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We all value a good mathematics education, and appreciate the benefits it brings to
the wider community. Despite good intentions, measures taken by policymakers have not
always had the desired effect, and indeed may have contributed to a declining education
system. A recent damning report1 on mathematics education in the UK, “Where will the
next generation of UK mathematicians come from?”,2 finds that from primary to tertiary
level there is
The failure to recruit and to retain sufficiently many good mathematics
teachers, the neglect of long-term professional development, bureaucratic
pressures on teaching and an overemphasis on low-grade assessment.
One of the consequences of a poor mathematics education is the lack of properly trained
home-grown teachers, industry professionals and researchers:
British mathematics postgraduates with a PhD from a British university
are now largely unemployable in British universities. The level of research
output, which British universities are required to demonstrate in order to
obtain adequate levels of funding [as a result of the research assessment
exercise], can now only be achieved by sucking in increasing numbers of
older and more experienced researchers from overseas.
The above seems to be a global problem, at least for the developed world, including
Australia where the sciences face a research assessment exercise similar to that in the UK.
Instead of only taking funding related measures, the report concludes that it is time to
address the needs and aspirations of more able students. Stimulating mathematics from an
early age ensures an adequate supply of home-grown high-quality researchers in key areas
(not just for academic research but for the economy as a whole).
Where a good mathematics education can lead you is illustrated by Gordon Thompson
in My brilliant career. He writes “Mathematics fosters clear thinking and mental discipline... With those skills, one can judge when a mathematical model is an honest attempt
to represent reality, and when it is a device to manipulate opinion.” This is especially
important in emotional policy issues such as the debate surrounding nuclear power.
In Math matters Iain Raeburn offers some insight in the current mentality of mathematics researchers and how we compare to other science professionals in obtaining funding.
He urges all of us to apply for grants. Every year.
Patrick Bangert and Ian Roberts are trying to find an answer to the ever recurring
question “What is mathematics?”. Clearly, most of us would feel it is more than mere
1
2

Available at http://image.guardian.co.uk/sys-files/Education/documents/2005/06/28/maths.pdf
From Russia and Hungary according to the Guardian.
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computation and that it has strong aesthetic elements. Bangert has collected definitions from
colleagues around the world, culminating in his own definitive(?) definition. Roberts asks
for your opinion, challenging the Gazette’s readers to provide their own one-line definition
of mathematics.
This Gazette contains some elusive and exotic animals related to open mathematical
problems. In The 11th Problem Catherine Greenhill takes us out Snark hunting in her
account of the Seymour/Szekeres Cycle Double Cover conjecture. Norman Do explains in
Mathellaneous that Tic-Tac-Toe is not as simple as it seems when played with animals,
asking the question if Snaky will be a winner or a loser.
Winning or losing is also the subject of Bob Clarke’s article dispelling the myths surrounding the number of wins needed to reach the AFL finals.

Michael Cowling

This report is being written on a plane, and
hopefully will be transmitted to the editors
once I get to a terminal where there is free
internet access. It is interesting to take this
technological miracle as the departure point
and to contemplate how the nature of our
profession has changed over the last fifty
years. Fifty years ago, an Australian academic going on sabbatical leave would take
his family on a ship, probably to the United
Kingdom, and stay there for a year. Now
the family may well refuse to move, and
the academic will make short trips by air to
visit colleagues in several continents. Fifty
years ago we used to write aerogrammes,
which took a week or so to arrive, while
now we send email and can bounce ideas
around several times in the same week. So
the modus operandi of research collaboration has changed quite dramatically, but
how is this reflected in what we do? I have
the impression that we publish more joint
research than in the past, though I confess
that I have no figures to prove this. But is
this the only change?
Of course we have computer power at our
fingertips in a way that we could not even
dream of half a century ago, when Thomas
J. Watson, of IBM, imagined that the world
needed about five computers. And we are
learning to put these together in networks
(in a number of different ways) to get ever
more out of them: for instance, at UNSW,
many of our desktop computers stay awake
at night and run as parallel processors,
while not so many years ago, a factorisation
problem which was considered too hard to
be solved even with state of the art computers was cracked by a team of individuals
with personal computers who did not even

know each other put together over the internet.
The last Gazette had a very interesting
article on how very simple rules can lead
colonies of ants to behave in a fashion which
is well beyond the intelligence of any individual, and I wonder whether we might be
able to observe a similar “superintelligence”
in mathematics. Of course, there have been
notable team activities in the past in mathematics, such as the classification of finite
simple groups, but these have usually involved the parcelling out of large tasks. I am
curious whether our collaborations lead to
the solving of harder problems rather than
just bigger ones.
This is just speculation, but it is not
entirely idle. As I flagged in my last
President’s report, the Australian Research
Council and other bodies, including the
Australian Mathematical Society, are funding a review of research in the Mathematical Sciences. Of course we can hope that
this review will lead to greater support of
the Mathematical Sciences, but it should do
more than this. It is important that the
report also provides a map for the future
development of our discipline. There is a
current review of research infrastructure in
Australia which seems to suggest that the
only sort of infrastructure that we should
be planning for is bigger, brighter and better computing facilities. But is this really
so?
Previous reviews have argued for the creation of an institute like the Fields Institute
and the Pacific Institute for the Mathematical Sciences in Canada, and their analogues
elsewhere, and the next report will in all
likelihood do the same. But the call may
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again fall on deaf ears unless we can demonstrate that the collaborative atmosphere of
an institute can do more than just provide
the opportunity to meet friends and share
drinks together. So I have been asking myself, and I invite any colleagues with any
thoughts on this to share them, whether
and how we should prepare an argument for
permanent funding for an institute here; it
seems to me that we need to be able to show
that an institute would make a qualitative
difference to what we do, not just help us
get there faster. We need to prove that an
institute will be more effective at communicating and collaborating with industry and
education than a disparate group of university departments. I think also that we
should be prepared to argue for other sorts
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of infrastructure (for which we can make a
very coherent and not too futuristic case).
Let me remind you again that the next
Annual Meeting of the Australian Mathematical Society will be held at the University of Western Australia, in Perth, at the
end of September. The conference web site
is
http://www.maths.uwa.edu.au/
~austms05/index.html .
I look forward to seeing many of you there.
I hope that at the Annual General Meeting
of the Society (that event where we ratify
what has happened during the past year and
what is planned for the next year), or at an
ad hoc forum, we can discuss the forthcoming review and what it might lead to.

What is Mathematics?
This is a question that I have been asked
countless times in my twenty five-plus years
of working in mathematics. Normally a onesentence answer is all that is expected. How
does one summarise in at most two sentences the richness and complexity of one
of the great cultural and technical achievements of humanity?
A recent motivation for further considering this question was the process of considering sixty mathematicians for one lecturing
position. There was a vast range of areas
of interest and experience but they were all
mathematicians. What is a mathematician?
Is this a person who does mathematics?
How do you answer in one sentence:
What is Mathematics?
I’d like to collect as many answers as possible from the mathematicians of the world
(or at least Australia). Take the time to
send me your one or two-sentence answer.
I hope to collate the answers and report
back in a later edition of this journal. No
names will be mentioned, so all answers will
be anonymous, except to me.
Please send your one sentence NOW,
or at least by the end of August 2005 to
Ian.Roberts@cdu.edu.au preferably labelled
“What is Mathematics?”
Perhaps some of us additionally would
like to provide a fuller answer. If that is
the case then please send it as well, and depending on the interest in the topic we might
build upon that. In this case please nominate if you wish for this to remain anonymous.
I have developed my own one-sentence
answer, which is currently my secret – I
think it is interesting to get a range of fresh
views from a number of mathematicians.

We are all unique, we all work in different
sub-disciplines, we are all motivated to work
in and enjoy mathematics for different reasons, and we have all succeeded in different
ways.
The question is very relevant in our current tough times. What is it that we spend
so much time doing, that we succeed in
doing, and that we think is so important?
What is it that students are missing at
school if they are not taught mathematics, or not taught it well — and what does
“taught it well” actually mean? What is
the subject that we have chosen, that we
think is under-funded, that we think is under appreciated, and which we see in decline
across the country? What is it that many
Australian Universities have been cutting or
trimming but which constitutes some of the
largest disciplines in many international universities?
Recently I happened to hear a Federal Member speaking in Parliament and
lamenting the decline in the quality of political comment in the media. I listened
intently when he attributed some of this
decline to the decrease in people studying logic, philosophy and mathematics. He
claimed figures around the following values:
twenty years ago there were 100 000 students across the country in these disciplines
and now there are 20 000 students. Unfortunately a recent web search of Parliament
and Hansard has not allowed me to find the
exact speech and clarify the details.
My personal views have evolved through
experience and interest. I began in functional analysis, where “anything finite dimensional is trivial”, and I now work mainly
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in finite and discrete mathematics (Set Systems, Extremal Set Theory, Combinatorial Design, Search Theory, Hypergraphs,
Combinatorics . . . what is the name of my
pigeonhole?). My associated interests include Mathematics Education and Theoretical Computer Science.
Will my one-sentence answer satisfy you?
The Australian Pocket Oxford Dictionary (1986) states “mathematics . . . science
of space and number in the abstract . . . or
as applied to physical research”. Does this
satisfy you or anyone who might ask you the
question?
The editors of this journal touched on
this topic in the Editorial of the last issue
of 2004 whilst celebrating the event! They
used more than one sentence. What would
be their two-sentence answer?

Will your answer satisfy others or be
meaningful to them without having had
your experiences?
I suspect we will need many one-sentence
answers that may just convey some sense of
who we are! Lets see if we can get some
answers — over to you!
In this same edition of the Gazette there
appears an interesting article by Patrick D.
Bangert, What is Mathematics? The appearance of this article is coincidental but
not surprising — we should all be interested in and concerned about our fascinating
and sometimes threatened discipline. I hope
that the replies received to this short article will be a light complement to Bangert’s
quest as expressed in his paper.

Ian Roberts
Senior Lecturer in Mathematics
Member of AustMS Council and AustMS Educational Subcommittee
Faculty of Technology
Charles Darwin University, Darwin NT 0909
E-mail: Ian.Roberts@cdu.edu.au

Iain Raeburn
How others see us
For the past 15 years I have been a professor at the University of Newcastle, which
is by Australian standards a medium-sized
university with serious research ambitions.
As the only professor of mathematics in the
university, I have served on numerous selection committees, promotion committees
and research committees. For the past year,
I have been a member of the ARC panel on
Mathematical, Information and Communication Sciences. Being forced to repeatedly
explain to colleagues from other disciplines
how mathematicians operate, and watching
these colleagues’ reactions to my explanations, have led me to question how well we
are presenting ourselves and our work to the
wider scientific community. I have gradually come, somewhat reluctantly, to the conclusion that we as a profession have some
kind of masochistic desire to shoot ourselves
in the foot.
Our colleagues, especially those from
other sciences, instinctively assess our promotion and grant applications using the criteria they know work well in their own disciplines: the number of publications (especially those as first author), success at
attracting and supervising research students, and the total value of external research grants obtained3. It is obvious to
us that only an exceptional young mathematician could ever compete with a biologist or physicist on these terms, but of
course our colleagues don’t see it that way.
My main suggestion here is that, instead

of just getting ourselves a miserable reputation by bleating about the unfairness of
life, the universe and everything, it might
be more constructive to look at how our scientific colleagues conduct their affairs and
ask whether adopting some of their practices might help us do our job better.
The first criterion which is widely used
for assessment is the list of publications.
We (that is, mathematicians) agree that the
typical mathematician publishes less than
other scientists of similar calibre. Some of
the reasons for this are inherent to our subject and are defensible, others less so. For
example, justifying good mathematics often involves a lot of detailed argument, and
therefore the results appear in a few long
papers rather than many short ones. Our
colleagues usually accept this point. On the
other hand, in many cases the real reason is
simply that we are slow: slow to write up
our results, slow to referee them, and slow
to print them. These points we could work
on, and should.
The problem with our slow publication rate begins when we are PhD students, when the goal of writing a thesis
looms so large everything else is forgotten. An important part of the research
process, though, is writing papers and submitting them for publication, and getting
the knack of this process should be part of
the “research-training” which our PhD programs are supposed to deliver; it certainly
is in the sciences and in engineering. We

3More recently, as Tony Bracken observed in the Gazette’s last issue, we are under pressure to compete
on citation counts and journal impact factors too. We do even worse on these new criteria, largely because
mathematicians cite substantially less than every other discipline [1]. Why is this?
4OK, OK. I realise that “demanding” things of PhD students gets you nowhere. . .
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too should be demanding4 that our PhD
students write their results up and submit
them for publication while they are still students5. Far too many talented mathematicians with five or ten years of postdoctoral
experience have only a handful of published
papers to show for their efforts.
Slow refereeing has always been a problem in mathematics, and anecdotal evidence
suggests that it may be getting even worse
— I often hear (and experience!) horror stories involving delays of 2, 3 or more years
before an editor finally makes a spot judgement in the absence of any report from a
referee. My suggestion here is that we modify our expectations of referees: it should be
made clear that they are not responsible for
checking results, proof-reading or editing,
but merely for deciding whether the paper
has intellectual content, is readable, and is
appropriate for the journal in question6.
The second commonly used criterion,
that of attracting and supervising research
students, is often problematic for mid-career
mathematicians. This is partly unavoidable, since we are dependent to some extent on the existence of suitable candidates.
But we could maybe improve the situation
by learning from our scientific colleagues,
who typically get junior colleagues, postdocs and senior students actively involved
in the research projects of their younger students. The potential benefits of such an approach are huge: supervisory experience for
the junior researchers, more impetus for the
students’ projects, and better research outcomes for everyone7. We could also do more
to attract students by using research funds
to make more scholarships available. This
brings me to. . .
The third criterion: that of attracting
external research funding. There is a general feeling among mathematicians that it
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is much harder for a mathematician to get
an ARC grant than it is for other scientists.
The usual response from ARC representatives is that the success rate in mathematics is much the same as it is in other disciplines. My own view, for what it’s worth,
is that both statements are correct. However, I have seen no evidence that the ARC
or its panel members intend to discriminate
against mathematics. It is hard for mathematicians, partly because of our publication
records (see above), but mostly for the simple reason that not enough of us bother to
apply for grants.
This problem, therefore, is one that our
community can fix merely by adopting standard scientific practice. In other disciplines, every active researcher submits at
least one proposal every year. Mid-career
mathematicians, on the other hand, typically think first about whether they have
any chance of success, then about how much
work it will take to write the proposal,
and thereby talk themselves out of applying. Australia has some truly outstanding
mathematicians, and they naturally dominate the top end of the list every year, as
indeed they should if the system is working.
But as a result, promising and hard-working
younger researchers who really need the
support, encouragement and track record
regularly miss out, and eventually stop applying.
This is not the considered response one
would expect of professionals. If we believe
that our subject is important and that our
research is worth doing (and if we don’t why
the hell are we here?), then we must learn to
play the game the way the professionals do.
We as a community should be putting pressure on all our active researchers to think
hard about how they could improve their
research with extra resources, and then to

5. . . but we can offer the carrot that it will be much easier to write the thesis if they have this experience
and a couple of papers to cut-and-paste from.
6When I espoused this view to a friend who is the Managing Editor of a major journal, she shook her
head and said: “Sorry, Iain, but this means you are no longer mid-career.” Harsh but true.
7There is evidence that we are gradually moving away from our “eccentric loner” model of research [2],
but there is much more we could do.
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ask the ARC for these resources by submitting a proposal. Every year. Whenever
we ask ourselves whether it is worth the effort, we should imagine how much healthier
Australian mathematics would be if we had
twice as many postdocs, twice as many international visitors and twice as many PhD
students. We would all benefit from the
flow-on effects8.
Some of the suggestions I have made
involve changing the mind-set of our profession, and are therefore not completely

within the control of the mathematical community in Australia. Some of them, though,
are very much in our control. I believe
that changing local mathematicians’ attitudes towards publication and grant applications could in the relatively short term
substantially boost our standing in the Australian research community. Our young
people would then find it easier to find positions, fund their research and get promoted.
And our Deans might even allow us to replace some mathematicians when they retire.

References
[1] I. Podlubuy, A note on comparison of scientific impact expressed by the number of citations in different
fields of science, http://uk.arxiv.org/abs/math.ST/0410574.
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8Especially if the successful applicants remember that their success depended on the efforts of their unfunded colleagues, and allow these colleagues to share the flow-on funding (or whatever tiny fraction of it
reaches the mathematical coal-face in their university).

Norman Do
How to Win at Tic-Tac-Toe
1

More Than Child’s Play

Tic-Tac-Toe as a Tree
Undoubtedly one of the most popular pencil and paper games in the world is tic-tac-toe,
also commonly known as noughts and crosses. The game has a longstanding history in many
cultures across the globe. It has been posited that it may even have been played under the
name of “terni lapilli” in Ancient Rome, where examples of the tic-tac-toe grid have been
found etched in stone throughout the empire. No doubt almost every reader will have played
a game of tic-tac-toe, perhaps as a child subjected to a less than exhilarating class at school.
And no doubt just as many will be well aware of the fact that if both players adopt their
optimal strategy, then neither player can force a win.
Most tic-tac-toe enthusiasts will come to the conclusion that the game ends in a theoretical
draw through intuition and experience — but how does one prove such a fact? A naive
brute force approach is to treat the game of tic-tac-toe as a tree. More precisely, consider a
graph with a root vertex corresponding to the empty tic-tac-toe board, with adjacent edges
connecting it to all of the possible states of the game after one move, which are in turn
connected to vertices corresponding to all of the possible states of the game after two moves,
and so on. Since every game must end after at most nine moves, the graph constructed in
this way does not contain any cycles and is therefore a tree. The edges of the tree correspond
to all of the possible moves while the vertices correspond to all of the possible states of the
game. Furthermore, the vertices of degree one correspond to completed games, so they can
be labelled with an O, X or D depending on whether they correspond to a win for O, a win
for X, or a draw, respectively. A large number of two player games of no chance can be
considered as a tree in this way. These games are the realm of combinatorial game theory,
an area of mathematics with an extensive, though growing, theory.
Now determining whether X has a winning strategy or O has a winning strategy or whether
the game is a theoretical draw can be found by a method known as tree-pruning. In this
process, branches are repeatedly deleted from the tree until it has been pruned all the way
back to the root. The first pruning of the tic-tac-toe tree removes all moves in which a
player can win but does not. The second pruning removes those branches in which a player
could have blocked those wins, but did not. To comprehend just how brutish this brute force
approach actually is, consider the fact that the tic-tac-toe tree contains 255,168 vertices of
degree one, corresponding to all of the different possible tic-tac-toe games that can be played.
Of course, this number can be significantly reduced by taking into account the symmetry
of the board. For example, rather than considering all nine edges from the root vertex
corresponding to the nine squares in which the first move can be, we need only consider the
three edges corresponding to a move in the corner, edge or centre. Despite this reduction,
it seems unlikely that anyone would want to perform the full analysis by hand. And this is
just for tic-tac-toe — imagine the size of a tree for a game as complicated as Nim, or chess,
for that matter!
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Show that there exist 255,168 possible tic-tac-toe games, where the symmetry of the
board has not been taken into account.

Games to Beat your Friends With
Since the optimal strategy is so well-known, a tic-tac-toe duel between intelligent players
will almost certainly involve them playing out an unavoidable draw. Thus, tic-tac-toe is a
solved game and, like a solved maths problem, we can sweep it under the proverbial rug and
turn our attention to other more interesting pastimes. The competitive reader may like to
challenge a formidable opponent at the following three pencil and paper games.
Jam: The diagram below shows a map of towns and roads, represented by points and line
segments, respectively. Two players take turns to select a road and a road may not be chosen
if it has already been used. The first player to take all of the roads passing through a town
wins. If all roads have been selected without one of the players winning, then the game is
declared a draw.

Magic Fifteen: Two players take turns to select an integer from 1 to 9. An integer may
not be chosen if it has already been used and a player wins once they have chosen three
distinct numbers which add to 15. If all of the nine numbers have been selected without one
of the players winning, then the game is declared a draw.
Count Foxy Words: Two players take turns to select one of the following words.
COUNT

FOXY

WORDS

AND

STAY

AWAKE

USING

LIVELY

WIT

A word may not be chosen if it has already been used and a player wins once they have
chosen all of the words which contain a given letter. If all of the words have been selected
without one of the players winning, then the game is declared a draw.
The astute reader may have noticed a remarkable similarity between the three aforementioned games. They all require two players to alternately select an object from a set of size
nine with the aim being to obtain one of eight possible three-element sets. Sound familiar?
Of course it does, since all of these games are simply tic-tac-toe in disguise — the game’s the
same by any name! These are presented in Winning Ways for Your Mathematical Plays [1]
where the authors bet that you can fool your friends, at least for a short while, by playing
these three variations on the tic-tac-toe theme. The diagram below reveals the isomorphisms
which demonstrate the equivalence.

