most famous identities in combinatorics. Late in his stay in England, Ramanujan derived forty further identities relating the two Rogers-Ramanujan functions
at different arguments. Although almost all
of the forty identities have now been proved,
principally by L.J. Rogers, G.N. Watson, D.
Bressoud, and A.J.F. Biagioli, an impenetrable fog still lies over the ideas which led
Ramanujan to derive these identities. In
the past four years, the speaker and several
of his former doctoral students have been
attempting to find proofs in the spirit of Ramanujan’s mathematics. At this moment,
we have proofs of thirty-five of the identities
that could have been given by Ramanujan.
In this mostly expository talk, the various
methods that have been used to prove the
forty identities are discussed. It is possible
that Ramanujan used asymptotic analysis
of the Rogers-Ramanujan functions to discover, but not to prove, the identities. We
also describe the ideas behind this approach.

Talk 6: An Unpublished Manuscript
of Ramanujan on Infinite Series
Published with Ramanujan’s lost notebook is a four-page, previously unpublished, handwritten fragment on infinite series. Partial fraction expansions, the Riemann zeta-function, alternating sums over
the odd integers, divisor sums, Bernoulli
numbers, and Euler numbers are featured
in the formulas in this manuscript. Ramanujan’s formula for ζ(2n + 1) is perhaps
the most famous formula in the manuscript.
The manuscript appears to have been originally intended as part of a published paper.
Each proof is sketched in one line. However,
not all the results are correct, and not all the
proofs, even of correct results, are rigorous.
We discuss the formulas and what led Ramanujan to go astray.
Talk 7: Finite Trigonometric Sums
and Class Numbers
In a paper coauthored with Liang-Cheng
Zhang in 1991, two evaluations of trigonometric sums arose as corollaries of two of
Ramanujan’s theta function identities. In
2003, Zhi-Guo Liu found some more examples. In joint work with Alexandru Zaharescu, we evaluate several large classes of
finite trigonometric sums without any appeal to theta functions. These sums can be
regarded as generalizations of Gauss sums.
Complex analysis and the classical Gauss
sums are the tools used. The previous results mentioned above are special cases. The
evaluations are effected in terms of class
numbers of imaginary quadratic fields. All
the evaluations appear to be new.

School of Mathematics and Applied Statistics, University of Wollongong, NSW 2522
E-mail: jhill@uow.edu.au
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Markov process modelling of gene regulation
Hilary S. Booth1,2,3 , Conrad J. Burden1,2,3 , Markus Hegland2,4 , Lucia Santoso1,2,4
Abstract
This paper discusses the mathematical modelling of gene regulation with emphasis on
the bottom-up modelling of genetic componentry rather than the reverse-engineering of
networks from gene expression data. Reflecting the stochastic nature of gene regulation,
the chemical master equation is used as a tool to study Markovian models of networks
of gene states between which probabilistic transitions occur. These states represent the
binding/unbinding of protein complexes to DNA, resulting in a gene being expressed/not
expressed in the cell, and concentrations of RNA, protein and any other chemical species
required in the model. Basic genetic components such as gene repression and promotion
and the gene cascade are described. We then describe a more complex system, the
switching mechanism of the Bacteriophage λ, at it moves stochastically into one or other
of its alternate lifestyles.

1

The central dogma of genetics

Within the nucleus of every cell of every human, long coils of DNA (deoxyribonucleic acid)
form the chromosomes that contain encoded information necessary for the human being to
develop, within a changing external environment, from a foetus to a child and as an adult,
to reproduce and eventually to die. More DNA is present in the mitochondria, the energyproducing organelles within the cell, and this information is passed exclusively down the
maternal line. The human genome is the sum of all the DNA (chromosomal and mitochondrial) in the cells of a human. The genome includes genes i.e. those sections of DNA that
contribute to a function, which in turn determine physical appearance, certain behavioral
characteristics, how well the organism combats specific diseases and other characteristics.
The genome also includes mysteriously uninteresting regions of unknown function, often
referred to as “junk DNA”. The four chemical bases (or nucleotides) – adenine, guanine,
thymine, cytosine – are abbreviated as A, G, T and C. The DNA strand that encodes the
gene products is accompanied by a second complementary strand that is fully determined by
the coding strand (A → T ; T → A; G → C; C → G). The two strands form the double helix
whose structure was discovered by Watson and Crick in 1965. The human genome consists
of approximately 3 × 109 pairs of bases.
Many mathematical models in bioinformatics ultimately aim to model the relationship
between genotype i.e. the DNA of an individual, and phenotype i.e. the physical characteristics of the individual [22]. In Figure 1 we show the “central dogma” of genetics: once a gene
has been activated by the gene regulatory network it is expressed in the cell i.e. the gene’s
DNA is transcribed into mRNA which is in turn translated (via the codon alphabet) into a
protein sequence made up of twenty amino acids. The protein folds into a 3D structure. In
response to the needs of the cell and the demands of the external environment, the proteins
perform functions, resulting in a phenotype. This hierarchical structure can be modelled at
any level of detail [11, 9, 35].
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Figure 1. The central dogma of genetics: once a gene has been activated by the gene
regulatory network it is expressed in the cell i.e. the gene’s DNA is transcribed into mRNA
which is in turn translated into a protein sequence made up of amino acids. The protein
folds into a 3D structure. In response to the needs of the cell and the demands of the
external environment, the proteins perform functions. One of those functions is gene
regulation.

The first draft of the human genome was released in February 2001[20, 34]. At the same
time that the human genome was being assembled, methods of sequence comparison were
being developed, with which gene sequences could be compared to one another and their
similarity assessed in a consistent manner across large databases [26, 31]. With the success
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of tools such as BLAST and dynamic programming, we now have efficient algorithms for
this purpose [2, 18], although fine-tuning of these tools continues.

2

Modelling gene regulatory networks

With the recent explosion of genomic data, one of the major concerns of bioinformatics is
how genes are regulated and how their products interact within cellular networks. In a
complex cell, gene products and external substrates regulate the genes that are expressed
in that cell. See Figure 1. Some gene products promote other genes, usually depending on
the concentration of the gene product. Other products repress the expression of genes. In
some cases two genes compete for expression resulting in a population of cells distributed
between the competing states (see Section 6). Yet other genes are expressed/repressed due
to an outside parameter such as temperature (the sex-determining genes of the crocodile
[5]) or UV light (the Bacteriophage λ [6]).
One of the major advances in experimental biology was the development of microarrays
[21, 4]. Microarrays aim to measure the mRNA expression levels of many thousands of genes
in a single experiment. Unfortunately there is a high level of noise in the mRNA data, and
the interpretation of this data remains a difficult statistical challenge. Another problem
is that the high cost of microarrays often precludes extensive replication. Furthermore, to
infer a dynamic picture of gene regulation requires a time series of microarray experiments
[32, 29]. Such data is very difficult and expensive to obtain – certainly it is beyond the reach
of many laboratories. As time-series experiments become more affordable, these data are
likely to drive the top-down approach to gene regulatory networks in which inferences are
drawn from the gene expression within the cell.
This paper discusses some of the key aspects of the bottom-up modelling of gene regulation. The challenge here is to model the complex genetic componentry that enables a
cell to switch genes on and off at the correct time [13, 8]. Smaller “toy” models have been
developed to describe gene promotion and repression [15], and these components can be
combined into more complex models [3, 19]. In some cases, artificial genetic machines based
upon well-understood genetic components have been constructed and their behavior has
been analyzed in a more controlled environment [17, 10]. To some extent, we can model the
interplay between key genes, proteins and external substrates [1]. Some biologically stable
states and bistable systems can be modelled using stochastic differential equations [3, 6].
Many of the commonly occurring genetic components can be modelled in this way [19].
There are two main problems in modelling gene regulation. The first of these is that, as
the systems become more complex, the computational problems grow quickly. In this paper
we show some examples of small systems that are well-understood. In some cases such as
the Bacteriophage λ (phage λ) in Section 6, a switching mechanism depends upon a small
number of key chemical species. But generally, at the level of the whole cell, the possible
number of interactions increases dramatically.
The second, possibly larger problem is that although the reaction rates of key biological
processes are likely to be measured in some form or other, they are not always known to the
level of detail required for a rigorous mathematical model. The rates or probabilities with
which the various chemical species interact with each other are functions of the entire state
of the organism and the environment. It is a real challenge to quantify the biology at the
experimental level [13]. Direct experimentation in the laboratory is the most reliable way
to determine biological function or interactions, but the experiments need to be repeated
many times under varying conditions if we are to obtain the rates of the reactions as reliable
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Figure 2. Gene Promotion: The product of Gene 2 promotes the expression of Gene 1.
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Figure 3. Gene repression: The product of Gene 2 represses the expression of Gene 1.

functions of the chemical species involved. This type of quantitative experiment is often
prohibitively expensive.
It may be worth pointing out here that mathematical modelling may not always be the
top priority to a researcher in biology whose breakthrough papers might be more descriptive.
For all of these reasons, this whole area of research (modelling biological networks) is still
in an early stage of development and many challenges lie ahead. At all levels of genometo-phenome analysis mathematical and computational modelling improves incrementally as
bioinformatics evolves alongside experimental technology. The most interesting problems in
bioinformatics are driven by the biology.

3

Gene promotion and repression

Gene promotion and repression are the two basic building blocks of gene regulation. The
biological mechanisms of gene promotion are complex but in the case where one gene is
regulated by another, a positive feedback loop occurs (Fig. 2). Gene repression is the
corresponding negative feedback loop (Fig. 3).
Interestingly enough, the negative feedback mechanism of gene repression occurs frequently in gene networks because it is often “easier” for nature to evolve a mechanism
to switch a gene off than it is to evolve a new gene. Many genetic controls, such as the
sex-determining genes in mammals, are complex combinations of off switches [14, 30].
A simple model of gene promotion and repression has four possible gene states:
State 1 = [0, 0]

(gene 1 off, gene 2 off)

State 2 = [1, 0]

(gene 1 on, gene 2 off)

State 3 = [0, 1]

(gene 2 on, gene 1 off)

State 4 = [1, 1]

(gene 1 on, gene 2 on)

These states are represented in the state diagram in Fig. 4. All possible transitions between
the states are shown. The αr , r = 1, . . . , 4 are propensities for the gene to be switched on
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Figure 4. Generalized network for gene repression and promotion between genes 1 and 2
consists of all possible transitions between four states.

and the βr are propensities for a gene to be switched off. A precise definition of propensity
will be given in the next section. In a larger network, the above diagram can be generalized
to a hypercube in which the αr are the forward propensities i.e. gene promotion and the βr
are the backward propensities i.e. gene repression.
The probability of moving between these states depends upon the αr and βr . These in
turn depend upon the state. This is the most difficult part of mathematically modelling
gene regulation – to quantify the probability of moving between gene states given that the
transition propensities will depend upon not only the gene states but also the protein states
(which are not shown here).

