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Editorial

This second issue of the Gazette in 2004 is a reflective one, both on the past and on the future
of Australian mathematics. We have been pleased with the willingness of our contributors
to initiate a debate on matters that concern us all, and readers are invited to contribute to
a constructive discussion. You can read a response to the previous issue of the Gazette in
the new Letter to the editors section.
In Math matters Tony Dooley tries to paint a picture of mathematics departments 50
years from now. Combining the wit of G.H. Hardy with the iron logic of Arnold Schwarzenegger he reaches some rather radical conclusions.
Some people never learn, and in Mathellaneous Daniel Mathews tells of a duel on life
and death between Évariste Galois and the elusive twins Sol and Insol. Will Galois, for
once, be the last one standing?
Philip Broadbridge is the second author in our series about the brain drain, relating
on his current life abroad and on the differences between mathematics in the United States
and in Australia. You will read why he left and what — apart from the housing bubble to
burst — it would take for him to return.
Keeping up with current DIY trends, we are pleased to present an article by Henk van
der Vorst that will help boost your no doubt already impressive citation scores.
Finally we say goodbye to our local correspondents Noel Barton and Michael Deakin. We
thank them for their efforts and welcome aboard their successors Tom McGinnes and Simon
Clarke.

Deadlines for submissions to the Gazette
Volume
31
31
31

Number
Deadline
3
15 June 2004
4
10 August 2004
5
12 October 2004
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President’s column

The new editors of the Gazette have certainly fulfilled their aim of making the journal more topical and more controversial
with their series of articles on the Brain
Drain and local commentaries on the mathematics scene. I hope that these columns
induce a lively interchange of views in the
correspondence columns, and that as a consequence readers eagerly await the arrival of
the next issue, and rip off the flimsy plastic
cover in their eagerness to get to the contents. By the same token, I would ask all
contributors to bear in mind the impact of
their contribution, and to refrain from submitting anything personally denigratory. It
would also be much more effective to propose solutions, as well as highlighting problems.
In this issue we have a thoughtful article
by Phil Broadbridge. Reflecting on his article, I do believe that the situation has improved since he and John Stillwell left. The
University of Melbourne recently filled three
lectureships in mathematics, and Monash is
about to advertise a Chair in Pure Mathematics. At the most recent Heads of Department meeting in February, many departments reported filling positions in 2003.
It is still true to say that the shortage of
permanent academic positions is a problem,
but I believe that is the end-point of a chain
of causal elements.
First, the Relative Funding Model disadvantages the mathematical sciences within
the university sector. We are just too poorly
funded. The Society has been lobbying to
effect change here, but nothing can realistically be expected before the next election.
The next Science Meets Parliament session
will provide an opportunity to raise awareness of this critical issue.

by Tony Guttmann

The other major contributor is the teaching of mathematics in schools. I have written often enough on this issue that I won’t
say more, except that the welcome funding
of ICE-EM by the Federal Government is
indicative of the fact that our profession’s
concerns are being taken seriously, and we
are being given some resources to address
the problem.
This brings me to my final point; Australian mathematics is only going to flourish if more of its practitioners, especially
the younger ones, give more of their energy
and enthusiasm to raising the profile of the
profession in all areas. The continuing relevance of the Gazette, and the AustMS depends upon the support of the full spectrum
of Australia’s mathematicians. In particular, the input of a new generation is needed
to follow up the efforts of those who edit
the Society’s journals and who established
AMSI, MASCOS, ICE-EM and the ARC
Network proposals, most of whom are now
in their 60’s or close to it.
I’d therefore like to encourage the
younger members of the profession to make
a broader contribution, within the profession, and particularly outside it—in schools,
in public outreach, and engaging with government and industry. I think the time
is ripe. Government and industry are increasingly aware of the need for a highly
numerate workforce as a pre-condition of
economic prosperity, and it is up to us to
provide that leadership nationally. Heads
of Departments and senior colleagues have
a role to play in encouraging and facilitating broader participation, while AMSI,
ICE-EM and MASCOS have funds available to support a broad range of activities.
Members of the Society are urged to take
advantage of these opportunities.
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Letter to the editors

John Stillwell painted an interesting and perhaps refreshing picture of life as a mathematician
in a small teaching university in California (Gazette 31, March 2004). His satisfaction after
two or three semesters at the University of San Francisco is contrasted with his image of
universities in Australia and in particular Monash. It is certainly the case that mathematics
in Australian universities has had a very difficult time for a decade or more; and this led to
the departure of many good people like John. However, the world moves on and at Monash
in particular the climate for mathematics has greatly improved.
Increased enrolments in mathematics, a new budget model which assists mathematics and
a new Vice-chancellor wanting a strong Faculty of Science are just some of the positives. And
the Dean of Science is very supportive of mathematics. He has contributed significantly in
dollar terms to Monash’s full membership of the Australian Mathematical Sciences Institute
(AMSI). There are four major areas in our School of Mathematical Sciences: Astrophysics,
Atmospheric Science, Statistics and Pure Mathematics. The first three have each had a
professor appointed in the past two years and we are currently advertising for a professor
to fill the chair of pure mathematics. The ad, approved by the dean of course, appeared
on the same day that I read John Stillwell’s article; it can be found at our web site: http:
//www.maths.monash.edu.au
On top of these professorial appointments we expect to appoint two new lecturers, including a pure mathematician, within the next few weeks. A third new lecturer will begin
in January and further appointments are possible.
Our School has significant research grant income, growing numbers of postdocs, and
strong enrolments at honours and graduate level. Our students were among the highachievers at the recent AMSI summer school. And the honours topology class that John
wrote about is even larger this year.
Alan Pryde,
Head, School of Mathematical Sciences, Monash University, VIC 3800
E-mail: alan.pryde@sci.monash.edu.au
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Math matters

Tony Dooley
The Editors of the Gazette have asked me to
write a “somewhat provocative” column for
its august pages. Having dismissed themes
of sex, drugs1, or rock ’n roll as too provocative, I found myself asking how research
in our discipline could look in 50 years’
time, if it survives that long.2 Of course,
this is highly dependent on policies adopted
by various Governments, but under the assumption that current broad trends continue, I would like to suggest that it might
be very different.
The traditional model Australian Mathematics Department had a large cohort of
first and second year science and engineering students, who were all obliged to take
mathematics, and who were taught as well
and as efficiently as possible, in order to
fund salaries of its staff to also teach relatively small, upper level courses, supervise students, and do research. The funding
models do not, and never have, taken into
account the real cost of doing research: we
have been funded by student numbers.
Individual researchers did not, save for
rare exceptions, have direct contact with
users of mathematics in industry, relying on
publication in refereed journals and talks at
conferences as their major means of dissemination of results. The process by which a
result on the geometry of Banach spaces or a
paper on non-smooth optimisation (to pick

two random examples) became a component in a computer game or a better optionpricing mechanism remained ineffable and
mysterious and mostly did not happen. We
have not cared whether precious opportunities were lost by this process, or whether our
results never really found practical application. We have been too absorbed by the
intellectual challenge of the discipline, and
seduced by the argument that research is a
continuum in which we are situated towards
one end, to get closer to the real users. We
have been secure that technology is marching forward – somewhere else!
Looking dispassionately at what is happening around us, I question whether this
model is sustainable. Increasingly, other
disciplines are lowering their mathematics teaching requirements: the Institute of
Engineers now wants graduates who have
taken Project Management rather than
Complex Analysis. Driven by the EFTSU
funding model, many faculties have appointed staff to teach basic mathematics to
their own students, thus being able to subsidise their own research, instead of mathematical research. Students, unaware of,
or unconvinced by, our rhetoric on employment prospects for mathematicians, are
choosing other majors more clearly linked
to career paths. Mathematicians are leaving the country in droves. Perhaps most
disturbing for traditionalists, mathematical

1Although arguably, it is time to update Hardy’s description in the Apologia, of the beneficial effects on
mathematical research of just one Gin and Tonic, consumed mid-evening!
2See Peter Hall’s article in the previous issue.
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research continues to be done, but increasingly outside Mathematics Departments: in
banks, in Computer Science Departments,
in Schools of Finance, in CRC’s in other applied areas.
This is, of itself, recognition of the fact
that humanity in general, and the Australian populace in particular, continues to
need mathematical research and large quantities of it. The reason for this is that, when
it works, it is so efffective. One formula can
replace millions of hours of computer simulation. 3
It can be argued that the trend for mathematics teaching and research to be done
closer to their applications is not a bad
thing. After all, society at large does not
appreciate funding what it cannot understand, and mathematics certainly falls into
that category. Many end-users argue forcefully that it is they who really understand
the applications to their discipline, particularly if that results in a net transfer of resources to their area! To some degree, it is
a manifestation of the continuum between
pure and technological research which we all
fervently hope is happening.
But if the trend were to continue
unchecked to the point where Mathematics Departments simply disappeared, I
could see major problems for the discipline.
Teaching done by non-specialists quickly becomes trivialised and out of date. Students
do not experience the paradigm of a different discipline. Industry-based applied research is of necessity short-term focussed
and outcome-based. It is often expressed in
language specific to the application, rather
than in generic and accessible terms. Much
of the time, it is confidential and not published. There is a massive risk of duplication

because of these factors. Research increasingly runs the risk of being done by people unfamiliar with the huge body of existing knowledge, and without the time or the
mathematical culture to search through it4.
In some cases, there is a tendency to pick up
a 30-year old textbook instead of the phone!
If the preponderance of research in our discipline were to be done in situations driven
only by immediate outcomes, our discipline
would be irrevocably changed: I believe for
the worse.
As I said above, I believe that we have
gone some distance down this path already,
pushed by a mixture of economic rationalism and the requirement for research which
is easily understood. What can we do to
survive?
This much is clear: we must open the
channels of communication wider. This is
easier said than done, and requires a great
deal of forbearance on both sides. Practitioners often struggle to formulate their
problems clearly in language which professional mathematicians understand. Professional mathematicians in turn may simply not have the tools to solve the problem, or may have trouble making their solutions comprehensible. Usually, neither
party wants to put in the rather massive investment of time needed to understand the
insights and methods of the other. The best
result, a simple and lucid solution, may be
so quickly absorbed into the consciousness
of the discipline that its origin is forgotten, unprotected by publication. Hardy’s
famous toast: “To Pure Mathematics, may
it never be of use to anyone”, lies like a ghost
over the discussions5.
Of course, steps are being taken. Over
several decades, the annual MISG meeting

3I have had it explained to me recently that the most-used formula in all of history is the Black-Scholes
formula. Each day, it is used millions of times in millions of computer programs, making it more used than
Pythagorus’ theorem! Imagine if each use of it were replaced by a numerical simulation.
4A good example is the theory of wavelets, developed separately by practitioners of geophysics, vision
science and financial mathematics. Fortunately, Yves Meyer and Raphy Coifman were able to see that a
commonality existed, and formulate a powerful and deep mathematical theory to unify and explain these
apparently diverse methods.
5In Hardy’s defence, this toast was a pacifist plea made at the end of a long and bloody war, when mathematics had been used to build bombs, break codes and generally caused suffering. This has not stopped
the misuse of the quotation!

Math matters

has provided a forum for interactions; it was
run in New Zealand this year. AMSI is
helping, and our Centre of Excellence MASCOS has as a goal to improve the theoretical/industry research interface. Many individual mathematicians have developed linkages with industry, involving consulting and
other types of research interactions.
What I am arguing here is that the profession must try to take greater control of
that mysterious process between theory and
applications. If this is better done and understood, our work will be seen as more
relevant, the benefits of a centralised profession of mathematical researchers will be
manifest, and mathematicians will also be
seen as the natural people for teaching of
mathematics to other areas. If mathematics departments are still around in 2054, I

think their members will be more aware of
current applications and have better structures for sharing ideas and projects across
the whole spectrum from the purest to the
most highly applied research than we do
today. On the other hand, outside users
of the discipline will have a much clearer
idea of how to find the right expertise inside
mathematics departments, and how to use
it when they find it. I believe that it is our
duty to our subject to pursue actively the
development of personal contacts, administrative arrangements, joint research grants
and projects and whatever else it takes, to
bring this about. In the words of Arnold
Schwarzenegger (in his previous profession)
“If you want to live, you will do this”6.