Mathellaneous

2
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How to Get N in a Row

Stealing Strategies and Pairing Strategies
For those who find the 3 × 3 board too restrictive, let us turn our attention to a game played
in the wide open spaces of the infinite square grid. This tic-tac-toe variant is known as
N -in-a-row and involves two players alternately marking cells of the board. The aim of the
game, as the name suggests, is to mark N cells in a row, either horizontally, vertically or
diagonally. The primary objective in analyzing N -in-a-row is to determine for each value of
N whether the first player has a winning strategy, the second player has a winning strategy,
or both players can prevent the other from winning, thus rendering the game a draw. It
seems difficult to imagine that the second player can possibly have the advantage after
beginning the game one move behind. For how can having an extra occupied square on the
board possibly hurt the first player’s chances of winning? Indeed, this intuition is correct
and we can prove that a winning strategy for the second player does not exist by a clever
argument known as strategy stealing. We will later see that strategy stealing applies to
many tic-tac-toe variations.
Theorem: The second player does not have a winning strategy for N -in-a-row.
Proof. Let us suppose that the second player has a winning strategy. But now the first
player can win by making his or her first move at random and thereafter adopting the
second player’s winning strategy. If this calls for the first player to play in an already
occupied square, he or she just makes another random move. Since having an extra square
on the board cannot possibly hurt the first player, this gives the contradiction that both
players can force a win. So we must conclude that the second player cannot have a winning
strategy, as desired.

We have now shown that N -in-a-row is either a first player win or a theoretical draw — but
which of these cases arises for which values of N ? It is a simple matter to prove that the
game of N -in-a-row is a first player win for small values of N such as 1, 2, 3 or 4. Could it
be that the first player always has a winning strategy, no matter how large N is? It surely
seems unlikely that a player could conceivably achieve, say, one million squares in a row,
but then again, the infinite square grid is large indeed. As it turns out, a simple strategy
discovered by Hales and Jewett [5] can be used to prove that 9-in-a-row is a theoretical draw,
and hence, so is N -in-a-row for all larger values of N .
Theorem: The second player can force a draw in 9-in-a-row.
Proof. In the diagram below, the squares of the infinite square grid are paired by line
segments joining their centres and the pattern repeats periodically over the entire board.
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Note that any horizontal, vertical or diagonal row of nine squares must contain both squares
of a pair — this suggests the following strategy for the second player. Wherever the first
player moves, play in the corresponding square of the pair. In this way, they can never
secure both squares of a pair, and hence, can never occupy nine squares in a row. Thus, the
second player can force a draw in 9-in-a-row by using this pairing strategy.


Prove that the first player has a winning strategy for N -in-a-row when N = 1, 2, 3 or 4.
8-in-a-Row is a Draw
In the April 1979 issue of The American Mathematical Monthly, Guy and Selfridge proposed
the problem of proving that 9-in-a-row is a draw, presumably expecting the pairing strategy
shown above. At that time, no significant results had been obtained for N -in-a-row for
5 ≤ N ≤ 8. Thus, they must have been both pleased and surprised to receive the following
proof from a T. G. L. Zetters of Amsterdam that 8-in-a-row is also a draw [4].
Theorem: The second player can force a draw in 8-in-a-row.
Proof. First, consider the game of Zetters played on the following board consisting of twelve
squares. As in tic-tac-toe, two players take turns to mark squares. However, the aim of the
game is to occupy all of the squares from one of the three rows of four squares, one of the
four diagonals of three squares, or one of the two columns of two squares.

The second player can always force a draw in this game with the general strategy being
to occupy squares in each of the two columns containing two squares and then playing
defensively. The details are left to the interested reader.
Returning to the game of 8-in-a-row, let us tessellate the plane with copies of the Zetters
boards as shown in the diagram below. The key aspect of this tiling is that any eight squares
in a row must occupy a winning path on one of the Zetters boards. Thus, the second player

Mathellaneous
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can adopt the drawing strategy on each of these smaller boards and prevent the first player
from achieving eight squares in a row.


Prove that the second player can always force a draw in the game of Zetters described
above.
Go Moku Solved
From a player’s perspective, the most interesting version of N -in-a-row is the N = 5 case.
This game has been played since the 7th century BC in Japan, where the game is known as
Go Moku and was originally played on the 19 × 19 grid used for the board game Go. Since
the turn of the twentieth century, it became apparent that there was a distinct advantage
for the first player in Go Moku. Thus, extra rules and handicaps for the first player were
introduced to remove this discrepancy.
◦ The board was reduced from the traditional 19 × 19 to a smaller 15 × 15 grid.
◦ The first player was forbidden to make certain configurations, such as the “double
three attack”.
◦ An overline of six or more in a row was not counted as a win for either player.
Even with all of these restrictions and handicaps, many of the world’s leading Go Moku
experts continued to believe that the game was a theoretical win for the first player, to the
extent that this became a “folklore theorem”. However, it was not until 1993 when Allis,
van den Herik and Huntjens used a new technique known as threat space search along with
proof number search and hundreds of hours worth of CPU time to show that Go Moku on
a 15 × 15 board without restrictions is a win for the first player. This solution to Go Moku
then yields the weaker fact that 5-in-a-row is a first player win. So there remain only two
unsolved cases of N -in-a-row.
In the game 6-in-a-row, does the first player have a winning strategy or can the second
player force a draw? How about in the game 7-in-a-row?

3

Games with Animals

Animal Tic-Tac-Toe
Almost thirty years ago, the famous graph theorist Frank Harary introduced another variation of tic-tac-toe to be played on an infinite square grid. Players take turns to mark cells
of the board with the aim of creating a predetermined animal, or polyomino, as it is often
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referred to in the modern literature. We will allow any translations and rotations of the animal and, if asymmetrical, also allow reflections. Once again, a strategy stealing argument
shows that the second player cannot possibly have a winning strategy so to even up the
game, let us decree that the first player wins if they can create the animal, and the second
player wins if they can prevent the first player from doing so. This game was popularized
by Martin Gardner in his column entitled Harary’s generalized ticktacktoe [2], where the
following result appears.
Prove that the first player can win animal tic-tac-toe when the chosen animal is one of
the twelve pictured below.

Winners and Losers
The strategy stealing proof used earlier for N -in-a-row can be translated verbatim to show
that the second player cannot have a winning strategy for animal tic-tac-toe either. This
observation prompted Harary to divide all animals into winners and losers depending on
whether the first player had a winning strategy or not. For example, the problem above
gives a list of twelve winners, including all of those animals of size 1, 2 or 3. The list also
includes all of the animals of size 4, apart from the 2 × 2 square, which is affectionately
known as “fatty”. As we shall see shortly, fatty is a loser which implies that every larger
animal which contains fatty is also a loser. Let us call fatty a “basic loser”, since it is a loser
which does not contain a smaller one.
Theorem: The twelve animals in the figure below are all basic losers.

Proof. Each of these twelve animals can be shown to be losers by providing a pairing strategy
with which the second player can prevent the first from creating the animal. These pairing
strategies are indicated by the five tilings of the plane by dominos below. For example, fatty
is a loser because whenever the first player moves in a square of the second “brickwork”
tiling, the second can retort with a play in the adjacent square belonging to the same
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domino. Since every position of a fatty covers one whole domino, it is impossible for the
first player to win. Furthermore, every animal properly contained within fatty appears in
the list of winners above, so fatty is a basic loser. The remaining animals can be shown to
be basic losers analogously.


Of the twelve animals of size five, one of them is a loser since it contains fatty, three of
them appear in the list of winners, and the remaining eight appear in the list of basic losers.
Moving up to the 35 animals of size six, we find that all but four of them contain basic losers
of lower order. Of these four, three appear in the list of basic losers and the remaining one
we will discuss a little later on. Of the 108 animals of size seven, every single one contains
a basic loser and hence, are losers themselves. It follows that every animal of size greater
than seven is also a loser since they all contain an animal of size seven.
Snaky
And what about the one animal of size six which has been left unaccounted for? Let us now
meet this exotic animal which, in the literature, goes by the name of Snaky.

It turns out that it is unknown whether the elusive animal known as Snaky is a winner
or a loser. However, the experts on the problem believe it to be a winner. Furthermore,
Harborth and Seemann [6] have shown that there is no pairing strategy available to the
second player when trying to stop the first player from creating Snaky. So it seems that
considerable insight and further consideration will be required before the following problem
is finally resolved.
Is Snaky a winner or a loser?

4

Hypercube Tic-Tac-Toe

Preliminary results
An interesting generalization of tic-tac-toe emerges when we consider the game with boards
of arbitrary size and number of dimensions. Hypercube tic-tac-toe is played on a k-dimensional
hypercube of side length n divided into nk unit hypercubes with players taking turns to mark

158

Norman Do

one of the cells. Of course, the aim of the game is to mark a winning path of n cells whose
centres are collinear. We can see that the original game of tic-tac-toe is simply the 32 version
of hypercube tic-tac-toe. Almost needless to say, the strategy stealing arguments used earlier are equally successful in proving that the second player cannot have a winning strategy.
The main problem then is to determine for each n and k whether nk hypercube tic-tac-toe
is a first player win or a theoretical draw. The following are three elementary results about
hypercube tic-tac-toe which are indicative of progress in the area.
Hypercube tic-tac-toe on the 43 board is a win for the first player.
This version of hypercube tic-tac-toe has been marketed under several names, the most
popular being Qubic. In 1980, Oren Patashnik [7] used over 1500 hours of CPU time to
prove that Qubic is a win for the first player. His program was a refinement of the treepruning algorithm described earlier — for example, rather than the 64 × 63 × 62 = 249, 984
possible positions of the board after three moves, Patashnik’s reduced tree only considered
seven. Some of this reduction comes from the non-trivial observation that there are 192
automorphisms of the 43 tic-tac-toe board. In other words, there are 192 permutations
of the 64 cells of the board which preserve the 76 winning paths on the board. It would
be interesting to determine the number of automorphisms for other hypercube tic-tac-toe
boards.
Hypercube tic-tac-toe on the 52 board is a theoretical draw.
This particular version of hypercube tic-tac-toe can be proved to be a theoretical draw via
the pairing strategy indicated by the diagram below.

V
J
C
D
J

I
B
I
U
E

A A F
H U B
G C
H D F
E G V

Hypercube tic-tac-toe on the 33 board is a win for the first player.
It is a simple matter to give a constructive proof that the first player has a winning strategy
on the 33 board by first moving in the central cube. In fact, a win can be guaranteed in as few
as four moves. A more surprising fact is that this particular game of hypercube tic-tac-toe
cannot end in a draw. In other words, it is impossible to partition the 27 unit cubes into two
parts without one of the parts containing one of the winning paths, of which there are 49.
Since a draw is impossible and strategy stealing rules out a second player winning strategy,
this observation yields an existence proof that the first player has a winning strategy. This
hints at the following result from Ramsey Theory, first proved by Hales and Jewett in [5].
Theorem: For any positive integer values of n and c, there exists an integer k such that
whenever the squares of the nk tic-tac-toe board are coloured in c colours, there exists a
monochromatic winning path.
The Number of Winning Paths
As we have seen, pairing strategies provide a successful method for proving that the second
player can force a draw. However, note that no pairing strategy exists to show that the 32
version of hypercube tic-tac-toe is a draw. This is since a necessary condition for a pairing
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strategy to exist is that the number of cells is at least twice the number of winning paths.
And the number of winning paths on the 32 board is eight, while the number of cells is nine.
Thus, it is both useful as well as interesting to know how many winning paths there are on
the nk board.
Theorem: The number of winning paths on the nk hypercube is
(n + 2)k − nk
.
2
Proof. Let us represent each cell of the nk hypercube by a vector x = (x1 , x2 , . . . , xk ), where
1 ≤ xi ≤ n for each i. A winning path consists of an ordered sequence of n such vectors
(x1 , x2 , . . . , xn ) where each component either runs from 1 up to n, from n down to 1, or
remains constant at one of the values 1, 2, . . . , n. Since there are n + 2 possibilities for each
of the k components, the number of winning paths is no more than (n + 2)k . However, note
that nk of these paths are constant paths, so our number is now reduced to (n + 2)k − nk .
It remains only to observe that we have overcounted by a factor of two, since each winning
path can be traversed in one of two directions.
k

k

The fact that the number of winning paths on the nk hypercube is (n+2)2 −n suggests the
following “geometric proof”. Embed the nk hypercube within an (n + 2)k hypercube and
notice that each winning path can be extended in each direction to give a pair of cells lying
in the outer hypercube but not the inner one. Furthermore, every cell lying in the outer shell
corresponds to a unique winning path. Therefore, the number of winning paths is simply
k
k
half the number of cells in the outer shell — namely, (n+2)2 −n .

As discussed earlier, a necessary condition for a pairing strategy to exist is that the number
of cells is at least twice the number of winning paths. This occurs when n and k satisfy
nk ≥ (n + 2)k − nk
2nk ≥ (n + 2)k

k
2
2≥ 1+
n
√
2
k
2≥1+
n
2
n≥ √
.
k
2−1
Results and Conjectures
The first significant results in hypercube tic-tac-toe appeared in the 1963 paper Regularity
and positional games by Hales and Jewett [5]. One of their main results was to use Hall’s
Marriage Theorem to prove that the second player can force a draw by a pairing strategy
when n ≥ 2M where M denotes the maximum number of winning paths which pass through
a square. Erdös and Selfridge managed to improve on this result by showing that the second
player can force a draw when 2k > M +L, where L is the number of winning paths, although
their strategy cannot be described by a simple pairing. More recently, Jozsef Beck has
extended the argument to show that the second player can force a draw if k = O(n2 / log n).
The following table gives results and conjectures for hypercube tic-tac-toe for small values
of n and k. An entry labelled “W” denotes a win for the first player while “D” denotes a

160

Norman Do

theoretical draw and “?” indicates that the result is merely conjectured but not actually
proven.
k
k
k
k
k
k

=1
=2
=3
=4
=5
=6

n=1
W
W
W
W
W
W

n=2 n=3 n=4
D
D
D
W
D
D
W
W
W
W
W
W
W
W
W?
W
W
W?

n=5
D
D
D?
W?
W?
W?

n=6 n=7 n=8
D
D
D
D
D
D
D?
D?
D
W?
W?
D?
W?
W?
W?
W?
W?
W?

n = 9 n = 10
D
D
D
D
D
D
D?
D?
W?
D?
W?
W?

These results appear in Golomb and Hales’ article on hypercube tic-tac-toe [3] as well as
the following two conjectures which seem intuitively obvious but have so far resisted proof.
(1) If the nk game is a draw, then the nk−1 game is a draw.
(2) If the nk game is a draw, then the (n + 1)k game is a draw.
Remember that a necessary condition for a pairing strategy to exist is that the number of
cells is lat leastm twice the number of winning paths. As we have shown, this is equivalent
2
to n ≥ √
. Hales and Jewett conjectured that drawing strategies exist for the second
k
2−1
player whenever this inequality holds. Golomb and Hales subsequently noted the interesting
2
fact that there is a fairly accurate linear approximation to the expression √
.
k
2−1
√
k

where a = ak =

√
k

ak − 1
2
=2
= 2(1 + a + a2 + · · · + ak−1 )
a−1
2−1
Z k
ak − 1
≈2
at dt = 2
loge a
0
2k
=
,
loge 2

2.

From this observation, it is tempting to make the conjecture that

 

2
2k
√
=
.
k
loge 2
2−1
In fact, a computer program can easily verify the conjecture to be true for thousands, even
millions of terms, before reaching the incredibly large value of k = 6, 847, 196, 937, when
the conjecture first fails. Furthermore, this is the only failure until we reach the second
counterexample at k = 27, 637, 329, 632. In fact, the theory of diophantine approximation
can be used to prove that these anomalies can only occur when k is the denominator of a
continued fraction convergent for log2 2 . Let us now finish with a tic-tac-toe-inspired number
e
theory problem for which, I believe, the answer is unknown.
For how many positive integer values of k does the equation

 

2
2k
√
=
k
loge 2
2−1
fail to be true?
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Gordon Thompson
Where can a mathematics education lead you? In this series, mathematics
and statistics graduates from Australian universities write about their careers, proving that the world is their oyster. Gordon Thompson, graduate
of the University of New South Wales and Oxford University, currently is
the executive director of the Institute for Resource and Security Studies
in Cambridge, Massachussetts. Over the past three decades he has acquired wide experience with natural resource and international security
issues. One of his major interests has been the environmental and security
impacts of nuclear technologies.

Plasma, policy and progress
I was pleased to be invited to write for the
Gazette, but then wondered what I could
say that would interest students and practitioners of mathematics. More than three
decades ago I was trained in mathematics,
but have not practiced it as a profession.
Instead, I have done technical and policy
studies on issues of energy, environment, international security, and sustainable development. Some of this work has been controversial, and much of it has been done in
association with citizen-based groups. I describe this experience here, to illustrate the
diverse career paths that can be followed
after a mathematical training. Also, from
my experience I distil a few lessons about
the roles of mathematical logic and scientific principles in policy debates.
On 24 October 1945, the Charter of the
United Nations entered into force, symbolizing widely shared hopes for lasting peace
after the tragedy of two World Wars in close
succession. Far from the centers of world
power, I was born in Sydney on that day, to
loving parents. Memories of the World Wars
permeated the culture I encountered during
early childhood. Artillery pieces and other
items of military equipment were placed in
many public parks, providing play structures for children and a reminder of Australia’s contribution to the titanic struggles
between nations.

Becoming educated
At Sydney Technical High School our education was rigorous and traditional. We studied Latin, wore blazers embroidered with
the school crest, and at assemblies sang
the school song in Latin while the teachers
entered in their academic robes. Physics,
chemistry and mathematics were heavily
emphasized. I was, like many, an ungrateful
teenager but, in retrospect, see the teachers
as a committed group who did their best for
their unruly students. My fondest memories
are of English and history teachers who tried
to give us a sense of our place in the flow of
civilization.
From an early age I aspired to be a designer of machines. This led me to study
mechanical engineering at the University of
New South Wales. While completing that
degree, I also acquired a science degree involving study of physics and mathematics.
During university vacations I worked for the
New South Wales Electricity Commission as
a trainee, learning about the design, construction and operation of electricity generating stations. After graduation I worked
for the Commission as a design engineer.
Then, as now, coal was the dominant source
of Australia’s electricity. In the 1960s the
Commission was hard at work building electricity generating stations on the New South
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Wales coalfields. Conveyor belts were constructed to carry continuous streams of coal
out of the mines, across the landscape, and
into the generating stations.
Environmental consciousness was less
well developed in the 1960s than it is at
present. Yet, a reader of the engineering
literature at that time could find discussions of environmental and resource issues
— such as human-induced climate change
that have entered public discourse more recently. I wrote an undergraduate thesis
in 1967, on magnetohydrodynamic (MHD)
generation of electric power. In a MHD generator, a flow of electrically-conducting fluid
— typically, an ionized gas — traverses a
magnetic field, generating an electric potential. This device could, in principle, be used
to generate electricity from the heat released
by nuclear fission or the combustion of fossil
fuel. In practice, MHD generators have not
yet been used for commercial power generation.
The introduction to my thesis argued
that nuclear fission or nuclear fusion would
be preferred energy sources in the future, for
two reasons. First, these sources would not
emit carbon dioxide to the atmosphere. Second, their use would reduce the depletion of
the Earth’s limited reserves of fossil fuel, allowing this material to be used for purposes
such as chemical feedstock. Recognition of
the need to reduce emissions of carbon dioxide, thereby limiting human-induced climate
change, did not indicate significant foresight
on my part. Instead, it simply reflected
then-current engineering literature on energy systems and strategies.
My interest in nuclear fusion power led
me to graduate studies at Oxford University, and to a few years of modest competence in mathematics. At the Mathematics
Institute at Oxford, I studied the theory of
the behaviour of high-temperature plasma
— fully ionized gas. This was a subject of
interest to the Culham Laboratory of the
UK Atomic Energy Authority, which gave
me an associate appointment. The Culham
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site is a few miles from Oxford. It was, and
remains, the primary site in the UK for investigating the potential of nuclear fusion as
a commercial energy source. While at Oxford I was a member of Balliol College.
Harnessing nuclear fusion as an energy
source requires the presence of a number
of the appropriate light nuclei, and a collision velocity between the nuclei, that are
sufficient to produce a useful amount of energy from fusion of nuclei. The energy input to achieve reaction conditions must be
smaller than the energy output, so that the
device is a net producer of energy. The
most accessible fusion reaction is that between deuterium and tritium, the heavier
isotopes of hydrogen, but even this reaction
requires the attainment of temperatures of
tens of millions of degrees Kelvin. Achieving
such temperatures, and confining the resulting plasma, clearly poses a major technical
challenge.
In a star such as our sun, gravity provides the necessary confinement mechanism.
This mechanism is not available for human
use, but two other confinement options are
potentially within our grasp. One option
is inertial confinement, in which the nuclei experience a brief period of compression
and heating, followed by a rapid expansion
driven by the release of fusion energy. The
fusion burn occurs over a period of nanoseconds. This option is used in a thermonuclear
(i.e., fission-ignited fusion) weapon, but in
that case the energy release cannot be harnessed for a useful purpose. Efforts have
been under way for several decades to employ inertial confinement at a small scale inside a closed chamber, so that the energy
release can be harnessed. These efforts have
not yet yielded a workable fusion reactor.
Moreover, it is now understood that promotion of this line of research could facilitate
the building of thermonuclear weapons by
countries that would otherwise lack the necessary knowledge.
The second option for confining a superhot plasma is to construct a virtual bottle
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made of magnetic fields. At Culham and
other sites around the world, theorists, experimentalists and engineers have struggled
for decades to make magnetic confinement
a useful option. Over time, they have increased the density, temperature and confinement time of the plasma, moving slowly
toward a combination of these parameters
that can yield a net output of energy. During the same period, they have sought to
solve the practical problems of harnessing
the energy release. For the most accessible
fusion reaction — that between deuterium
and tritium — a daunting technical problem is that 80 percent of the energy release
is in fast neutrons.
A basic problem in improving the confinement parameters of a magnetically-confined
plasma is to understand, and compensate
for, the many instabilities that can occur.
My graduate research made a minor contribution to theory in this area. I considered
a model in which a homogeneous plasma
in a uniform magnetic field has two components with sub-relativistic energy. One
component is a thermalized plasma (i.e.,
with a Maxwellian velocity distribution) of
fully separated ions (i.e., nuclei) and electrons. The second component is a comparatively small number of fast ions with a velocity distribution corresponding to either the
charged product of a fusion reaction (e.g.,
the helium nucleus resulting from fusion of
deuterium and tritium) or ions injected into
the plasma to provide heating. My task was
to determine the region of parameter space
in which the fast ions initiated plasma instabilities (i.e., growing perturbations of the
initial electric field, magnetic field, spatial
distribution, or velocity distribution of the
system).
Completing this task required the solution of the Vlasov equation, a well-known
plasma physics equation developed by A.A.
Vlasov in Moscow during World War II. The
solution also had to satisfy Maxwell’s electromagnetic equations. By linearizing these

governing equations, which assumed an initially small perturbation of the system, and
by employing a variety of analytic approximations, I identified the unstable regions of
the applicable parameter space. This work,
together with some analysis of other plasma
phenomena, was sufficient for me to earn an
Oxford D. Phil in 1973. I then turned to
other interests.