4

Stochastic master equation model of gene regulation

The stochastic formulation of gene regulation is based on an assumption that the underlying
physical processes are Markovian. An efficient tool for dealing with Markovian processes
is the stochastic master equation [33]. In this formalism, a regulatory network is typically
represented in a state space, elements of which describe the states or abundances of a finite
number of chemical species which may be made up of any combination of genes, RNA,
proteins or substrates. The gene states for example may be defined as gene on/off i.e. the
gene is/is not being expressed in the cell. Alternatively, we may wish to specify that a protein
or enzyme is attached/not attached to a promoter or operator site, and the protein states
may be presence/absence of a protein or protein levels measured in numbers of molecules or
in concentrations. Of course if continuous concentrations of proteins are used the number of
states will be uncountable, so either some discretisation is necessary, or a continuum limit
of the stochastic master equation must be taken, leading to a partial differential equation
resembling the diffusion equation.
Consider a system that can be in any one of a finite number of states n = 1, . . . , N , and
capable of making transitions r = 1, . . . , R between states. The system is further assumed to
be Markovian, that is, the probability of making a transition at any given time depends only
on the state of the system at that time and not on its history. We represent the system by
a directed graph with N nodes and R arcs. Associated with each transition is a propensity
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αr > 0. If r is the transition from state m to state n, the probability of making the transition
r in the time interval [t, t + dt), conditional on being in state m at time t, is αr dt. Given an
T
initial
Pprobability distribution among the states of p(0) = (p1 (0), . . . , pN (0)) , with pTn > 0
and n pn = 1, the system evolves in time to a distribution p(t) = (p1 (t), . . . , pN (t))
Returning to the example of promotion and repression represented by Fig. 4, we obtain
from the above definitions the set of equations
p1 (t + dt) = p1 (t)(1 − α1 dt − α2 dt) + p2 (t)β1 dt + p3 (t)β2 dt
p2 (t + dt) = p2 (t)(1 − β1 dt − α3 dt) + p1 (t)α1 dt + p4 (t)β3 dt
p3 (t + dt) = p3 (t)(1 − β2 dt − α4 dt) + p1 (t)α2 dt + p4 (t)β4 dt
p4 (t + dt) = p4 (t)(1 − β3 dt − β4 dt) + p2 (t)α3 dt + p3 (t)α4 dt,

(1)

which rearranges to give


α1 + α2
 −α1
dp
= −
 −α2
dt
0

−β1
β1 + α3
0
−α3

−β2
0
β2 + α4
−α4


0
−β3 
 p(t).
−β4 
β3 + β4

(2)

This example easily generalises to the equation describing the evolution of p(t) for an
arbitrary network, namely
dp
= −Ap(t),
(3)
dt
where the matrix A is given in terms of propensities. If αmn is the propensity associated
with the arc running from node m to node n, then
X
A=
αmn Πmn ,
(4)
m,n

where the matrices Πmn are defined by
(Πmn )kl = (δmk − δnk ) δml .

(5)

Note that each column of A sums to zero.
P One easily checks that this is equivalent to saying
that total probability is conserved: d ( n pn (t)) /dt = 0.
For a specified initial condition, and with constant propensities, the solution to Eq. (3)
is given formally by
p(t) = e−tA p(0).
(6)
Assuming that A has a complete set P
of eigenvectors v1 , . . . , vn with corresponding eigenn
values λ1 , . . . , λn , and writing p(0) = i=1 ai vi , gives the general solution in the computationally more useful form
n
X
p(t) =
ai e−λi t vi .
(7)
i=1

5

A simple example: The gene cascade

Gene cascades occur in situations where a set of genes, often co-located on the genome in
operons, act in such a way that the product of each gene activates the expression of its
successor gene, thus enabling a staged release of several gene products. For example, a gene
cascade occurs in the phage λ during a late stage of lysis when the genes for forming the head
and tail of the phage are sequentially activated. Protein cascades also occur [16] in which
proteins regulate the activity of other proteins, without resorting to genetic regulation.
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Figure 5. Gene cascade: Initially Gene 1 is expressed in the cell. Once the product
of Gene 1 (GP1) is present in sufficient quantity it activates Gene 2. Gene 2 begins
to produce GP2. Once the quantity of GP2 is above a threshold, Gene 3 is activated,
followed by Gene 4. The result of this process is a staged release of gene products.
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Figure 6. Network for the gene cascade shown in Fig. 5 is a chain of four states.

In this section we show a simplified model of the states for a gene cascade in which the
product of one gene enhances the production of another gene. In a gene cascade, often the
genes are situated close to each other on the DNA in “operon” form i.e. one after the other
on the genome. But the operon structure is not necessary for our model of this network
component. In our example in (Fig. 5), Gene 1 is initially expressed in the cell. Once the
product of Gene 1 (GP1) is present in sufficient quantity it activates Gene 2, which begins to
produce GP2. Once the quantity of GP2 is above a threshold, Gene 3 is activated, followed
by Gene 4. The result of this process is a staged release of gene products 1, 2, 3 and 4.
The simplified gene network corresponding to the example in Fig. 5 consists of four
possible gene states shown in Fig. 6:
State 1 = [1, 0, 0, 0]

(gene 1 on)

State 2 = [1, 1, 0, 0]

(genes 1 and 2 on)

State 3 = [1, 1, 1, 0]

(genes 1, 2 and 3 on)

State 4 = [1, 1, 1, 1]

(genes 1, 2, 3 and 4 on)

Using the formalism described in the last section, the cascade of N genes is modelled by
the equations
dp1
= −α1 p1 ,
dt
dpn
= −αn pn + αn−1 pn−1 ,
dt
dpN
= αN −1 pN −1 .
dt

n = 2, . . . , N − 1
(8)
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This model is of course a gross simplification of the real world, but serves to illustrate the
type of modelling employed. In a more complete model the mRNA-producing steps and
the transitions between the various stages of the central dogma would be included. A very
detailed stochastic model of the mRNA and protein producing mechanisms in the phage λ,
for example, is given in [24].
In the somewhat artificial case that all the propensities are equal, this set of equations
(8) admits an easy analytic solution. Setting α1 = α2 = . . . = αN −1 = α, one can check
that the solution with the initial condition pT (0) = (1, 0, . . . , 0) is
pn (t) =

e−αt (αt)n−1
,
(n − 1)!

pN (t) = 1 −

N
−1
X

n = 1, . . . , N − 1,

pn (t).

(9)

n=1

The solution describes the probability of finding only the first n genes activated at a given
time t. For all genes except the final gene the probabilities have the form of a Poisson
distribution with mean and variance αt, while for the final gene the probability is the sum
of the tail of the Poisson distribution from N onwards.
Note also that, given a state n, the portion of time the system can be expected to be
found in that state during the interval [t, t + dt) is pn (t)dt. This enables us to introduce a
probability distribution over time (conditional on n) given by
πn (t)dt = Z

pn (t)dt
∞
pn (t)dt

=

αn −αt n−1
e t
dt,
Γ(n)

n = 1, . . . , N − 1,

(10)

0

where the denominator ensures that the probability over all time is normalised to 1. The
meaning of this distribution density is as follows. Suppose we observe that the system is
currently in state n, then the probability that the time is currently in the interval [t, t + dt)
is πn (t)dt. This gives us a measure of how long the cascade might take to progress to a
given point.
√ Eq. (10) is the well known Gamma distribution with mean n/α and standard
deviation n/α. For large n it is well approximated by a gaussian distribution about the
expected time n/α.
For this example πn (t) could also have been arrived at with the following observation:
Because of the Markovian nature of the cascade, the time taken for each timestep is an
exponential random variable. The time taken to reach the nth gene is therefore the sum
of n identical and independent exponential random variables, and this is a Gamma random
variable.

6

The switching mechanism of the Bacteriophage λ

An example of a more complex switching system is the biologically well-understood Bacteriophage λ (phage λ). After the phage λ invades a bacteria cell (E. Coli), it can enter
into one of two alternative lifestyles called lysogeny and lysis [27, 23]. The lysogeny stage
is a dormant stage in which the phage inserts its DNA into the host’s DNA and passively
reproduces with the host. When the host becomes stressed, the phage is more likely to go
into lysis, in which it reproduces more phages, kills the host and spreads to other bacteria
cells. The decision between lysis and lysogeny can be thought of as a switching mechanism.
The stochastic switch is based upon a competition between the cro and cI genes.
Figure 7 shows how this competition uses the proteins Cro and CI (protein names are
captalized) to repress the expression of the other gene. Figure 7(a) shows the three operators
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Figure 7. (a) The switching mechanism of the phage λ, in which the cI and cro genes
stochastically compete for expression.(b) If the protein CI (encoded by the cI gene)
succeeds in binding to OR 1 and OR 2, it represses the transcription of cro.(c) If the
protein Cro (encoded by the cro gene) succeeds in binding to OR 3, it represses the
transcription of cI.

to which the CI and Cro proteins are able to bind. CI binds preferentially to OR 1 and OR 2,
but can also bind to OR 3, with a lower probability. In Figure 7(b) CI has succeeded in
binding to OR 1 and OR 2, and it represses the transcription of cro. In Figure 7(c) Cro has
successfully bound to OR 3, and it represses the transcription of cI.
The full story of the lysis/lysogeny decision mechanism is considerably more complex
than the simplified version given here. See [27] for a full biological description, and [24]
for a comprehensive stochastic model that includes the other proteins (CII, CIII, and N)
involved in the process, as well as the production mRNA, its translation into proteins, the
degradation rates of all chemical species and cell division.
The simulations in [24, 6] use the Gillespie algorithm [12, 6] to approximate the time
spent by the phage λ in each of its forty possible switching states, based upon the (correct)
assumption that the switching between these states is relatively fast. We are currently
constructing a model which makes stochastic transitions between the 40 states and initiates
a competition between the concentrations of the Cro and CI proteins. It is easily shown that
there are only 164 possible transitions between the forty states (if we restrict the possible
transitions to the case where one molecule binds/unbinds at a time). The propensities for
these transitions can be derived based upon the thermodynamic model given in [7, 28] and
the reaction rates given in [6].
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Conclusion