Department of Pure Mathematics, University of New South Wales, Sydney, NSW 2052
E-mail: tony@maths.unsw.edu.au

6Terminator 2
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Mathellaneous

by Daniel Mathews

Games with Galois

1

Mathematics and Games

All the world’s a stage, they say, and all the people merely players. Well, we might also say,
all the world’s a game, and all the people merely play them.
Mathematics is clearly home to a great many games and amusements. But the fruits of
such excellent entertainment may extend to matters of even greater import than a closelyfought victory. There is no greater example than John Conway’s celebrated On Numbers
and Games, in which a full, rigorous development of numbers is presented starting from the
concept of games. Conway produces the integers, rationals, infinitesimals, transfinite numbers and much more. So, occasionally games may be of use in other areas of mathematics,
which are traditionally treated with more gravity.
Évariste Galois was no game theorist, but his infamous downfall arose from participation in an extraordinarily risky game — a duel with pistols at 25 paces.
His tragic story is one of rejection, strife, passion
and, as E. T. Bell put it, “massed stupidity aligned
against him”. His short but eventful life, swept up
in the political currents of early nineteenth-century
France, met with continual disaster. He was demoted
at school; he was rejected from the esteemed Polytechnique twice (once, so the legend goes, putting the
blackboard duster to better use as a missile against
an imbecile examiner); his papers submitted to the
Academy were lost, and on one occasion, the secretary responsible for his paper died; he was expelled
from school for standing up for his democratic ideals;
he joined the artillery of the National Guard to fight
Évariste Galois
for the Republican cause; he was tried and acquitted
for threatening the king; and then jailed simply for being “dangerous”, later convicted on a
trumped-up charge. The precise circumstances of his duel are not known: ostensibly it was
over a woman, but it may also have involved his political rivals.
Today it is beyond doubt that Galois made epochal contributions to mathematics, despite
his work being dismissed, neglected, or described as “incomprehensible” during his lifetime.
By his death at the age of 20, young Évariste had established the branch of mathematics
that today bears his name.
Galois theory is often regarded as a difficult area of mathematics. It’s certainly not easy.
But in a certain sense, as we shall see, it’s all really just a game.
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Solving as a learning game

The most immediately important question addressed by Galois theory is the solubility of
polynomial equations. Our first player, valiantly attempting to solve polynomials, we will
name Sol — she’s very bright! The aim of any game, for her, is to solve polynomials.
Sol must convince me that a polynomial is soluble. While I understand algebra and
general mathematical argument (sometimes), I am not very knowledgeable, and I only know
the rational numbers. I want to be able to write down the solutions using the following
symbols only:
√
+, −, ×, ÷, n .
That is, Sol has to show me how to find the roots and write them as a radical expression.
Game 1. x2 + 1 = 0. The roots, you should know, are ±i. But I don’t know that. How can
Sol explain them to me? She could give me a lecture course about complex numbers, but
that’s asking a bit much. Rather, she could introduce a number α such that α2 = −1. Then
the other root would be −α. That is, she can introduce numbers purely in terms of their
algebraic properties. Provided I am happy that, manipulating the end result by the
√ rules, it
satisfies the polynomial, that’s not a problem. I can write the roots as ±α or ± −1.
Here’s an interesting question: is the number α supposed to be i or −i? Sol could again
take the “complex numbers lecture course” approach, or think of other methods. But, if
she sticks to purely algebraic properties of numbers, she must fail, because really i and −i
have identical algebraic properties: they both just sit there, until they’re squared, at which
point they become −1. Thus Sol’s aim is an impossible one, and the numbers i and −i are
too
√ symmetric for me to tell them apart. We must settle with simply writing down ±α or
± −1 without really knowing what the individual numbers are in “reality”. This may be
a little disconcerting, but since I’m only worried about being able to write down roots as
radical expressions, it’s perfectly adequate.
√
√
In fact, for the same reasons, I can’t ever distinguish between 5 and − 5, in fact any
set of numbers satisfying the same irreducible rational polynomial. Such numbers are called
Galois conjugate.

3

Symmetry strategy

Solving equations like the previous one really just amount to taking square roots. Things
get a bit more difficult when the polynomial is more complicated. Here we need to try
something more interesting. We need two key facts.
Fact 1. The coefficients of a polynomial have a nice relationship with the roots. (Let’s
assume our polynomial has a leading coefficient of 1, i.e. is monic.)
xn + an−1 xn−1 + · · · + a0 = (x − α1 ) · · · (x − αn )
= xn − (α1 + · · · + αn ) xn−1 + (α1 α2 + · · · + αn−1 αn ) xn−1
+ · · · + (−1)n α1 · · · αn .
Therefore we have the so-called Vieta formulae
an−1 = − (α1 + · · · + αn )
an−k = (−1)k { sum of all products of roots taken k at a time }
a0 = (−1)n α1 α2 · · · αn .
These expressions for the coefficients are the symmetric polynomials of the roots.
Fact 2. (Gauss’ theorem on symmetric functions.) A polynomial in α1 , . . . , αn which is
symmetric in all the variables can be expressed in terms of the symmetric polynomials above,
i.e. the coefficients of the polynomial.
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Game 2. x2 − 6x + 7 = 0. Let the roots be α, β. By the above formulae
α + β = 6,

αβ = 7.

S: Consider the expression (α − β)2 . This is symmetric in α and β: if we
swap them, we get (β − α)2 which is obviously the same.
D: Right! By Gauss’ theorem, then, we can express it in terms of the
coefficients.
S: Precisely. We get
(α − β)2 = (α + β)2 − 4αβ = 62 − 4 × 7 = 8.
√
So I’m going to introduce to you this number 8, which has the property
that its square√is 8. If you play around with the√algebra you’ll see that
the square of 8/2 is 2. So you can write it as 2 2 if you like.
D: OK, I’m happy with that, I know algebra.√
S: Now we’ve got α + β = 6 and α − β = 2 2. Solving the simultaneous
equations easily gives
√
√
α = 3 + 2, β = 3 − 2.
Using this method we can solve quadratics in general.
Game 3. x3 − 2. (As you know, the roots are
√ !
√ !
√
√
√
1
3
1
3
3
3
3
i ,
i
2,
2 − +
2 − −
2
2
2
2
but I don’t know that.)

√
S: Well, there’s this number 3 2, it’s a number α described by the property
that α3 = 2. I won’t even bother to distinguish it from the other roots,
because they’re √
all Galois conjugates.
D: OK, great, α = 3 2 is a root. I now know the rational numbers and this
number α. But what are the other two?

At this point, Sol can try to describe to me the other two roots by using rational numbers
√
and α. But without introducing any new numbers, this is an impossible task. Using 3 2
and rational numbers, she can’t possibly describe complex numbers to me, only real ones.
She must introduce a new number.
√ 
√ 
S: Well, there’s this number 3 2 − 12 + 23 . It’s a number β so that β 3 −2 =
0.
D: Hmmm... sounds like α.
S: Well it’s one of the roots other than α.
D: Well that’s a bit silly, why don’t you factorise out (x − α) then?!



√
√
√
3
3
3
x3 − 2 = x − 2 x2 − 2x + 4
= (x − α)(x2 − αx + α2 ).
D: You should have said, “there’s this number β that satisfies β 2 −αβ +α2 =
0”. It would have been more efficient. That’s fine, I can solve the
quadratic and obtain the two roots as
√ 
√ 


1 − −3
1 + −3
,
α
.
α
2
2

Mathellaneous
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Multi-stage learning and partial symmetry

As we just saw, with cubics I don’t learn everything in one fell swoop. I need to learn in
several stages. With a more difficult cubic, the problems become much worse. As we’ll see,
we need to consider equations which are only partially symmetric as we go.
Game 4. x3 − 6x − 2 = 0. Let the roots be α, β, γ so that
α + β + γ = 0,

αβ + βγ + γα = −6,

αβγ = 2.

S: First, there’s this number ω, a cube root of unity. It satisfies ω 2 +ω+1 = 0
and we’ll write it as
√
−1 + −3
ω=
.
2
D: Hmmm... yes, but I can’t really see the point of this.
S: Give me a minute. Introduce the two numbers y and z, which are defined
in terms of the roots of the cubic.
y = α + ωβ + ω 2 γ,

z = α + ω 2 β + ωγ.

D: I see, you’re trying to find a symmetric function in α, β, γ, just like in the
quadratic case. But hang on a minute, these aren’t symmetric! If you
swap α and β around, for instance, both y and z expressions change!
S: Yes, you’re right. But if you cycle α, β, γ around in y, then y becomes
yω or yω 2 ... I’ll show you.
αβγ → βγα,
y = α + ωβ + ω 2 γ → β + ωγ + ω 2 α
= ω3 β + ω4 γ + ω2 α
= ω 2 α + ωβ + ω 2 γ



= ω 2 y.
Similarly z becomes ωz or ω 2 z. So if we consider
3
3
y 3 = α + ωβ + ω 2 γ , z 3 = α + ω 2 β + ωγ
then both y 3 and z 3 are invariant under cycles.
D: That’s tricky! But neither expression is symmetric!
S: Correct. But they are partially symmetric — if we content ourselves with
only cycling α, β, γ around. On the other hand, if you do a swap like
α ↔ β then you change y 3 into z 3 !
αβγ → αγβ
3
3
y 3 = α + ωβ + ω 2 γ → β + ωα + ω 2 γ
= ω 3 β + ωα + ω 2 γ

3

= ω 3 α + ω 2 β + ωγ

3

= z3.

D: You’re quite the algebra whiz!
S: Therefore, if we add y 3 and z 3 together, then they’re invariant under any
permutation! The same applies if we multiply them to get y 3 z 3 !
3
3
y 3 + z 3 = α + ωβ + ω 2 γ + α + ω 2 β + ωγ ,
3
3
α + ω 2 β + ωγ .
y 3 z 3 = α + ωβ + ω 2 γ
D: That’s very cool.
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S: No, Galois is cool. Thus, y 3 + z 3 and y 3 z 3 are totally symmetric. By
Gauss’ theorem on symmetric functions, they can be written in terms
of α + β + γ, αβ + βγ + γα and αβγ alone. In fact I did some algebra
earlier and figured out that
3

y 3 + z 3 = 2 (α + β + γ) − 9(α + β + γ)(αβ + βγ + γα) + 27αβγ,
6

2

y 3 z 3 = (α + β + γ) − 9 (α + β + γ) (αβ + βγ + γα)2 − 27(αβ + βγ + γα)3 .
For our polynomial, we know that α + β + γ = 0, αβ + βγ + γα = −6,
αβγ = 2. Therefore we have
y 3 + z 3 = 54,

y 3 z 3 = 183 ,

and y 3 and z 3 are the roots of the quadratic
t2 − 54t + 183 = 0.
D: We solved quadratics earlier. I’ll solve this one.
√
√
z 3 = 27 − 27 −7.
y 3 = 27 + 27 −7,
S: Now I’ll teach you the number y, which satisfies the equation that its
cube is y 3 .
D: Der...!
S: Yes, but I had to teach you, otherwise you wouldn’t know.
D: OK. I guess so.
q
q
q
q
√
√
√
√
3
3
3
3
y = 27 + 27 −7 = 3 1 + −7, z = 27 − 27 −7 = 3 1 − −7.
S: Now we’re nearly done! Remember we had y = α + ωβ + ω 2 γ and
z = α + ω 2 β + ωγ. Now we know that ω + ω 2 = −1, so
y + z = 2α − β − γ
and hence
y + z + (α + β + γ) = 3α.
We know y and z, and we know α + β + γ = 0. Therefore
q
q
√
√
y+z
3
3
= 1 + −7 + 1 − −7.
α=
3
The other roots can be found out similarly. I don’t have to teach you
any new numbers.

5

Galois theory

We’ll need to know something about permutations. Recall that a permutation of a set of
objects is just a rearrangement of them. Speaking formally, a permutation is a bijective
function from a set of objects to itself. Normally, if there are n objects, we just use the
numbers 1, 2, . . . , n. We may write permutations in different ways:
12345 → 23145


1 2
2 3
1 7→ 2 7→ 3 7→ 1,

3
1

4 5
4 5
4 7→ 4,


5 7→ 5

(123)(4)(5).
The last type of notation is called cycle notation and we say, for instance, that (123) is a 3cycle. The way in which the cycles are grouped in a permutation is called its cycle structure.

Mathellaneous
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Thus (123)(45) and (124)(35) have the same cycle structure, but (123)(45) and (123) do
not. Permutations are multiplied by composing the functions involved. We multiply from
left to right. For instance
(123)(45) · (345) = (1243)(5) = (1243).
The do-nothing, or identity permutation is denoted (1). Permutations form a group: when
you multiply two permutations, you get another permutation; each permutation has an
inverse permutation which undoes it; and the multiplication is associative. Subsets of the
set of permutations which have these properties are called subgroups.
Now it’s worth summarising how we solved the cubic:
(1) y 3 +z 3 and y 3 z 3 are rational. The expressions for them were totally symmetric. That
is, they were invariant under any permutation of α, β, γ — the entire permutation
group S3 .
αβγ αγβ βαγ βγα γαβ γβα
(1) (23) (12) (123) (132) (13) .
(2) Then we learnt y 3 and z 3 — an intermediate level of understanding — as the roots
of a quadratic. y 3 and z 3 were not totally symmetric, but they were invariant under
cycles of α, β, γ. The expressions for them were partially symmetric — symmetric
under cycling but not swaps. These cycles form a subgroup of S3 called A3 .
αβγ
(1)

βγα
(123)

γαβ
(132) .