Becoming an independent analyst
Oxford was for me a place that stimulated a
variety of interests. I arrived with a rather
naı̈ve and parochial mentality, and an excessive interest in technology as a solution
to the world’s problems. Through the Oxford college system, especially through living in a graduate-student residence, I became exposed to people from all corners of
the world, with a wide range of interests and
perspectives. Accompanying this exposure
was my burgeoning interest in the environment and its protection, an interest that I
fed by climbing rock and ice faces in remote
parts of the UK, and mountains in the Alps.
These influences left me skeptical about the
then-prevailing paradigm of science, technology and progress, but without a clear vision of a career path that challenged that
paradigm.
The 1970s was a period of rapidly growing awareness of environmental issues, especially in the USA. New laws were passed,
government departments for environmental
protection were created, and citizen-based
groups blossomed. Yet, the old paradigm
of economic expansion and growth in material consumption remained dominant. In
the UK, where I chose to stay after completing my graduate studies, the government
conducted a major program of road building
during the 1970s, overriding strong opposition by citizen-based groups. The rail network that was replaced by roads at that time
would, if it had been preserved, be an asset
to the present UK government as it seeks to
reduce the nation’s emissions of greenhouse
gases.
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Environmentalist thinkers of that period
made some mistakes in predicting future
trends, but the overall thrust of their predictions has been borne out by experience.
For example, the Limits to Growth study,
published in 1972, was not accurate in all of
its projections. Yet, by applying a systemsdynamics approach to resource and environmental issues, the study broadened our
understanding of the inter-connectedness of
these issues, and made us face the challenge of meeting human needs and desires
within the constraints of a finite biosphere.
Those constraints are becoming ever more
obvious, most notably through rising concentrations of greenhouse gases in the atmosphere. There are limits to reserves of
readily-accessible resources, as illustrated
by present concern that world oil production will reach a peak soon, perhaps within
a decade.
My role in this evolution of our collective consciousness was to become an independent analyst on issues of energy, environment, international security, and sustainable development. The desire for independence arose from my sense of discomfort with established institutions. During
the first few years of this career path I was
heavily engaged in self-education, trying to
develop something useful to say. Sustenance
came from a variety of jobs including teaching and technical consulting. One consulting assignment was to help the government
of Libya to establish a technical college.
In 1976 I was one of the founders of the
Political Ecology Research Group, which
operated for a decade from its base in Oxford. Since 1979 I have been based in the
USA, working initially at Princeton University and then at an organization called the
Union of Concerned Scientists. In 1984 I
founded the Institute for Resource and Security Studies, located in Cambridge, Massachusetts, where I continue to work. I
am also associated with Clark University
through its George Perkins Marsh Institute,
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which was established to conduct interdisciplinary studies. In 1989 I was a visiting
fellow at the Peace Research Centre, Australian National University. These various
associations illustrate an important principle that I have learned. Independence has
its satisfactions, but collaboration with colleagues is essential.
Over the three decades since becoming a
lapsed mathematician, I have done a variety
of technical and policy studies, organized
conferences, presented testimony to official
bodies, and been an expert witness in legal
proceedings. This work has been sponsored
by local, state and national governments, international agencies, citizen-based groups,
and foundations. Subjects that I have addressed include arms control and disarmament, renewable energy supply, sustainability policy, energy economics, the safety and
security of nuclear facilities, conflict management and postwar social reconstruction,
and human security. There are common
threads linking these diverse subjects, which
I discuss below. As would be expected given
the interdisciplinary nature of these subjects, much of my work has been done with
partners. I first worked in an international
team in the late 1970s, when the logistics
of international collaboration were cumbersome. Now, information and communications technology has made such collaboration easy. In recent years I have worked with
people whom I never met or talked with by
telephone, which may take email collaboration further than it should go. Videoconferencing might correct this trend toward depersonified interactions.

Nuclear debates
Policy debates about nuclear power and nuclear weapons have been a prominent feature of society’s struggle to develop a paradigm for a sustainable civilization. This is
not surprising, because nuclear technology
can provide, to the people who control it,
immense power over nature and other peo-
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ple. Discussion about the application of nuclear technology is often framed in terms
of technical issues — such as the safety of
a particular nuclear reactor, or the strategic stability of a particular deployment of
nuclear weapons — but there is always an
underlying awareness of the physical and
political power associated with nuclear fission and fusion. Some people believe that
this power can be a force for good. Others
look at human history and conclude that our
species is not ready for nuclear technology.
My first role in an intense debate on
nuclear policy was to be a participant in
the Windscale Public Inquiry of 1977. The
UK government held this inquiry to discuss
its plan to build a nuclear fuel reprocessing plant — the THORP facility — at the
Windscale site. That site was established to
produce plutonium for UK nuclear weapons,
but the focus of activity at the site gradually shifted toward nominally civilian applications of nuclear technology.
The THORP facility exemplified a technical vision that was formed early in the development of nuclear technology. Nuclear
pioneers quickly recognized that only 0.7
percent of natural uranium — namely, the
U-235 isotope — is fissile. Yet, in a fission
reactor, some of the majority, non-fissile isotope — U-238 — is converted to plutonium,
which is fissile. Thus, uranium fuel can be
removed from a reactor after a period of use,
and the plutonium can be separated from
the fuel by chemical processes. This activity
is called reprocessing. The separated plutonium can be used in nuclear weapons, or as
reactor fuel. If used as reactor fuel, the plutonium could be used in a breeder reactor,
a device that can produce more plutonium
than it consumes, by converting U-238 that
would otherwise have no application.
In the 1970s, many scientists, engineers
and public officials were convinced that the
world needed a large number of nuclear
power plants. The underlying assumption
was that electricity consumption would, and
should, follow a trend of exponential growth.

Given the known quantity of uranium reserves worldwide, it followed that reprocessing plants and breeder reactors would be
needed, thereby allowing U-238 to be converted to plutonium that would be used as
fuel. The THORP project emerged from
this paradigm, as did the UK program to develop breeder reactors. Similar visions were
pursued in the USA, USSR, West Germany,
France, Japan and elsewhere. In each country, the vision of a plutonium-based electricity sector was backed by influential people,
including prestigious scientists. Numerous
technical and economic studies supported
their arguments.
Independent analysts questioned this vision. Most fundamentally, they questioned
the assumption that electricity consumption would continue to grow exponentially.
Anyone familiar with biology or ecology
knows that continued exponential growth
is not consistent with the survival of living systems. Many other concerns about
plutonium-based electricity were also raised.
For example, it was pointed out that the
promotion of plutonium as a fuel could facilitate the proliferation of nuclear weapons.
At the Windscale Public Inquiry, the
pro-plutonium position was backed by the
UK establishment, including senior scientists. The questioners and challengers were
local governments or citizen-based groups.
Their experts were academics or independent analysts, none of whom had substantial funding for their investigations. Unsurprisingly, the Inquiry found in favour of
THORP, which was ultimately constructed.
Today, THORP sits idle due to a serious
design flaw, and the UK government is contemplating its closure. Breeder reactor programs have collapsed everywhere, and reprocessing is recognized as an uneconomic
activity. In short, events have shown that
the critics had a much better grasp of the
situation than did the establishment.
Since 1977, I have been involved in a
range of debates about the use of nuclear
technology for civil and military purposes,

My brilliant career

and have observed other debates. The outcomes of these debates have varied, and have
sometimes corresponded to a position that I
argued. I draw a number of lessons from
this experience. First, secrecy is fatal to
good decisionmaking. Second, competent
scientists can fall into the trap of using arguments that are superficially scientific but
are actually based on ideological positions
or questionable assumptions. Third, large,
established institutions can be extremely reluctant to change their position, even when
faced with compelling evidence that such
a change is indicated. Fourth, it is difficult, but possible, to separate technical issues from the emotions and political factors
that are associated with nuclear technology.
Fifth, the most productive debates are those
that employ long-established scientific principles — provide open access to information, respect evidence, provide a level playing field for experts with differing positions,
refrain from rigging the debate by restricting its scope, and allow all interested parties
to observe and comment.

Common threads
The world is a complex place, and determining the best position on a public-policy
issue is rarely simple. Yet, from working
in diverse subject areas, I have identified
common threads that link many policy issues. Most importantly, we are stretching
the limits of the biosphere. We must, as
a species, adjust our behaviour to conform
with those limits. If we fail in that task, our
descendants will experience growing conflict, reduced opportunities and, eventually,
the collapse of modern civilization. In facing up to the task, we will need to challenge some prevailing habits and arrangements. Three challenges stand out. First,
technology should be our servant, not our
master. We can already do more with technology than is wise, and we need to be more
sophisticated in choosing what we do. Second, large disparities in living conditions
and opportunities around the world should
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be eliminated. This is an ethical issue, because persistent poverty should not coexist
with wealth. It is also a practical issue. The
rich cannot expect the angry poor to cooperate with them in preserving the biosphere
or controlling infectious disease. The rich
cannot shield themselves if the poor become
angry enough to wreak havoc with nuclear,
chemical or biological weapons, or other destructive means. Third, an effort to maintain control of a turbulent world by seeking
to dominate people and nature will work, if
at all, only in the short term.

The value of mathematics
Science and mathematics can be misused.
Too often, entrenched power or ideology is
defended by a mathematical model whose
function is to create a false impression of
objectivity. I have encountered such models repeatedly. In many cases, the model’s
bias reflects the unquestioned assumptions
of its creators, but deliberate bias is not unknown. Critics of mathematical economics
have argued that this field is riddled with
unconscious ideology.
An unfortunate result of the misuse of science and mathematics is that young people
may turn away from these disciplines. Given
the difficulty of mastering these disciplines,
a young person may say, why bother if they
offer a truth that is no better than politics or
advertising? My response to such a question
is that mathematical skill is an essential attribute of an educated person. Mathematics
fosters clear thinking and mental discipline.
From other areas of study and life experience, a person can learn critical thinking
and healthy skepticism. With those skills,
the person can judge when a mathematical model is an honest attempt to represent reality, and when it is a device to manipulate opinion. Similarly, the principles
of science provide our most reliable foundation for understanding and improving the
world. Part of becoming educated is to understand when those principles are being followed, and when they are being abused.
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The policy issues that I have studied provide grounds for worry about our children’s
futures. Our species has a propensity for
greed and aggression, and a great capacity
to rationalize these behaviours. Yet, over

the millennia we have developed moral principles and mental skills that are sufficient to
address the problems of the modern world.
I am optimistic that this inheritance will
carry our civilization forward. Mathematics is one of our key mental skills.

Institute for Resource and Security Studies, 27 Ellsworth Avenue, Cambridge, MA 02139, USA
E-mail: gthompson@irss-usa.org

Catherine Greenhill
In the year 2000, exactly one hundred years after David Hilbert posed
his now famous list of 23 open problems, The Clay Mathematics Institute (CMI) announced its seven Millennium Problems. (http: // www.
claymath. org/ millennium ). The Gazette has asked leading Australian
mathematicians to put forth their own favourite ‘Millennium Problem’.
Due to the Gazette’s limited budget, we are unfortunately not in a position to back these up with seven-figure prize monies, and have decided on
the more modest 10 Australian dollars instead.
In this issue Catherine Greenhill will explain her favourite open problem
that should have made it to the list.

The Cycle Double Cover Conjecture
In this note I will describe one of the most famous conjectures in graph theory, called
the Cycle Double Cover conjecture (or sometimes the Double Cycle Cover conjecture). The
Cycle Double Cover conjecture was independently posed by George Szekeres [13] and Paul
Seymour [9]. It has connections with many areas of graph theory such as topological graph
theory and graph colouring, including the Four Colour Theorem. For this reason I feel
that it is worthy of inclusion in the Gazette’s Millenium Series. My account draws from
the survey articles by Jaeger [8] and Seymour [11]. (Dan Archdeacon’s webpage http://
www.emba.uvm.edu/~archdeac/problems/cyclecov.htm was also useful.) For basic graph
theory definitions and notation not explained here, see for example Diestel [2].
Let G = (V, E) be a graph. Here V is a finite set of vertices, E is a set of undirected
edges, and we do not allow loops or repeated edges. The degree of a vertex is the number of
edges containing v, and a graph is regular if every vertex has the same degree. A 3-regular
graph (where every vertex has degree 3) is called a cubic graph. A graph G is connected if
given any two vertices v, w of G, there is a path consisting of edges of G which starts at v
and ends at w. A cycle in G is a connected subgraph H of G which is regular of degree 2. A
cycle double cover of G is a multiset C of cycles in G such that every edge in G is contained
in exactly two cycles in C (counting multiplicities).
Unsurprisingly, the Cycle Double Cover conjecture is concerned with the existence of cycle
double covers. Clearly there will be no cycle double cover in G if G has an edge e which
does not belong to any cycle. Such an edge is called a cut edge or bridge of G. Deletion of
a cut edge from the edge set E (without deleting any vertices) disconnects the graph into
two pieces. We say that G is bridgeless if it does not contain a cut edge. So a graph with a
cycle double cover must be bridgeless. The Cycle Double Cover conjecture (CDC) says
that this necessary condition is also sufficient:
(CDC conjecture): Every bridgeless graph admits a cycle double cover.
(In fact Szekeres [13] stated the conjecture just for cubic graphs, while Seymour [9] gave the
conjecture for the general case.)
To motivate this conjecture, consider a planar graph G. By definition, G can be drawn
in the plane without any edges crossing. Now remove the graph G from the plane, leaving a
set of open connected regions of space behind. These open connected regions are the faces
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of the embedding of G in the plane. Each face can be circumnavigated by taking a walk
around the edges of G which border the face. The collection C of these walks around the
faces of G gives a cycle double cover of G, unless one of the walks is not a cycle. There are
two ways that this can happen. Firstly, an edge can be included twice in one of the walks.
But this implies that G has a cut edge, so G is not bridgeless. Otherwise, a vertex may be
visited more than once in some walk. But in this case, the walk can be decomposed into
simple cycles. Thus the CDC conjecture is true for planar graphs.
At first glance the CDC conjecture appears easy to prove. From a graph G, form a
multigraph G0 by replacing each edge of G with two parallel edges. Now every vertex of G0
has even degree, so by induction we can partition the edge multiset of G0 into cycles. The
problem is that some of these “cycles” may be of length two, and so they are not cycles
of the original graph G. Similar blocks have been found in many attempts at an inductive
proof.
In the search for a proof of the CDC conjecture there have been many reformulations and
strengthenings proposed. We will mention a couple of them.
The strong embedding conjecture is a strengthening of the CDC conjecture in a topological
graph theory setting. A graph G is 2-connected if it is connected and G has no cut vertex ;
that is, a vertex v whose deletion leaves the graph disconnected. Every 2-connected planar
graph can be embedded in the plane or sphere such that the walk around every face is a
cycle. The strong embedding conjecture (SEC) says that:
(Strong Embedding Conjecture): Every 2-connected graph has an embedding in some surface such that every face is bounded by a cycle.
Such an embedding provides a cycle double cover of the graph. For cubic graphs, the strong
embedding conjecture and the CDC conjecture are equivalent, but for noncubic graphs the
strong embedding conjecture is stronger. Various strengthenings of the strong embedding
conjecture have also been considered, involving orientability and face-colourability of the
embedding. For more details see [8].
A related conjecture is Tutte’s 5-flow conjecture. The theory of nowhere-zero flows was
introduced by Tutte [14] to generalise theorems like the Four Colour Theorem. Assign an
orientation to each edge of a graph G in an arbitrary way. (That is, each edge becomes an
ordered pair of vertices.) For a vertex v of G, let δ + (v) be the set of edges with v as the
start-vertex and δ − (v) the set of edges with v as the end-vertex. A circulation in G is a
function ϕ : E(G) → R such that for every vertex v,
X
X
ϕ(e) =
ϕ(e).
e∈δ + (v)

e∈δ − (v)

If k ≥ 1 is an integer, a nowhere-zero k-flow in G is a circulation ϕ such that |ϕ(e)| ∈
{1, 2, . . . , k − 1}. If an undirected graph G has a nowhere-zero k-flow for some orientation
of its edges then it has one for every orientation (just replace ϕ(e) by −ϕ(e) if the direction
of the edge e is changed). Thus the property of having a k-flow is really a property of
undirected graphs. Note that a graph with a cut edge cannot have a nowhere-zero k-flow,
for any positive integer k.
The definition of nowhere-zero k-flows is motivated by the problem of colouring regions
of a planar map. If G is a planar graph, then the faces of an embedding of G in the plane
can be coloured with k colours, such that no two faces which share an edge have the same
colour, if and only if G has a nowhere-zero k-flow. The proof is simple: suppose first that
each face F of an embedding of the planar graph G in the plane is coloured with a colour
α(F ) ∈ {1, . . . , k} such that no two faces sharing an edge have the same colour. Give each
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edge e an arbitrary orientation and define ϕ(e) = α(F1 ) − α(F2 ), where F1 is the face to the
left of e and F2 is the face to the right of e (with respect to the orientation of e). This defines
a nowhere-zero k-flow of G. The converse is similarly proved (see [11]). In particular, the
Four Colour Theorem implies that every bridgeless planar graph has a nowhere-zero 4-flow.
This is not true in general for non-planar bridgeless graphs, as the Petersen graph (shown
in Figure 1) does not have a nowhere-zero 4-flow. (In graph theory, the Petersen graph is
everybody’s favourite counterexample.)