The authors are currently working on further modelling of gene states of the Bacteriophage λ.
From this we want to move onto other gene regulatory systems, and also to examine various
more general aspects of biological pathway modelling. Specifically, what computational
techniques can be used to model these networks more efficiently, what are the effects of
combining the states of systems into more manageable aggregated states, and how the
stochastic master equation can model biological systems at different levels of detail.
Mathematical models of regulatory networks aim to be predictive rather than descriptive.
Analyses of the stability, bistability and robustness are possible once one has a sound model
of the system, usually based upon stochastic processes and differential equations. The
stochastic master equation models the evolving probability of the system occupying the
entire state space, but another approach is to follow the life cycle of a single cell, as it makes
a simulated choice between states, based upon their probability. Both of these approaches
can be used to model a population of cells that have different individual fates, so that
one can predict the proportion of the population that will be in one of several different
phylogenic states (such as the competing lysis/lysogeny sub-populations of the λ phage).
The eventual aim is to provide models that can lead back into experiment by predicting the
proportions of such sub-populations, by predicting the upper and lower limits of unknown
pathway parameters and rates, by modelling the behavior of systems under perturbation or
by providing the quantitative reasoning behind existing biological systems.
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Graphical patterns in quadratic residues
I. Jiménez Calvo
Abstract
Plots of quadratic residues display some visual features that are analyzed mathematically
in this paper. The graphical patterns of quadratic residues modulo m depend only on
the residues of m modulo the lowest positive integers.

1

Introduction

The quadratic residue (QR) of an integer x modulo m is the remainder a of the division of
x2 by m. It is expressed by the congruence,
x2 ≡ a (mod m),
where the residue class a can be represented by an integer from 0 to m − 1. Figure 1
shows a typical plot of QRs where a rather chaotic distribution can be appreciated. As x
and m − x have the same QR, then only those QRs corresponding to 0 ≤ x < m/2 are
represented. It is not surprising that QRs modulo a big integer of unknown factorization are
used in cryptography and random sequence generators [1]. Nevertheless, they always show
a remarkable presence of points that seem to draw multiple “acute parabolas” that spread
along the graphic. A closer look confirms that the acute parabolas have a quite regular
distribution, for values of x near simple fractions of the modulus in a quantity related to
the denominator of the fraction, so that a lower number of best defined acute parabolas
correspond to a simpler fraction. Not only QRs, but also n-power residues spread as integer
points of sets of n-degree polynomials for x values near a fraction of the modulus as it is stated
in [2]. In that paper, it was shown that some of those “acute parabolas” can be used to obtain
low quadratic residues used in the factorization of large integers. In fact, those parabolas
correspond to the Montgomery polynomials of the MPQS (Multipolynomial Quadratic Sieve)
[4, 5] and HMPQS (Hypercube Multipolynomial Quadratic Sieve) [3] factorization algorithms.
A detailed treatment of the presence and regular disposition of the “acute parabolas” is
done in Section 2. Nevertheless, such features can be explained in a rather informal way
with a fairly straightforward reasoning. Let be an integer x and a modulus m and consider
the difference between the square of x and its nearby integers, i.e. ∆ = (x + i)2 − x2 =
2ix + i2 , when x is the closest integer to a fraction a/b of the modulus. We consider small i
values and neglect the term i2 . A second approximation is done replacing x by (a/b)m, so
∆ ≈ (2ia/b)m. If b is odd, the residue of the fraction (2ia/b)m modulo m is another fraction
(a0 /b)m with a0 ≡ 2ia (mod b) because 2ia = a0 + kb for some integer k. When b is even, we
can note that ∆ ≈ (ia/b0 )m with b0 = b/2 and its residue modulo m is the fraction (a0 /b0 )m
with a0 ≡ ia (mod b0 ). Therefore, the QRs for values near x are spaced approximately by
multiples of m/b0 . The term i2 , which is not considered in this approximation, accounts for
building the parabolas at regular intervals.
Functions involving QRs have been used to generate computer graphics. The function
f (x, y) = x2 +y 2 (mod m) shows concentric circles with centres at coordinates that are made
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Figure 1. Quadratic residues mod 20171.

up of simple fractions of the modulus. They are actually, truncated paraboloids present in
this bi-dimensional case (see fig. 2). Another type of patterns can be observed sometimes
in QRs plots besides the “acute parabolas”. For some moduli, it may happen that the
outlines of broader diffused “ghost parabolas” materialize, as can be observed in fig. 1 and
fig. 3. These kind of patterns are analyzed in Section 3. To conclude, we can state that the
graphical patterns of QRs mod m plots depend only on the residues of m modulo the lower
positive integers.

2

The geometry of the “acute parabolas”

The congruence relation is a relation of equivalence between integers. Nevertheless, a similar
relation between rationals can be established:
Definition 1 Two rationals s and t are Q-congruent modulo an integer m when (s − t)/m
is an integer. Then we can write
s ≡Q t

(mod m)

and s = t + km,

for some integer k.
Q-congruence relation is reflexive, symmetric and transitive as well as the congruence relation between integers. Moreover, two congruent integers are also Q-congruent. Therefore,
the notation “≡” between rationals must be read as “≡Q ” and when the relation is between
integers, it can be read in both ways.
Let m be a modulus and a/b an irreducible fraction. We define the integer x0 and its
quadratic residue r0 as
ja m
x0 =
m , x20 ≡ r0 (mod m) ,
(1)
b
where bxe = bx + 1/2c, that is, the nearest integer to x.

44



m-1

y

0

0

m-1

x

Figure 2. Function f (x, y) = (x2 + y 2 ) mod 415.

Proposition 1 r0 is the nearest integer to the rational β(m/b2 ) where
β ≡ a2 m − 2aα

(mod b2 )

α ≡ am (mod b), |α| ≤ b/2.

with

Proof. We note that x0 = (am − α)/b from the definition of the integer α and then,
 2

a2 m2 − 2aαm α2
a m − 2aα − β
m α2
x20 =
+
=
+ 2 .
m
+
β
b2
b2
b2
b2
b
With the definition of β, the term (a2 m − 2aα − β)/b2 becomes an integer. Taking into
account that |α| ≤ b/2, we can then write
r0 ≡ β

m α2
+ 2
b2
b

(mod m),

0≤

α2
≤ 1/4 .
b2

(2)


We now calculate the QRs of integers near x0 . From the considerations explained in the
introduction, it becomes natural to consider lattice points defined by

b,
if b odd
x = x0 + i + jb0 , with b0 =
, |i| ≤ b0 /2, j ∈ Zm .
(3)
b/2, if b even
Expanding the square of the trinomial, we have
2

x2 = (x0 + i)2 + j 2 b0 + 2(x0 + i)jb0 .
Taking into account that x0 = (am − α)/b and with r and ri as the quadratic residues of x
and x0 + i respectively, we can write


α
b
1, if b odd.
2
r ≡ b0 j 2 + 2 b0 i −
j + ri (mod m) , c = 0 =
(4)
2, if b even.
c
b
Proposition 2 The quadratic residues of integers near (a/b)m split as integer points of b
parabolas if b is odd, or b/2 parabolas if b is even, with their vertices placed at xv = (a/b)m
and equidistant in between.
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Proof. It is clear that (4) is a parabola under variable j for each one of the b0 values of i in
(3). Those parabolas will be named as Pi (j). The coordinates at the vertex are given when
the derivative of (4) with respect to j becomes null. Since ri is fixed for each i value they
are given by

i
α 2
α
.
jv = 0 2 − 0 , Pi (jv ) = ri − i −
b
b
cb
Substituting the value of jv in (3), and taking into account that x0 = (am − α)/b, the
coordinate at the vertex is xv = (a/b)m which is independent from i value. Then, all
parabolas related to the fraction a/b have vertices at the same x value.
Since (x0 + i)2 = x20 + 2ix0 + i2 , then ri ≡ r0 + 2i(am − α)/b + i2 (mod m). Replacing
ri and simplifying we obtain,
Pi (jv ) ≡ r0 + 2ia

m α2
− 2
b
b

(mod m) .

Taking the value of r0 from (2), we obtain,
m
m
(mod m) .
Pi (jv ) ≡ β 2 + 2ai
b
b
Let be
2
a0 ≡ ia (mod b0 ),
c
with c as defined in (4). Then
m
m
Pi (jv ) ≡ β 2 + a0 0 (mod m) .
(5)
b
b
As much as i runs over Zb0 and gcd(a, b0 ) = 1, a0 takes all values in Zb0 . From the above
equation, it follows that vertices of Pi (j) lie exactly at multiples of m/b2 and are separated
by exact gaps of m/b0 . This concludes the proof.


3

Patterns

Propositions 1 and 2 give account of the number and position of the “acute parabolas”.
Near x = (a/b)m, b parabolas (or b/2 if b is even) appear and all are equidistant in Zm .
Figure 2 shows a representation in gray levels of the function f (x, y) = (x2 + y 2 ) (mod m).
It is remarkable the symmetry of the graphic because it displays all the range of variables in
Zm . There is only one paraboloid at each node related to fractions 0/1, 1/2 and 1/1. That
corresponds to centre, corner and the midpoint of the sides of fig. 2. Such paraboloids have
a sharp profile form and they are surrounded by rings due to truncations. Two paraboloids
are present at each node related to 1/4 and 3/4 producing more fuzzy patterns. Other
patterns alike can be observed for more complex fractions.
At first glance, when plots like fig. 1 are observed, the presence of “acute parabolas” and
their positions can be recognized. Since b = b0 c, equation (5) can be rewritten as
Pi (jv ) ≡

β m
m
+ a0 0
0
cb b
b

(mod m).

Let β 0 ≡ β (mod cb), then
Pi (jv ) ≡

β 0 + sbc m
m
+ a0 0
bc
b0
b

(mod m),

for some integer s.
Taking k = s + a0 , we have
Pi (jv ) ≡ β 0

m
m
+k 0
2
b
b

(mod m),

k ∈ Zb0 .