(3) Then we learnt y and z, by taking cube roots. They are the roots of a (really easy)
cubic. The expressions for them are not symmetric at all! They were only invariant
under the trivial permutation.
(4) Understanding y and z is really the same level of understanding as α, β, γ, since we
can then describe the roots in terms of y and z.
Galois’ amazing idea is that stages of learning, and types of symmetry, are the same
thing.
Theorem 1 (Fundamental theorem of Galois theory) There is a one-to-one correspondence
between levels of understanding in solving a general n-degree polynomial, and subgroups of
the group of permutations of the n roots.
This statement is necessarily imprecise, since we have not bothered to define anything
properly. The correspondence is order-reversing.
Knowledge Q ⊂ Q, y 3 , z 3 ⊂ Q, y, z ⇒ α, β, γ
Subgroup S3 ⊃
A3
⊃
(1)
Thus, the appropriate thing to do in solving polynomial equations is not to perform
algebraic torture, but to find the appropriate middle levels of symmetry, and find expressions
with that symmetry. With higher degree polynomials we need more levels of symmetry,
because the middle levels of symmetry must be fairly “close together”. If I am to be able
to write down the answer as a radical expression, the only way to jump to a new level of
understanding is when the “loss of symmetry” corresponds to “taking an n’th root”.
The technical condition is that we must have a nested sequence of subgroups which have
abelian quotients, down to the trivial group. A group which has such a sequence of subgroups
is called soluble. The cubic polynomial is soluble precisely because the group S3 is soluble. It
turns out that solubility is equivalent to the derived series of the group eventually becoming
trivial. I won’t define these concepts here. Suffice it to note that the real game is about
permutations; specifically, about whether or not sufficient “middle levels” of symmetry —
that is, intermediate subgroups of permutations — exist.
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The Game of Galois

Here is a game about permutations then. Since the actual game involved in determining
whether a group is soluble is quite complicated, we’ll start with a simpler version. Sol has a
friend named Insol, who as the name suggests, insolently maintains that many polynomials
are insoluble.
Definition 1 (n-Galois-lite) Sol chooses a starting permutation x0 of {1, 2, . . . , n}, which
cannot be the identity, and then takes no further part in the game. Insol chooses a permutation y0 , which must have the same cycle structure as x0 . We then form x0 y0 = x1 . Insol
chooses another permutation y1 with the same cycle structure as x1 , and forms x1 y1 = x2 .
Play continues in this fashion. If Insol can keep away from the identity permutation for
arbitrarily long, she wins. If she hits the identity, Sol wins.
This sounds like a peculiar game. But the idea, in a more refined version of the game, is
as follows: in a soluble group of permutations, Insol is forced to move down to lower levels
of symmetry, eventually to the identity.
Game 5. n = ∞. We have ∞ objects, say the natural numbers 1, 2, . . ., but the players are
only permitted to permute finitely many at a time.
Insol has a winning strategy in this game. Because there is an infinite set of objects, Insol
can always pick a permutation which affects only objects which have been hitherto unused.
When these permutations are multiplied, we just write the cycles next to each other! E.g.
(12)(34) · (56)(78) = (12)(34)(56)(78).
Game 6. n = 1. This is a non-starter, literally. There’s only the identity permutation, so
Sol cannot begin.
Game 7. n = 2. Sol can only choose (12) to start, and Insol can only respond with (12).
Then (12)(12) = (1) and Sol wins.
Game 8. n = 3. Sol has two types of permutations to use, either the (123) type or the
(12) type. Hopefully you should be able to see that choosing different starting permutations
with the same cycle structure makes no difference to the overall strategy.
Suppose Sol starts with (123). Then Insol responds with (123) and we form (123)(123) =
(132). Then Insol chooses (132) and we form (132)(132) = (123). If Insol continues alternately choosing (123) and (132), she can keep away from the identity indefinitely and win.
We’ll call this the copy tactic. Sol must try something else, and starts with (12). But, alas,
it is to no avail and Insol chooses (13), giving (12)(13) = (123) and from there can maintain
a 3-cycle with the copy tactic. Thus Insol has a winning strategy.
Game 9. n = 4. This is a little more complicated, but no matter how Sol starts, Insol can
get to a permutation of the form (123) or (12)(34) and maintain it. The following diagram
shows the possible moves Insol can make between the various cycle structures.
(1234)
↓↓
&
.
↓↓
(123)
↓↓
↓
↓&
↓
↓
→ (12)(34) ←
↓
↓
&
(1)
.
Figure 1.

(12)
↓↓
↓↓
↓↓
.↓
↓
↓
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For instance, if Sol starts with (1234) then Insol chooses (1342) and obtains (1234)(1342) =
(243), and can stay there by the copy tactic. If Sol starts with (12)(34) then Insol can stick
there, choosing (13)(24) to get (12)(34)(13)(24) = (14)(23), maintaining a 2-2-cycle. So
Insol wins again.
In general, Insol has many strategies available. First, Insol can remove any cycle she
wants in a permutation, because each cycle has an inverse, which is obtained by writing it
backwards. For example (123)(321) = (1). The inverse has the same cycle structure, and
Insol can choose it as part of her permutation. Second, the copy tactic can be applied to any
odd-length cycle, so Insol can preserve an odd-length cycle. For instance, if (1234567) comes
up, then Insol copies with (1234567) which gives (1234567) · (1234567) = (1357246). Third,
a long even-length (2k ≥ 4) cycle can be reduced to a (2k − 1)-cycle, since, for instance,
(12345678) · (13456782) = (2468357). Finally, a pair can be turned into a 3-cycle, as we saw
previously. Combining all these tactics gives
Theorem 2 Insol has a winning strategy in n-Galois-lite for any n ≥ 3.
So much for the lite version of the game, which appears to be a bit easy for Insol! Let’s
toughen it up a bit.
Definition 2 (restricted n-Galois) Again we have n objects and Sol selects a non-identity
permutation x0 to start with. Again Insol selects a permutation y0 with the same cycle
−1
structure as x0 . Then we set x0 y0 x−1
= x1 . Insol chooses y1 with the same cycle
0 y0
−1 −1
structure as x1 , and we form x1 y1 x1 y1 = x2 . Play continues; if Insol can keep away from
(1) indefinitely, she wins; otherwise Sol wins.
Actually we can notice that axa−1 always has the same cycle structure as x, which is
−1
−1
in turn the same as x−1 . The three permutations yn x−1
n yn , xn and xn have the same
cycle structure. In group theoretic language they are conjugates. If we allowed Insol to
choose any permutation for yn , the game would be identical to Galois-lite; hence the epithet
“restricted”.
Game 10. n = 2. Sol can only choose (12) to start and Insol can only choose (12) to obtain
(1). Sol wins.
Game 11. n = 3. Sol can start with, say, (123) or (12). Suppose she chooses (123). Then
Insol must choose (123) or (132), both of which yield (1), and Sol wins. On the other hand,
−1
if Sol starts with (12), then y0 x−1
0 y0 will be a 2-cycle; the product of two 2-cycles is always
of the form (abc) or (1). In any case, Sol wins.
→

(12)
&

(123)
.

(1)
Game 12. n = 4. Sol has 4 choices, namely (1234), (123), (12)(34), and (12). We can
consider the following facts, gleaned from 4-Galois-lite.
The product of two 4-cycles is either of the form (abc), (ab)(cd) or (1). This was illustrated
for 4-Galois-lite above; in restricted Galois even fewer moves are available. Similarly the
product of two 2-cycles is either of the form (abc), (ab)(cd) or (1). For similar reasons, once
arriving at a cycle of the type (123), (12)(34) or (1), Insol cannot get back to a (1234) or
(12).
Thus we only need consider permutations like (123), (12)(34) or (1). From (123), can
Insol maintain a 3-cycle? The only way to do this is if y0 (321)y0−1 = (123), where y0 is a
3-cycle. The 3-cycle cannot involve 4, and so must be (123) or (132). But the conjugate
of (321) by both possibilities is again (321). So Insol cannot maintain a 3-cycle, and must
go to a permutation of the form (12)(34) or (1). Similarly, Insol cannot maintain (12)(34):
from (12)(34) all roads lead to (1).
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Therefore, having considered all cases, we conclude that Insol fails, and Sol has a winning
strategy for n = 4. There is a diagram of possible moves, which is the same as Figure 1,
with the loops removed.

7

The big game.

We now come to the final duel between Sol and Insol: the case n = 5. As we will see, it is
on the outcome of this game that the fate of the solubility of the quintic polynomial turns.
Incidentally, the group S5 of permutations on 5
elements is isomorphic to the group of isometries
of a regular icosahedron. So this game can also
be interpreted in terms of moving around (possibly reflecting at times) an icosahedron. Taking
3 pairs of opposite edges of an icosahedron appropriately, it is possible to form three mutually
perpendicular golden rectangles. This can be done
5 different ways. The objects being permuted as
the icosahedron is transformed are these 5 triads
of rectangles. The relationship between the icosahedron and the quintic was explored by Felix Klein
Icosahedron
in [5].
Game 13. n = 5. Sol has a six-shooter, which can shoot (123)(45), or (12), or (1234), or
(12345), or (12)(34), or (123).
First shot: Sol fires (123)(45). But Insol chooses (124)(35) to obtain (134)
— a 3-cycle.
Second shot: Sol fires (12). But Insol deflects the shot with a (23), which
results in (123).
Third shot: Sol fires (1234). Insol retaliates with (1243) to obtain (143).
Fourth shot: Sol fires (12345). But a quick (12354) ends with (254) and
evades the blast.
Fifth shot: Sol fires (12)(34). Another conjugation from the hip, this time
choosing (12)(35), gives (354).
Final shot: We may assume now that Insol is faced with an incoming 3-cycle,
without loss of generality (123). But Insol now delivers the coup de gras,
and chooses (145) to obtain (153). Insol has stabilised at a 3-cycle and
is now invincible.
Theorem 3 Insol wins the duel. That is, Insol has a winning strategy for restricted 5Galois.
The actual game involved in determining whether or not a general quintic polynomial is
soluble is the following more complicated game. Play is identical to restricted n-Galois and
n-Galois-lite, but the choices for Insol at each stage lie somewhere between the many choices
of the lite version, and the fewer choices of the restricted version.
Definition 3 (n-Galois) Sol chooses x0 6= (1). Insol may select any permutation for y0 , then
−1
x1 = x0 y0 x−1
0 y0 . Call all the possible permutations for x1 , in any possible game, level-1
−1
permutations. For y1 , Insol selects a level-1 permutation and we form x2 = x1 y1 x−1
1 y1 .
The set of all possibilities for x2 in any possible game are called level-2 permutations. Then
y2 must be a level-2 permutation, and so play continues. If Insol can avoid the identity, she
wins; otherwise Sol wins.
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Those who know some group theory will see that the level-1 positions form Sn0 , the level-2
positions are Sn00 , and so on; so Insol has a winning strategy if and only if Sn is soluble.
However, because the n objects are indistinguishable, clearly all the permutations with
the same cycle structure will be in the same levels. Therefore Insol has more moves than in
restricted n-Galois, but less than in Galois-lite. So if Insol can win restricted n-Galois, she
can win n-Galois.
Corollary 1 Insol has a winning strategy for 5-Galois.
Corollary 2 The general quintic polynomial is insoluble by radicals.
And, at last, the score is settled. The forces of insolubility win the day, at least for n = 5.
I’ll leave the other cases for you.
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A. Dalmas, Évariste Galois.
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Brain drain

There is growing concern about Australia’s brain drain. The Gazette is running a series
of personal essays by mathematicians who went overseas. Philip Broadbridge is the second
author in this series.

Looking back from across the Big Pond
Philip Broadbridge
After two years in University of Delaware,
I have been invited by the editors of the
Gazette to recount my reasons for moving
from Australia to USA, to compare Australian and U.S. institutions, and to contemplate what it would take to attract me
back. Now I am walking in a mine-field.
In responding, I could not avoid my perspective on some cultural and subcultural
idiosyncracies of academics in the two countries. God knows, I am not a sociologist. I
will make some oversimplified and undiplomatic generalizations in a dialect that reflects little formal training in the social sciences. In this manner, I run the risk of being
persona non grata in more than one nation,
and of offending old friends.

1

Background

I was educated in state schools in the bluecollar suburbs of Adelaide. I am very grateful for the high standard of universal education provided in the 1960s and early 1970s.
State and private sectors of education in
Australia should be proud of their products of that era. This was also a great
era for science education in the universities.
I have found that Australian graduates in

general are highly valued. After majoring
in mathematical physics and pure mathematics at University of Adelaide, I trained
as a teacher at University of Tasmania. I
taught in a high school for two years before
returning to commence my PhD in mathematical physics. After that, my first temporary lecturing job was at Curtin University,
after which I worked for four years on nonlinear environmental modeling at CSIRO,
followed by a permanent academic position
at La Trobe University. From 1990 to 2001,
I was a professor of applied mathematics at
University of Wollongong. I am very proud
of the achievements of my close colleagues,
often made with meager material support
and in a climate of increasing conflicting
demands. These years have passed much
faster than I had expected. I changed from
being a “young Turk” (someone else’s description) to a custodian of the established
order, although I am still pleased when I stir
up either radicals or conservatives. During
all these times, I worked with some wonderful people, including students, academics
and administrators. Then why am I not still
living and working in my country of birth?
Below, I will raise some of the professional
issues. I cannot write about the difficult
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personal issues associated with such a decision.