Figure 1. The Petersen graph

However, Jaeger [6] proved that every bridgeless graph has a nowhere-zero 8-flow, and this
was improved when Seymour [10] showed that every bridgeless graph has a nowhere-zero
6-flow. Tutte [14] conjectured that
(Tutte 5-flow conjecture): Every bridgeless graph has a nowhere-zero 5-flow.
There are strong connections between nowhere-zero k-flows and certain types of cycle
double covers. Say that a cycle double cover C of a graph G is k-colourable if we can assign
a colour from the set {1, . . . , k} to each cycle in C such that cycles which share an edge have
distinct colours. Note that the Four Colour Theorem implies that every connected bridgeless
planar graph has a 4-colourable cycle double cover. (The cycle obtained by walking around
a given face is assigned the colour of that face.) Jaeger [8] proved that a graph G has a
nowhere-zero 4-flow if and only if it has a 3-colourable double cover, if and only if it has a 4colourable double cover. Similar characterisations for nowhere-zero 2-flows and nowhere-zero
3-flows are also described in [8].
Finally, let us suppose that the Cycle Double Cover is false. Then there exists a minimal
counterexample, which is a bridgeless graph with no cycle double cover and with the minimal
number of edges possible. A proper edge colouring of a graph G is formed by assigning a
colour to each edge of G so that edges with a common vertex are coloured with distinct
colours. Jaeger [8] proved that any minimal counterexample to the CDC conjecture is a
snark ; that is, a connected, bridgeless cubic graph which cannot be properly edge-coloured
with three colours. (Snarks must also satisfy a further mild connectivity condition which we
omit here.) For a long time, the Petersen graph (discovered in 1891) was the only known
snark. Then two more examples, both with 18 vertices, were found by Blanuša [1] in 1946.
A few more snarks were discovered (including the Szekeres snark [13] on 50 vertices) before
Isaacs [5] produced two infinite families of snarks. (The fact that examples of these graphs
were so hard to find for so long prompted Martin Gardner (in 1975) to suggest giving them
the name of “snark”, after the creature from the poem “The Hunting of the Snark” by Lewis
Carroll.) Figure 2 shows the two Blanuša snarks and the so-called “flower” snark.
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Figure 2. The two Blanuša snarks and the flower snark

More is known about minimal counterexamples to the CDC conjecture. The girth of a
graph is the number of edges in its smallest cycle. Goddyn [3] proved that the smallest
counterexample to the Cycle Double Cover conjecture must be a snark with girth at least
seven. But Jaeger and Swart [7] conjectured that every snark has girth at most six, which
if true would prove the CDC conjecture.
To conclude, the CDC conjecture, strong embedding conjecture and Tutte’s 5-flow conjecture all motivate research today (see for example [4, 12]). In other words, the hunting of
the (minimal counterexample) snark continues.

References
[1] D. Blanusa, Problem cetiriju boja, Glasnik Mat. Fiz. Astr. Ser. II 1 (1946), 31–42.
[2] R. Diestel, Graph Theory (Springer Berlin 2000). Also available at http://www.math.uni-hamburg.de/
home/diestel/books/graph.theory/download.html
[3] L. Goddyn, A girth requirement for the double cycle cover conjecture, in Cycles in Graphs (B. Alspach
and C.D. Godsil, eds.), Annals of Discrete Math.27 (North-Holland Amsterdam 1985), 13–26.
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2005 Queen’s Birthday honours
Medal (OAM) in the general division
Mr Geoffrey Roy Ball, University of Sydney, for service to education, particularly promoting
the study of mathematics and to professional associations.
Prior to his retirement in 1996 Geoff was the Director of First Year Studies
in the School of Mathematics and Statistics at Sydney University. Geoff is
well known for his involvement with the Mathematics Olympiad and for his
commitment to mathematics teaching in universities and schools.

Geoff9 has been a significant contributor to the Australian Mathematical
Olympiad Committee (AMOC) and the training of students, both nationally
and within New South Wales. For 16 years he was the New South Wales Director of AMOC and since his retirement in 1996 has continued to carry much
of the load with Bill Palmer, particularly with the training of and interaction
with students.
He was also AMOC’s Director of Training for three years from 1987 to 1989,
Director of the April International Mathematical Olympiad (IMO) Selection
School from 1984 to 1989 and Deputy Team Leader of Australia’s IMO Team
from 1983 to 1989.
He also contributed heavily to the development of the Mathematics Challenge
for Young Australians Enrichment series, including as a writer. Specifically
he was co-editor of the Polya Enrichment Development Team (1992 to 1995
with Keith Hamann) and he was also a member of the Gauss Enrichment
Development Team (1993 to 1995).
He also spent a number of years as a member of the problems committee of the
Australian Mathematics Competition for the Westpac Awards.
Geoff has also been involved over a number of years with the running of
MANSW competitions, including Mathsearch. In Mathsearch, entrants submit
a maths project (charts, models, reports, etc.) for judging. The competition
spans the whole K to 12 spectrum.

9

The Gazette acknowledges the kind assistance of the Australian Mathematics Trust for this citation.
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Obituary

Dr Hilary Susan Booth
8 July 1956 – 26 May 2005
Hilary Booth was born in Greensborough, Heidelberg (Vic), the youngest of three,
and only daughter of Leslie and Lola (née Edhouse) Booth. Hilary’s mother was
a geophysicist who sadly died when Hilary was only eight years old. In 1968, at
just twelve years of age, Hilary was diagnosed with Hodgkins Disease. She was a
(very) long-term survivor, but suffered from the effects of the early chemotherapy
and radiotherapy, later developing further life-threatening cancers (bladder, 1980,
and breast, 1987 & 1999) and ischaemic heart disease (2004). Despite such setbacks,
Hilary lived life to the full, and as she used to say to her friends: “If I go tomorrow
I have crammed so much into my life!” She died suddenly and unexpectedly in the
early hours of the last Thursday in May.
Hilary was educated in Melbourne, Brisbane and Adelaide, and “aged 14 became
the first girl student to win the $50 junior section of the SA School Mathematics
Competition which [was] sponsored by IBM and conducted by the Mathematical
Association of SA” (The News, 29/6/1971). In 1977 she completed a BSc majoring
in Mathematical Physics at the University of Adelaide. During this period Hilary
was involved with the surrealist movement as a poet, writer and painter. Over the
years, Hilary willingly used these talents to selflessly assist others, and for example
designed artwork for the covers of The ANZIAM Journal and the AustMS Gazette,
and this design has been incorporated into all publications and events of the Australian
Mathematical Society.
In 1992 Hilary returned to science and mathematics and was awarded a certificate
of Equivalent Honours (First Class) at the University of New England (UNE), and
from there continued to complete a PhD in Applied Mathematics (awarded March
1999). During 1992–97 she was an Associate Lecturer at UNE, and 1998–2000 at
the University of Adelaide. She published six refereed articles in the area of mathematical physics/nonlinear partial differential equations. In 2000, Hilary moved to the
Australian National University (ANU) as a Postdoctoral Research Fellow in the Centre for Mathematics and its Applications, and in 2001 joined the newly established
Centre for Bioinformation Science (CBiS), becoming a Research Fellow in 2002.
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From 2003–2005 Hilary was the main author/co-author on ten refereed publications in
bioinformatics. At the time of her death, she had several more papers in preparation
in the areas of sequence analysis and gene regulatory networks. She was a Chief Investigator (one of three) on an ARC Linkage Grant “Novel bioinformatics approaches
for biological inference from comparative genomics data”, and (one of two) on an
ARC Discovery Grant “Sequence to sequence: Rigorous statistical and mathematical
analysis of biological sequence data”, and on an NHMRC Program Grant that had
reached the final stage. During this time Hilary was invited to visit researchers in
bioinformatics at Stanford University, NCBI in Washington DC, the University of
Hawaii, Penn State University and Imperial College, London.
Hilary was a natural and gifted teacher, and had the wonderful ability to successfully nurture students, to whom she devoted much of her time. She initiated and
developed the ANU Postgraduate Course award in Bioinformatics, and was the main
organiser (Chair) of BioInfoSummer2003 and on the organization committee of BioinfoSummer2004, and 2005. Hilary was actively involved with the Australian Festival
of Science, and in 2001 she designed the central exhibit for ANU’s contribution on the
theme of bioinformatics. School children built a simple model of a section of a gene
using polystyrene rings in 4 different colours representing the 4 DNA bases. With
the help of two Olympic swimmers, the 600m “gene” was assembled in the Australian
Institute of Sport swimming pool and then mounted at the Festival. She contributed
to the design of a genome scroller (used at the Festival) that scrolls through chromosome 22. As it scrolls, it calculates how long it will take to get through the genome
at the rate it is going. In 2003 (in collaboration with Questacon and Compaq) this
was linked to a bike to give the “Voyage (by bicycle!) along the Human Genome”, so
that the faster one pedalled the faster the scrolling. Also, she gave a Public Lecture
“Voyage through the Human Genome” as part of the Codebreaker Event. In 2002 she
organised an exhibition of the fractal-like patterns that demonstrate both the problem concerning the “longest common sequence” (shared by two sequences of length
N, whose elements are chosen at random from a finite alphabet) and the resulting
statistical patterns.
Those of us who knew her were always struck by Hilary’s remarkable creativity, and
the fact that there was so little conflict between this creativity and the rest of her
professional life. She used this creativity in so many different ways. For example,
her PhD supervisor, Chris Radford, tells of Hilary about a year into her PhD being
dispirited about her negative results, and over coffee he started joking about some
really good theorems being just negative results phased in an appealing way. Hilary
took up the banter and started to formulate her negative results in an exaggerated
way as a theorem. Soon they realised that Hilary did indeed have a very serious
theorem! This theorem, that a static Maxwell-Dirac system is electrically neutral,
(after some more serious maths) became the centrepiece of her thesis.
Hilary was a devoted mother and very proud of her children Lila (17) and Natalie
(15). Her happy disposition, caring attitude and ever-ready cheery smile, will be
sorely missed by so many: family, friends and colleagues.
Susan R. Wilson, Centre for Mathematics and its Applications, Mathematical Siences Institue, Australian National University, Canberra ACT 0200
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The number of wins required to qualify for the AFL
finals
Bob Clarke
Abstract
We calculate best possible bounds on the number of wins required to qualify for the
major round in the current AFL system.

Recently [2], Neil Craig, coach of the AFL team The Adelaide Crows, commented that
his team had a long way to go before qualifying for the major round: “As we know you’ve
got to win 12, so we’re a long way away from that.” In this note we will consider how right
(or wrong) Craig was.
The AFL minor round consists of 16 teams playing each other in an incomplete double
round robin. The teams play a complete round robin of 15 rounds, then each team plays
7 more matches. After the completion of 22 rounds, the top 8 teams play off in the major
round. Teams are graded according to their number of wins and draws (scoring 4 for a win,
2 for a draw), ties being broken on scoring percentage. Two obvious questions arise:
• How many matches must a team win to guarantee a place in the major round?
• What is the least number of wins a team may have to qualify for the major round?
Here we count each draw as half of a win. Table 1 shows the numbers of wins achieved
by the teams finishing 8th and 9th at the end of the minor round in each of the years
1995–2004.1This table indicates that 12 wins usually, but not always, suffices.
We will prove the following somewhat surprising result.
Theorem 1 Any team winning 17.5 or more matches will qualify for the major round. No
team winning 4.5 or fewer matches can qualify for the major round. These results are best
possible.
Before proving this result we give the equivalent result for a single round robin of 15
rounds.
Theorem 2 If the AFL minor round were reduced to a single round robin, then any team
winning 11.5 or more matches would qualify for the major round and no team winning 3.5
or fewer matches could qualify for the major round. These results are best possible.
Proof. Consider the 9 teams finishing highest (the “top”
 teams) and the 7 finishing lowest
(the “bottom” teams). The 7 bottom teams play 72 = 21 games against each other,

accounting for 21 wins. There are 16
2 = 120 games in all, so the top 9 teams can win at
most 120 − 21 = 99 games between them. Hence any team winning more than 99
9 = 11
games will finish in the top 8 and qualify for the finals. Similarly, by considering the top
7 and bottom 9 teams we see that any team losing more than 11 games will finish in the
bottom 8 and fail to qualify. This proves the first result.
1Thanks to Janice Gaffney for collecting and supplying this information.
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8th team
9th team

95
10
9

96
11.5
11

97 98
10.5 12
10.5 12

177

99 00 01 02 03 04
11 12 12 11 13 12
10.5 11 11 11 12 11

Table 1
To prove the second result consider the following scenario. Suppose that each of the
bottom 7 teams lose all of its matches against the top 9 and wins 3 of its 6 matches against
other bottom 7 teams. Suppose that each of the top 9 teams wins 4 of its 8 matches against
other top 9 teams. Then each bottom team finishes with 3 wins and each top team finishes
with 7 + 4 = 11 wins. Hence some team with 11 wins will not qualify.

Proof of Theorem 1. Suppose that the 9 top teams are
 {1, 2, . . . , 9} and the 7 bottom
teams are {10, . . . , 16}. Again the 7 bottom teams play 72 = 21 games against each other,
accounting for 21 wins. There are 16.22
= 176 games in all, so the top 9 teams can win at
2
2
most 176 − 21 = 155 games between them. Hence any team winning more than 155
9 = 17 9
games will finish in the top 8 and qualify for the finals. Similarly, any team losing more
than 17 games will finish in the bottom 8 and fail to qualify.
Now we exhibit a scenario whereby a team winning 17 matches fails to qualify. Suppose
that in the first round robin results are as in the proof of Theorem 2, so that each bottom
team finishes with 3 wins and each top team finishes with 11 wins.
We give in table 2 an explicit schedule for the extra 7 rounds. Here, the entry 4 in row
1, column 10 indicates that team 1 plays team 10 in round 4 and the first named team (1)
wins. The entry 4 in row 5, column 9 indicates that team 5 plays team 9 in round 4 and the
first named team (5) loses.
Thus teams 1 and 2 will finish on 18 wins and teams 3, . . . , 9 finish on 17 wins. One of
these teams will fail to qualify.

1
1
2 1
3
4
5
6
7
8
9

2
1

3

4

5

6

7

8

9

10
4

2
2
3
3

4
5

5

6
6

4

7
7

7
5
6
1
2
3

11
4
5
1
6
7
2
3

12
5
2
4
6
7
1
3

13
6
7
3
4
1
2

5

14
7
3
1
5
2

4
6

15
2
6
7
3

4
5
1

16
3
5
6

4
7
1
2

Table 2
More generally, one can show the following result.
Theorem 3 If the AFL minor round consisted of a single round robin together with an extra
m rounds, where 0 ≤ m ≤ 15, then the number of wins need for a team to be guaranteed a
place in the major round would be
(
1
d22 + 16
9 me if m ≤ 9,
w(m) = 2
1
15 + 2 m
if m > 9.
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We have not shown this result is best possible, i.e., we have not tried to find explicit
schedules attaining these bounds. We leave this (presumably straightforward) task to the
reader.
Note that the current AFL system can lead to a requirement that is nearly as large as
possible in terms of wins required over games played: the maximum value of w(m)/(15 + m)
is 0.804, attained for m = 8; for the current system with m = 7, w(7)/22 = 0.795.
The perceived unfairness of the AFL finals system itself was considered in [1].
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What is Mathematics?
Patrick D. Bangert

“So, what’s mathematics then?” asked the
slightly tipsy man at the bar counter of the
one beside him who had foolishly admitted
to being a mysterious, legendary creature
about whom many fireside tales and seaman’s yarn had been woven – a mathematician. The word is only to be whispered in
the dark with fear in your eyes and dread in
your heart lest a member of that primordial
tribe comes to you on fast wings and subjects you to death by boredom with wild
tales of conjectures, problems of unspeakable difficulty and – worst of all – analyses
of the axiom of choice! The man at the bar
has no inkling of the dawn of an idea yet
of how ghastly the answer to his imprudent
enquiry will be. Take a deep breath, dear
reader, for once the threshold of mathematics has been crossed, there is no return. You
shall be lured, enthralled and cursed forever
with a fascination none but fellows will ever
understand.
The present investigator has thrown caution into the wind and with reckless abandon decided to investigate the answer to
the question. In the dead of night, hidden in the comforting velvet folds of darkness, questions were put to throngs of mathematicians (7705 individuals and 2339 institutions), 247 of which resolved unwaveringly to answer. Among the questions put
to them was this: How would you define
‘mathematics’ ?
This present article is a tribute to the
brave people who wrote to me and to all
the parents of mathematicians who, with a
slightly exasperated look on their faces, finally want to know after all these long and
silent years: “What are you doing”? Perhaps then the comments about getting a
proper job will cease or begin in earnest.
One should not give heed to the fruits of
one’s labours if one is to be happy in life

and so we soldier on, regardless of the outcome. The fact that we could not know the
outcome if we did not soldier on shall remain
delicately stated in this very sentence. If I
had said ‘unstated’ I would have lied and I
have always been taught not to. No matter,
let us step once more into the breech, dear
friends. (Respondents, who shall remain
anonymous, made all statements in double
quotes except where credited to someone
else.)

1

Works of Reference

“All these difficulties are but consequences
of our refusal to see that mathematics cannot be defined without acknowledging its
most obvious feature: namely, that it is interesting”.
M. Polanyi [1]
Two people pointed their fingers to that
hefty tome of modern lore behind which we
all hide our ignorance and which we occasionally use to buttress doors — the dictionary. While the set of dictionaries is finite,
it is also large in that it contains more than
two elements. It has been considered impractical to consult each dictionary. This
is mainly due to the assurance of the investigator’s friends — and he has no reason
to distrust them — that he is not, in fact,
capable of reading Chinese and that thus
he could not, even if he tried, read all dictionaries. In the dictionaries that one did
consult, the number of essentially distinct
definitions grew approximately logarithmically with the number of consulted dictionaries. This further substantiates the claim
that it is not actually necessary to read all
dictionaries. It seems that the writers of
dictionaries are prone to the usual human
faults of sloth, fraud, plagiarism and eating
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too many marshmallows on certain Saturday nights.
A good average over the sample of definitions is provided by the Oxford Dictionary
which defines mathematics as “the abstract
science of number, quantity, and space studied in its own right (pure mathematics),
or as applied to other disciplines such as
physics, engineering, etc. (applied mathematics)” [2].
Most definitions wish to allay the
reader’s fear by fobbing him off with a quick
and sweet ‘science of numbers’. This woefully inadequate utterance is similar to saying that painting is the art of making vivid
colours. While what we have said is part
of the collective, it is a small part as, for
instance, a certain oxygen molecule in your
left nostril is a part of the visible universe.
However there are bigger and better,
harder and faster definitions of mathematics around; great Herculean efforts of eloquence that cast the diminutive smurf-like
statements we have looked at thus far into
the shadow. A case in point or perhaps
we should say a point in our case, but this
should make no never mind to us since we
are not discussing philosophy, is the German dictionary Brockhaus [3] which says:
“The science that originated in the practical
problems of calculating and measuring and
now concerns itself with the interconnections between quantities and patterns and
studies their relationships. This conception
was enlarged and deepened by mathematical basic research, i.e. through mathematical logic and set theory. As the science
of the structures of interrelations, mathematics gives an overview over all possible,
purely logical conclusions given a set of
basic assumptions (axioms) where any concepts appearing therein define themselves
through the axioms” [4]
Another bulwark is the definition given in
the Collins Dictionary of Mathematics [5];
it is however just slightly too lengthy to

quote here. One respondent came up with
a response which is rather typical of that
given in dictionaries except that it fails to
hit the nail on the head in fewer and better
words: “An abstract philosophical language
founded on Propositional Logic, based on
the notion of ‘Mathematical Proof’. Its
generic aim is the discovery and demonstration of propositions obtained by combining
axioms, definitions and previously proved
theorems”.

2

The Study of Patterns

“Mathematician’s patterns,
like the
painter’s or the poet’s, must be beautiful; the ideas, like the colours or the words,
must fit together in a harmonious way”.
G. H. Hardy [6]
The second most prevalent (41 from 247)
route of escaping the vice-like hangman’s
grasp of this gruelling question was to
say something such as: Mathematics is “a
search for patterns and order in the chaos of
life” or, “the science of structures and patterns that bring order and simplicity to our
thinking ”
At first glance this seems to satisfy us.
Virtually all of mathematics is somehow
regular and thus contained in this designation. However, we apprehend that it is
nonetheless a vacuous statement. By stating ‘x is the study of y’, we have said nothing of content unless we proceed to detail y.
Defining ‘pattern’, then, is the problem at
hand.
As every word in a language is defined in
terms of others, this game is a vicious cycle
and thus utterly devoid of substance unless
we are able to break the circle by a priori
knowledge, that is, by a set of understood
but undefined terms. It was suggested (by
two people), that ‘mathematics’ should be
such a term.
The Concise Oxford Dictionary defines a
pattern to be “a regular or logical form,
order, or arrangement of parts”. In this
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way, we attain to the idea that mathematics expresses something which is amenable
to meaningful description: A description
which highlights features without having to
list the details, which draws attention to important general aspects in a veritable sea of
information.
The concept of regularity giving rise to
predictions is immediately visible in the incantations we choose to call theorems: If x,
then y. Given a small amount of information, general statements allow us to sweep
clear of further examination of the case at
hand but to hold our heads high and to proclaim knowledge with certainty regardless.