(6)
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I. Jiménez Calvo

If the set of parabolas Pi corresponding to the fraction a/b is considered as a whole,
without paying attention to the position of any single parabola in the set, the above equation
shows that their position is defined only by the value of β 0 . Proposition 1 shows that β (and
also β 0 ) depends only on m for each fraction a/b. Since the sets of parabolas corresponding
to the simplest fractions are those that are relevant to the eye, it follows that the general
appearance of a plot only depends on the values of m mod cb for the lowest values of b, that
is for cb = 4, 3, 8, 5, 12, · · · .
Let us consider the integer
Λ(n) = 2 LCM(2, 3, 4 · · · n).
4

For example, let Λ = Λ(9) = 2 ·32 ·5·7 = 5040. Plots of QRs modulo integers that are congruent modulo Λ will have the parabolas corresponding to fractions with denominator equal or
less than 9 in the same position. Moreover, since cb divides Λ for b = 10, 12, 14, 15, 16, 18 · · · ,
the parabolas related to fractions with these denominators will also have the same position.
As an example, Figures 3(a) and 3(b) have the same appearance, but for their density, because the modules are 4Λ + 19 and 5Λ + 19 respectively and then β mod cb do not change
when b ≤ 9 or b = 10, 12, 14, 15, 16, 18 · · · . Furthermore, we can prove that the vertices are
rational points of a bundle of lines.
Proposition 3 Let the integers Λ, m and s be such that s ≡ m (mod Λ) and let B be the
set of positive integers b such that b|Λ if b is odd or 2b|Λ if b is even. The vertices of the
parabolas defined in Proposition 2 associated to fractions a/b with b ∈ B are rational points
of the bundle of lines of the form
Y ≡ 2nX − sX 2

(mod 1),

n = 0, ±1, ±2, · · · ,

X=

x
x2
, Y =
m

(mod m)
.
m

Proof. The relative position of the vertices depends on the value of β mod cb as it was
justified above. When b is odd, c = 1 and the expression of β in Proposition 1 can reduce
to β ≡ −a2 m (mod b). If b is even, c = 2. We put α = am − kb, for an integer k such
as |α| ≤ b/2. Then, β ≡ a2 m − 2a(am − kb) (mod b2 ), that reduced to mod 2b is also
β ≡ −a2 m (mod 2b). We conclude that β ≡ −a2 m (mod cb) for any parity of b. Note
that, from the definition of Λ and s, we have that when b ∈ B, s ≡ m (mod cb) and then
β ≡ −sa2 (mod cb). From Proposition 2 and equation (6), it follows that the vertices of the
parabolas are at
Xv = xv /m = a/b,

Yv = Pi (jv )/m ≡ (β mod cb)

1
1
a2
ck
+ k 0 ≡ −s 2 +
2
b
b
b
b

(mod 1).

Note that ck ≡ 2na (mod b) can always be solvable in n for any value of k ∈ Zb0 and for
any parity of b. Note also that n can take any value with the appropriate value of k ∈ Zb0 .
2
Then, we have that Yv = −s ab2 + 2n ab = −sXv2 + 2nXv for some n.

When s = 0 the bundle of quadratics degenerates in straight lines( fig. 3(c)) that are
outlined due to the accumulation of points near the vertices. As s has a higher absolute
value, the straight lines bend into parabolas as can be seen in fig. 3 (d) and 3(e). When s
has absolute value as high as in fig 3(f), the lines of the bundle have such a high slope that
they do not allow to notice the “ghost parabolas”.
To conclude, we have shown that Proposition 1, 2 and 3 explain the main visual features
of QR plots and that those features are related solely with the residues of m modulo the
lower positive integers.

Graphical patterns in quadratic residues
(a) m = 4Λ + 19

1

1

Y
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(b) m = 5Λ + 19
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(d) m = 4Λ + 1
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Figure 3. Plots of quadratic residues, X = x/m, Y = (x2 mod m)/m, Λ = 5040.
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Casus irreducibilis and Maple
Rudolf Výborný
Abstract
We give a proof that there is no formula which uses only addition, multiplication and
extraction of real roots on the coefficients of an irreducible cubic equation with three real
roots that would provide a solution.

1

Introduction

The Cardano formulae for the roots of a cubic equation with real coefficients and three
real roots give the solution in a rather complicated form involving complex numbers. Any
effort to simplify it is doomed to failure; trying to get rid of complex numbers leads back to
the original equation. For this reason, this case of a cubic is called casus irreducibilis: the
irreducible case. The usual proof uses the Galois theory [3]. Here we give a fairly simple
proof which perhaps is not quite elementary but should be accessible to undergraduates. It
is well known that a convenient solution for a cubic with real roots is in terms of trigonometric functions. In the last section we handle the irreducible case in Maple and obtain the
trigonometric solution.

2

Prerequisites

By N, Q, R and C we denote the natural numbers, the rationals, the reals and the complex numbers, respectively. If F is a field then F [X] denotes the ring of polynomials with
coefficients in F . If F ⊂ C is a field, a ∈ C but a ∈
/ F then there exists a smallest field of
complex numbers which contains both F and a, we denote it by F (a). Obviously it is the
intersection of all fields which contain F as well as a. We say that F (a) was generated by
adjunction of the element a to the field F . If T (x) is a polynomial irreducible in F [X], or,
as we may also say irreducible over F , and T (a) = 0 then F (a) is the set of elements of the
form P (a), where P (x) is some polynomial in F [X]. This reprezentation is unique, provided
that deg P < deg T . If T (b) = 0 also then F (a) and F (b) are isomorphic; the isomorphism
Iσ is defined by Iσ (P (a)) = P (b). If F1 and F2 are two isomorphic fields then F1 [X] and
F2 [X] are also isomorphic, in case of F (a)[X] and F (b)[X] this isomorphism is given by
an xn + · · · a1 x + a0 7−→ Iσ (an )xn + · · · Iσ (a1 )x + Iσ (a0 ).
Detailed explanations and proofs can be found in text on abstract algebra, for instance [1]
or [2].
We now prove two theorems which are needed for the main result.
Theorem 1 Let p be a prime, F ⊂ C a field. If c is not a p-th power of an element in F
then the polynomial xp − c is irreducible in F [X].
Proof Assume, contrary to what we want to prove, that
xp − c = h(x)g(x),
with h(x) and g(x) in F [X] and 1 < deg h(x) < p. Let
ε = cos

2π
2π
+ ı sin
p
p

(1)
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and w be a fixed complex number satisfying wp = c. Then the roots of the equation xp = c
are
w, wε, wε2 , . . . , wεp−1 .
Consequently
(x − w)(x − wε) . . . (x − wεp−1 ) = h(x)g(x).
The absolute term A of the polynomial h(x) lies in F and is of the form A = εk wj with
j < p and k, j positive integers. Hence Ap = εkp wpj = cj . Since p, j are relatively prime
there are integers α, β such that αj + βp = 1. Consequently
c = cαj+βp = cαj cβp = Aαp cβp = (Aα cβ )p .
This contradicts the assumption that c is not a p-th power of an element in F .
Theorem 2 Let F ⊂ C be a field and f (x), g(x) ∈ F [X]. If f (x) is irreducible and
f (a) = g(a) = 0 for some complex number a then f (x) divides g(x).
Proof We can and shall assume that g(x) is not a zero polynomial. Then there exists
a greatest common divisor d(x) of f (x) and g(x), the coefficients of d(x) are in F . Clearly
d(a) = 0 and consequently deg d(x) ≥ 1. Since f (x) is irreducible it divides d(x) and hence
f (x) divides g(x).

3

The Theorem

In this section we wish to prove that there is no formula, which uses only real numbers, addition, multiplication, subtraction, division and extraction of roots and provides the solution
to any cubic equations with three real roots. Firstly, we rephrase and make this statement
more precise. Let T (x) be a cubic polynomial with rational coefficients, irreducible in Q[X].
If such a formula existed it would be possible to find a finite sequence of fields, F1 , F2 , . . . Fm
such that
(1) F1 = Q;
(2) For i = 2, . . . , m the field Fi is created by adjunction of a real root of an equation
of the form xp = c, with c in Fi−1 ;
(3) T (x) is irreducible over Fi for i = 1, . . . , m − 1;
(4) T (x) has a root (or simply ceases to be irreducible) in Fm .
Remark The number p, as the notation suggests, can be always q
taken to be a prime. If we
p√
√
√ p√
3
12
wish to adjunct e. g.
7 we adjunct succesively 7,
7 and
7.
Theorem 3 (Casus irreducibilis) Let T (x) be a cubic polynomial irreducible over Q and
F1 , F2 , . . . Fm be fields satisfying 1.–4. Then T (x) has two roots with non-zero imaginary
parts.
Remark If T (x) has three real roots then the chain of fields as in 1.–4. cannot exist.
Therefore the roots of T (x) are not expressible in terms of real roots.
Proof of Theorem 3. Let r be the real root of the equation xp = c with c ∈ Fm−1 and ε
as in (1). Since T (x) is irreducible over Fm−1 but reducible over Fm there is a polynomial
P (x) = a0 + a1 x + · · · ap−1 xp−1 with ai ∈ Fm−1 such that
T (x) = (x − P (r))Q(x),
where Q(x) is a quadratic polynomial with coefficients in Fm . Now let
S(x) = (x − P (r))(x − P (rε)) · · · (x − P (rεp−1 )).
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The coefficient bk of xk in S(x) is σk (P (r), . . . , P (rεp−1 )), where σk (x1 , . . . , xp ) is the kth
elementary symmetric polynomial. Since σk (P (y1 ), . . . , P (yp )) is a symmetric polynomial
with coefficients in Fm−1 , it follows by the fundamental theorem on symmetric polynomials
(see e. g [2] p.314) that there exists a polynomial Bk (u1 , . . . , up ) with coefficients in Fm−1
such that
σk (P (y1 ), . . . , P (yp )) = Bk (σ1 (y1 , . . . , yp ), . . . , σk (y1 , . . . , yp )).
We note that σi (r, . . . , rεp−1 ) is the ith coefficient of xp − c. Substituting yk = rεk−1 in
the above equation we have that bk ∈ Fm−1 for k = 1, . . . , p. Since T (x) is irreducible
over Fm−1 and S(x) and T (x) have a common root (namely P (r)), T (x) must divide S(x).
Since Fm−1 (rεk ) is isomorphic to Fm all the numbers P (rεk ) are roots of T (x). If degree
of S(x)/T (x) is not zero it will again have a common root with T (x) and consequently be
divisible by T (x). Continuing with this process we come to the conclusion that there is a
positive integer n and a 6= 0 such that S(x) = a[T (x)]n for some natural n. Consequently
p = 3n and since p is a prime p = 3 and n = 1. Therefore we have
aT (x) = S(x)
= (x − (b0 + b1 r + b2 r2 ))(x − (b0 + b1 rε + b2 r2 ε2 ))(x − (b0 + b1 rε2 + b2 r2 ε)), (2)
with real numbers b0 , b1 , b2 . Since <ε = <ε2 the real parts of
b0 + b1 rε + b2 r2 ε2 and b0 + b1 rε2 + b2 r2 ε
are also equal, hence their imaginary parts cannot be zero, otherwise T (x) would have
a double root, contrary to the assumption that it is irreducible. Therefore two roots of
T (x) = 0 are imaginary.