2

Withdrawal of support

During and after the second war, Australia
was an acknowledged power house not only
in sport but also in applied science. It
was a recognized leader in many fields including arid-land agriculture, immunology,
optical instruments, radar technology, and
spectroscopy, to name a few. This could
be backed only by a first-rate system of
universal education that paid due regard
to fundamental science. Over my years of
work, I have witnessed something that I and
many others have privately described as systematic withdrawal of support for science
and education, along with a lowering of the
morale of the educated workforce. Government and private industry spokesmen have
publicly denied this withdrawal of support.
Although they have various degrees of optimism, none of my Australian workmates
have disputed the existence of systemic decay to some degree. Australia is now embarrassingly close to the bottom of the OECD
national league table of percentage of GDP
invested in research and education. In the
1960s, a university lecturer earned about
the same as a parliamentary backbencher.
Now the lecturers are about 60% in arrears.
As a senior tutor (Lecturer A level) in 1982,
a median middle-class brick veneer house
cost about 2.5 salaries. As a professor in
2001, a similar house was still worth about
2.5 salaries. Academics at level A were facing a housing cost of more than 6 salaries.
The vast majority of Australian University students attend government-funded
universities. Since the late 1980’s, the running costs of these hamstrung institutions
have accelerated at a much higher rate than
their recurrent funding. Private support
from industries and from individual philanthropists has been negligible on the scale of
institutional needs. As government-funded
institutions, they were not allowed to increase tuition fees for Australian residents.
There were government quotas placed on
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student intakes, so that over-enrolments attracted marginal additional income, at the
expense of cramming students in facilities
that were in some cases outdated and rundown. In the early 1990’s we saw a marked
increase in enrolments of full fee-paying international students. The fact that higher
education became the third highest exportearner, may partly be a reflection of other
components of the national economy, as well
as a sign of the education system offering
relatively good value for money, even under pressure. We were told then that the
tuition fees of international students would
“add cream to the cake”. I didn’t believe
it, and I correctly predicted that large numbers of international enrolments would become necessary to avoid insolvency. Then
the government announced that the university system would receive three successive
cuts of 5% to its annual recurrent funds.
In an effort to make the operation more
efficient, the government attempted simplistic accounting procedures to measure the
productivity of universities. It contracted a
management consultant firm to collect and
analyze the veracity of publications data. I
was embarrassed to be forced to write to
the Secretary of the Royal Society of London to ask him to verify that one of my published papers had indeed been approved by
referees. Afterwards, I found that several
authors with publications in the same journal had been forced to independently provide the same authentication. When I tell
this story to non-Australians, they portray
looks of disbelief.
Due to the imbalance in cash flow, economic survival has become the first consideration of Australian institutions. The
Vice-Chancellor position has become more
of a CEO position, than that of an academic
leader. Usually, the primary criterion in selection of a Dean is the ability to generate
external income. New demands have been
passed down to academics. A first-rate academic must be an entrepreneur, an administrator and record-keeper, a public relations
expert, a project manager who can make the
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best of inadequate library resources and laboratories, a performer, a stenographer and
an innovative teacher. All these burgeoning demands have occurred as student-staff
ratios have increased, and as the variety of
course offerings has escalated, in a frantic
attempt to attract more students.
Pure sciences and the humanities are the
disciplines that have suffered most in the
drive towards commercialisation and corporatisation. Within an academic workforce
of static or decreasing size, there is pressure
to downgrade traditional liberal arts disciplines in favour of those areas that appear
to have additional earning potential. Australia has lost at least 20% of its university
mathematics positions over the last 10-15
years. I have seen the academic researchactive mathematics staff numbers at several
universities drop from a barely viable dozen
to an unviable four or five. Many physics
departments have been amalgamated with
geosciences or engineering. One year, I was
told that because my department had been
performing so well, we would most likely escape with only 2.5 positions being made redundant. I do not blame university administrators for having to make such terrible decisions when the finances allow no easy way
out. However, when the opportunity arose,
it made me seriously consider an overseas
institution that was not forced into such a
corner.
I became disheartened by the threat of
further cuts to academic staff positions year
after year. This was a major consideration.
Another, was a desire to find if I could work
with more self-satisfaction in a place with
a well resourced research library. Escalations of publishing costs, along with unusual
devaluing of the Aussie dollar, hit libraries
very hard.

3

Response from within our profession

There are some academic mathematicians
who have made notable efforts to turn the
negatives into positives, always with some
benefit to the profession. On the other
hand, there are some senior mathematicians

who have contributed to the slide. Some
“white carnations” do not want to complain
lest they cause embarrassment to their institution and spoil their chances of being
given the key to the executive wash-room.
Some continue to deny that there is a problem. For them, the halcyon days of science have never ended. They are content
to serve out their professional life extending
their PhD thesis, receiving public support
for what they regard as their precious gift to
humanity. They are reassured of the sanctity of their pursuits by fellow members of a
mutual admiration society. They are reluctantly drawn in to professional service but
they soon find that offices of professional associations give them the opportunity to recommend their old mates for medals, to denigrate any activity of mathematical science
that is more than two journal pages away
from their own beloved paradigms and interests, and to portray a superior air that
is well fitted to alienate members of other
fields of human endeavour.
I could write an interesting article on
the collection of spiteful or misguided referees’ reports that have been returned to
me. Certainly, as an editorial board member of three journals, I would not accept
such strange referees’ reports on face value.
On one occasion, the ARC office was unprofessional enough to return a report with the
anonymous referee’s name still attached. I
have reviewed around 50 of these applications, and they have had a better success
rate than my own. I am pleased to say
that I have helped to achieve funding for
some individuals who have knifed me. I do
not blame the ARC for these problems. I
think that the strategy of keeping administrative costs down, has worked well for the
Australian system, even though it increases
some risk of error.

4

Defeatism and cultural malevolence

Pursuit of academic excellence has become
alien to the popular Australian “yobbo” culture. In my long association with state
schools, as a student, teacher, parent and
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volunteer administrator, I have seen an
increasing frequency of psychological and
physical abuse perpetrated by students on
other students who were targeted only because of their interest in academic pursuits.
Neither side of politics is blameless for this
sad state of affairs. Some conservatives see
little benefit in providing equal educational
access for all. This is part of the principle
of getting no more than that for which one
is prepared to pay, whether or not one is
able to pay. Some liberals do not believe
in pushing people to test the limits of their
abilities. Subjects whose mastery requires
self-discipline are viewed as “elitist” or even
“bourgoise”. I have heard a senior school
mathematics teacher justify removal of the
top-level mathematics from subject offerings, arguing that the comprehensive school
should not encourage elitism. I regard this
as defeatism, rather than anti-elitism. A
state minister of education was quoted as
making a statement to the effect that mathematics was no longer so important in the
curriculum because everything could now
be done on computers. It is a sad indictment on our own profession that we have
not made the importance of mathematics
patently obvious to everybody. Whose fault
is it if the vast majority do not see that
without mathematics all of us would be materially worse off? The same people who
deride mathematics make everyday use of
DVDs and of telecommunications systems
that could not have been developed without sophisticated mathematical algorithms.
I am pleased to say that there are signs
that higher education is now higher on the
political agenda in Australia. There have
been some noteworthy improvements such
as new research fellowships and new funded
research centres.

5

So, what is different?

The range of motives and behaviours of humans is similar in all nations. The day to
day demands are much the same. One important cultural difference in America is the
tradition of pride and support for one’s alma
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mater. Choice of college is a major talking
point and a major reason for families developing college savings accounts. Alumni develop strong allegiances. For example, intercollegiate sports are followed passionately. I
feel that in Australia, the majority of people would regard it as much more important
to know which private school you attended
than to know which public university you
attended.
There are strong similarities in their academic workforces. Perhaps, Americans tend
to be a little more sensitive to criticism and
they tend to argue a little longer over minor matters. Life tends to be a little more
complicated and a little more hectic.
Two of my fellow expatriate Australians
have commented that mathematicians here
do not feel the pressure to continually justify the meager existence of their discipline.
It is only after this pressure is taken off
that you realize that its presence in Australia was no mere illusion. It is generally
accepted that mathematics is useful. In
most major universities, there is a mathematics requirement of all students, no matter what degree program they are enrolled
in. When I suggested this in Australia,
University Senate colleagues thought that I
was joking. Here, I have found unexpectedly high mathematical expertise in such
places as the linguistics department. The
President of USA proudly announced that
the National Science Foundation would be
given a massive budget increase specifically
for mathematical sciences. This is seen as
important for national security as well as
technological development. Perhaps in the
future an Australian Prime Minister will follow suit.
In USA, the tertiary education system is
much larger and within it, there is much
more variability. This means that there is
a greater variety of job opportunities for
PhD graduates, generating more optimism.
There are many excellent private 4-year colleges that award bachelors degrees, and who
require staff with PhDs. There are many
state universities of varying quality and size,
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and there is a significant number of private doctorate-awarding universities and institutes of technology.
The location has the advantage of being within a day-trip to the major cities of
the mid Atlantic region. There are many
institutions of higher education in this region. While this magnifies the opportunity
for collaboration, the competition for students is fierce.
I happen to work at one of the few universities that is state-supported but which
is private in many of its operations. Salary
levels are not prescribed as they are in some
state systems, such as the University of California system. My salary is now 0.5 of a
house. It has taken me 22 years of work
to increase this ratio from 0.4 to 0.5. For
many Australians, this ratio has dropped
during their working lives, indicative of a
poorer standard of living. Only 16% of the
university’s income is from the state. The
rest comes from tuition fees, donations and
investment revenue on its one billion dollar
endowment. A slab of this comes straight
to my department, for uses at my discretion. I must warn that in recent years,
the fiscal situation has not been so good
in many other U.S. states and institutions.
Some have had hiring and salary freezes.
The small state of Delaware is the registered
headquarters of half of the top 100 companies. This leads to extra entertainment
when international business leaders appear
in Delaware courts to face the music. Some
of the Delaware-registered companies, especially chemical companies and financial
institutions, have close ties with the state
and with the state’s flagship research institution. This relationship is managed very
well by the leaders of the state, the companies and the university.
The library collection is very good. We
have most mathematics journals and we
have even made some added subscriptions

without cancellations. I regret that as a department chair I don’t have enough time to
properly use the facilities. I have 40 academic staff . Each must be reviewed by me
annually and a small percentage of the overall salary budget can be distributed at my
discretion. This makes the performance appraisal process more important.
The best American undergraduates are
as able as the best Australian undergraduates. Probably, the middle-ranking freshmen are not so well prepared in mathematics. Students here seem to be more polite
but they and their parents are more ready to
complain about marking and grading procedures. There is a problem with grade inflation. Students and teachers are under pressure to achieve high grade point averages.
Australia is indeed very fortunate that it
has a system of commonwealth-funded postgraduate scholarships. Most US postgraduates are funded as teaching assistants, often
with a heavy load of teaching on top of their
heavy coursework and thesis requirements.
I think that Australian postgraduates have
an easier time.

6

Would I come back?

I am Australian and I do have close ties
there. I would be influenced to return if
there were signs that the country had bottomed out its anti-intellectual slide, and if
the mathematics and science disciplines had
regained some of their zeal and pride. This
should be reflected in better funding for institutions of higher learning. I would be
looking for a position that could use my
management experience, with some opportunity for research and/or research management, and a salary approaching half a local
median house price, located not too far from
people that are dear to me. In the mean
time, I am well treated and I am proud to
be in a strong department at University of
Delaware.

Department of Mathematical Sciences, University of Delaware, Newark, Delaware 19716, USA
E-mail: pbroad@math.udel.edu
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How to write a frequently cited article
Henk van der Vorst

In August 2000 Henk van der Vorst received an email from the Institute for Scientific Information (ISI) about an article
he published in 1992 in a SIAM journal:
“Our analysis of high-impact papers in
mathematics indicates that this paper has
been cited 379 times to date, making it the
most-cited mathematics paper of the last
decade”. The article introduced the BiCGSTAB algorithm. The ISI report gave
rise to various newspaper articles. What
made Van der Vorst’s article the mostcited mathematics paper? Here the author
reveals the tricks of the trade. (This article was previously published in the Dutch
journal Nieuw Archief voor Wiskunde in
March 2003).

In science it is essential to cite the sources
upon which one’s own contribution is based,
so that the relationship between new and
existing work and the authorship of presented results are clear. Usually these
sources are provided in a separate bibliography at the end of the article. The listing of a
publication in the bibliography is counted as
one citation, no matter how often the publication in question is actually mentioned in
the paper. If a citation refers to one’s own
work, this is called a self-citation.
The number of citations of a particular
publication, counted over a certain period
of time, supposedly measures the relative
importance of the cited publication. After
all, if a publication is cited it indicates that
someone has not just thought it worth the
trouble to read it: the cited publication has
had value in placing the new work in the
right context, or has even helped make the
new work possible. In this modern age of
mass scientific production, citation counts
are a popular tool for measuring the effectiveness of a scientific group, or even an individual scientist. Citation behaviour itself
is even the subject of scientific research.
The American Institute for Science Information (ISI) is world-leader and supplies

its data to other institutions as a base for
further research. The ISI also publishes
the renowned Science Citation Index (SCI),
which incidentally was created to find out
where certain works are cited, and not to
count citations as such. All the same, in
December 2003 I was able to find out via
the SCI that six of my publications were
cited frequently (my standard for frequent
citations being more than 100).