3

Mathematics as language, “the
unambiguous conversation”

“The mathematical language has more to
commend it than being the only language
which we can speak; it shows that it is, in
a very real sense, the correct language”.
E. P. Wigner [7]
“Mathematics is both a powerful tool for
insight and it’s a common language for science. I refer to it as the ‘Esperanto’ of
science”.
Rita Colwell [8]
A language is a means for evoking alike
thoughts in another person. 17 communicators think of mathematics as a magical
art by which one may hurl thoughts across
empty space and cause them to germinate
in other minds. Oh, who has such power
but the mighty mathematician?
Since mathematics is also a study of patterns, the language is based on regularities
in the world as well as human thought. This
makes mathematics more universal than, for
example, English. As it should be, the
road to the highest throne must be accessible to all and not a small privileged group
of initiates. Anyone can grasp the principles of mathematics by gazing deeply into
the forms that shape the world, by listening to the heart and the winds, by tasting
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life to the fullest and touching the soul of
the world. English, in comparison, is more
random and arrived at by democracy over
thousands of years.
While Esperanto was invented and a total failure in improving cross-cultural interaction, mathematics arises naturally and
thus can be said to be discovered. It is
highly successful in describing a myriad of
things and the face of society has changed
in manifold ways since the language of the
world has been applied not only to talk
about the world but to talk with the world
(commonly known as applied mathematics).
“Mathematics is a unique language, in
which most of the well-studied and best
understood human knowledge can be expressed, stored and communicated with the
least amount of loss of information. The
reason why it functions seems to be its unequalled simplicity!” It is also “the way of
thinking” and consists of “eternal truths
that can be communicated over generations”.

4

Mathematics as art, “the science of the infinite”

“It’s a thing that non-mathematicians don’t
realize. Mathematics is actually an aesthetic subject almost entirely”.
John H. Conway [9]
The eternal debate whether mathematics
is discovered or created rages on with unabated ferocity since it was begun thousands of years ago. Old Lore whispers
tales of brave and lonely pioneers who duelled in the mists of dawn over their disparate views on whether Plato was right
after all to ascribe a perfect, eternal and
independent existence in the universe. A
responder chose to call mathematics “nature’s manual”. Here we have a proponent
of the ancient ways; indeed most of the
members of this lonely brotherhood swear
a logicised Hippocratic oath. Since Plato
found the cave and every steadfast member
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agrees, such mathematicians are called Platonic solids. As we are told by wise men
like Lao Tse: In this world, a light side
must have a dark side and so there are, hidden on the outer spiral branches of research,
some silent rogues who commit unspeakable
evil. Dissimilar from the dramatic fall of
man, the topsy-turvy and slightly lopsided
descent of the mathemagician (read that
again) arose not by effecting a choice but
by axiomatising it. Hah, we have unearthed
your noxious Achilles’ heel; take that, accursed fiend! Children are taught early in
their lives to ward off such miserable wraiths
by chanting Euclid’s fifth postulate at them
in unison (the light and dark sides run parallel). Elementary school teachers wake up
drenched in sweat from their nightmares
when – in their dream – another child’s faith
in the seemingly impregnable walls of geometry has been shattered by the powerful
counter curse: “Lobachevsky!”
Conversely, some strike boldly out into
the public eye and demand that it look at
them with an enduring capable eye and acknowledge that they are “strongly opposed
to all flavours of Platonism and side with a
version of formalism with certain pragmatic
overtones”. These noble princes of the other
side are brave and valiant and must be honoured.
While mathematicians’ salaries prominently illustrate the popular maxim ‘art for
art’s sake’, there are many who actually
subscribe to this high ideal of Platonic love
to the other solids (don’t ask!). So, while
some might say “combinatorial intellectual
art”, others quote Weierstrass: “A mathematician who is not also a little bit of a poet
is not a good mathematician”. Even though
only eight responders explicitly mentioned
the connection with art, the view seems
widespread that mathematics involves a creative impulse. Whatever it is, we are doing
it “for the fun of it”.
We seek “purest beauty in a humandefined universe of logical structures” and
we “feel ‘mathematics’ as a mental outburst

of an animate” being. Mathematics is “just
as difficult as defining ‘Brahman’: not like
this, not like this” and it is also “the will for
uniqueness”. Mathematicians also share the
artistic spirit of “curiosity, inductive reasoning, intuition, [and] logic or deductive reasoning”.

5

Mathematics as logic

“Mathematics is the science which draws
necessary conclusions”.
Benjamin Peirce [10]
42 people felt the logical aspect of mathematics as very important. It is believed that
this count may have a touch to do with the
Great Question of life, the universe and everything but since any sane even-tempered
teetotaller cannot regard this to have even
a shimmer to do with logic, this must be a
titanic mound of dingo’s kidneys! The antediluvian directive, ‘thou shalt be logical’
echoes still in the fabric of the earth; you
can hear it if you put your ear to the ground
on a hushed and desolate night illuminated
by a full moon.
One might say that “within mathematics you can include everything that depends
entirely and only on logical reasoning” and
mathematics is the “study of well-defined
things”. It is as clear as an alpine pool
of pristine, fresh and cool mountain water and is a definition intended to appease
the fears of the layman whilst heightening
his feeling of prestige for the mighty warriors of the mind that are the mathematicians. The lulling tale of logic is enchanting to the mind as it provides no understanding but creates the perception of it.
We may quote a marvellous book [11] that
should be required reading for every apprentice and master mathematician: “Mathematicians always strive to confuse their audiences; where there is no confusion there
is no prestige. Mathematics is prestidigitation. It is really the man who is totally
at sea who has got both feet firmly on the
ground”.
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In spite of the primordial drive to confuse the uninitiated and to lock ourselves
up in that beautiful ivory tower of impregnable logic, there are some weaknesses that
we must confess at least to ourselves when
we have returned from the battle fields of
conferences: “Mathematics is the compulsion to define every problem very precisely”.

6

The pursuit of
through numbers”

happiness

“A scientist worthy of the name, above all a
mathematician, experiences in his work the
same impression as an artist; his pleasure is
as great and of the same nature”.
Henri Poincaré
Nothing is a nobler quest than that of happiness — happiness, that is, of the deep
kind; a loving, universal, contented and wise
sort of happiness that cheers the world,
makes flowers bloom, chases the cold winter away and generally evokes joy in all
who come in contact with the exultant one.
There are many roads to Rome but only one
is the road of pilgrimage — the geodesic to
divine agape. Can one find happiness by
contemplating the eternal beauties of numbers? Who are you and I to say ‘nay’ when
we have not achieved such an exalted state
by any means at all? Perhaps the “science
about the numbers and everything that derives from there” is the king’s highway or
perhaps just a dingy old alleyway but if it
does the trick, shall we waver?
Bunching all the pilgrims of mathematics
into the narrow road of the real line is surely
cramped albeit an injection is clearly possible. Yet there are 30 of our valiant knights
who regard “the study of numbers” as the
royal road. Godspeed them!
One may glorify and expand the game
of numbers by saying: “Mathematics is the
science of numbers. Mathematics explores
every aspect of numbers, how we use them,
how they are applied to day-to-day life and
how they are applied to science”.

7
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Modelling the physical universe with the “Queen of all
sciences”

“Mathematics is the alphabet in which God
described the universe”.
Galileo Galilei
The physical universe, the cosmos in which
our sun and our planets dance to the ancient music of the spheres and chant the
primeval mantra ’aum’, is the inspiration of
all thinkers. Many are contented in contemplating whether the universe is real, a
God exists and what the purpose of human
life might be. 23 of our lot are willing to
suspend their disbelief (or not to come to
any belief about these issues at all) and only
wish to discover the past and reveal the future; they desire the chronicles of Akasha
and long to read “Nature’s manual”.
The natural sciences are concerned with
predicting the future state of physical systems given their present state. As a matter
of practicality we wish to know the precise
moment (to five decimal places) of when
a little boy’s bicycle will break. We resolve in the good spirit of physics that we
must never ask why but are allowed to ask
how, please, it is to be fixed. Dealing with
the broken bicycle, the crying boy, the injured knee and the ruined rose bushes of
the elderly McTempers is going to be nasty.
Thus, there can be no surprise that predicting the future state of systems is called
a ‘problem’. Mathematics might then be
called “the fine art of problem solving”.
Now a fine art indeed it is. One approach
would be to slowly read Andrew Wiles’
proof of Fermat’s Last Theorem to everyone which would solve almost everything
as both the McTempers and the boy would
be quietly snoring away after the abstract,
leaving the bike and the roses which reduces
the given problem to previously solved ones
— it is common practise in mathematics, of
course, to stop there and let the common
masses do the dirty work of actually mending things.
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This is a prime example of how mathematics may be used indirectly to solve a
physical problem. But are there direct ways
of wielding Excalibur mathematically? Ha,
oh ye of little faith, mathematics is “the way
to model life”. We hasten to add that ‘life’
must be taken with a pinch of salt here (you
need the sodium), as we do not intend to be
able to model your wedding night very precisely, not that we want to, but anyhow we
speak merely of the physical and biological
aspects on a small scale. In this way, mathematics becomes a tool (like tealeaves and
such) in the great endeavour of foretelling
the misty future accurately. Astounding
revelations that will shatter your conception
of reality can be made. They will leave you
so mind bogglingly speechless that, in fact,
a good deal of it is classified by the more
militant members of the government under
the pretence of your own safety by which
they mean their own safety: On the basis of
the theories of gravity and the solid state,
for example, we may say with reasonable
confidence that if a delicate glass is dropped
from a tall building, it will break. Are
you not gob-smacked and ogling the next
mathematics book in sight of this prophetic
proclamation?
Another contemptuous view of the greatness of mathematics is to cast it down even
lower than the lofty status of tealeaves in
the prediction business and to call it “a
means to teaching physics”. Predicting
things depends on how they are now and
prediction is the supreme goal of the natural sciences. From their view of mathematics as a tool to help them one may safely say,
“everything, sooner or later, comes down to
measurement”. If the present is fuzzy, the
future is blank as anyone who takes pleasure
in alcohol can attest to.

8

What does a mathematician
do?

“A mathematician is a human who will not
only immediately understand any thought
described to him but will also see which

fallacy of thought it rests upon”.
Helmar Nahr
We relentlessly pursue the tracks of that
slippery and devious creature which seeks
to confound its hunters. In the sweet morning dew we lie hidden underneath our camouflage of discarded scribbles and observe
the rare ritual of the mathematicians mating call: ‘I think I’ve proved your theorem!’ This magical incantation has a
truly scandalous flabbergasting magnetism
on the mathematician addressed therein. Irresistibly, the conjecturer is drawn in a delicate balance of many emotions such as disbelief, anger, surprise, jealousy, interest and
envy.
As the mathematician is such a complex
beast, eight people prefer to define mathematics as “that which mathematicians do”.
Again we hasten to add that this does not
refer to anything they might do after hours
beneath the sheets but rather in their minds
and on their pads of recycled paper. Mathematicians build “huge buildings, some beautiful, some useful, resting safely on tiny
foundations and with almost zero costs”.
These master masons are justly wondrous,
they have created castles with towers and
turrets of such beauty and breathtaking elegance that the Taj Mahal would crumble
in shame at their mere mention (that is why
there are no conferences held there). Even
Herodotus could tell us of no greater wonder in the world than that of the buildings of thought which have been shaped by
scores of skilful minds for over three thousand years. Mathematicians follow “exact
rules to the utmost accuracy and all that
with brilliant imagination”. And so the
palace stands, untouched by the elements,
ever increasing in their splendour through
the tireless efforts of the mathematicians.
It is through thought alone that the past
efforts are preserved and the present ones
leave their mark forever, so that “the process of mathematics is the organised investigation of patterns derived from axioms;
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the body of mathematics is the collected remembrance of those investigations”.

9

The amorphous subject

“Mathematics has a fractal structure: If
you look closer and closer to its subjects,
more and more structures evolve”. From
this point of view, three mathematicians
liken mathematics to a closed Koch curve:
it enclosed a finite area but has an infinite
(and fuzzy) boundary. There is much about
which one is uncertain whether it is to be
included or not. In contrast to our best
mathematical intuitions about logic, proof,
truth and such, sometimes we must harden
our hearts, steel our eyes, sharpen our pencils and decide against a murky ‘yes’ or and
cloudy ‘no’ but exclaim loud and proud with
a clear, crisp and totally useless ‘perhaps’.
If you are inclined to dispute even the
rock solid foundations of the upside-down
pyramid of mathematics you might press
your chisel against a brick in the masonry
and say that a closed curve such as the
closed Koch curve does not, in fact, divide the plane into two bits (Jordan’s curve
theorem) and proclaim that “everything is
mathematics, it’s just that people aren’t
aware of it”.

10

Towards a new definition

Mathematics is “giving the same name to
different things”.
Henri Poincaré
To recap on the popularities of the different avenues of resolution two mentioned the
dictionary, 41 patterns, 17 language, 8 art,
42 logic, 30 numbers, 23 modelling, 8 what
mathematicians do and three the fuzziness.
We are faced with the final challenge. At
the end of the road, we must swim the moat
and we shall be home in our bastion at last.
“One of the great achievements of mankind”
must receive an identity, but how? We may
well envisage that “the definition would not
contain the word ‘number’, and it would
say something about the artistic aspect of
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math”. Nonetheless 52 of our mighty warriors succumbed on the weary road and did
not answer the question.
Having walked shadowy chasms of dizzying depths and fearlessly inquired about the
“subject with no object”, I humbly present
for your perusal a definition which represents, to the best of my estimation, an acceptable compromise between existing definitions, the 247 responses received and that
elusive, legendary concept — truth:
Math.e.mat.ics n. pl. [from the Greek
mathema “to learn” which came from the
Sanskrit medha “wisdom and intelligence”]
A collection of subjects that investigate particular kinds of patterns that are derived
from the physical universe, abstract thought
or the imagination with the aim of giving
logically correct analyses of the properties
of these patterns. Examples of the subjects
that make up mathematics are: Geometry
(deals with points and lines in any kind of
space), Topology (considers shape of objects
in space irrespective of their size), Algebra (examines the relationships of symbols
given certain assumed properties of these
symbols), Analysis (investigates functions
and continuity), Number Theory (studies
the abstract properties of numbers) as well
as Logic and Set Theory. Mathematics
is typically divided into pure and applied
mathematics, a distinction that applies to
the practise rather than to the subject. If
mathematics is practised with a benefit to
subjects outside of mathematics in mind
(other sciences, society, industry, etc.), then
it is applied mathematics; if it is practised for its own sake, it is pure mathematics. While the record of the constituting subjects is in the form of short statements about the properties of the investigated patterns (theorems) and the logically
consistent justification of these statements
(proofs), the process of arriving at this linear, logical and scientific record is significantly different. The practitioner of mathematics (mathematician) proceeds by using
a keen sense of beauty and elegance of the
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pattern to be studied, intuition about what
properties the pattern could have and how
one might prove it. As an evolving domain
of learning, mathematics is thus as much an
artistic discipline as a science. Mathematics
is also a language in which any kind of regularity can be conveniently expressed and,
for that reason, it is the language of natural
science and engineering and quickly becoming an indispensable part of the language of
social, economic and other fields of study.
The collection is so varied and vast that it
is frequently uncertain whether a given factoid is to be included under the umbrella
that is mathematics.

11

The questionnaire and the
book

As mentioned in the preamble, many more
questions were asked: Questions about personal experiences, fascinations, decisions
along the road, the community of mathematicians, the gender problem and written

works are contained, among others, in the
questionnaire. Together with Nicky GravesGregory, I am writing a book on what mathematicians are like as people, how their
lives were shaped by mathematics and how
they moulded it. We are interviewing eight
prominent mathematicians and have conducted this questionnaire to represent those
who we did not have time to interview in
person. The analysis and presentation of
the rest of the questionnaire together with
eight brilliant interviews will be contained
in that book which is currently in progress.

12
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Report on the Mathematics-in-Industry Study Group 2005
Graeme Wake

1

Introduction

The second of the ANZIAM Mathematicsin-Industry Study Groups to be held in
New Zealand (MISG2005) took place at
Massey University at Auckland, 24–28 January 2005. Hosted by the Centre for Mathematics in Industry, based there, it was directed by Professor Graeme Wake, Adjunct
Professor of Industrial Mathematics. Administrative support was provided by the
Institute of Information and Mathematical Sciences (headed by Professor Robert
McKibbin) and the MISG2005 Administrator was Nikki Luke. Seven problems were
presented, six from New Zealand and one
from Australia. Industry based in Australia
seems very reluctant to bring their problems off-shore, in spite of considerable effort being made to lure them to a New
Zealand-based MISG. With a strong following from New Zealand it points to a
need for a MISG-type of activity in both
countries with synergy maintained between
them. The Centre for Mathematics in Industry was formed to provide a national
base for MISG and has also built links
with emerging similar activities, in South
Korea and Thailand in 2004. This year’s
MISG was fortunate in attracting Professor
Sam Howison, Director of the Oxford Centre for Industrial and Applied Mathematics
in the United Kingdom as an overview facilitator. The Deputy Prime Minister for
New Zealand, the Honourable Dr Michael
Cullen provided a keynote opening address
providing welcome, but controversial, publicity for MISG2005. Student workshops
were held and addressed by Dr Howison,
Mr Paul Milliken (an entrepreneurial consultant) and MISG2005 Director Professor
Graeme Wake. We were fortunate in obtaining a significant grant from Technology New Zealand under their “Smart Start”

programme, which is gratefully acknowledged. Last but not least we acknowledge
the immense work provided by the problem moderating team — which this year included a postgraduate student in each case.
Their contributions—often beyond the call
of duty—is warmly acknowledged. Without this input MISGs just would not happen. The seven problems are described
below along with the outcomes from the
group meetings. A full technical report
will be published by the CMI as “Proceedings of MISG2005” in due course. In most
cases ongoing work is in progress. DVD
recordings of the problem outlines are available for $NZ27 (incl GST) from the undersigned. Likewise the Full Proceedings of
the MISG2004 (last year) are available for
$NZ22.50 (incl GST) from the same place.

Predicting off-site depostion of spray
drift from horticultural spraying
through porous barriers on soil and
plant surfaces (Lincoln Ventures
Ltd/Plant Protection Chemistry of
NZ)
The task set the MISG team was to develop and investigate a mathematical model
of shelterbelt efficiency. Factors such as
wind profiles through and above the shelterbelts, release height of the spray drift,
capture efficiency of different droplet sizes
and evaporation rates all need to be considered. The object is to either produce a
better working model or to clearly define
the deficiencies in the existing models. Any
model that is developed would need to be
usable at the farm level. That is, any inputs to the model need to be easily measured or estimated quantities such as free
stream wind velocity, optical porosity of the
shelterbelt and typical vegetation element

188

Report on the Mathematics-in-Industry Study Group 2005

size of the shelterbelt. In practice barriers effective at trapping spray drift must
have some airflow through them, solid barriers will direct airflow with spray droplets
upward and over the barrier. During the
week, the MISG team have verified that an
existing model was suitable for use in determining the efficiency of a shelterbelt at
collecting spray drift. The model is relatively simple to program and uses as inputs
easily obtainable variables such as the free
stream wind velocity, the optical porosity of
the shelterbelt and the structure of the shelterbelt. With allowances for settling and
evaporation the model was found to be valid
over the range of inputs typically found for
droplet distribution, wind velocity and vegetation element size. Numerical simulations
of the flow field over and through the shelterbelt have justified some of the assumptions used in the model and given insight
into the flow characteristics that are important to consider. Although these models
are never perfect representations of the real
world, we believe they are suitably robust
for inclusion in a larger spray drift management system. Although care must be taken
to ensure that some of the original assumptions are not overly breached.

hot-rolling process, which was analysed using multiple linear regression. A key measure of the analysis is the value of R2, which
should be as close to unity as possible. This
is a measure of how well a variation of
the input variables explains a variation in
the mechanical properties. Analyses were
performed which showed that the mechanical properties do indeed depend linearly on
the hot-rolling variables. Separate models
were developed for each of the metallurgical properties. The model for Ultimate
Tensile Strength (U T S) had the largest R2
value of 0.94, Yield Strength (Y S) was next
with a value of 0.78, and Elongation had
a value of 0.57. The multiple linear regression model was used to determine how
much the Y S could be increased by varying the steel chemistry and processing temperatures within the allowed ranges. It
was found that the mean Y S could be increased to about two standard deviations
above the test minimum, an outcome which
would dramatically reduce test failures for
this product. In reality, the optimisation
problem is more complicated than this as
more than one steel product uses the same
chemical grade of steel. Hence optimisation
of the relevant mechanical properties over
a whole class of steel products needs to be
done.