4

Maple and the cubic

The Maple command solve provides a satisfactory solution for the cubic except in the case
of an irreducible cubic with three real roots. In this case the answer is equivalent to the use
of Cayley’s form of the Cardano formulae; the roots are given in a complex form unsuitable
for use in further computation. We have shown that there is no point in trying to get rid of
the complex numbers. This has ramifications beyond cubics: if we are to solve an algebraic
equation which has several irreducible cubic factors with three real roots, the solve command
will give all roots of these factors in an inconvient form. All problems disappear with the
numerical solution, however in some situation one might want to have a solution in a ‘closed
form.’
The so called trigonometric solution was used for solving the cubic with three real roots
before the age of computer algebra system. Although Maple does not provide this form
of the solution directly it is possible to obtain from Maple an ‘exact’ solution in terms of
trigonometric functions. A convenient way of proceeding is to put the result of the solve
command in a list and then use the command evalc on the list (following possibly with the
simplify command).
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Elements of Mathematics
Functions of a Real Variable:
Elementary Theory

N. Bourbaki
Translated by Philip Spain
Springer-Verlag Berlin 2004
ISBN 3-540-65340-6

The book under review is the latest installment in the translation into English of the
voluminous Bourbaki exercise. Most readers will be aware of the activities of les
bourbakistes, a group of French pure mathematicians including André Weil (1906–98),
Henri Cartan (born 1904), Jean Dieudonné
(1906–92), Jean Delsarte (1903–68) and
Claude Chevalley (1909–84), who set about
after the First World War to reconstruct
what they saw as the glories of the French
intellectual tradition in mathematics [1, 2].
Their perceived negative attitude towards
the intellectual standing of appliers of mathematics and the style of mathematical presentation they inspired has gained them
both admiration and condemnation from
the wider mathematical sciences community. It is difficult to approach the present
volume without preconceptions, but even
those who might not enjoy the presentation
ought to acknowledge the heroic nature of
the enterprise to which this volume belongs.
The book presupposes the reader to have
a knowledge of topology and algebra sufficient for comfort with such matters as
Zorn’s Lemma, topological vector spaces,
filters, Ascoli’s Theorem, continuous group
isomorphisms, and so on. Having made such
demands, the authors consequently phrase

results wherever possible at the most general and abstract level. There is no attempt to motivate most results in any way,
very few illustrative examples are worked
in detail, and little reference is made to
mathematically rich disciplines beyond pure
mathematics per se. These features make
the book totally unsuitable, either as a
text or even as a reference book, for Australian undergraduates, although sections of
it might make sense to local pure mathematics honours students. (The suggestion in the
opening note to the reader that it is directed
to those who have a good knowledge of the
first year or two of a university mathematics course refers to a distant land in a distant time.) However, mathematics lecturers
with catholic tastes may find the presentation of some familiar topics interesting, and
some of the proofs, rewritten in a less general context, could be profitably adapted for
classroom use in higher-level courses. Respectable mathematics libraries should have
this book on their shelves.
There are seven chapters, each of which I
shall briefly address. Chapters I to IV cover
material commonly found in the first two
years of undergraduate courses, but more
abstractly and more generally, as well as
more deeply conceptually. Chapter I addresses the first derivative of f : I ⊂ R 7→
E, where E is a topological vector space,
narrowing the context of E when unavoidable; the Mean Value Theorem and its relatives; higher derivatives and Taylor series;
and convexity and its consequences. In the
Mean Value Theorem section, I enjoyed the
painless extension of some classic results to
functions with a well-defined infinite derivative. The extended discussion of convexity
was especially welcome.
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Chapter II covers integration, starting
from the primitive function or antiderivative
viewpoint, and builds, via step functions,
what is equivalent to a decent coverage of
what most of us would call Riemann integration, including improper Riemann integrals, although that terminology is not used.
Commendable care is taken on interchange
of limit process issues, as one would expect.
Chapter III addresses the elementary
transcendental functions. The reviewer has
always preferred a brutally efficient approach to these functions based directly on
complex power series. The group-theoretic
perspective adopted in this chapter therefore induces a certain discomfort, although
the exposition is generally clear and at times
elegant.
Chapter IV covers differential equations,
starting with x0 = f (t, x) when x lives in a
complete normed real vector space. There is
a full discussion of existence both of strict
solutions, of solutions in a widened sense,
and of approximate solutions. Continuity of solutions with respect to a parameter and dependence on initial conditions
are also addressed, before the focus turns
to linear equations and linear systems, covering at an exalted level many topics covered at a pedestrian level in undergraduate courses. As in previous chapters, the
scarcity of applications greatly increases the
efficiency of the exposition, but may induce
a certain frustration in readers with less ascetic tastes.
The final three chapters cover material
that most lecturers would be reluctant to
describe as belonging to the elementary theory of functions of a real variable. Chapter V, entitled “Local study of functions”,
includes an extensive discussion of asymptotic expansions, though one largely devoid
of practical techniques that one might use
for finding them in any interesting context.
There is more pleasure to be had in reading any dozen pages of Olver’s magnificent
text [4] than in this immaculately sterile account.

Chapter VI gives an account of generalized Taylor expansions and the Euler–
Maclaurin summation formula, which is less
forbidding than earlier chapters, perhaps
because the inevitable prominent role of the
Bernoulli numbers and polynomials gives
the text a more concrete flavour.
Chapter VII follows the comforting
precedent set by Chapter VI, and contains
a straightforward and accessible account of
the theory of the gamma function in the
real domain, and the complex domain. The
expected material is all there: the Bohr–
Mollerup Theorem, limit and product formulae, functional equations and Stirling’s
formula.
There are extensive exercises at the ends
of chapters, many of which would frighten
most students and some of their lecturers.
These are perhaps the most valuable part
of the present book to the mathematics educator, who may well find there attractive
problems for cutting the teeth of honours
students or beginning research students.
The final drafts of most French originals in the Bourbaki series and the bulk
of the historical notes were apparently prepared by Jean Dieudonné [3], and in the
present volume the historical notes give
real pleasure and significant enlightenment.
The lengthy historical notes to Chapters I–
III (pp. 129–162, with many references)
trace the origins of calculus from the ancient Greeks to Newton and Leibniz and are
highly recommended.
I have not spot-checked the quality of
the translation against the original, but the
translated text is well-phrased and attractively presented. Apart from a typesetting
command accidentally printed atop the index, I noted no misprints or production
flaws. Fidelity to the French original in
notation gives us fg0 (x) and fd0 (x) for left
and right derivatives, respectively, and a
few other unidiomatic notations, but nothing that will deeply offend.

Book Reviews

If one is prepared to draw a distinction
between the way mathematics is most elegantly presented and the way in which it
is most sensibly taught, then the book may
be judged as an unqualified intellectual success and the publisher and translator are to
be congratulated on making it available in
English.
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Topology II
Homotopy and Homology
Classical Manifolds
D.B. Fuchs and O.Ya. Viro
Springer-Verlag Heidelberg 2004
ISBN 3-540-51996-3
A good survey must include enough details
to represent an area accurately and exclude
enough details to remain accessible to readers. A third desirable ingredient in a survey of an area that already contains many
good books is that it understand its place
among books around it. This clearly written book on algebraic topology possesses
each of these three ingredients.
Only brief treatments of each topic are
given, referring the reader to further details
in other books more often than in research
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papers. A reasonably complete account of
basic algebraic topology is given. A sense of
what the book contains and omits is demonstrated by its treatment of characteristic
classes which is essentially contained in 20
pages, plus a brief description of classifying spaces of classical groups. It does not
come close to the beautiful treatment by
Milnor and Stasheff in the 300 page book
Characteristic Classes yet it contains, for
example, a description of cohomology operations which is not in Milnor and Stasheff.
(More detailed accounts of cohomology operations do appear in other texts.) Furthermore, it is nice to have Eilenberg-Maclane
spaces K(Π, n) described in the same
book as the theory of characteristic classes
where classifying spaces are used much like
Eilenberg-Maclane spaces. The book lists
all known explicit Eilenberg-Maclane spaces
K(Π, n) which gives one way to understand
Eilenberg-Maclane spaces more generally.
The book is organised in in the typical
style of a text book on algebraic topology.
The first 100 pages are devoted to an introduction to homotopy theory, followed by
100 pages on homology and cohomology,
and finishing with 50 pages on calculations
of the homotopy and homology groups of
manifolds such as spheres and classifying
spaces that are fundamental to the rest of
algebraic topology. The authors’ comment
“...the book may be regarded as the synopsis of a textbook on topology” reflects the
fact that many proofs are only sketched or
readers are referred elsewhere for more details. For someone familiar with the proofs
and other books, I found this appealing
rather than annoying. It is ideal as a good
reference manual if you know what you are
looking for.
This book is translated from Russian and
this process has affected the text. The
three sections have been put together with
three separate tables of contents, two bibliographies and fortunately one index. The
third section—the final 50 pages mentioned
above—is an earlier article by Fuchs that
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was included with the first two in the English translation, and that is why there is a
second bibliography. The first bibliography
cites the third section as a separate article,
and the third section does not refer to the
first two. Finally the process of translation
may be the cause of the occasional typos in
the text.
Paul Norbury
Department of Mathematics and Statistics, The
University of Melbourne, VIC 3010
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The Calculus of Variations
Bruce van Brunt
Springer-Verlag Heidelberg 2004
ISBN 0-387-40247-0
The request to write a review of this book
came to me at an opportune moment. The
author describes this book as suitable for a
one semester course for advance undergraduate students in math, physics or engineering. I was just about to embark on teaching
a course on this distinguished subject, not
having used it myself for quite some number
of years, so I felt that I was in the ideal position to assess how well written the book
was for someone not already an expert in
the field. Accordingly, I chose to use this
book as my primary reference for presenting the course, and that turned out to be
an excellent decision.
The book is written with the student
in mind, and reaches out to grab you immediately with a number of problems to
be solved using variational methods: classical problems such as the Brachystochrone,
Catenary, simple geodesics, and Dido’s
problem, as well as a simple optimal control problem. The first Chapter also uses
these problems to illustrate the idea of optimising a functional, the problem that lies at