1

Measuring success and rankings

Citation counts are an obvious way of measuring the success of a researcher or even
a whole institute. Managers and journalists like to use them because it saves them
the trouble of making a more in-depth and
subtle evaluation. Only recently, Dutch research groups were ranked by citation scores
in Elsevier Magazine (March 16, 2002). The
magazine examined what percentage of the
articles of each institute belonged to the top
10% of the world’s most cited articles in the
relevant scientific field. As it turned out,
mathematicians from Utrecht scored higher
than their colleagues elsewhere in the country. This is of course great if you work in
Utrecht, as I do, but what does it actually
mean?
The larger the institute, the more it contributes − relatively speaking − to the overall production of articles and therefore the
more that 10% is actually determined by
that institute. If there were only one institute in the world, that institute would automatically have 10% of its articles in the
top 10% of most cited articles. The larger
the institute, the closer it should be to that
10%. If a large institute scored significantly
lower than this standard it would mainly
exist of nincompoops. Utrecht is above the
standard, and moreover is the largest institute in The Netherlands, so on the whole it
is a little more brilliant than the rest.
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In mathematics, citation cultures differ
enormously from subdiscipline to subdiscipline. Within statistics, operations research
and numerical mathematics, citation scores
are much higher than in pure algebra or
symplectic geometry, for example. Below,
I will elaborate on this. As it happens, it
makes an enormous difference if results in a
scientific field are of direct use outside mathematics, or mainly impact on colleagues.
Statisticians and numerical analysts generally publish more than pure mathematicians, so I wouldn’t be surprised if the
10% of most-cited articles are crowded with
highly applicable mathematics. Utrecht has
a relatively large production in the field of
applied mathematics and can be expected
to score higher than institutes that depend
mostly on output in pure mathematics.

2

Citation scores

How about the citation scores in other disciplines? Both the second and third mostcited mathematics articles in the nineties
were articles in the field of statistics. In
contrast, in August 2000 Wiles’ famous article (Annals of Mathematics, 1995) boasted
fewer than 100 citations [1]. Within my own
discipline my citation score was less striking: the total citation scores (measured in
early 2001) were about 1100 for an article by
Saad and Schultz (1986, GMRES-method),
Peter Sonneveld’s article on CGS (1989)
scored 338 times and Freud and Nachtigal’s
work (1991, QMR method) received 215 citations. Note that the first two articles did
not appear in the 1990’s, which was a condition for ISI’s hitlist. To get an impression
of citation scores inspect the SCI or surf to
ISIHighlyCited.com. On those pages the ISI
gives all kinds of information about ‘Highly
Cited Researchers’. Via the NEC CiteSeer:
http://citeseer.nj.nec.com you can find out
how often articles in electronically available documents in institutional databases of
Computer Science are cited. Because these
institutes are often linked to mathematical
institutes they include many mathematical
articles. The system is far from perfect, but
gives a fairly good idea of where and how

work is cited: it is possible to view the five
lines or so of the article in which the citation
takes place.
On top of this, CiteSeer shows a citation histogram for every scientist that is
cited. In it, all citations of an article are set
against the year of the publication − very
instructive for getting an impression of the
most fruitful years of the researcher.
Back to the official SCI. In mid June
2002, Wiles’ article totalled 147 citations,
and for the possibly even more important
article of Taylor and Wiles on ring-theoretic
properties of Hecke algebras I found 75 citations. To put it bluntly, the top of pure
mathematics didn’t even make it to the
ground level of numerical linear algebra.
Outside mathematics, on the other hand, it
is possible to generate much higher scores.
Top articles in chemistry or medical sciences
can easily obtain scores of 30 a month, albeit during a relatively short period (1 to
2 years). For an outsider it would be very
easy to conclude that mathematics is a relatively unimportant science.

3

Citation examples

Before I continue to explain how to deal
with citations and citation behaviour, it is
useful to explicitly point out that a citation, i.e., inclusion in a list of citations, just
means that the cited publication is mentioned somewhere in the text. This can be
done in many different ways, and below are
some real-life examples (the citation numbers are the original numbers):
• In an effort to overcome this, in many
areas a suitable stochastic model is employed to describe the uncertainty of the
data, see e.g., [4,8,10,11,20-23,27].
• The patch test is conducted for the plate
problems described in [16,28].
• It turns out that GMRES [13] took
roughly twice as much computing time
than BiCGSTAB [16] in all our testcases.
• Although the perturbation technique is
often used in engineering, it is usually
applied for a finite number of random
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The subject of the much cited Bi-CGSTAB article
The cooling of baby brains, ocean currents, the force distribution on a launch missile,
the contamination spread in groundwater and the surgical cutting in a patient’s body
are all examples of problems which after modelling lead to very large systems of linear
equations. These days ‘very large’ means in the order of one million to one billion
unknowns. Many such systems can be solved quickly on a computer using iterative
algorithms. Amongst the most efficient algorithms are the so-called Krylov-methods,
which, among others, comprise Conjugate Gradients, GMRES and Bi-CGSTAB. These
methods roughly work as follows.
Write the system to be solved as Ax = b, with A a real, n × n non-singular matrix
and b given. Starting with an initial guess x0 for the solution x, a search space is constructed, in which a new xi+1 is determined, by extending the available search space
with the residue ri = b − Axi . After this extension the search space, denoted by K i+1 ,
is spanned by the i + 1 vectors r0 , r1 , . . . , ri . This space is a so-called Krylov space.
The new iterative is determined, for example, by demanding that ri+1 ⊥ K i+1 . If A
is symmetric and positive, this in principle leads to the Conjugate Gradients method.
Another suitable criterion is the requirement that the Euclidian length of ri+1 is minimized over all possible solutions in K i+1 . This leads to the GMRES method.
For non-symmetric A, GMRES is an expensive method, but it can be shown that useful
iterates can be constructed more cheaply by keeping track of two spaces: the Krylov
space for Ax = b, and another Krylov space for the otherwise uninteresting system
AT y = b. This leads to the Bi-CG method. Sonneveld (Technical University Delft)
has shown how the computations with AT can be replaced by computations with A.
This makes it possible to determine approximate solutions in search spaces twice as
large, at almost the same computational cost.
Following this principle, the Bi-CGSTAB method cheaply constructs very good approximate solutions in that double dimensional search space. Although there are now
variants which are even better, Bi-CGSTAB has remained very popular because of its
great simplicity. A computer code for the method itself does not take up more than
about twenty lines.

•

•

•
•

parameters, see e.g., [17], and often
without rigorous theory.
The classical solution given by Chrisfield [9] is used as the reference solution.
In 1992 Bettess published the first book
on infinite elements [21], which set
forth the state of the art at that time.
The fundamental paper [4] of Dörfler
for the Poisson equation shows...
The above equation is very similar to
the form proposed by McMeeking and
Rice [11].

It should be clear that not all citations
are the same and that citation counts should
be approached with caution. Furthermore,

the value of a citation is partly determined
by the quality of the medium in which the
new work is published. A citation in an article in the Northern Territory Mathematical
Journal, that publishes everything without
peer review, certainly represents less value
than a citation in an article published in
the prestigious and extensively refereed Annals of Mathematics. Therefore, the ISI
only counts citations in journals that fulfil
a number of quality conditions. However,
even within this list lower-quality journals
exist next to better ones.
Despite these objections, on the whole
it does of course mean something if an article is cited frequently, just as it means
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something if an article is never cited, selfcitations always excluded. Frequent citations can contribute to a comfortable feeling: the article in question has been (at least
of some) use to many researchers, which
makes one’s own contribution to science a
little more visible. Neither more nor less
than that. Wiles’ publication, which definitively confirmed Fermat’s last theorem, has
led to (far) fewer citations than my own article, in which I proposed a slightly faster
method for solving linear systems. Wiles’
publication solved an unbelievably difficult
problem, and I don’t expect to be accused
of false modesty when I say his work is of a
higher order. His work deservedly received
enormous attention worldwide, even in the
regular press; my work enabled a number of
other scientists to carry out computations
more efficiently, which enhanced their possibilities (somewhat). Again, citation counts
can’t be put into enough perspective.

4

Citation behaviour

I now have set an elaborate background for
some pointers regarding the ambitious title
of this article. I will start by saying that
you must hope that your brainchildren will
be cited a lot, but that it is also possible
to do something to have them receive more
attention (=citations). You should do this
appropriately though, and avoid forcing citations to your own work upon others. I
am thinking about the following, not in the
least hypothetical, situations.
You can encourage PhD students to cite
the work of their Great Helmsman more
than is strictly necessary. This is reprehensible because it contributes negatively to the
scientific education of young scientists. It
may lead to a few extra citations, but also
in the long term to a dubious reputation.
It is also tempting to suggest citations to
one’s own work, where it is not strictly necessary, under the cover of anonymity while
acting as a referee. It happens and often it
has the desired effect, since many authors
are inclined to satisfy their referees. I find
this behaviour aggressive and editors should

be sure to prevent it. You could also consider having your work generously cited by
a contracted scientist from a poor country
(this also happens) but that is a dead end
street as well, and further comments are not
really necessary. It is very suspicious if an
author is cited noticeably often by an unknown source.
In brief, every self-influence of the citation profile is unethical and, in the shorter
or longer term, will backfire against the perpetrator.

5

Attracting attention

I now come to the more positive steps authors can take to give their work the attention it deserves. Nowadays there is an abundance of publications, and certain articles
easily go unnoticed unnecessarily. Of course
a real breakthrough gets known quickly; it is
usually not necessary to give it extra publicity in scientific circles. With less spectacular steps forward however this certainly can
do no harm, but it has to be done with due
caution.
Let the following anecdote serve as an
example of how not to proceed. In an invited talk at a big conference I once explained how lattice points should be numbered so that certain problems can be solved
faster numerically, and moreover in parallel
(the accompanying article appeared later in
a well-known journal). My description was
recursive so that the numbering was defined
directly for all dimensions. In the evening
after the talk I explained to a small group
how the trick worked for two-dimensional
lattices. Two listeners started working with
this almost immediately and published on
it; since then this numbering is often referred to as the ‘vdv-ordering’ in the literature, usually with a citation to their article.
In this article the discussion with me is acknowledged, but my own publication is not
cited. This was not intentional; they simply
had not understood that my talk related to
the same numbering as in the example during the evening discussion. This of course
illustrates the (in)accessibility of my formal
recursive description.
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6

Theorem-proof-remarks

The lesson to be learned from the above is:
first of all, try to write clearly and accessibly. Do not hide your ideas behind notation, but accompany them with sufficient
explanations and examples. While writing,
it can be helpful to envisage your audience
as if they are reading over your shoulder,
and to imagine their possible reactions.
I was lucky enough to have had a critical
supervisor and with many an article it has
helped me to ask myself: “What would he
say about this sentence were he to read it?”.
Do not let the reader guess your intentions,
and let what is important clearly come to
the fore. I regularly publish on algorithms
and I try to describe them in such a way
that it is simple for the reader to evaluate
them on a computer. Preferably I would
also put such an algorithm in a separate
box. If it is necessary to give a proof, it
would get a less prominent place unless the
proof itself were very instructive. In fact,
I try to keep the person who has started
reading my article captivated for as long as
possible. If I can reach that goal by shifting
the mathematical depth backwards, I will
happily do so.
Of course, whatever you write has to be
sound and verifiable, but it does not have
to be presented via the classical theoremproof-remark approach. Personally I prefer an accessible formulation of the problem
first, and after that a motivating example,
only then followed by a theorem (or algorithm), which does not seem to appear out
of nowhere after the introduction and example. I then prefer some more comments and
remarks before providing the proof. Usually
I finish with a few examples with applications of the theorem (the algorithm).
There exists literature on writing scientific publications, and personally I enjoyed
using Higham’s book [2].