Development of empirical relationships for metallurgical design of hotrolled steel products (New Zealand
Steel Ltd, Glenbrook)

Optimising the relationship of the
electricity spot price to real-time input data (Transpower Ltd, Wellington)

New Zealand Steel Ltd asked the Study
Group to develop empirical relationships
for their hot-rolled coil and plate products.
These empirical formulae are intended to
describe the relationship between various
mechanical properties of the coil and plate
products and input parameters such as processing temperatures at various stages of the
operation and steel chemistry. NZ Steel Ltd
provided the Study Group with a large collection of data relating mechanical properties to the various input parameters of the

Electrical power is paid for at a marginal
price calculated by an optimisation to minimise the total cost of generation based on
bids made by the power generation companies and consumer requirements. Generation companies are paid on the marginal rate (the level of the highest bid accepted) determined at their location. Similarly bulk power consumers are charged on
the marginal price of supply at their location, which includes costs related to delivery
to the user’s location. There are well known
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laws that determine the amount of power
delivered along transmission lines. In the
case where power lines form a loop, when a
power limit is reached on one of the lines,
it is necessary to bring into use more expensive generators to allow an increase in
power consumption. This creates a step
change in the marginal rates charged to consumers. Further it becomes more difficult
to deliver power to one end of the limiting
line, which is reflected in increased rates at
that end. This sudden change in prices is
known as a spring washer, with prices increasing on one side of the limiting line,
and decreasing on the other side. This contrasts with the usual conditions where consumer costs are constant (when line costs
are negligible). Under some circumstances
the change in power costs can become extreme. Transpower wanted to determine
when large spring washers could occur, and
also determine when the spring washer is
sensitive to the physical parameters of the
network. The MISG group proposed two
methods to determine the closeness of a possible spring washer. The first is an investigation of near optimal vertices in the linear
programming optimisation. The sensitivity
figures from the linear programming optimisation can be used as the basis for this
calculation. The number of vertices near to
the optimum and the proportion of these investigated, will determine the reliability of
this method.
Factors associated with trends in bare
ground in high country (Environment
Canterbury, Christchurch)
The problem posed at MISG was to analyse the monitoring programme dataset to
determine the factors associated with improvement or degradation in vegetative
cover. A model resulting from this analysis would assist Environment Canterbury
in recommending appropriate management
strategies for different land types. Percent
bare ground has been monitored at approximately 140 sites throughout the high
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country, at intervals of one to seven years.
Record length varies from 12 to 27 years.
Site characteristics specified in the dataset
include soil type, topographic position and
general management history. Initial analysis at Environment Canterbury suggested
that soil fertility and altitude were important factors in recovery of vegetation, but
that removal of the already low level of
grazing had little effect. Each management factor was studied separately. For
each, records were selected from the database where both levels of the factor were
present in the same environment, e.g., sites
with and without fertiliser application in
a similar geographic area and on the same
soil type. Five data blocks (regions/soil
types) were available for fertiliser analysis and two for grazing analysis. Two-way
analysis of variance (ANOVA) showed that
fertilising/oversowing was effective in increasing vegetative cover on all soil types,
though the magnitude of that change was
greater at low altitude than at high. No
difference in revegetation rate could be detected between low intensity grazing (less
than one stock unit/ha) and no grazing. No
comparison was available between “high”
intensity grazing (1–4 stock unit/ha) and
no grazing. The conclusions were:
• A general model was developed for
change in percent bare ground, where
the significant factors include fertiliser application, starting percent bare
ground, annual average temperature
and winter rainfall.
• Soil chemistry and physical properties
also appear to be important. Further
data gathering and analysis is needed
to include these in the model.
• Fertiliser application and oversowing
has a strong positive effect on revegetation on all soils tested, with the effect
strongest at low altitude.
• Little effect on revegetation was observed from de-stocking (from low intensity grazing to none).
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• The effects of rabbit control were difficult to interpret, though there seemed
to be some extra positive effect on the
better soils that were also fertilised.

Implementing Lanier’s patents for stable, safe and economical ultra-short
wing vacu- and para-planes (Backyard
Technology, Queensland)
Backyard Technology are interested in aspects of aircraft design described by Edward H. Lanier in a series of six patents obtained from 1930 to 1933. Lanier’s overall
aim was to provide an exceptionally stable
aeroplane that would both fly normally and
recover from undesirable attitudes without
pilot aid. Backyard Technology were specifically interested in Lanier’s idea of creating a vacuum cavity in the wing by replacing a section of the upper skin of the
wing with a series of angled slats, believing that this wing design would give superior lift and stability compared to typical
wing designs. During our study, buoyancy
calculations (using Fastflow), indicated that
the effect of reducing air density within the
wings would have an almost negligible effect, perhaps lightening the aeroplane by a
few hundred grams. The other arguments
provided by Lanier for additional lift similarly appear unconvincing.
Modelling the physics of high speed
product-weighing (Compac Sorting
Equipment Ltd, Auckland)
Compac Sorting Equipment Auckland
(Compac) manufactures and exports highspeed, accurate sorting systems for fruit
and vegetables. Their sizers operate at between 10-15 pieces of fruit per second per
lane. They weigh each piece of fruit individually, using a pair of cantilever loadcells,
in less than 1/10 of a second. Compac
wanted a mathematical model of the weighing process, that will help them to accurately weigh heavier fruit (more than 250g)
at higher speeds (in less than a tenth of

a second). They also asked for help with
easing back on the size and stability of the
weighing assembly, which would reduce the
physical size and manufacturing cost of the
overall system. The signal from each loadcell is amplified and low-pass filtered. The
tail end of the signal is averaged, to obtain a mass that is required to be accurate
to less than 1g. The MISG group studied the frequency components present in
the output of load-cells, for various sized
fruit running at various speeds. Apart from
a high frequency which is of no concern to
Compac, it was typically observed two lower
frequencies, which reduce as fruit mass increases, causing difficulties with oscillations
getting past the analogue filter. An option
is to reduce the cutoff frequency of the lowpass filter. However, this might not help
at higher operating speeds, as there may
not be enough time for the filtered signal to
level off. They developed models for simple
harmonic motion in the vertical direction,
as well as a side to side rocking motion
between the two load-cells. The modelling
suggests that the reduction in the low frequency is generally to be expected as mass
increases. The key parameters are mass
(and its distribution), effective spring constant, and effective damping. An option is
to stiffen and reduce the effective mass of
the load-cells, thereby increasing oscillation
frequency and damping. However, stiffer
load-cells require greater amplification of
the signal from the load-cell and are more
vulnerable to drift, thus potentially reducing the overall accuracy of weighing. A
possible strategy is to use the understandings from the modelling, rather than just
filtering out the oscillations. We showed
that it is feasible to infer key parameter
values from the oscillation frequency, damping rate and oscillation amplitude. A joint
approach, digitally combining this information with filtered output, might be faster
and more accurate than the present setup.
In order to do this, a model that takes into
account the structure of the loadcells and
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attached plates has been proposed. This
model is more complex than a damped oscillator and involves a few time-dependent
frequencies but is a promising direction for
continued work.
Determining temperature control of
wash water in a laundry environment
(Fisher & Paykel Ltd, Auckland)
Fisher and Paykel (F&P) are developing a
new model of washing machine. One of its
key features will be that it uses less water. It is important to regulate the operating temperature of washing machines
since if they operate hotter than the userselected temperature there is a risk of damage to clothes and if they operate below
the user-selected temperature there is a risk
of incompletely dissolved detergent being
sprayed onto clothes, which is also undesirable. F&P seek to improve their temperature regulation strategies from the current
state-of-the-art. Further, since the new machine will have a smaller mass of water relative to clothes load, the impact of abnormal
clothes loads and of start-up disturbances in
water supply temperatures (e.g. cold slugs
in hot water supply) on the bulk temperature is greater. Thus a thorough review
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of temperature regulation strategies is well
motivated. A simple control strategy was
suggested which uses feedback from a sump
temperature sensor was presented. The dynamic model and analysis thereof via the
MATLAB code will determine if this strategy is sufficient. Preliminary simulations
using this code suggest that in most situations the sump temperature can be controlled to within F&P’s specifications (2 degrees Celsius).
Concluding remarks
MISG2005 was sponsored by the list on the
web page which also has further details on
the problems: http://misg2005.massey.
ac.nz.
The Director’s prize for the best remark
“Overheard in passing” was awarded to Ron
Thatcher (Manchester) and Ken Russell
(Wollongong) who were heard to say “Have
we seen the plot yet?” (Ron Thatcher) “No
we have lost the plot.” (Ken Russell)
The ANZIAM organisation has asked us
to do MISG2006 which will be in the same
style and location as MISG2005. The dates
for this are: 30 January–3 February 2006, at
Massey University, Auckland. See: http:
//misg2006.massey.ac.nz.

Centre for Mathematics-in-Industry, Massey University, Auckland, New Zealand
E-mail: g.c.wake@massey.ac.nz
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Report on the ICIAM board meeting 2005
Neville de Mestre

On May 21 I attended the ICIAM Board
Meeting at the University of Florence as the
ANZIAM representative. Ian Sloan was in
the Chair, and 22 voting members attended
plus the non-voting officers and a large number of observers.
In his President’s report, Ian Sloan announced that the closing date for nominations for the various prizes to be awarded at
ICIAM2007 in Zurich is 31 December 2005.
He then introduced John Ball, President of
the International Mathematical Union, who
was an observer and had been invited to foster closer relations between ICIAM and the
IMU. Ian also praised Ross Moore (Macquarie University) for the efforts he had
made as the ICIAM webmaster.
Gerhard Wanner presented the first draft
of an Invited Speakers’ list for ICIAM2007.
The Board indicated that there was not
enough balance in the list, and asked Gerhard’s committee to consider modifications
that would include speakers from regions
such as India, China and Australasia, as well
as young researchers and some researchers
working with industry. The officers will
consider a revised list within the next few
months. (Robert McKibbin and I have already sent some suggested names from our
region.)
Rolf Jeltsch (Switzerland) was elected
President-Elect unopposed, and will take
over the Presidency from Ian Sloan in October 2007.
After vigorous discussion and presentations, Vancouver was chosen as the venue for

ICIAM2011, with Arvind Gupta (MITACS
and Simon Fraser) as Director. Arvind will
be in Australia in August this year.
As Director for ICIAM2007, Rolf Jeltsch
presented his progress report. Registration
opens in May 2006, with Earlybird registration closing on 15 January 2007 (payment
forwarded by 15 February 2007 or no concession). Minisymposium ideas are to be suggested by 31 August 2006. Only six societies
out of the 15 members had replied to Rolf’s
letter about ICIAM2007, and ANZIAM was
one of these. Our chair, Robert McKibbin
(Massey) is on the ball!
The Polish Mathematical Society and
the Chinese Mathematical Society were accepted as associate members of ICIAM.
It was decided that a second officer-atlarge was not needed at this time.
Discussions were held on a fund for needy
delegates from developing countries, but no
specific proposal was made.
The next board meeting is in Shanghai in
May 2006.
Board members, observers and partners
were entertained after the meeting by Mario
Primicerio, the SIMAI representative, who
was Mayor of Florence from 1995 to 1999 in
his other non-mathematical life. Mario arranged a guided tour of the Palazzo Vecchio,
followed by a four-course Italian dinner with
wines on the top floor of the palace. The
previous evening delegates attended ”Don
Giovanni” at the Florence Opera House.
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Connected co-spectral graphs are not necessarily both
Hamiltonian
J.A. Filar, A. Gupta, and S.K. Lucas
The spectrum of a graph is the set of eigenvalues of its associated adjacency matrix.
Many important properties of a graph are related to its spectrum, as in for example Chung
[1]. Connected graphs are ones where a path can be found between any pair of vertices.
Co-spectral graphs are different graphs that have the same spectrum, and some of them can
be constructed as in Godsil & McKay [2]. There are many examples of co-spectral graphs
where one is connected while the other is not. Finally, a Hamiltonian cycle is a closed
path that visits every vertex exactly once. Naturally, a graph needs to be connected to
be Hamiltonian. We are not aware of any statements in the literature relating co-spectral
graphs and Hamiltonicity.
The two graphs shown here are co-spectral with characteristic polynomial 432x+3816x2 +
7008x3 − 7660x4 − 28444x5 − 3368x6 + 40440x7 + 19016x8 − 28234x9 − 19027x10 + 10744x11 +
9198x12 − 2226x13 − 2463x14 + 236x15 + 373x16 − 10x17 − 30x18 + x20 . The left graph has a
Hamiltonian cycle, while the right graph does not. One of the possible Hamiltonian cycles
is shown as the solid lines, while dashed lines are used for arcs that are not part of the cycle.
Thus the spectrum of a graph unfortunately does not contain enough information to decide
whether a graph is Hamiltonian or not.

Note that these graphs are both cubic; each vertex is of degree 3. There are no co-spectral
connected cubic graphs with less than twenty vertices, and about five thousand co-spectral
pairs with twenty vertices. The vast majority of these are either both Hamiltonian or both
not Hamiltonian, but there are five exceptions, including the set shown here.
The observation reported here was a biproduct of a more extensive study partially supported by the ARC grant DP0343028.
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Comments on the paper “Wallis’ sequence ... ” by
Lampret
Michael D. Hirschhorn
Let
Wn =

n
Y
k=1

4k 2
.
4k 2 − 1

Wallis (1655) showed that W∞ = π/2.
In a recent issue of the Gazette [1], Lampret shows that for n ≥ 3,




π
1.1
π
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1−
< Wn <
1−
.
2
4n
2
4n
I would like to go further. We have
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∞
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It is easy to check that for k ≥ 2,
12(k − 1) + 4 . 12k + 4
1
12(k − 1) + 5 . 12k + 5
<1− 2 <
.
12(k − 1) + 7 12k + 7
4k
12(k − 1) + 8 12k + 8
If we substitute k = n + 1, n + 2, . . . , multiply the results and finally multiply by π/2, we
obtain




π
1
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<
W
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1
−
.
n
2
2
4n + 73
4n + 83
which is stronger than Lampret’s result.
P
It can be shown that if the ck are given by x k≥0 ck x2k /(2k)! = tanh(x/4) then
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−
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+
·
·
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as n → ∞.
2
4n 32n2
128n3
2048n4
8192n5
Note that the ck eventually grow (in magnitude) very rapidly (as (2k)!/(2π)2k ), and the
product on the right diverges for every n. However the ck alternate in sign and for each K,
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for n sufficiently large (n > N (K)).

References
[1] V. Lampret, Wallis sequence estimated through the Euler–Maclaurin formula: even from the Wallis
product π could be computed fairly accurately, Aust. Math. Soc. Gazette 31 (2004), 328–339.
Received 25 January 2005, accepted 28 January 2005.

195

From tent-like functions to Lucas sequences
Javier Duoandikoetxea

1

Introduction

Counting the number of periodic points of a function leads to results on congruences for the
terms of a sequence. Fermat’s little theorem (and also its generalization by Euler) can be
proved in a simple way, for instance; see [2] and [3]. The paper [5] contains a characterization
of the sequences which are realisable, that is, sequences which actually appear when counting
periodic points of functions. In general, for a given function it can be very difficult or even
impossible to compute its iterations and the fixed points of such iterations. But, on the other
hand, there are elementary examples, easy to handle by undergraduate students, for which
remarkable sequences appear; with this aim we introduce a class of piecewise linear functions
for which the number of periodic points is given by the so-called Lucas sequences, well-known
to number theorists, and obtain congruence results for those sequences. Modifying this class,
the reader will find variants leading to other sequences.
First we give a short account of the abstract theory to place the reader in the appropriate
context. Although the study of periodic points is related to the theory of Dynamical Systems,
only elementary set-theoretical considerations will play a role here and the metric structure
of the domain of the function is completely avoided.

2

Basic terminology and abstract results

Let E be a set and f : E → E an function. We say that b ∈ E is a fixed point of f if
f (b) = b. Define the iterates f k of f inductively as follows: f k (x) = f (f k−1 (x)) for k ≥ 2,
with f 1 = f . We say that b ∈ E is a periodic point of f of period n if it is a fixed point for
f n , that is, if f n (b) = b; its minimal period is n if moreover f j (b) 6= b for j = 1, . . . , n − 1.
The fixed points are the periodic points of period 1.
If f n (b) = b, the sequence {b, f (b), f 2 (b), . . . } (called the orbit of b) is periodic in the sense
that f k+n (b) = f k (b). The reader will easily prove the following theorem using elementary
divisibility properties of the integers.
Theorem 1 1. Let b be of minimal period n. Then the orbit of b has exactly n distinct
elements, and all of them are of minimal period n.
2. If f n (b) = b and the minimal period of b is k, then k divides n.
From the first part of the theorem we derive the following corollary.
Corollary 1 Fix n. If the set {x : f n (x) = x} is finite, then the cardinality of the set of
points of minimal period n is a multiple of n.
From the second part of Theorem 1 we deduce that the set of periodic points of f of
minimal period n is given by the solutions of f n (x) = x which are not solutions of f k (x) = x
for any k divisor of n. According to this observation, if the set of solutions to f n (x) = x is
finite and Mn denotes its cardinality, the number of points with minimal period n can be
written as
X n
µ( ) Md ,
d
d|n
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where µ is the Möbius function, widely used in Number Theory, which is defined as µ(k) =
(−1)r when k is the product of r different primes, µ(k) = 0 if k has a squared prime factor,
and µ(1) = 1.
As a consequence, the result of Corollary 1 can be stated as
X n
µ( ) Md ≡ 0 (mod n) .
(1)
d
d|n

In particular, if p is prime, Mp ≡ M1 ( mod p), and more generally, Mpk ≡ Mpk−1 ( mod pk ).
If for each integer a we get a function such that Mn = an , the conclusion ap ≡ a (mod p)
for p prime is Fermat’s little theorem.
More details appear in [2] and [3].

3

The variants of the tent function

The tent function is defined as

f (x) =

2x,
if 0 ≤ x ≤ 1/2
2 − 2x, if 1/2 ≤ x ≤ 1 .

Its graph is formed by two segments ranging from 0 to 1. The graph of f n consists of 2n
segments ranging also from 0 to 1. It is immediate to deduce that the equation f n (x) = x
has 2n solutions.
Let T be the class of continuous piecewise linear functions on [0, 1] whose graph is formed
by segments of two types, those ranging from 0 to 1 (the long legs) and those ranging from
1/2 to 1 (the short legs); moreover, we require that two legs meet at x = 1/2. It is clear
that if f belongs to T, its iterates are also in T. The tent function is in T; it has two long
legs and no short legs.
We associate to each f ∈ T four numbers, (A(f ), B(f ), C(f ), D(f )), which correspond,
respectively, to the number of short legs and long legs in the first half of the graph of f
(when x ∈ [0, 1/2]), and in the second half (when x ∈ [1/2, 1]).
Theorem 2 Let f ∈ T and write A = A(f ), B = B(f ), C = C(f ), and D = D(f ). Let
Mn be the number of periodic points of f of period n. Mn is finite for all n except when
C = 1 and D = 0. Excluding this case, and putting M0 = 2, the sequence {Mn } satisfies
the three-term recurrence relation
M1 = P ,

Mn+2 = P Mn+1 + QMn ,

where P = B + C + D, and Q = AD − BC.
A sequence with this property is called a Lucas sequence. For an account of the definition
and properties of Lucas sequences see for instance [6, Section IV, Chapter 2]; for their early
history see [1, Chapter XVII, vol. 1]. (We remark that usually the recurrence relation is
written with −Q instead of Q.)
Proof. The case C = 1 and D = 0 corresponds to either f (x) = x or f 2 (x) = x for all
x ∈ [1/2, 1].
To prove the theorem we only need to take into account the following elementary facts
where, for simplicity, (An , Bn , Cn , Dn ) are written instead of
(A(f n ), B(f n ), C(f n ), D(f n )):
(a) Mn = Bn + Cn + Dn ;
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(b) the number of legs of f n+1 is given by
An+1 = An C + Bn (A + C) ;
Cn+1 = Cn C + Dn (A + C) ;

Bn+1 = An D + Bn (B + D) ;
Dn+1 = Cn D + Dn (B + D) .

It is enough to check now the values M1 and M2 of the sequence and the recurrence relation.