the heart of the Calculus of Variations. Presenting problems from a range of areas can
be tricky. One cannot, these days, assume
that the students will all have strong backgrounds in physics, math, and engineering,
and so one cannot go into much depth in the
problems. I found that the author generally
presented these examples at about the right
level, so that a student can grasp the essential details of the problem, without necessarily learning all of the ins and outs of each
area in which the calculus might be applied.
The book then proceeds to describe, in
Chapter 2, the first variation, and the EulerLagrange equations, and their derivation.
In Chapters 3 and 4 the methods are extended first to allow multiple independent
and dependent variables, and then to problems such as Dido’s which include isoperimetric constraints. In Chapter 5 he shows
the application of these techniques to eigenvalue problems, such as the Sturm-Liouville
problem, and in Chapter 6, he extends
the methods to include other forms of constraints. In Chapter 7, he brings in one final extension to allow free endpoints, and
presents the transversality conditions. He
then moves into Hamilton’s formulation,
and the Hamilton-Jacobi equation in Chapter 8 and extends this material by considering conservation laws, and Noether’s theorem in Chapter 9, finishing the book with
two appendices covering some of the more
theoretical material required elsewhere in
the book.
From my perspective, the book was
pitched at a good level for the students I was
teaching, apart from a few segments of the
course which I believe the students found
heavy going. The theorem proofs are typically clear, and generally not too formal,
which I approve of in this context – they
are at the right standard for what the students could absorb. Also, the frequent use
of examples to illustrate results made the
material much more approachable.
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In any such work, particularly under the
constraint that it be equivalent to a semester course, there are compromises. There
are areas ommitted. The author has made
careful efforts to make this pruning as painless as possible, but, for instance, I would
have been pleased to see more material
on approximation approaches to finding extremals. Also I found that, from a personal
point of view, the book concentrated too exclusively on classical problems such as those
from mechanics. It is fair to say, that these
problems are essential to the Calculus of
Variations, and bring the student in contact with the wonderful history of this subject. However, I found also, in teaching the
course, that some more modern problems,
such as those found in optimal control theory can bring yet further life into the subject, and it would have been the icing on
the cake for the book to have focussed on
a few such problems (it does present simple cases in at a couple of points, but does
not dwell on these problems). However, this
ommision is in keeping with the author’s desire to make the book consistent with a one
semester course, and he has to my mind succeeded in getting the material down to just
the right level for this purpose.
Overall I enjoyed this book, and would
unreservedly recommend it for its stated
purpose (teaching an advanced undergraduate course), though, one might also find
that supplementing it with a book on optimal control, or another application area
would provide some additional perspective
to students. The book really brought home
to me the elagance of this subject, and its
long history, while also teaching the more
practical aspects of the work.

Matthew Roughan
University of Adelaide, SA 5005
E-mail: matthew.roughan@adelaide.edu.au
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A Course in Modern Analysis
and its Applications
Graeme Cohen
AustMS Lecture Series 17
Cambridge University Press Cambridge 2003
ISBN 0-521-526272
At the undergraduate teaching level, mathematical analysis is a certain amount of trouble. Its proofs are demanding for students,
requiring a subtlety and attention to detail in argument which is greater than some
other parts of mathematics at the undergraduate level, let alone comparisons with
other subjects. The attention needed to do
justice to these subtleties takes up considerable time and effort, and students are not
invariably well equipped to deal with the
necessary types of argument and often tend
to see analysis as a series of unrelenting and
purely technical demands. The effect is that
the likelihood of seeing some really interesting results in analysis is reduced, and such
results often have to be deferred to honours
or even postgraduate level. So, perhaps a
second year course in analysis may end with
the result that in considering a uniformly
convergent sequence of continuous functions
on a bounded interval, the operation of integration may be interchanged with the operation of taking limits—but there is little
room for building on this to obtain results of
major interest. Undergraduate analysis often tends to be a journey from which most
students have disembarked before they arrive at an interesting destination. The problem is serious because mathematics is now
competing with many other subjects for the
interest and commitment of students, so
that thinking of undergraduate pure mathematics primarily as a preparation for research is a luxury which can no longer be
afforded, if indeed it ever could have been.
Graeme Cohen has produced a coherent
book, aimed at a potentially wide readership, which draws together abstract, classical and numerical analysis and which has
some new ideas which will contribute to the
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teaching and appreciation of mathematical
analysis. It is intended for future teachers of high school mathematics, as well as
for students of engineering, finance or science and for those who may proceed to research. The book is well written and is complemented by appropriate exercises of varying levels of difficulty, a considerable number of which are fully worked out. The book
is largely self contained and does not presuppose much earlier knowledge of analysis.
However, some elementary and advanced
calculus, integration, and differential equations are assumed, but these are necessary
more for some of the applications rather
than for the main text. Unlike J. E. Littlewood, when he claimed to be reading one
of his own papers, a student studying this
work should largely be able to do so without feeling it is “heavy going”. Cohen illustrates his philosophy in writing the book
by a self-deprecating quotation from John
Ward’s Preface to his “The Young Mathematician’s Guide”(1719), which I quote in
part: ‘Tis true indeed, the Dress is but
Plain and Homely, it being wholly intended
to Instruct, and not to Amuse or Puzzle the
young Learner with hard Words; nor is it
my Ambitious Desire of being thought more
Learned or Knowing than really I am. . .
The opening chapter, “Prelude to modern
analysis”, gives a clear overview of sets,
countability, sequences, series, uniform convergence and some linear algebra. This
gives all the essential background for the
remainder, which consists of familiar topics: metric spaces, the Banach fixed point
theorem, compactness and Ascoli’s Theorem, topological spaces, normed spaces and
linear mappings, and inner product and
Hilbert spaces. (The chapter on topological spaces can, in fact, be omitted from the
main development.)
It is the applications which are a feature of the book and are what makes it
distinctive, rather than any new treatment
of the standard topics. Thus, perturbation
mappings arise from Banach’s Theorem;

Chebychev approximation, the Weierstrass
approximation theorem, integral equations,
and ill conditioning in numerical analysis
are discussed in the normed spaces context;
and least squares approximation in inner
product spaces is given more detailed treatment than is usual at this level, with discussion of some of the various families of
classical orthogonal polynomials. An application to quantum mechanics is discussed,
but not developed in any detail and, beyond complete orthonormal sets and generalized Fourier series, there is no serious
application of the concept of Hilbert space.
Overall, the applications are interesting, develop naturally from the material, and are
dealt with successfully from the point of
view of student approachability, especially
bearing in mind the length of the work—
typically, other comparable books which
deal with applications to this extent are substantially longer and more difficult, often
being based on measure theory. Many comparable books have no corresponding applications, and the concrete approach is an advantage in today’s environment. The book
is recommended as successful in meeting
some of the changing expectations in what
is, in Australia but also elsewhere, a ferment
of challenges for traditional disciplines.
Rod Nillsen
School of Mathematics and Applied Statistics, University of Wollongong, Wollongong, NSW 2522
E-mail: nillsen@uow.edu.au













Computational Techniques
for the Summation of Series
Anthony Sofo
Kluwer Academic/
Plenum Publishers Dordrecht 2003
ISBN 0-306-47805-6
This book collects in one volume the author’s considerable results in the area of
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the summation of series and their representation in closed form, and details the
techniques by which they have been obtained. His function theoretic method is
based upon use of residue theory, and chiefly
applied to series solutions which result when
differential-difference equations are solved
by means of transforms. Of course, the series can stand on their own, and indeed one
gets the impression that this is where the
author’s passion lies. Identities and properties of the series are developed, and I
can’t begin to list all the connections with
“named polynomials” that he describes.
The first chapter of the book surveys
methods used by others in the summation
of series, including very recent work, and
includes a section on hypergeometric functions. The second part of this chapter investigates a particular binomial sum, and
shows how the methods of a variety of authors give recurrences and hence closed form
representations for it and some generalisations. Specific reference is made to particular Mathematica routines in the author’s
own work on this sum.
Chapter 2 describes the method by which
a series solution to a delayed differentialdifference equation (both homogeneous and
with a forcing term) is firstly found using
the Laplace transform, and then expressed
in closed form in terms of the dominant zeros of its transcendental characteristic function. Various situations in which such equations arise are mentioned. The series in this
chapter are non-hypergeometric.
That the representations obtained in
Chapter 2 are not “high precision fraud”
(to quote the author, who in turn is quoting someone else) relies on treatment of the
remainder using Bürmann’s Theorem. Consequently, Chapter 3 consists of a proof of
Bürmann’s Theorem, and its application to
the series from Chapter 2.
Chapter 4, similarly, is an auxiliary chapter, the results derived in it being needed
in Chapter 5. Particular finite binomial
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sums are expressed as polynomials, by determining recurrences for the coefficients.
In Chapter 5, the results of Chapter 2 are
generalised.
In Chapters 6–8 attention turns to difference equations, and the technique is analogous, though the appropriate transform is
the Z-transform and the series which result are hypergeometric. Closed forms and
identities are developed for these series, and
again connections are made with related results in the literature.
As far as I have been able to check, almost all of the book has appeared elsewhere
previously; readers who want a taste for
the flavour of the results and the writing
style need look no further than the very
pages of this Gazette [1]. Basically, the bulk
of each chapter corresponds verbatim to a
published paper. (This is not stated clearly,
and only at the end of chapters, rather than,
say, in the Preface.) Hence the writing style
is concise and technical, and the book did
not convey to me a strong feeling of coherence or development. The Preface and
the very brief introductory passages to each
chapter contain a surprising number of typographical errors or grammatical lapses,
given that they must have been written especially for the book. On the plus side,
the calculations are given in plenty of detail, and closely related work which has appeared in a variety of places is conveniently
collected together. That the author passes
on his extensive knowledge of the literature
of results for series will also be valued by
the interested scholar.

References
[1] A. Sofo, AustMS Gazette 26 (2000), 66–72 and
107–114.