7

Promoting personal work

Of course I distinguish between articles that
I am really proud of, in the sense that they
contain truly new ideas, and those in which
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I elaborate on previous work. The latter are
mostly structured around highlights, serve
to demonstrate the relevance of the main
articles, and to extend them. Often these
are papers presented at conferences which
are included in proceedings.
The other things I use to further draw
attention to my personal work are followup publications, lectures, the internet and
email. In the following I will comment on
each of these.
Publications
Follow-up publications can be used to enhance the profile of previously presented results, provided of course that this is useful.
Personally I always try to use self-citations
sparingly. There is a penalty on exaggeration. Citation evaluations often divulge
the percentage of self-citations. Keep in
mind that self-citations are not included in
your citation score. Realize that a high selfcitation score may well make you look as if
you have got blinkers on (the closed research
culture), and be aware of this whenever you
refer to prior work of your own.
Writing review articles is especially effective, but this usually happens by invitation
only. Also very effective might be the writing of a book. In a book, the author has the
opportunity to pursue a subject in greater
depth than is allowed in an article. The author can choose to target a broader audience
than that of a journal. I have used this possibility to (co-)write a book in which a number of numerical methods were described
at such a level that they could be used by
mathematicians without prior knowledge of
numerical mathematics. In my opinion this
has contributed enormously to the popularity of the algorithms, of which “my” often
cited Bi-CGSTAB method is one.
This brings me to a “negative” aspect of
popularity. It sometimes happens that a
product of a manufacturer becomes so popular that the brand name becomes a generic
name; an example of this is Aspirin. The
brand name is no longer protected and other
producers are allowed to use it. The same
can happen to the author of an algorithm.
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When solving sets of equations by elimination hardly anyone still cites Gauss. The BiCGSTAB algorithm has now been included
in Matlab and not everyone still refers to its
origin. This leads to a natural limitation on
the citation scores of the source.
Talks
I see talks as an excellent means of me selling my work as a kind of salesman. I always hope that some of my audience decide
to examine my work more closely. Please
read Klaas Landsman’s excellent article in
NAW on how to give an effective talk [3]:
I do not think there is anything to add to
that. Recently I tried out a talk on some
student volunteers, asking them to “shoot
at will”. This has given me plenty of useful
information.
I always finish my talks with a referral
to my web pages, where the audience can
find more information. This brings me to
the third item.
The Web
The power and might of the web are still
largely underestimated in our circles. Many
scientists search for information on the web
and hardly frequent libraries anymore. In
2001 Steve Lawrence published a nice article in Nature called ‘Online or Invisible?’[4].
As well as all kinds of nice statistics, his research into citations of 119,924 publications
in total (included in Conference proceedings), was striking. The average number
of citations of electronically available publications (i.e., via the web) was 7.03 versus
only 2.74 for publications that were exclusively available in print. Important lesson:
make sure that your publications are readily available on the web, preferably in a directly printable or readable format. Nowadays most publishers allow this.
Personally I also use the web to make my
research fields more accessible via so-called
Lecture Notes. In these Lecture Notes I can
take explanations and illustrations as far as
I want to; at least further than in regular
publications. Of course I also use them to
clarify my work more comprehensively for

a broader audience. The Lecture Notes are
fairly popular; they are downloaded from
my web pages about 45 times a month. I
have a strong feeling that this has helped
make my work better known and more accessible, which certainly has pushed my citation scores upwards. In writing the Lecture Notes I always keep a good eye on quality. Lack of it is punished ruthlessly in the
scientific world. Be extremely careful with
what you make available on the internet. It
cannot be withdrawn: after a (short) while
electronic copies of your work seem to surface everywhere. For this reason, do not put
rough drafts on the web, but restrict yourself to contributions you fully endorse.
I keep a regular eye on which articles are
downloaded from my web pages and how often this happens (in our system group we receive up-to-date daily reports). This way I
see where the demand is and which subjects
might warrant further attention. Initially it
seemed to be a bit of a waste of time to
write review articles (‘State-of-the-art papers’), but when I noticed that they were
relatively popular this increased my motivation to write some more (although at the
request of editors). It can be of tremendous
help to others in opening up a large part of
a field and that is why review articles are
usually cited frequently.
Because of their popularity, I regularly
expand the Lecture Notes with new material, or make corrections that readers suggest to me. After learning that the notes
are sometimes used as educational materials
I have started to include exercises. Recently
this has resulted in a book [5], but a limited
preliminary version of it still remains on the
web page as a kind of tempter. Tip: make
sure that your publications on the web do
not become too long. I have divided my
Lecture Notes into three parts to prevent
irritation while downloading.
Email
I have already mentioned reader feedback;
this happens via verbal contact at workshops and conferences, but primarily via
email. Another possibility to make your
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work more widely known is to circulate
postscript or pdf files by email. Personally
I would be reluctant to do this. I find it
quite annoying to be sent large unsolicited
files. It is much nicer to be notified by colleagues as to where you can download new
work that might be of relevance to you. You
might still circulate such succinct notices
selectively; but personally I always find it
pleasant if colleagues close their emails to
me with their address and the URL of their
web pages, and leave it at that.

8
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Epilogue

“How to write a frequently cited article?”
I would rather interpret the title as being
“How to make sure my article will receive
attention?” It is such a pity if you come up
with new ideas and nobody finds out about
them. In this article I have explained which
line(s) of action I would personally follow.
Of course I do not have a formula to write
a frequently cited article and therefore I am
curious to await this article’s fate.
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Mathematics-In-Industry study group, Auckland, January 2004: Report
Graeme Wake
Director Centre for Mathematics in Industry, Massey University Auckland

After 20 years of being hosted very successfully in Australia, the Mathematicsin-Industry Study Group (MISG) moved
across the Tasman to Auckland, NZ and
was held there from 26th–30th January, the
week before ANZIAM2004 in Hobart. It
was organised by the newly formed Centre
for Mathematics in Industry at Massey University in Albany, Auckland and was physically located at the University of Auckland’s city campus. It brought together
nearly 140 delegates from all parts of the
world: international contributors included
invitees Paul Dellar from OCIAM, Oxford, UK; John King from Nottingham,
UK; together with five from the Korea Advanced Institute for Science and Technology (KAIST, including 3 students), and
many other Asian countries were represented. In addition to the most important
brain-storming sessions, a student workshop was held (speakers Alan Conaghan
– “Pavement Modelling”, Graeme Wake –
“Industrial Mathematics” and John King –
“Mathematics in Medicine”); plenary talks
were given by Ray Hoare – on Software developments – and Paul Dellar – on Combustion waves/UK Study Group problems; and
a ferry/restaurant excursion was held one
warm summer evening. More details can be
found on the website: http://misg2004.
massey.ac.nz including some of the key addresses given. Six industrial problems were
considered:
• Strip temperature in a metal coating
line annealing furnace (NZ Steel) – to
predict and control strip temperature
during annealing – essential for ensuring product quality.
• Modelling
of
a
poultry
shed
(NRM/Tegel) – to provide underpinning decision support for the modelling

•

•

•

•

of the energy exchange between the
growing chickens and their shed environment.
Forecasting wind farm generation
(Transpower NZ Ltd) – develop an algorithm to forecast wind farm electrical
output from real-time to a day ahead,
considering operational and meteorological characteristics.
Earthquake damage in underground
roadways (Solid Energy Ltd) – provide
a model that can relate risk/damage to
underground roadways occurring from
earthquake waves of varying depth, intensity and incidence.
Dispersion rates of wilding trees (Environment Canterbury) – provide a predictive model determining propagation
rates of wilding trees as a function of environmental parameters so as to assist
in planting and control strategies.
Optimal sorting of product into fixed
weight packaging (Compac Sorting
Equipment Ltd) – develop a robust routine for calculating categories of produce by weight and develop the software
for implementation, using a “learning
by experience” algorithm.

MISG2004 was a resounding success and
gave Industrial Mathematics a significant
boost in New Zealand simultaneously providing the annual ANZIAM MISG event in
this area. The picture below shows the
Director Professor Graeme Wake with NZ
Steel representatives Phillip Bagshaw (centre) and Nebojsa Joveljic along with Professor Chang-Ock Lee from KAIST. The moderators (not shown) for this problem were
Mark McGuinness from VUW, Wellington
and Steve Taylor from the University of
Auckland.
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Although it is too early to say much
about the final achievements, progress
was made on each problem and some
downstream collaborations are being nurtured. The latter were strongly encouraged, but not required, by the MISG organisers. The Proceedings of MISG2004
are to be published by our Centre by the
end of 2004 and the Equation-free Summaries will be available mid-year, both from
g.c.wake@massey.ac.nz. A summary of
each of the six problems is included below.

Problem 1
Accurate control of strip temperature is essential for ensuring optimum product quality and throughput. New Zealand Steel has
developed a simple mathematical model of
their Metal Coating Line Annealing Furnace to enable prediction of strip temperature for various products and operating
conditions. The model is applicable for
approximately 50% of the operating time
when the furnace is in equilibrium, thus it
is in a steady-state. Annealing is a process by which the steel is heated to a specific temperature in order to soften the steel
by changing its structure. Considerable
progress was made in developing and implementing a partial differential equation
model, for the unsteady situation. The
Industry representatives expressed satisfaction with the outcomes and arrangements
are being made by the moderators (Mark
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McGuinness and Steve Taylor) for ongoing
work. NZ Steel, now Bluescope Steel, also
attended MISG2003 in Adelaide as problem
sponsors.

Problem 2
This was specifically modelling the energy
exchange between the chickens and their
shed environment. The chicken shed modelled has chickens placed as day old chicks at
a given stocking density per square metre.
They are floor reared on a concrete floor
with dry wood shavings as “litter” spread
on the concrete to 5cm thick. This litter remains with flock for the duration of
the batch “composting” down to a friable
litter material consistent with “50% sawdust mixed with 50% dry garden soil”. The
sheds are “controlled environment” sheds,
and the birds are grown to a specific temperature profile as they get older. The shed
temperature control starts at a given temperature at day of placement graduating
down to 20 degrees C by the time the birds
reach processing age (on average 37 days).
The chickens have unlimited access to feed
and water, and grow to a specific growth
profile with target weight for age expectations. Specific air exchange requirements
are necessary to maintain a shed environment acceptable for animal welfare and performance parameters. Water generated into
vapour/humidity through evaporation, and
carbon dioxide being the predominant waste
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products needing to be removed. The moisture content of the dry wood shavings prior
to placing the chicks will be approx. 5%.
By the end of the growing cycle the litter moisture will ideally be no higher than
18% to 20%. Water accumulation in the
litter is insignificant compared to total water through put during the run. By using
specific quite simple heat and moisture balances the group led by moderators Robert
McKibbin (Massey University) and Andy
Wilkins (Canesis, Australia) were able to
provide key decision support algorithms and
approaches.

Problem 3
In the New Zealand Electricity Market
(NZEM), generators offer power into the
system for every half-hour trading period.
These offers are made around 24 hours
ahead for scheduling (forecasting) purposes,
and are frozen 2 hours ahead of real time.
In addition, the System Operator (Transpower) forecasts generation close to real
time for dispatch and security analysis. The
market works best, and dispatch is most secure, when forecasts of price and quantity
respectively at each of these different time
outlooks are accurate. While this is readily achievable for dispatch able generation
such as hydro and thermal plant, it is more
problematic for plant whose output is governed by environmental conditions, such as
river flow for hydro plants and especially
wind turbines. There is currently one significant wind farm on the system, but expectations are that many more will be commissioned over the next few years. The increasing proportion of wind power in the
system risks decreasing significantly the accuracy of price and quantity forecasts, and
thus market efficiency and potentially the
level of security of supply. The problem
posed to the MISG was therefore to develop
an algorithm to forecast wind farm electrical output from real-time to day ahead,
considering operational and meteorological
characteristics. The team led by moderators Tasos Tsoularis (Massey University)
and Bill Whiten (University of Queensland)

provided a range of algorithms by which
Transpower can more reliably predict output, using forecasting techniques and neural
networks.

Problem 4
New Zealand straddles the Pacific and Australian tectonic plates. To the north and
south of the New Zealand landmass are
subduction zones where one plate is being
pushed under the other. The subduction
zones dip in opposite directions, which results in a transitional zone through the middle of the South Island: the Alpine Fault.
There is an apparent offset of approximately
500km along the Alpine Fault. This significant displacement is testimony to the historical seismic activity of the region. Research
by Solid Energy NZ Ltd had found that historically, underground structures have undergone less damage than above ground
structures during earthquakes. This is supported by wave theory. An earthquake initiates seismic waves of various frequencies
when it ruptures, with the waves travelling
up through the rock layers until they reach
the earth’s surface. The large reduction in
stress and strain at the air-rock/soil interface results in an increase in amplification
of the seismic waves when they reach the
surface. Mathematically, in principle, the
motion of an underground roadway during
an earthquake should be one half that at
the surface. Exceptions exist, however, and
it is prediction of how a particular mine
may be affected by an earthquake of magnitude x that forms part of this study. It
is thought that the resonance of seismic
wave frequencies with the natural frequencies of a structure, are a significant cause
of the increase in damage (motion) experienced in some situations. Exceptions in
the past have mainly been very shallow
road and subway tunnels. Wave theory
suggests that if a large proportion of high
frequency, short wavelength seismic waves
hit a mine and the wavelengths are small
compared to the dimensions of the mine
opening, they may treat the opening as a
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free surface, amplifying the motion felt underground. This introduces another uncertainty in that how close does an earthquake
have to be to the mine for this to happen?
There are a number of other factors that
may affect the shaking felt underground:
Angle of incidence of the waves (constructive and destructive); Degree of dampening
of the waves (dependent on the media they
are passing through); And type of waves.
When an earthquake occurs, a number of
types of waves are generated that travel
through the Earth’s interior, these can be
divided into two categories: body waves
and surface waves. Body waves can be further subdivided into p-waves and s-waves.
P-waves (also known as primary, compressional or longitudinal waves) involve successive compression and rarefaction of the
materials they pass through. S-waves (also
known as secondary, shear or transverse
waves) cause shearing deformation as they
pass through a material. From an engineering perspective the most important surface
waves are Rayleigh and Love waves. These
wave types are unlikely to have a significant damaging affect on an underground
mine other than the potential to damage
the portals (entrances). What was required from this study was to: (i)Determine
the attenuation rate of high frequency,
potentially damaging, earthquake induced
waves for the Terrace and Spring Creek
sites;(ii)Determine the critical frequency at
which these waves may treat the mine openings as a free surface (potential for severest damage);(iii)Determine the effect on a
single roadway and then investigate the effect on a network of intersecting roadways,
of high frequency body waves;(iv) From
this determine if there is mining direction
that is less susceptible to damage from high
frequency waves;(v) From the above estimate the probability of a 8.0 earthquake
on the Alpine Fault or a magnitude 7.0
earthquake on the secondary faults having a
damaging affect on the Terrace and Spring
Creek underground mines;(vi) From numerical modeling and analysis determine the
consequence of a magnitude 8.0 earthquake
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on the Alpine Fault or a magnitude 7.0
earthquake on the secondary faults, on the
two mines. The team led by the moderators, Tim Marchant from the University of
Wollongong and Graham Weir from Industrial Research, Wellington, provided a range
of approaches which will need further evaluation before Solid Energy New Zealand Ltd
will be in a position to achieve its aim to
determine its level of corporate risk (probability x consequence) at these sites from
a major earthquake. Certainly it appears
that damage at depth is significantly less
than at the surface. This rather uniquely
NZ problem proved quite challenging (even
to formulate) and is ripe for further study.