Remarks:
(i) the case Q = 0, which is obtained in particular if there are no short legs, gives the
sequence Mn = P n (Figure 1 corresponds to P = 5);
(ii) the case P = Q = 1 corresponds to a Fibonacci sequence; only the choice A = D = 1
and B = C = 0 gives it (Figure 2);
(iii) given any pair (P, Q) of positive integers, there is a function in T, not necessarily
unique, for which the corresponding Lucas sequence is obtained (Figure 3 shows the
case P = 3 and Q = 2);
(iv) if AD − BC < 0, a Lucas sequence with negative Q is obtained (Figure 4 gives
P = 3 and Q = −1); nevertheless, one cannot choose a negative value of Q arbitrarily
because some sequences are not realisable (for instance, M2 ≥ M1 gives the necessary
condition 2Q ≥ P − P 2 ).
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1

2

1

2
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1
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The case Mn = P n gives Fermat’s little theorem. The Fibonacci sequence {1, 3, 4, 7, . . . }
is up to constant multiples the only Fibonacci sequence which can be obtained counting
periodic points of functions (see [4] and [5]; although the first paper deals with homeomorphisms, this assumption is unnecessary). To obtain multiples of a given sequence paste
several copies of a function in T following the definition f (x + 1) = f (x) + 1.
When p is prime, the congruence result Mp ≡ P (mod p) for the Lucas sequence, which
appears in [6, page 41], is now an easy consequence of the general theory. The other congruence results that can be written using (1) do not appear in [6].
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Mathematics by experiment:
plausible reasoning
in the 21st century
J. Borwein and D. Bailey
AK Peters Wellesley MA 2003
ISBN 1-56881-211-6

Experimentation in
mathematics: computational
paths to discovery
J. Borwein, D. Bailey and R. Girgensohn
AK Peters Wellesley MA 2004
ISBN 1-56881-136-5
Perhaps the first piece of advice I was given
by my PhD supervisor about doing mathematics was
“It is always easier to prove
something when you know it
is true.”
For me, this statement highlights the difference between the way that most of us do
mathematics and the way that we present
it.
When we publish a proof we are often
like a magician showing their latest trick —
a slick, polished and beautiful performance,
that (hopefully) entertains the audience and
leaves them in awe of the spectacle and impressed by our ingenuity. We move in a
crescendo of logic from definitions to lemmas to our main theorem; always onwards
and upwards.
On the other hand, we do not actually do
mathematics in this way. In fact it is probably more accurate to say that we start with
the theorem and work backwards:
“I have the result, but I do
not yet know how to get it.”
— C. F. Gauss

All mathematicians build their intuition
about problems and objects by looking at
examples. When this intuition becomes
strong enough, we know the result before
we have a proof of it. And once we have
the theorem we set about proving it. Arguably mathematics has been this way for
a very long time; while it is different from
other areas of knowledge in that it has the
certainty of proof, as practitioners we are
not immune from getting our hands a little
dirty with some experimentation — though
we are generally not willing to admit it and
tend to hide it if possible.
The message of these two books is that
it is time to embrace experimentation as
part of mathematics, not hide it. And this
is now possible because the computer has
made wide-spread, systematic experimentation a reality.
Moore’s law, and all the engineers who
have perpetuated it, have made computers powerful, cheap and ubiquitous. We
now have an abundance of raw computing
power and sophisticated mathematical software, both free (such as GAP) and commercial (such as Maple and Mathematica),
at their disposal. This gives us a “laboratory” in which we can perform numerical
and symbolic explorations on a grand scale
without pages of painful by-hand calculations. In so doing we can test conjectures
and guess entirely new ones. This approach
is leading to new results discovered and even
proved partially or entirely with the aid of
computers.
These two books are devoted to exploring
this approach and are aimed at a wide crosssection of mathematically-trained readers
from (roughly) honours level and up.
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Book Reviews

The first, Mathematics by experiment,
describes the ideas behind experimental
mathematics (giving those words a far more
concrete definition than I have done here)
and devotes some time to the more philosophical implications suggested by the title
— including a very interesting section on
paradigm shifts. The bulk of the book is
made up of a series of examples of experimental mathematics in action. Reflecting
the expertise of the authors, the examples
come mainly from number theory and combinatorics, covering topics such as the digits of π and normality, but also included are
smaller examples from a wide range of other
topics such as chaos theory and knot theory. The book is perhaps best read with
a computer nearby so that you can tinker
and try things out as you read. The examples are also complemented by commentaries and exercises for the reader.
The chapter on π gives an account of various computational methods that have been
employed to find more and more terms of
its expansion in different bases. This culminates in the famous result by Peter Borwein,
David Bailey and Simon Plouffe:

π=

∞
X
1  4
2
−
i 8i + 1
16
8i
+4
i=0

−

1
1 
−
.
8i + 5 8i + 6

The importance of this result lies in that it
can be used to compute individual digits of
π — one can compute the dth binary digit
without having to compute any of the previous digits! The formula was not discovered by formal reasoning or symbolic calculations, but rather was discovered by high
precision numerical calculations.
The computation of digits of π then leads
naturally into a more general discussion of
the normality of numbers — a number is
normal if its expansion (in a given base) behaves like a random sequence. While it has
been shown that almost all numbers are normal, the only numbers proved to be normal

are very contrived. On the other hand, numerical analyses show many common
√mathematical constants, such as π and 2, appear to be normal. The authors describe
how results like that given for π above, have
lead to significant progress in the theory of
normal numbers. A careful experimental
“verification” of the normality of algebraic
numbers is described later in the book.
The second-last chapter of Mathematics
by experiment describes many of the numerical tools and techniques that are required
(such as high-precision arithmetic and integer relation detection) and also give many
useful links to implementations of these
methods. The book then ends with a reprint
of the article “Making sense of experimental
mathematics” by J.M. Borwein, P.B. Borwein, R. Girgensohn and S. Parnes.
The second text, Experimentation in
mathematics continues with further chapters of examples and numerical and symbolic techniques. This text moves through
a broader range of topics and is more demanding of the reader than the first. Number theory and combinatorics are prominent amongst the topics covered; the chapter on zeta functions details some of the
work by the authors on special values of zeta
and multizeta functions and shows how this
work grew from and inspired their interest
in experimental methods. Again, while topics closest to the authors’ experience, form
the bulk of the book, there are many sections that cover problems from other areas
of mathematics including probability theory
and Fourier series.
While the both books may be read and
used independently, I would suggest reading the Mathematics by experiment (particularly because of the philosophical and historical discussions) before delving into the
heavier Experimentation in mathematics.
In addition to a large quantity of mathematical theory, examples and problems they
contain, the books are littered with numerous interesting (and often colourful) stories
and histories of people and theorems.
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To summarise, I do not think I that have
had the good fortune to read two more
entertaining and informative mathematics
texts.
Andrew Rechnitzer
Department of Mathematics, University of Melbourne, VIC 3010
E-mail: A.Rechnitzer@ms.unimelb.edu.au













Learning with Kernels:
Support Vector Machines,
Regularization, Optimization,
and Beyond
B. Schölkopf and A.J. Smola
MIT Press 2002
ISBN 0-262-19475-9
According to Tomaso Poggio and Steve
Smale [6]:
“We believe that a set of techniques based
on a new area of science and engineering becoming known as “supervised learning” will
become a key technology to extract information from the ocean of bits around us and
to make sense of it.”
When mathematical scientists of this
stature make such strong statements, we
should take note. In broad terms, learning theory (also known as machine learning) deals with developing rules for making decisions based on learning from examples or data. For example, we may develop
rules for classifying a new email message as
junk mail by using the experience of previous messages.
In recent years there have been several
books written on learning theory that may
appeal to readers of the Gazette: see the
references below for a selection. Some, such
as Hastie et al. [3], may appeal to statisticians; others, such as those by Cristianini and Shawe-Taylor [2], [8], or Kecman [4]
may appeal to those with a computer science bent. The present book under review
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by Bernhard Schölkopf (Max Planck Institute for Biological Cybernetics) and Alexander Smola (ANU) may appeal to mathematicians. Learning theory brings together
many aspects of pure mathematics, mathematical modelling, computational mathematics, probability, statistics, and computer
science. Reading through books on the subject makes one wonder about the wisdom
of the ways in which universities compartmentalise these parts of mathematics in the
curriculum or in different departments.
Perhaps many of us associate the phrase
“machine learning” with neural networks
and probably don’t think more about it.
Schölkopf and Smola have written a book
of 626 pages on machine learning and rarely
mention neural networks. They have produced an introduction to kernel based methods of machine learning which use ideas
from classical machine learning theory, optimization, and mathematical analysis—
including the ubiquitous reproducing kernel Hilbert spaces. The canonical example
of this approach is the Support Vector Machine (SVM) about which they write:
“. . . successful applications have demonstrated that SVMs not only have a more
solid foundation than artificial neural networks, but are able to serve as a replacement for neural networks that perform as
well or better, in a wide variety of fields.”
(For an extensive discussion of the links between approximation theory and neural networks, see [5].)
The book opens with a tutorial. Chapter 1 is an informal introduction to SVMs
and associated ideas intended to orient the
reader. The authors use a simple example
of classifying certain objects into one of two
classes (e.g. classify an email message as
junk or not junk). A subset of the objects
is used for training, and each of these objects is mapped into an inner product space
known as the feature space. Classification is
then a process of determining a hyperplane
which separates the vectors representing the
objects.
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If there is more than one such separating hyperplane, we look for the optimal one
in some well-defined sense (roughly corresponding to keeping the hyperplane as far
from both classes as possible). Reverting
back to the input space where the objects
live, we have a nonlinear decision boundary corresponding to the hyperplane in the
feature space. The hyperplane can be specified, up to translation, by a vector orthogonal to it. It turns out that this vector
is a linear combination of the training vectors: and those training vectors which have
a non-zero contribution to this linear combination are called “support vectors”. Essentially these support vectors are those that
are closest to the separating hyperplane. On
the other hand, if there is no separating hyperplane, then we compromise by choosing
a hyperplane that misclassifies a small number of objects.
Thus far, the constrained optimization to
compute the hyperplane has occurred in the
feature space, but we can avoid this and
work directly in the object space by introducing the “kernel trick”. The kernel in
question is defined on a pair of objects as
being the inner product of their representations in the feature space, and the optimization is rewritten in terms of the object space. The optimization performed in
the feature space can then be rewritten so
as to occur in the object space. In fact,
we can choose the kernel first, so long as
the implicitly defined mapping of objects to
feature vectors satisfies certain conditions.
This freedom in choosing the kernel is an attractive feature of these algorithms: in the
words of the authors (p. 34),
“Given an algorithm which is formulated in
terms of a positive definite kernel k, one
can construct an alternative algorithm by
replacing k by another positive definite kernel k̃.”
This disarmingly simple statement opens
the way to algorithms on sets much more

general than inner product spaces, by effectively embedding the object space in a linear space through the use of an appropriate
kernel.
The rest of the book is divided into three
parts. Part I brings together the necessary
mathematical tools; ideas from probability,
approximation theory, and optimization are
important. Part II treats SVMs in detail,
and Part III deals with kernel methods more
generally. There is an extensive bibliography of more than 600 items, and there are
many exercises ranging in difficulty from
simple exercises to suggestions for further
research.
Although the “study of patterns in data
is as old as science” [8, p. xi], studying patterns through machine learning is an important, exciting part of contemporary science. This book is an excellent work by
leaders in the field; it would make an appropriate text for a seminar series for those
who wanted to learn more about support
vector machines. Given the importance of
the subject and the quality of the book, we
recommend that Learning with Kernels by
Schölkopf and Smola should be in every university library.
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Computational Algebraic Geometry
Hal Schenck
Cambridge University Press Cambridge 2004
ISBN 0-521-53650-2
Algebraic geometry can be a forbidding area
of study. It requires a background in commutative algebra, homological algebra and
topology. And although some examples and
definitions can be easily motivated with pictures, the definition of schemes, cohomology
groups and so on are abstract and not easy
to assimilate. This can make reading the
standard references such as Hartshorne [4]
or EGA [3] daunting indeed.
Now Hal Schenck has written a short
computationally inspired book providing
lots of hands on examples. In the preface
he writes that his aim is to include “snapshots” from commutative algebra, algebraic
geometry, algebraic topology and algebraic
combinatorics, with homological algebra as
a common backdrop. The free computer algebra system Macaulay 2 is used throughout
the book to carry out the computations; a
brief introduction to its syntax is given in
an appendix.
The author’s enthusiasm is clear
throughout and he succeeds very well in
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his primary goal of giving explicit computational examples.
The text is quite informal. Many definitions are found within examples or discussions: (quasi)compact, Euler characteristic,
intersection multiplicity etc. The exposition
is fairly terse. To keep the book short, many
results are stated without proof, such as the
Nullstellensatz, and the existence of long exact sequences in cohomology. Other proofs
are relegated to exercises (even exercises appearing many chapters later).
Prerequisites for the book include some
commutative algebra and point-set topology. In practice a fairly high degree of mathematical maturity is required as well.
Chapter 1 is on affine algebraic geometry: affine varieties, primary decomposition
of ideals, the Zariski topology and the correspondence between ideals and affine algebraic sets.
Chapter 2 introduces projective space
and graded objects, and then defines the
Hilbert series of a graded module. As an
example of the computational theme, the
dimension of a projective variety is then defined via the Hilbert series.
Chapter 3 discusses free resolutions.
Chapter 4 gives an introduction to Gröbner
bases, and discusses how they may be used
to compute Hilbert polynomials. Chapter 5
introduces simplicial complexes and simplicial homology.
Chapters 6 and 8 define localization,
Hom and tensor products. The exactness
properties of these functors are discussed
and the derived functors Tor and Ext are
introduced. Chapter 7 discusses regularity
and the Hilbert function.
Chapter 9 introduces sheaves and Čech
cohomology. Chapter 10 returns to commutative algebra, with discussion of CohenMacaulay rings and related topics. There
are two appendices, one on abstract algebra
and an introduction to Macaulay, and one
on complex analysis.
The index and bibliography are reasonably comprehensive, and directions to the
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literature are given regularly in the text.
Many pictures are included throughout. A
small number of typos are listed on the author’s webpage at http://www.math.tamu.
edu/~schenck/errata.pdf.
The competition for this book is probably the two books of Cox, Little and O’Shea
[1], [2]. These cover basic algebraic geometry, Gröbner bases, elimination theory,
Hilbert polynomials and free resolutions,
also with calculations in Macaulay. Each of
these texts is 500 pages long, and cover less
than Schenck does in 200. However they are
much more detailed and self-contained and
require less effort from the reader.
Schenck’s text cannot be read by itself as
an introduction to algebraic geometry since
so many fundamental results are not proved.
Instead, it could be read in parallel with a
text such as [4], [5] or [6]. Indeed, Schenck
claims that his book is an “advertisement”
for more comprehensive texts.
In this role, the book would provide
a useful study aide for a motivated and
computationally minded graduate student.
It is brief, informal and provides many
examples—all attributes that many other
algebraic geometry books lack! It would
also provide a useful source of concrete
problems for an instructor. It is not a complete reference in itself; its role is to stimulate and outline rather than to given an
encyclopedic treatment, and in this it succeeds well.
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The Cross-Entropy Method:
A Unified Approach to
Combinatorial Optimisation,
Monte-Carlo Simulation,
and Machine Learning
R.Y. Rubinstein and D.P. Kroese
Springer Heidelberg 2004
ISBN 0-387-21240-X
The Cross-Entropy (CE) method was invented by the first author of this book,
and was initially conceived as a simulationbased procedure for estimating probabilities
of rare events in stochastic networks. However, it was soon realised that the method
could also be used to solve challenging optimisation problems, both discrete and continuous. This is the first published book
on the topic, and it provides a comprehensive introduction to all aspects of the CE
method.
The book is based on an advanced undergraduate course given in recent years at
the Israel Institute of Technology, and in the
author’s words, is aimed at engineers, computer scientists, mathematicians and statisticians who are “interested in smart simulation, fast optimisation, learning algorithms, image processing, etc.”. Indeed, the
book certainly does have a strong interdisciplinary flavour, and aims to give the reader
a broad view of the topic; the content ranges
from basic theory and pseudo-code for algorithm implementation, through to new ideas
and applications which are still under development by researchers in the field.
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The first chapter provides a very brief
summary of some topics in probability and
simulation that feature in subsequent chapters, including probability distributions, estimation of parameters, and the generation
of random variables. The reader is assumed
to have had prior exposure to elementary
ideas in probability. Chapter 2 gives a concise and accessible tutorial-style introduction to the main aspects of the CE method,
starting with two concrete examples which
allow the reader to quickly get a feel for the
nature and scope of the method.
The CE method essentially has two distinct “branches”, or areas of application:
• efficient simulation via importance sampling, and
• stochastic optimisation.
The former is presented in detail in Chapter
3, while the latter is covered in Chapter 4-8.
Indeed, the term “Cross-Entropy” originates from the first branch. Specifically, it
is well-known that many quantities of interest, such as rare event probabilities, can be
estimated by performing importance sampling within a simulation environment. The
main idea behind the CE method is to iteratively update the parameters of some nominal importance sampling density, in such a
way as to minimise the Cross-Entropy, also
known as Kullback-Leibler “distance”, between the current density and the optimal
importance sampling density. In this regard, the CE method is an alternative to
other importance sampling techniques, such
as variance minimisation and exponential
twisting. Comparisons and advantages of
the CE method versus other techniques are
described, and a number of applications are
presented, including the estimation of probabilities of rare events in single and tandem
GI/G/1 queues.
A minor modification of the CE method
can also be used as a stochastic search
method for solving difficult discrete and
continuous optimisation problems. In this
setting, one maintains and updates a sampling probability density on the set of all
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candidate solutions, which effectively reflects the estimated likelihood of the location of the optimal solution. In the absence of any prior information about an optimal solution, the initial density is naturally taken to be uniform. Thus, the event
of generating the optimal solution is effectively a rare event, and the “machinery”
from the rare event setting can be carried
over, with some modifications, to the optimisation setting.
In Chapter 4, the authors show how
to apply the CE method to a variety
of well-known combinatorial optimisation
problems, including the well-known travelling salesman, max-cut, and quadratic assignment problems. There is no explicit
comparison of the performance of the CE
method versus the performance of other optimisation techniques, as this is not the
claimed purpose of the book. However, the
authors do compare the results obtained
via the CE method with the best available
estimates of the optimal solutions for established “benchmark” problems, and they
demonstrate that the CE method is typically able to obtain very good or optimal solutions with relatively little computational
effort.
Chapter 5 is dedicated to continuous unconstrained optimisation, and is relatively
short, reflecting that fact that this is a more
recent development of the CE method. In
particular, the method is used to find minima of the (multi-extremal) Rosenbrock and
trigonometric functions.
Chapters 6 and 7 contain more examples of applications to discrete optimisation
problems, including DNA sequence alignment, a shortest path Markov decision problem, data clustering and vector quantisation. The treatment of each example is
brief, but serves to demonstrate the broad
scope of the CE method for simulationbased optimisation.
At the end of each chapter, the authors have compiled a set of exercises and
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questions which challenge the reader to engage in both theoretical and practical (computer programming) aspects of the material. Some of these exercises would be suitable for students at an honours-level course,
while others lead nicely into research topics. Matlab code for a number of the examples presented in book is provided in the
Appendix, and is also available online at
http://www.cemethod.org. Relevant computational issues and useful tips for modifying and experimenting with the algorithms
are discussed, as the need arises, throughout
the text. In addition, the research-oriented
reader will find that many parts of the book
provide solid starting points and inspiration
for further investigation. Indeed, this appears to be one of the authors’ aims; to
stimulate ideas and research in this relatively new area.
I wholeheartedly recommend this book to
anybody who is interested in stochastic optimisation or simulation-based performance
analysis of stochastic systems.
Andre Costa
University of Melbourne, VIC 3010
E-mail: acosta@ms.unimelb.edu.au













Quantization,
Classical and Quantum Field
Theory and Theta Functions
Andrei Tyurin
CRM Monograph Series 21
AMS Providence 2003
ISBN 0-8218-3240-9
This monograph is based on a series
of lectures, given by Andrei Nikolaevich
Tyurin, at the ‘Centre de Recherches
Mathématiques’ of the University of Montreal, in October 2001, a year before his fatal heart attack. Final editing of the manuscript was carried out by colleagues.