Katherine Seaton
Department of Mathematics, School of Engineering
and Mathematical Sciences, La Trobe University,
Bundoora VIC 3086
E-mail: K.Seaton@latrobe.edu.au
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Election of officers and ordinary members of council
Elizabeth J. Billington

Officers of Council
Nominations are invited for the following Officers for the Session commencing after the
Annual General Meeting to be held in September 2005:
One Vice-President and one President-Elect
Note: According to Paragraph 34 (i) of the AustMS Constitution, after the AGM in September 2005, Professor M.G. Cowling will continue in office as the President, and Professor
A.J. Guttmann steps down as Immediate-Past-President, and is not eligible for immediate
re-election as a Vice-President. According to Paragraph 34 (ii), Professor J.M. Hill steps
down as Elected Vice-President, and is not eligible for immediate re-election to that office.
According to Paragraph 34 (iii), the positions of Secretary and Treasurer will be appointed
by Council at its September 2005 meeting.
The present Officers of the Society are:
• President: M.G. Cowling
• Immediate-Past-President: A.J. Guttmann
• Vice-President: J.M. Hill
• Secretary: E.J. Billington
• Treasurer: A. Howe

Ordinary Members of Council
The present elected Ordinary Members of Council are:
• Members whose term of office expires in mid 2005
P.G. Bouwknegt
L. Botten
J.A. Ward
• Members whose term of office expires in mid 2006
B. Davey
H. Lausch
I. Roberts
• Members whose term of office expires in mid 2007
J. Denier
P. Trotter
Accordingly, nominations are invited for three positions as Ordinary Members of Council,
who shall be elected for a term of three consecutive sessions. Note that according to Paragraph 34(iv) of the Constitution, P.G. Bouwknegt, L. Botten and J.A. Ward are not eligible
for re-election at this time as Ordinary Members. According to paragraph 35 of the Constitution, a representative from Western Australia will be required, to ensure that the elected
Officers and elected members of Council include residents from all the States and the ACT.
To comply with the Constitution (see Paragraphs 61 and 64), all nominations should be
signed by two members of the Society and by the nominee who shall also be a Member of the
Society. Nominations should reach the Secretary (whose name and address appear inside

Elizabeth J. Billington
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the back cover of the Gazette) no later than Friday 17 June 2005. For the information of
members, the following persons are presently ex-officio members of Council for the Session
2004–2005.
Vice President (Chair of ANZIAM):
R. McKibbin
Vice President (Annual Conferences):
P.G. Bouwknegt
Representative of ANZIAM:
W. Summerfield
Public Officer of AustMS and AMPAI:
P.J. Cossey
Chair, Standing Committee on Mathematics Education: F. Barrington
AustMS member elected to Steering Committee:
P.G. Hall
Editors: J. de Gier/S.O. Warnaar (Gazette)
A.S. Jones (Bulletin)
R. Moore (Electronic Site)
C.F. Miller (Journal of AustMS)
M.K. Murray (Lecture Series)
C.E.M. Pearce (ANZIAM Journal)
A.J. Roberts (ANZIAM Journal Supplement)
The Constitution is available from the Society’s web pages, at http://www.austms.org.
au/AMSInfo/Const/amsconst.html.
Elizabeth J. Billington
Hon. Sec., AustMS

Appointments
CSIRO:
• Affiliate Associate Professor Christine O’Keefe has been appointed Leader of Health
Informatics at CSIRO Mathematical and Information Sciences.
La Trobe University:
• Dr Michael Jerie has been appointed to a one year lecturing position in mathematics.
RMIT:
• Dr Yanqun Liu has been appointed as Lecturer (Level B).
Swinburne University of Technology:
• Dr Nick Garnham has been recently promoted to Associate Professor. He was also
made Head of the Engineering Mathematics Discipline in the newly created Faculty
of Engineering and Industrial Sciences.
University of Melbourne:
• In the Department of Mathematics and Statistics Dr Craig Hodgson has been promoted to Associate Professor.
• Dr David Odell (associated with the Centre of Excellence for Mathematics and
Statistics of Complex Systems) and Dr Leon Au have been appointed as research
fellows at the Department of Mathematics and Statistics.
• The Statistical Consulting Centre has welcomed new consultants Marnie Collins and
Sandra Clarke, and has farewelled Derchieh Hung.
University of New England:
• Dr Shusen Yan and Dr Gerd Schmalz have taken up lectureships in February.
University of Southern Queensland:
• Dr Peter Dunn and Dr Sergey Suslov have been promoted to Senior Lecturers (Level
C).
• Dr Jesus Lopez has been appointed as Senior Lecturer (Level C), Dr Dmitry Strunin
has been appointed as Lecturer (Level B) and Dr Karla Ziri-Castro has been appointed as Lecturer (Level A).
University of Sydney:
• Dr Daniel Daners and Dr Laurentiu Paunescu have been promoted to Senior Lecturer.
• Dr Michael Stewart has been promoted from Associate Lecturer to Lecturer.
• Dr Jim Ward and Dr Humphrey Gastineau-Hills retired at the end of 2004.
• Prof. Eugene Seneta retired at the end of 2004 and has been appointed Emeritus
Professor.
• Dr Koo-Guan Choo, Dr Roger Eyland and Dr Howard D’Abrera will retire in the
first quarter of 2005.
University of Western Australia:
• In January Prof. Andrew Bassom commenced as Chair of Applied Mathematics.

News

61

Completed PhDs
RMIT:
• Dr Anthony Bedford, Single and Dual Queueing Schemes with Prioritised Traffic
Scheduling and Finite Waiting Room, supervisors: Panlop Zeephongsekul and Basil
de Silva.
• Dr Cosimo Chiera, Perturbation Analysis of the Helical Flow of Generalized Newtonian Fluids, supervisor: John Shepherd.
• Dr Christopher Chin, Numerical Simulation of Towed Cable-Body Systems, supervisor: Rob May.
University of Melbourne:
• Dr Bruce Davey, Algorithmic applications of knapsack covers and duality to integer
programming, supervisors: Dr Natashia Boland and Prof. Peter Stuckey.
• Dr George Handley, Hilbert and Hardy type inequalities, supervisor: Dr Jerry J
Koliha and Prof. J. Pecaric.
University of Sydney
• Dr Otto Konstandatos, A new framework for pricing barrier and lookback options,
supervisor: Dr Peter Buchen.
• Dr Greg Woodbury, Modelling emergent properties of the visual cortex messenger
signalling, supervisor: Dr Bill Gibson.
• Dr Ruxue Xu, Fixed point calculations on cones, supervisor: Prof. Norman Dancer.
• Dr Yunchuan Yin, W-graph representations for Coxeter groups and Hecke algebras,
supervisor: Dr Bob Howlett.
University of Western Australia:
• Dr B.A.C.S. Balasuriya, Maximal Monotone Operators in Banach Spaces, supervisor: Dr Simon Fitzpatrick.

Awards and other achievements
Jason Looker from The University of Melbourne has been awarded the T.M. Cherry Prize
for the best talk by a student at the ANZIAM2005 meeting.

ANZIAM award for outstanding new researchers
J.H. Michell Medal
Nominations are called for the award of the J.H. Michell Medal for 2006 for ANZIAM
outstanding new researchers. Nominees must be in their first 10 years of research on 1
January 2006 after the award of their Ph.D., and be members of ANZIAM for at least 3
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years. Nominations close on 30 September 2005. Further information can be obtained from
http://www.anziam.org.au/Medals/michell.html.
The Chair of the Selection Panel for the 2006 award is
Professor Larry Forbes
School of Mathematics and Physics
University of Tasmania
Private Bag 37
Hobart TAS 7001
E-mail : Larry.Forbes@utas.edu.au
Nominations can be made by any member of ANZIAM other than the nominee. A nomination should consist of a brief C.V. of the nominee together with the nominees list of
publications and no more than a one page resume of the significance of the nominees work.
Nominations should be forwarded to the Chair of the Selection Panel, in confidence.
Please note that, where necessary, the Selection Panel will consult with appropriate assessors concerning evaluation of any nominees research.

Conferences
Geometry: Interactions with Algebra and Analysis
January–June 2005, Auckland
Web: http://www.math.auckland.ac.nz/Conferences/2005/geometry-program
Counting Complexity: An International Workshop on Statistical Mechanics
and Combinatorics. In Celebration of the 60th Birthday of Professor Tony
Guttmann
10–15 July 2005, Dunk Island
Organiser: Aleks Owczarek
E-mail : aleks@ms.unimelb.edu.au
Web: http://www.complex.org.au/conferences/t60
16th Australasian Workshop on Combinatorial Algorithms (AWOCA)
21–24 September 2005, University of Ballarat
Organiser: Professor Mirka Miller
E-mail : pmanyem@linus.levels.unisa.edu.au or m.miller@ballarat.edu.au
Topics include: Algorithms and Data Structures, Complexity Theory, Graph
Theory and Combinatorics, Cryptography, Algorithms on Strings, Graph Algorithms, Graph Drawing, Computational Algebra and Geometry, Computational
Biology, Communications Networks, Probabilistic and Randomized Algorithms,
New Paradigms of Computation, and other topics in theoretical Computer Science.
Authors who would like to submit papers can contact Dr Prabhu Manyem or
Prof. Mirka Miller at the above email addresses.
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23rd Victorian Algebra Conference
24–26 September 2005, The University of Western Australia
Web: http://www.maths.uwa.edu.au/vac05
The conference precedes the 49th Annual Meeting of the Australian Mathematical Society, also in Perth.
Miniconference on Functional Analysis - to honour our late colleague Simon
Fitzpatrick
25–26 September 2005, The University of Western Australia
Organiser: John Giles
E-mail : jan.garnsey@newcastle.edu.au
Web: http://www.maths.uwa.edu.au/austms05/index.html
The conference precedes the Annual Meeting of the Australian Mathematical Society at the University of Western Australia. Accommodation has been
booked at St George’s College, University of Western Australia. Our special
guest lecturer is Professor Jonathan Borwein FRSC who has been a long term
collaborator with Simon. The miniconference is supported by a Special Interest
Grant from the Australian Mathematical Society and by a grant from AMSI.
49th Annual Meeting of the Australian Mathematical Society
27–30 September 2005, The University of Western Australia
Director: Lyle Noakes
E-mail : lyle@maths.uwa.edu.au
Web: http://www.maths.uwa.edu.au/~austms05/index.html
Invited Speakers:
Prof. Bruce Berndt (University of Illinois) – Mahler Lecturer
Dr Natashia Boland (Melbourne)
Prof. Jonathan Borwein (Dalhousie)
Prof. Robert Calderbank (Princeton)
Prof. Rida Farouki (UC Davis)
Dr Andrew Hassell (ANU)
Prof. Angus Macintyre (QMC)
Dr Shahar Mendelson (ANU)
Prof. Michael Nielsen (UQ)
Dr Akshay Venkatesh (NYU/Clay Institute)
If you are interested in organising a special session please contact the director
or Lucho Stoyanov (stoyanov@maths.uwa.edu.au).
DELTA’05, the Fifth Southern Hemisphere Symposium on Undergraduate Mathematics & Statistics Teaching & Learning
22–26 November 2005, Kingfisher Bay, Fraser Island, Queensland
Convenor: Christopher J. Harman
E-mail : harman@usq.edu.au
Web: http://www.maths.uq.edu.au/delta05/
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8th International Conference of The Mathematics Education into the 21st Century Project: “Reform, Revolution and Paradigm Shifts in Mathematics Education”
25 November–1 December 2005, Johor Bharu, Malaysia
Contact: Alan Rogerson
E-mail : arogerson@vsg.edu.au
The Chairman of the Local Organising Committee is Professor Noor Azlan
Ahmad Zanzali, of the Faculty of Education, Universiti Teknologi Malaysia
(UTM). The dates of our conference are conveniently fixed to follow on from
the DELTA conference in Fraser Island, Australia and to lead into the MAV
Conference, Melbourne. Papers are invited on all innovative aspects of evolutionary/revolutionary changes in Mathematics Education, past and future. For
further conference details please email Alan Rogerson.