Problem 5
The uncontrolled spread of introduced
conifers (wilding conifers) potentially
threatens more than a million hectares
of land in Canterbury, as well as other
parts of the South Island, NZ. Wilding
conifers threaten native vegetation, endangered species, and important wildlife habitat. Wilding conifers also threaten pastoral
farmland, the distinctive expansive landscapes of the South Island, historic and
cultural sites, and recreation opportunities.
Wilding conifers are the most significant
weed threat in many areas of the Canterbury high country, and do not discriminate
between land tenures and property boundaries. Because funding is limited, control
of wilding conifers must be targeted at the
most important sites, coordinated between
land management agencies and landowners,
and be sustained for as long as there is a risk
of re-infestation. Environment Canterbury
has recently completed a survey of wilding
conifer spread in the Region’s high country,
covering a total area of about 2.3 million
hectares. The Canterbury high country has
characteristic features of topography, climate, vegetation and land use (mostly extensive grazing or conservation land) that
make it particularly susceptible to wilding
spread. At present approximately 62,000
ha within this part of the region contain
wilding conifers. The spreading vigour of
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wilding conifer species can also be assessed,
based on species’ competitiveness, palatability, seed production and seed weight.
Factors influencing wilding spread include:
Presence of seed sources; Siting and management of plantings (seed sources); Direction, severity and frequency of strong
winds; Composition and stature of the plant
communities on surrounding land; Presence
of fungi on surrounding land; Resistance
of pests and diseases; Palatability of the
wilding species; Site conditions (including
climate); and management of surrounding
land (including disturbance) Strong winds
can transport seed for many kilometres.
Wilding conifer spread has been recorded
40 kilometres from the seed source at Mid
Dome (Southland) and wildings frequently
establish at least 10 kilometres from parent
trees. Seed is usually deposited at sheltered
sites, such as lee slopes, where wind speed
is reduced. The successful germination and
establishment of wilding conifer seed may
depend on the composition of plant communities at the site. Bare ground, or low
stature plant communities such as grassland
and herbfield, are the most favourable communities for wilding establishment. Shrubland is relatively less favourable, and forest generally unfavourable. However Douglas fir, which is relatively shade-tolerant,
may establish beneath a mature beech forest canopy, and other wilding species may
establish in openings within regenerating
forest. The presence of wild or domestic animals and the palatability of introduced conifer species are likely to influence
the successful establishment of wildings.
The task ahead was to provide a model
for this spread, taking into account all the
factors mentioned above. This was a popular problem and the group had to subdivide!! The problem group, led by moderators Heather North from Landcare Research
NZ and Mick Roberts from Massey University, canvassed a range of deterministic and
stochastic models which can be used by
Environment Canterbury to predict invasive spread in a large number of scenarios.

Several models are the subject of ongoing
investigations.

Problem 6
Many of Compac’s customers sort their fruit
into cardboard boxes or plastic bags using
their equipment. The normal requirement
is for a fixed number of fruit to fill a box
to a fixed weight e.g. 100 apples into a
box to weigh 18 kg in total. Typically the
fruit being sorted is divided into about 16
sizes by weight of a piece of fruit, with the
smallest size targeting 216 fruit into an 18
kg box, and the largest size targeting 36
fruit into an 18 kg box, with the individual fruit weighing from 80 grams through
to 400 grams (fruit weighing accuracy is to
within a standard deviation of 1.5 grams).
The problem is to maximise the number of
boxes produced by minimising the amount
that a box weighs over the target weight, by
continuously monitoring the distribution of
fruit being sorted and adjusting the weight
bands that different sizes fit into. The distribution of fruit is continuously changing
throughout the day due to the fruit coming
from different orchard blocks or areas of an
orchard block. It is allowable to target a certain small percentage of boxes that will end
up underweight as these can be manually
adjusted, as typically every box is checked
for its final weight after being filled, and
the customer would want to be able to adjust how often this occurs. One complexity
is that customers wish to take one particular size and put half the production into 18
kg boxes and half into 19 kg boxes. There
are two types of box filling that we need
to optimise, which may require different solutions: (1) they know exactly which fruit
went into which box; (2) they only know
that a fruit went into one of the last few
boxes filled. The team led by moderators
Phil Kilby from CSIRO, Sydney and Clive
Marsh from Canesis Network NZ, achieved
almost a complete solution of this popular
OR problem. Implementation is underway.
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Concluding Remarks
MISG 2004 was sponsored by ANZIAM,
New Zealand Mathematical Society, Massey
and Auckland Universities, Hoare Research
Software Ltd, Canesis Network Ltd, Industrial Research Ltd, Pavement Management
Services and Transfield Services; and each
participating company named above provided logistical and financial support all of
which is gratefully acknowledged. The Director’s prize for the best remark “Overheard in Passing” was given to Darren
Jilks of Bluescope Steel (Australia) who was
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heard to say: “They’re both infinitely wide
but one is twice as wide as the other.”
Buoyed by the success of MISG2004 we
are, as agreed by ANZIAM, planning for
MISG2005, which will be in Auckland 24th28th January 2005. The ANZIAM Applied
Mathematics Conference in Napier (on the
east coast of the North Island, NZ) is the
following week. Plan to be at both.
Centre for Mathematics in Industry, Massey University at Albany, Private Bag 102 904, North Shore
MSC, Auckland, New Zealand.
E-mail: g.c.wake@massey.ac.nz
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ANZIAM 2004
Kerry Landman

The 40th Applied Mathematics Conference
was held in Hobart from 1–5 February 2004.
Larry Forbes and his committee of Karen
Bradford, Peter Trotter, Simon Witherspoon did a wonderful job organising the
whole event, which ran very successfully and
smoothly. It was great to get to catch up
with everyone at this conference after the
vast scale of ICIAM 2003.
Greeting us on arrival on the docks near
The Grand Chancellor Hotel was Super Star
Leo, a luxury cruise liner, 270m long, 32m
wide, with capacity of 2000 guests and 1000
staff. Its scale was quite breathtaking.
The invited speakers covered a range
of interesting topics.
We heard about
simulations of the Antarctic and Southern ocean systems from Nathan Bindoff (Tasmania), magnetic imaging electric
impedance tomography in medical imaging,
by Jin Keun Seo (Yonsie University), the
connection between population models and
Painleve equations from Nalini Joshi (Sydney), moving contact lines and cell motion
by John King (Nottingham), cubic graphs
and Hamiltonian cycles by Stephen Lucas (South Australia), thin-layer fluid mechanics by Len Schwartz (Delaware) and
capacity reconfiguration in logically fullyconnected loss networks by Peter Tayor
(Melbourne).
The conference dinner was a very friendly
evening, with the new ANZIAM Chair
Robert McKibbin being the master of ceremonies. Who was the genius that thought
up the idea of dispensing with an afterdinner speaker, and having a live jazz trio
and dance music? It might have been nice
to see a few more people dancing, but I enjoyed dancing with several people.
At the Conference Dinner, the ANZIAM
medal was awarded to Roger Grimshaw,

who unfortunately was not with us. We
hope to congratulate him in person and celebrate his achievements in 2005. Congratulations to Mark Nelson (Wollongong) for
the J.H. Michell medal, awarded to an outstanding new researcher. We look forward
to hearing his invited talk at Anziam 2005.
This year there were 25 student talks
competing for the T.M. Cherry Award.
These talks are often the highlight of
the conference because they are so well
prepared.
Congratulations to Kaseem
Mustapha (UNSW), the winner of the T.M.
Cherry prize. He gave an excellent talk
on his PhD research on a Galerkin method
with quadrature for nonlinear parabolic
problems. There were five honorary mentions: Chris Green (Melbourne), Hartmann
(James Cook), Jason Looker (Melbourne),
Angus Munro (Tasmania) and Ana Novak
(Melbourne). The students awarded the
Cherry Ripe prize this year to Stephen Lucas (South Australia) for his excellent talk
associated with his award of the 2002 J.H.
Michell medal, with honorary mentions to
Larry Forbes (Tasmania), Peter Taylor and
Kerry Landman (Melbourne).
The Hobart Mercury, the local newspaper, showed a lot of interest in ANZIAM.
Michelle Paine, the reporter, communicated
the mathematical questions and ideas well
to her Tasmanian readership. She interviewed a number of us and articles appeared
three days running, covering SARS epidemics, frisbee aerodynamics, paint films,
the timing of elections, and birth defects.
We all had a great time. Thank you
Larry, Karen, Peter and Simon! We look
forward to ANZIAM 2005 in Napier, New
Zealand.
Department of Mathematics and Statistics, University of Melbourne, VIC 3010
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Efficient enumeration of 3-manifold triangulations
Benjamin A. Burton
Abstract
Triangulations describe how different low-dimensional topological spaces can be constructed from simple building blocks. Forming an exhaustive list of all small triangulations is difficult, typically involving a slow computer-based search. We present techniques
for improving the efficiency of such searches, thereby allowing more extensive lists to be
constructed.

1

Introduction

Low-dimensional topologists take a particular interest in the structures of spaces of small
dimension. An n-manifold is essentially a topological space in which each point has an ndimensional neighbourhood. So, for instance, an infinite plane or the surface of a sphere are
both 2-manifolds, whereas the universe in which we live is a 3-manifold.
Triangulations offer a convenient method for representing n-manifolds using n-dimensional
simplices as basic building blocks. For instance, 2-manifolds can be constructed by gluing together triangles along their edges, and 3-manifolds can likewise be formed by gluing together
tetrahedra along their faces.
Much of the current activity in low-dimensional topology focuses upon the classification
of 3-manifolds. To this end, an exhaustive list of all 3-manifold triangulations of a particular
size and type can be a useful resource. Such a list is called a census, and can provide a rich
body of examples for testing and analysis as well as offering insight into the structures of
the most efficient triangulations.
A number of such censuses are described in the literature [1, 2, 5, 6, 7, 8, 10, 12]. Typically
a census is formed through an exhaustive computer search over the possible ways in which
tetrahedron faces can be joined together.1 Such searches are exceptionally slow however,
and therefore only limited results have been found to date.
In order to improve the efficiency of such computer searches, most authors use mathematical techniques to restrict the search space and thus speed up the census generation.
Here we present a series of such techniques that were introduced for the seven-tetrahedron
closed non-orientable census [5]. We focus in particular on the use of graphs describing
which tetrahedron faces are joined to which others.
Section 2 describes the overall structure of a typical census algorithm. In Section 3
we introduce the graphs discussed above and present the main results. Finally Section 4
incorporates these results into the census algorithm and examines how effective these improvements are in practice. For a full exposition of this material, the reader is referred to
[4].