The manuscript is strongly influenced,
both in topic and style of presentation, by
Arnaud Beauville’s classic survey “Vector
bundles on curves and generalized theta
functions: recent results and open problems” [1], which appeared 10 years ago. In
fact, the present monograph aims to answer the final question of Beauville’s survey,
namely how to generalize the concept of ordinary (abelian) theta functions to the nonabelian case. Whereas abelian theta functions describe properties of moduli spaces
of one-dimensional vector bundles (i.e. linebundles) on algebraic curves, non-abelian
theta functions play a similar role in the
study of higher-dimensional vector bundles.
The monograph describes various aspects
of the theory of non-abelian theta functions and the moduli spaces of vector bundles, including their applications to problems of quantization, classical and quantum conformal field theories, spin networks,
three-dimensional topology, gauge theory
on graphs, and abelian gauge theory.
The book is definitely written for specialists. In order to fully comprehend its
contents the reader needs to have more
than a rudimentary background in algebraic
geometry, geometric quantization and the
theory of abelian theta functions. At the
same time, in order to understand the applications, one needs a thorough knowledge
of mathematical aspects of two-dimensional
conformal field theories, in particular those
corresponding to the Wess-Zumino-Witten
model, e.g. at the level of [2]. The book,
by and large, is a compendium of results
(mostly from the author’s papers on the
subject) and lacks explanation, background
and proofs. Therefore the monograph is
not very suitable to be used as a textbook,
but more as introduction, albeit a very advanced one, into a specialised research field
and should stimulate further reading to fill
in the gaps and details.
From the reviewers point of view the
monograph would have benefited from a
lengthier introduction into the theory of
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abelian theta functions, which might have
been the original intention of the author.
Nevertheless I think the book provides a
useful summary of the theory, and it is commendable that the author’s colleagues have
brought the draft manuscript to completion.
It definitely stimulated my own interest in
the field.
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Regular neighbourhoods
and canonical decompositions
for groups
Peter Scott and Gadde Swarup
Astérisque
Societé Mathématique de France 2003
ISBN 2-85629-146-5
Consider a closed orientable manifold M
and a codimension one π1 -injective submanifold N . Then N defines a splitting of
G = π1 (M ) over H = π1 (N ) as an amalgamated product or HNN extension. When
N is only immersed in M , then there is
no splitting correponding to N . Instead,
the algebraic object corresponding to this
situation is what the authors call an Halmost invariant subset of G which should
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be thought as the analogue of a splitting in
the case of an immersion.
The goal of the authors is to generalize
to finitely presented groups the JSJ decomposition of an orientable Haken 3-manifold
M by Jaco-Shalen and Johannson. If M
is a closed 3-manifold, this decomposition
consists in a maximal disjoint union of nonparallel π1 -injective embedded tori T having
the property that any immersed torus of M
can be homotoped to be disjoint with T.
A central notion in this work is the notion
of enclosing: consider T a disjoint union of
submanifolds of M . If an immersion of N
into M can be homotoped to M \ T, then N
is enclosed in the corresponding component
of M \ N . This notion has a natural generalization saying when a H-almost invariant subset of G is enclosed in a vertex of a
splitting of G. Enclosure is closely related to
the compatibility of two splittings: two splittings Γ1 , Γ2 of G are compatible if one can
split G into a larger graph of groups Γ such
that Γ1 and Γ2 can be obtained from Γ by
collapsing some edges; a one-edge splitting
Γ1 of G is compatible with another splitting
Γ2 if and only if Γ1 is enclosed in a vertex
of Γ2 .
The main construction of the paper is
a regular neighbourhood for a family of almost invariant subsets. This is the algebraic
counterpart of the regular neighbourhood
N (C) of a family of immersed codimension
one submanifolds C of M . The subset N (C)
satisfies that
• each component of C is contained in a
component of N (C) (up to homotopy),
• each component of N (C) contains a
component of C (up to homotopy),
• and any submanifold disjoint from C
can be homotoped out of N (C).
The boundary of N (C) defines a splitting Γ
of π1 (M ), with two kinds of vertices coming from the components N (C) and from
the components of C \ N (C). Note that
the properties make sense even if C is an
infinite collection of immersions, although
existence of N (C) is not clear in this case.
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In this sense, the JSJ decomposition of a
3-manifold can be seen as a regular neighbourhood of all its immersed tori.
The three properties above can be formulated in terms of enclosing of almost invariant subsets into vertices of Γ. The authors prove in a very general setting, that a
splitting Γ satisfying these properties (with
some additional technical assumptions) is
unique. This is what the author call the
regular neighbourhood of a family of almost
invariant subsets. The uniqueness claimed
here is a strong uniqueness, in particular,
not up to certain moves.
The main theorem claims that for a
finitely presented group G which does not
split over a virtually polycyclic group of
Hirsch length < n, there exists a (unique)
regular neighbourhood Γ of all the H-almost
invariant subsets of G where H varies
among virtually polycyclic groups of Hirsch
length n. Moreover, there is a description
of this splitting. For simplicity, we only give
a rough description for a one-ended torsion
free group G where one only consider almost
invariant subsets over Z. For each vertex
v ∈ Γ of the first kind, one of the following
holds:
• Γv is cyclic
• Γv is the fundamental group of a surface
with boundary Σ such that the incident
edge groups correspond to the fundamental groups of the components of ∂Σ.
• Γv is the full commensurizer of a cyclic
group H such that G/H has more than
one end.
Some vertex groups of commensurizer type
might fail to be finitely generated, and edge
groups may fail to be finitely generated (and
thus may fail to be cyclic).
The authors also extend their results to
include almost invariant subsets over virtually abelian groups of bounded rank (several
ranks may occur) and almost invariant subsets over virtually polycyclic groups of two
successive Hirsch lengths.

The splitting obtained is unique (in a
strong sense), and therefore invariant under automorphisms. This is one of the
main features of the construction. This
makes it adapted for the study of automorphisms of G. In this sense, this splitting may be seen as a generalization of
Bowditch’s JSJ splitting for one-ended hyperbolic group [Bowditch, Cut points and
canonical splittings of hyperbolic groups,
Acta Math. 1998]. Compared to other
JSJ theories by Sela, Rips-Sela, DunwoodySageev and Fujiwara-Papasoglu, the main
difference is that here, the central notion
is enclosure (or compatibility of splittings).
Instead, the central notion in the JSJ theories cited above is the fact that a splitting
is elliptic with respect to another, which
means that edge groups of one splitting are
contained in vertex groups of the other splitting (up to conjugacy). Ellipticity of a splitting with respect to another one is a much
less rigid requirement than compatibility.
This strengthened rigidity is the main reason of the strong uniqueness of the obtained
splitting and of its invariance under automorphisms; there is no such strong uniqueness for the JSJ splittings obtained by the
authors above. A paper in preparation by
Levitt and the reviewer will give a unified
setting for those JSJ theories.
This long paper explains in detail the
motivations and the topological analogies
with immersions. It develops many technical tools devoted to the study of almost invariant subsets. The authors first construct
the regular neighbourhood of a finite collection of almost invariant subsets, and prove
the uniqueness in general. Under a small
commensurizer hypothesis, some finiteness
properties are proved allowing to deduce the
existence of the regular neighbourhood of all
the Z-invariant subsets. The generalization
of this finiteness property without this hypothesis is more tricky. Then the authors
extend the results to include almost invariant subsets over virtually polycyclic groups.
The paper includes, as an appendix, two
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preceding papers by the authors concerning the (symmetric) intersection of almost
invariant subsets.
Note that P. Scott maintains a web page
with errata and corrections on http://www.
math.lsa.umich.edu/~pscott/.
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Appointments
La Trobe University:
• Dr Geoff Prince has been appointed Executive Director of AMSI from February
2005, for a period of 12 months.
• Dr Lennaert van Veen has started employment on June 1 as a postdoctoral fellow
for the Centre of Excellence for Mathematics and Statistics of Complex Systems.
Macquarie University:
• Dr Simona Paoli has commenced work as a postdoctoral fellow from 27th June in
the department of Mathematics.
Swinburne University:
• Dr. Manmohan Singh has been recently made Acting Head of the Engineering
Mathematics Discipline in the Faculty of Engineering and Industrial Sciences.
University of Melbourne:
• Professor Richard Huggins has taken up the Chair in Statistics in July 2005.
• Dr Quang Minh Bui, a Research Fellow working with Professor Huggins, started in
June 2005.
• Dr Andrew Robinson, Senior Lecturer in Statistics, has started in July 2005.
University of Newcastle:
• Dr. Zahirul Hoque and Dr. David Allingham have been appointed to research
positions in statistics in the Centre for Complex Dynamical Systems and Control.
University of New South Wales:
• Dr Adelle Coster has been promoted to Senior Lecturer.
• Dr Matthew England has been awarded an Australian Government Federation Fellowship.
University of Sydney:
• Dr David Kohel has been promoted to Senior Lecturer.
• Dr Emma Carberry has accepted an appointment as a lecturer in Pure Mathematics
from February 2006. For the first four years the appointment will be shared between
Sydney University and Duke University.
• Dr Jean Yang, currently of the Lung Biology Center of the University of California,
San Francisco, has accepted a Lectureship in Statistics (Bioinformatics).
• Dr Leon Poladian will take up Senior Lectureship in Applied Mathematics at the
completion of his current ARC Professorial Fellowship.
• Dr Martin Wechselberger, currently of the Mathematical Biosciences Institute at
Ohio State University, will commence a Lectureship in Applied Mathematics later
this year.
• Dr Anthony Henderson will commence a Lectureship in Pure Mathematics at the
completion of his current postdoctoral fellowship.
• Associate Professor Ron James will retire in July 2005.

News
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University of Western Australia:
• Dr Lyle Noakes was promoted from Professorial Fellow (Research) to Full Professor.
• Dr Martin Hazelton was promoted from Senior Lecturer to Associate Professor.

Completed PhDs
University of Melbourne:
• Dr George Donald Handley, Hilbert and Hardy type inequalities, supervisors: Dr
Jerry Koliha, Professor Josip Pecaric.
University of Newcastle:
• Dr Peter Howley, Analysing and Reporting Clinical indicator Data using Hierarchical
Models, supervisor: Prof. Robert Gibberd.
• Dr Petra Graham, Statistical Methods for Assessing and improving Quality in Hospitals, supervisor: Prof. Kerrie Mengersen.
• Dr Paul Cutting, Classifying Von Neumann Factors Arising from Affine Buildings,
supervisors: Prof. Guyan Robertson, Dr Jacqui Ramagge.
• Dr Jim MacDougall, Construction of Minimally Triangle-saturated Graphs, supervisor: Prof. Roger Eggleton.
University of Sydney:
• Dr Bea Bleile, Poincaré Duality Pairs of Dimension Three, supervisor: Dr Jonathan
Hillman.
• Dr Noelle Antony, On singular Artin monoids, supervisor: Dr David Easdown.
• Dr Feng Dai Approximation of real smooth functions, supervisor: Professor Gavin
Brown.

Awards and other achievements
University of Sydney:
• Prof. Philip Maini, currently of the University of Oxford, has been awarded a
Federation Fellowship. The title of his research project is “Multiscale modelling:
Applications to the Biomedical Sciences”.

New Books
Jane Pitkethly and Brian Davey, Dualisability. Unary Algebras and Beyond, Advances in
Mathematics, Vol. 9, (Springer Heidelberg 2005), 264 p., ISBN 0-387-27569-X. Expected publication date: August 2005.
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Conferences
Japanese–Australian Workshop on Real and Complex Singularities
5–8 September 2005, University of Sydney
Web: http://www.maths.usyd.edu.au/u/laurent/RCSW
16th Australasian Workshop on Combinatorial Algorithms (AWOCA)
21–24 September 2005, University of Ballarat
Organiser: Prof. Mirka Miller
E-mail : pmanyem@linus.levels.unisa.edu.au or m.miller@ballarat.edu.au
23rd Victorian Algebra Conference
24–26 September 2005, The University of Western Australia
Web: https://www.maths.uwa.edu.au/vac05
Invited Speaker: Prof. Péter Pálfy (Eötvös University, Budapest)
The conference precedes the 49th Annual Meeting of the Australian Mathematical Society, also in Perth.
Miniconference on Functional Analysis — in honour of Simon Fitzpatrick
25–26 September 2005, The University of Western Australia
Organiser: Dr John Giles
E-mail : jan.garnsey@newcastle.edu.au
Web: https://www.maths.uwa.edu.au/~austms05/html/mc_fitzpatrick.html
49th Annual Meeting of the Australian Mathematical Society
27–30 September 2005, The University of Western Australia
Director: Prof. Lyle Noakes
E-mail : lyle@maths.uwa.edu.au
Web: http://www.maths.uwa.edu.au/~austms05
Early bird registrations close 1st of August. Deadline for abstracts: 26th of
August.
DELTA’05, Fifth Southern Hemisphere Symposium on Undergraduate Mathematics & Statistics Teaching & Learning
22–26 November 2005, Kingfisher Bay, Fraser Island, Queensland
Convenor: Dr Chris Harman
E-mail : harman@usq.edu.au
Web: http://www.maths.uq.edu.au/delta05/
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8th International Conference of The Mathematics Education into the 21stCentury Project: “Reform, Revolution and Paradigm Shifts in Mathematics Education”
25 November–1 December 2005, Johor Bharu, Malaysia
Contact: Dr Alan Rogerson
E-mail : arogerson@vsg.edu.au

AMSI Summer School 2006
16 January–10 February 2006, RMIT University, Melbourne
Organisers: Prof. Kathy Horadam and Dr Lynne McArthur
E-mail : Kathy.Horadam@ems.rmit.edu.au
E-mail : Lynne.Mcarthur@ems.rmit.edu.au

Mathematics-in-Industry Study Group 2006
30 January–3 February 2006, Massey University, Albany,Auckland, New Zealand
Director: Prof. Graeme Wake
E-mail : g.c.wake@massey.ac.nz
Administrator: Nikki Luke
E-mail : n.luke@massey.ac.nz
Web: http://misg2006.massey.ac.nz
This meeting is being organised by the Centre for Mathematics in Industry.
Grants are available on application for student participants. Industries wishing
to present a problem, please contact the Director. The format will be similar
to MISG2005, see the website and the Equation-Free Summaries.
Applied Mathematics Conference ANZIAM 2006
5–9 February 2006, Mansfield, Victoria
Director: Dr Simon Clarke
E-mail : anziam06@sci.monash.edu.au
Web: http://www.maths.monash.edu.au/anziam06

214

News

Visiting mathematicians
Visitors are listed in the order of the last date of their visit and details of each visitor are
presented in the following format: name of visitor; home institution; dates of visit; principal
field of interest; principal host institution; contact for enquiries.
Prof. Wen-Han Hwang; Feng Chia University; February to 15 August 2005; Statistical Science; ANU; Prof. Richard Huggins
Prof. Luger Ruschendorf; University of Freiburg; 9 July to 5 August 2005; –; UMB; –
Prof. Gunter Last; University of Karlsruhe; 25 July to 7 August 2005; –; UMB; –
Prof. Lynne Billard; University of Georgia, USA; 13 June to 7 August 2005; –; UMB; –
Prof. Sidney Resnick; Cornell University; 5 to 12 August 2005; –; UMB; –
Prof. Keith Moffatt; University of Cambridge; 9 to 14 August 2005; fluidmechanics; UWA;
Prof. Andrew Bassom
Dr Andrew Pickering; Universidad Rey Juan Carlos; 10 April to 14 August 2005; Analysis
of integrable systems; USN; Prof. Nalini Joshi
Dr Pilar Gordoa; Universidad Rey Juan Carlos; 10 April to 14 August 05; Analysis of integrable systems; USN; Prof. Nalini Joshi
Dr Ki-Seng Tan; National Taiwan University; 24 July to 19 August 05; Number theory (diophantine problems); USN; Dr K. Lai
Prof. Dianjun Wang; Tsing-Hua University; 20 February to 20 August 2005; –; UWA; Dr
Cai Heng Li
Prof. Takahiro Shiota; Kyoto University; 9 to 20 August 2005; –; UMB; –
Prof. Shun-Jen Cheng; National Taiwan University; 2 July to 26 August 2005; Lie superalgebras and quantum supergroups; USN; Dr R. Zhang
Dr Wei Qiang Wang; University of Virginia; 2 July to 26 August 2005; Lie superalgebras
and quantum supergroups; USN; Dr R. Zhang
Prof. Igor Boglaev; Massey University; 15 to 26 August 2005; UWA; Dr Song Wang
Prof. Vladimir Vatutin; Steklov Mathematical Institute, Moscow; 8 July to 28 August 2005;
–; UMB; –
Dr Raimundo Araujo dos Santos; Sao Paulo; 1 to 31 August 2005; Singularity Theory; USN;
Dr L. Paunescu
Dr Peter Neumann; Oxford University; 5 August to 5 September 2005; Group Theory, history of Mathematics; Institute of Advanced Studies, UWA; Dr Terri-Ann White and
Prof. Cheryl Praeger
Dr Guang-hui Wang; Chinese Academy of Sciences; 8 September 2004 to 8 September 2005;
–; UWA; Dr Song Wang
Prof. Demeter Krupka; Palacky University; 4 August 2005 to 15 September 2005; global
variational analysis; LTU (Bundoora); Dr Geoff Prince
Prof. Olga Krupkova; Palacky University; 4 August 2005 to 15 September 2005; global variational analysis; LTU (Bundoora); Dr Geoff Prince
Prof. Xin Gui Fang; Peking University; 20 July to 19 September 2005; –; UMB; –
Dr Ruth Kantorovitz; University of Illinois; 20 September 2004 to 20 September 2005;Algebra
and Topology; ANU; Prof. Amnon Neeman
Prof. Robert Lipster; Tel Aviv University; 1 October 2004 to 30 September 2005; Stochastic
Processes; MNU; Prof. Fima Klebaner
Dr Aliki Muradova; Tblisi State University; 17 September 2003 to 17 September 2005; Advanced Computation and Modelling; ANU; Dr Markus Hegland

News

215

Prof. Chaohua Dong; Shanxi University; 11 March 2004 to 27 September 2005; UWA, Prof.
Jiti Gao
Dr Kenji Kajiwara; Kyushu University; 5 October 2004 to 30 September 2005; Discrete
Painlevé equations; USN; Prof. Nalini Joshi
Dr Stefan Koetzer; University of Bern; August to September 2005; Stereology; UWA; Prof.
Adrian Baddeley
Dr Satoshi Koike; Hyogo; 23 August to 1 October 2005; Real and Complex Singularities;
USN; Dr L. Paunescu
Prof. Sergei Vostokov; St Petersburg; 26 September to 21 October 05; Automorphic forms;
USN; Dr K. Lai
Dr Alexander Kitaev; Steklov Mathematical Institute; 1 August to 1 November 2005; Singularities; USN; Prof. Nalini Joshi
Prof. Rajat Tandon; Hyderabad; 1 to 30 November 2005; Algebraic number theory; USN;
Dr K. Lai
Prof. Kazem Mosaleheh; Shiraz University; 1 January to 31 December 2005; Analysis of
PDEs; MNU; Dr Alan Pryde
Dr David Mason; University of the Witwatersrand (South Africa); 1 October to 31 December
2005; –; UWA; –
Prof. Wenjun Yuan; Guangzhou University of China; December 2004 to December 2005;
Differential equations and financial mathematics; CUT; Dr Yong Hong Wu
Prof. John Ryan; University of Arkansas; August 2005 to December 2005: Analysis and
Geometry; ANU; Prof. Alan McIntosh
Dr Bernard Kron; University of Vienna; 5 March 2004 to 1 March 2006; Ends, group actions
and random walks; USN; Dr Donald Cartwright
Dr Hua Zhang; Yunnan Normal University; 1 March 2005 to 1 March 2006; –; UWA; Dr Cai
Heng Li
Prof. Valentin V Petrov; Steklov Mathematical Institute; 7 January 2006 to 30 June 2006;
Limit results and asymptotic methods; USN; Dr J. Robinson
Dr Yuly Billig; Carlton University; 16 July 2005 to 16 July 2006; Quantum algebras; USN;
Dr A.I. Molev
Dr Shenglin Zhou; Shantou University; October 2004 to October 2006; –; UWA; Prof. Cheryl
Praeger
Dr Adam Gregory Harris; University of New England; 15 August 2005 to 1 December 06;
Complex Singularities; USN; Dr L. Paunescu
Dr Patrick Desrosiers; Université Laval, Québec, Canada; 5 February 2005 to 4 February
2007; –; UMB; –

New Director at AMSI
Professor Philip Broadbridge, currently Professor and Head of the Department of Mathematical Sciences at the University of Delaware, is to take up the position of Director of
AMSI in August. Prior to his appointment to Delaware, Phil was Professor of Applied
Mathematics and Director of the Institute for Mathematical Modelling and Computational
Systems at the University of Wollongong. Phil will be known to many Society members
through his involvement with ANZIAM and his forthright support of our discipline (and
physics) during his time at the University of Wollongong.
Garth Gaudry’s legacy as Director of AMSI will be surveyed in the next issue of the
Gazette.

Access Grid Room Project
ICE-EM is establishing a network of Access Grid Rooms (AGRs) at AMSI member universities on a subsidised basis. Second round applications to participate are now open to AMSI
member institutions. See http://www.ice-em.org.au/AGR/ for details.
The AGRs will allow the mathematics community access to international experts who
are visiting Australia. The AGR network will enable AMSI member institutions to present
seminars, lectures, honours and masters courseware, and multimedia resources remotely and
interactively, and in return, to participate in events presented by other AMSI institutions.
The grid rooms are also basic infrastructure for e-research, opening up new possibilities in
research collaboration.
In the next Gazette we will report on the AMSI/MASCOS Industry Forum held in Sydney
July 21st and the first ICE-EM Graduate School held at the University of Queensland in
early July.
Look out for the ICE-EM Education Day at the Annual General meeting at the University
of Western Australia in September.
Geoff Prince
Acting Director AMSI & ICE-EM