Visiting mathematicians
Visitors are listed in the order of the last date of their visit and details of each visitor are
presented in the following format: name of visitor; home institution; dates of visit; principal
field of interest; principal host institution; contact for enquiries.
Prof. Satoshi Koike; Hyogo University; 1 March to 4 April 2005; Singularity theory; USN;
Dr Laurentiu Paunescu
Prof. Elvezio Ronchetti; Geneva; 15 March to 8 April 2005; Asymptotics; USN; Prof. John
Robinson
Prof. Alexander Alekseevich Borovkov; Sobolev Institute of Mathematics, Novosibirsk; 10 January to 10 April 2005; –; UMB; Dr Kostya Borovkov
Prof. Florian Hess; Technical University of Berlin; 28 February to 10 April 2005; Arithmetic
fields and crypography; Prof. John Cannon
Prof. Graeme Segal; Oxford; 14 March to 11 April 2005; Topology; USN; Prof. Gus Lehrer
Dr Alex Lindner; Technischen University Munchen; 16 January to 12 April 2005; Stochastic
Analysis; ANU; Prof. Ross Maller
Prof. Herbert Huppert; Cambridge; 7 March to 15 April 2005; Applied mathematics; USN;
Prof. Nalini Joshi
Prof. David Dritschel; University of St Andrews; 26 February to 15 April 2005; Vortex dynamics; USN; Dr Charlie Macaskill
Prof. Richard Wood; Dalhousie University; 15 January to 15 April 2005; Category theory;
USN; Prof Max Kelly
Prof. Derek Holt; University of Warwick; 20 March to 16 April 2005; Computation in finite
groups; USN; Prof John Cannon
Dr Alexa van der Waall; Simon Fraser University; 1 October 2004 to 30 April 2005; Differential Galois theory; USN; Prof John Cannon
Dr Ronald Thatcher; University of Manchester; 7 February to 30 April 2005; Numerical solution of combustion problems; UNSW (ADFA); Rodney Weber and Harvinder Sidhu
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Prof. Adam Parusinski; Université D’Anger; 1 to 30 April 2005; Singularity theory; USN; Dr
Laurentiu Paunescu
Dr Anton Cox; City University, London: 12 April to 1 May 2005; Representation theory of
symmetric groups; USN; Dr Alison Parker
Prof. Peter Brockwell; Colorado State University, USA; 7 February to 16 May 2005; –; UMB
Dr Junping Shi; College of William and Mary; 24 March to 25 May 2005; Nonlinear elliptic
equations; USN; Prof. Norman Dancer
Dr Alexander Kitaev; Steklov Mathematical Institute; 1 March to 1 June 2005; Singularities;
USN; Prof. Nalini Joshi
Prof. George Grätzer; University of Manitoba, Canada; Mid April to mid June 2005; Lattice
Theory; LTU; Brian Davey
Prof. Willy Sarlet; Ghent State University, Belgium; 29 May to 19 June 2005; –; UMB; –
Prof. H J G Gundersen; University of Aarhus; 1 to 30 June 2005; –; UWA; Prof. Adrian
Baddeley
Prof. Hechen Zhang; Tsinghua University; 1 February to 31 July 2005; Representation theory of quantum groups; USN; Dr Ruibin Zhang
Prof. Akos Seress; Ohio State University; July 2004 to July 2005; –; UWA; Prof. Cheryl
Praeger
Prof. Wen-Han Hwang; Feng Chia University; February to August 2005; Statistical Science;
ANU; Prof. Richard Huggins
Dr Andrew Pickering; Universidad Rey Juan Carlos; 10 April to 14 August 2005; Analysis
of integrable systems; USN; Prof. Nalini Joshi
Dr Pilar Gordoa; Universidad Rey Juan Carlos; 10 April to 14 August 05; Analysis of integrable systems; USN; Prof Nalini Joshi
Prof. Dianjun Wang; Tsing-Hua University; 20 February to 20 August 2005; UWA; Dr Cai
Heng Li
Dr Guang-hui Wang,; Chinese Academy of Sciences; 8 September 2004 to 8 September 2005;
UWA; Dr Song Wang
Dr Ruth Kantorovitz; University of Illinois; 20 September 2004 to 20 September 2005; Algebra and Topology; ANU; Prof. Amnon Neeman
Prof. Robert Lipster; Tel Aviv University; 1 October 2004 to 30 September 2005; Stochastic
Processes; MNU; Prof. Fima Klebanar
Dr Aliki Muradova; Tblisi State University; 17 September 2003 to 17 September 2005; Advanced Computation and Modelling; ANU; Dr Markus Hegland
Prof. Chaohua Dong; Shanxi University; 11 March 2004 to 27 September 2005; UWA, Prof.
Jiti Gao
Dr Kenji Kajiwara; Kyushu University; 5 October 2004 to 30 September 2005; Discrete
Painlevé equations; USN; Prof. Nalini Joshi
Dr Alexander Kitaev; Steklov Mathematical Institute; 1 August to 1 November 2005; Singularities; USN; Prof. Nalini Joshi
Prof. Kazem Mosaleheh; Shiraz University; 1 January to 31 December 2005; Analysis of
PDEs; MNU; Dr Alan Pryde
Prof. Wenjun Yuan; Guangzhou University of China; December 2004 to December 2005;
Differential equations and financial mathematics; CUT; Dr Yong Hong Wu
Prof. John Ryan; University of Arkansas; August 2005 to December 2005: Analysis and
Geometry; ANU; Prof. Alan McIntosh
Dr Bernard Kron; University of Vienna; 5 March 2004 to 1 March 2006; Ends, group actions
and random walks; USN; Dr Donald Cartwright
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Dr Hua Zhang; Yunnan Normal University; 1 March 2005 to 1 March 2006; –; UWA; Dr Cai
Heng Li
Dr Robert Carls; Leiden University; 1 January 2005 to 30 June 2006; Cryptography; USN;
Dr David Kohel
Dr Yuly Billig; Carlton University; 16 July 2005 to 16 July 2006; Quantum algebras; USN;
Dr Alexander Molev
Dr Nicols Jacon; Université Caen; 1 September 2005 to 31 August 2006; Representation
theory; USN; Dr Andrew Mathas
Dr Shenglin Zhou; Shantou University; October 2004 to October 2006; –; UWA; Prof. Cheryl
Praeger
Dr Patrick Desrosiers; Université Laval, Qubec, Canada; 5 February 2005 to 4 February 2007;
–; UMB; –
Dr Nils Ackermann; Giessen; 1 August 2005 to 31 January 2008; Nonlinear analysis; USN;
Prof. Norman Dancer

Rules governing AustMS Grants for Special Interest Meetings
Council recently revisited the rules for these meetings. It has been decided to retain rule (d)
below, regarding the charging of registration fees with a substantial reduction for members
of the Society. However, the maximum allocation (mentioned below rule (i) below) for any
one Meeting next year will be up to $(1000 + 150n), where n is the number of AustMS
members registered for and attending the meeting; an upper limit of $5000 is envisaged.

The Australian Mathematical Society sponsors Special Interest Meetings on specialist
topics at diverse geographical locations around Australia. This activity is seen as a means of
generating a stronger professional profile for the Society within the Australian mathematical
community, and of stimulating better communication between mathematicians with similar
interests who are scattered throughout the country.
These grants are intended for once-off meetings and not for regular meetings. Such
meetings with a large student involvement are encouraged. If it is intended to hold regular
meetings on a specific subject area, the organisers should consider forming a Special Interest
Group of the Society. If there is widespread interest in a subject area, there is also the
mechanism for forming a Division within the Society.
The rules governing the approval of grants are:
(a) each Special Interest Meeting must be clearly advertised as an activity supported
by the Australian Mathematical Society;
(b) the organizer must be a member of the Society;
(c) the meeting must be open to all members of the Society;
(d) registration fees should be charged, with a substantial reduction for members of the
Society. A further reduction should be made for members of the Society who pay the
reduced rate subscription (i.e. research students, those not in full time employment
and retired members);
(e) a financial statement must be submitted on completion of the Meeting;
(f) any profits up to the value of the grant are to be returned to the Australian Mathematical Society;
(g) on completion, a Meeting Report should be prepared, in a form suitable for publication in the Australian Mathematical Society Gazette;
(h) a list of those attending and a copy of the conference Proceedings (if applicable)
must be submitted to the Society;
(i) only in exceptional circumstances will support be provided near the time of the
Annual Conference for a Special Interest Meeting being held in another city.
In its consideration of applications, Council will take into account locations around Australia of the various mathematical meetings during the period in question. Preference will
be given to Meetings of at least two days duration. The maximum allocation for any one
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Meeting will be $2500, with up to $12,000 being available in 2005. There will be six-monthly
calls for applications for Special Interest Meeting Grants, each to cover a period of eighteen
months commencing six months after consideration of applications.
Elizabeth J. Billington
Hon. Sec., AustMS