Benjamin Burton is joint winner of the 2003 B.H. Neumann Prize. This contribution is a written version
of his winning talk presented at the 2003 AMS meeting. See also Aust. Math. Soc. Gazette 31 (2003), 232.
1The exceptions are the non-orientable censuses of Amendola and Martelli [1, 2], who use theoretical
techniques but do not enumerate the different triangulations of each 3-manifold.
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The Census Algorithm

Before presenting the census algorithm, we make some additional comments on the formation
of triangulations from individual tetrahedra. When joining two tetrahedron faces together
as part of a 3-manifold triangulation, there are six possible ways in which this join can
take place. These six ways correspond to the six rotations and reflections of the equilateral
triangle.
It is important to note that this joining of faces does not need to take place in 3dimensional space, i.e., triangulations are not subject to “physical constraints”. The tetrahedra can simply be pictured as individual objects whose faces are linked in pairs – if you
travel through the 3-manifold and exit one tetrahedron along some face, you immediately
enter some other tetrahedron along another. This flexibility allows us to use relatively simple
triangulations to represent a rich variety of different 3-manifolds.
Example Consider the two-tetrahedron triangulation illustrated in Figure 2 (this triangulation represents the 3-manifold S 2 × S 1 ). The two faces BAC and ACD are joined to each
other so that vertices B, A and C correspond to vertices A, C and D respectively. The
two faces QPR and PRS are joined to each other so that vertices Q, P and R correspond
to vertices P , R and S respectively. In a similar fashion, faces ABD and PQS are joined
together and faces BCD and QRS are joined together.
A

P
D

S

B

Q
C

R

Figure 2. A two-tetrahedron triangulation of S 2 × S 1

As a result of these face gluings, the six edges BA, AC, CD, QP, PR and RS come together
to form a single edge of the triangulation. Likewise the four edges AD, BC, PS and QR
become one, and the two edges BD and QS become one. These edge identifications are
graphically depicted in Figure 2 using identical arrowheads for identified edges.
We pause now to formally lay down our census constraints. As in most previous censuses
of 3-manifold triangulations, we restrict our attention to only the simplest triangulations of
the simplest 3-manifolds as follows.
Definition 4 (Census Triangulation) We define a census triangulation to be a 3-manifold
triangulation satisfying the following additional constraints.
• The triangulation must be closed, i.e., the 3-manifold it represents must be compact
and have no boundary. In a 2-dimensional analogy, this constraint would rule out a
plane (which is infinite) or a disc (which has a boundary circle) but would allow a
sphere or a torus.
• The triangulation must represent a P2 -irreducible 3-manifold. P2 -irreducibility is
like primality; it allows us to restrict our attention to the simplest 3-manifolds from
which larger 3-manifolds can be constructed.
• The triangulation must be minimal, i.e., there must be no triangulation of an equivalent 3-manifold formed from strictly fewer tetrahedra.
The algorithm for enumerating census triangulations can be split into three main components as described below. This is a fairly natural breakdown, and all enumeration algorithms
described in the literature follow this general pattern.
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Algorithm 1 (Census Algorithm) To enumerate all census triangulations formed from n
tetrahedra, we perform the following steps.
(1) Given n tetrahedra, enumerate all possible ways in which the 4n tetrahedron faces
can be partitioned into 2n pairs. We refer to such a partition as a face pairing.
(2) For each face pairing, enumerate all possible rotations and reflections with which
each pair of faces can be joined.
In general each pair of faces can be joined according to one of six possible rotations
or reflections, or one of three if only orientable triangulations are to be considered.
Thus for each face pairing we must search through approximately 62n possibilities,
or 32n for just orientable triangulations.
In practice this search is pruned somewhat. For instance, a common technique is
to prune the search tree where it becomes apparent that an edge of low degree will
be present in the final triangulation [4, 6, 12]. Other pruning techniques are also
available, frequently varying with different census constraints.
(3) For each resulting triangulation that is constructed, test whether it satisfies the
full set of census constraints (such as minimality and P2 -irreducibility). If it does,
include it in the final list of results.
The efficiency of step 3 is difficult to measure, since it often involves a combination of computation and human analysis. We therefore focus our efficiency analysis on the generation
of triangulations as described in steps 1 and 2.
Step 1 is exceptionally fast – for the six tetrahedron non-orientable census that consumed
fifteen hours of processor time (see Table 2), the generation of face pairings took under a
hundredth of a second. We see then that the vast bulk of processor time is spent in step 2
selecting rotations and reflections for each face pairing. It is in step 2 then that we seek to
make the strongest improvements.

3

Face Pairing Graphs

Our strategy for improvement the efficiency of Algorithm 1 is twofold.
• We derive constraints that a face pairing of a census triangulation must satisfy, as
seen in Theorem 4. We then throw away any face pairings generated in step 1 of
the census algorithm that do not satisfy these constraints.
Since the time taken to generate face pairings is negligible, it follows that if we
can eliminate p% of our face pairings in this way, we should expect to eliminate
approximately p% of the running time of the overall algorithm.
• We use properties of face pairings to derive properties of the rotations and reflections
used in the actual face gluings, as seen in Theorem 5. For each face pairing that
remains to be processed, we can use these properties to restrict the search described
in step 2 of the census algorithm, in some cases making marked improvements to
the resulting time complexity.
The results that we derive are best expressed in terms of face pairing graphs. A face
pairing graph is simply a convenient visual representation of a face pairing as follows.
Definition 5 (Face Pairing Graph) Let T be a 3-manifold triangulation formed from n
tetrahedra. The face pairing graph of T is the multigraph on n vertices representing the n
tetrahedra of T , with 2n edges representing the 2n pairs of tetrahedron faces that are joined
together.
Example Recall the two-tetrahedron triangulation of S 2 × S 1 presented in Example 2. The
corresponding face pairing graph is illustrated in Figure 3. The two vertices correspond to
the two tetrahedra. The two loops represent the fact that each tetrahedron has two of its
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faces joined together, and the double edge between the two vertices represents the fact that
two faces of the first tetrahedron are joined with two faces of the second.

Figure 3. The face pairing graph corresponding to Figure 2

It is straightforward to observe that the face pairing graph of any census triangulation is
a connected multigraph whose vertices each have degree four. Figure 4 illustrates all such
multigraphs on four vertices.

Figure 4. All possible face pairing graphs on four vertices

Definition 6 (Chain) A chain of length k is a series of k double edges joining k + 1 distinct
vertices in a linear fashion, as illustrated in the left hand diagram of Figure 5. A one-ended
chain is a chain with a loop appended to one end, as illustrated in the right hand diagram
of Figure 5. A solitary loop is considered to be a one-ended chain of length zero.

Figure 5. A chain of length four and a one-ended chain of length three

Our first improvements to the census algorithm involve identifying particular families of
subgraphs within face pairing graphs, as seen in the following result.
Theorem 4 Let G be the face pairing graph of a census triangulation containing ≥ 3
tetrahedra. Then G must satisfy the following constraints.
• G does not contain a triple edge, i.e., three edges joining the same two distinct
vertices as illustrated in the left hand diagram of Figure 6.
• G does not contain a pair of one-ended chains joined by a single edge as illustrated
in the central diagram of Figure 6, unless this single edge is in fact part of a double
edge in G.
• G does not contain a one-ended chain with a double handle as illustrated in the right
hand diagram of Figure 6. A double handle is simply a triangle with one double edge,
attached to the opposite end of the chain from the loop.

Figure 6. Subgraphs that should not occur within a face pairing graph
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Proof. This result is proven in two stages, details of which can be found in [4]. We begin
by establishing a number of forbidden properties that a census triangulation must not have.
Examples include edges of low degree, or faces joined together to form small structures such
as spheres or cones.
We then perform a large case analysis covering all possible ways in which tetrahedra may
be joined together according to each type of face pairing graph. For instance, in proving
that G cannot contain a triple edge, we examine all 63 ways in which two tetrahedra may be
joined together along three different faces (corresponding to the two graph vertices joined
by three different edges). In each case we derive one of the forbidden properties noted
above.

The previous result describes structures that cannot occur at all within a face pairing
graph. We turn now to face pairing graphs that do actually correspond to triangulations in
our census. In particular we focus upon one-ended chains within face pairing graphs, and
examine the structure that a one-ended chain imposes upon such a triangulation.
We find that one-ended chains have strong links to layered solid tori, which are structures
found within a remarkable number of census triangulations [5, 12]. Layered solid tori and
related constructs have been described by Jaco and Rubinstein [9], Martelli and Petronio
[11] and Matveev [12].
Definition 7 (Layered Solid Torus) A layered solid torus is a triangulation formed according
to the following construction. We begin with the one-tetrahedron triangulation illustrated
in Figure 7, where faces ABC and BCD are joined together and faces ABD and ACD are
left alone for now.
C
A

D
B

Figure 7. A one-tetrahedron layered solid torus

We may then optionally perform any number of layerings as follows. At each stage
there are always two faces not yet joined to anything (such as faces ABD and ACD above).
To perform a layering, we select some edge e lying between these two faces, take a new
tetrahedron ∆ and then join two adjacent faces of ∆ to these two faces without any rotations
or reflections, as illustrated in Figure 8. The two remaining faces of ∆ become our two new
unmatched faces, ready for the next layering if we should choose to perform one.

T

e

Figure 8. Performing a layering

It can be shown that for each layering there are three possible edges e to choose from,
and that this construction always yields a triangulation of the solid torus.
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We see then that the face pairing graph of a layered solid torus is in fact a one-ended
chain. This relationship goes both ways as seen in the following result.
Theorem 5 Let G be the face pairing graph of a census triangulation T containing ≥ 3
tetrahedra. If G contains a one-ended chain, then the tetrahedra of T corresponding to this
one-ended chain form a layered solid torus in T .
Proof of Theorem 5. This proof follows a similar structure to the proof of Theorem 4. Specifically we establish a series of forbidden properties of census triangulations. We then perform
a case analysis over the possible ways in which a one-ended chain can correspond to actual
tetrahedra joined together along their faces.
The case analysis here is refreshingly simpler than in Theorem 4. Once more the reader
is referred to [4] for details.


4

Improving the Algorithm

We consider now the application of Theorems 4 and 5 to the enumeration of 3-manifold
triangulations as described in Algorithm 1.
As outlined at the beginning of Section 3, we can eliminate any face pairings whose graphs
do not satisfy the properties of Theorem 4 after running step 1 of the census algorithm.
Table 1 illustrates for small numbers of tetrahedra how many face pairings can be eliminated
in this way. All counts are given up to graph isomorphism and were obtained using Regina
[3], a freely available software package for 3-manifold topologists.
The final column of the table lists the running time taken by Regina to enumerate the
face pairings, as measured on a single 1.2GHz Pentium III processor. Note that 0:00 simply
indicates a running time of less than half a second.
Tetrahedra
3
4
5
6
7
8
9
10
11

Total
4
10
28
97
359
1 635
8 296
48 432
316 520

Eliminate
2 (50%)
6 (60%)
16 (57%)
58 (60%)
221 (62%)
997 (61%)
4 930 (59%)
27 681 (57%)
172 691 (55%)

Keep
2 (50%)
4 (40%)
12 (43%)
39 (40%)
138 (38%)
638 (39%)
3 366 (41%)
20 751 (43%)
143 829 (45%)

Time (h:mm:ss)
0:00
0:00
0:00
0:00
0:01
0:05
0:44
7:21
1:20:48

Table 1. Frequency of face pairing graphs that can be eliminated

We see from Table 1 that in each case a little over half of the possible face pairings can
be eliminated. Although this does not reduce the time complexity of the algorithm, we do
expect the running time to be reduced by more than 50%, a welcome improvement for a
census that may take months or years to complete.
It is worth noting that for ≤ 4 tetrahedra, Theorem 4 perfectly divides the face pairings
into those that lead to a census triangulation and those that do not. For ≥ 5 tetrahedra
however this is no longer true – there are graphs that are not eliminated but which do not
yield any triangulations in the final census results. Thus further research can be undertaken
to allow the elimination of even more face pairings.
Consider now step 2 of Algorithm 1, in which we search through all possible rotations
and reflections for each face pairing. Recall that it is here that almost all of the algorithm’s
running time is concentrated. We can use Theorem 5 to redesign this search as follows.
Before the search begins, we identify all one-ended chains within the face pairing graph.
For each one-ended chain we search through all possible layered solid tori of the appropriate
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size. Finally, for each edge of the graph not belonging to a one-ended chain, we search
through all six possible rotations and reflections for the corresponding face gluing as before.
The resulting improvement in running time should be substantial, as suggested by the
following rough calculations. Consider a one-ended chain on k vertices containing 2k − 1
edges. In the original algorithm we must search through all rotations and reflections for
2k − 1 different face gluings, covering up to 62k−1 = 16 36k possibilities (32k−1 = 31 9k if we
seek only orientable triangulations), although this number will be reduced due to pruning.
The redesigned algorithm however reduces this search to all layered solid tori on k vertices.
It can be shown that this offers just 2k possibilities, a significant improvement on the original
estimates of 16 36k and 13 9k .
Table 2 measures the resulting improvements in running times for several experimental
censuses of triangulations. The censuses are divided according to whether only orientable
triangulations or only non-orientable triangulations are sought. All running times are displayed as h:mm:ss, are measured on a single 1.2GHz Pentium III processor and were obtained
using the program Regina [3]. As expected the most significant improvements are obtained
in the non-orientable censuses, in the six-tetrahedron case reducing the running time from
five weeks to just over fifteen hours.

Tetrahedra
3
4
5
6

Orientable
Old Time New Time
0:00
0:00
0:03
0:01
2:28
0:51
2:49:29
56:00

Non-Orientable
Old Time New Time
0:02
0:00
3:03
0:06
6:01:53
9:19
5 weeks
15:08:43

Table 2. Algorithm running times before and after improvements
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On Klein’s quartic curve
Maurice Craig

1

Introduction

Berndt and Zhang [2] have drawn attention to three formulae at the foot of page 300 in
Ramanujan’s second notebook [17]. Of these formulae, the first is classical, the second trivial,
and the third original with Ramanujan. The authors preface a fairly lengthy modular-form
proof with the hope that “more natural proofs” of these entries might be found. This work
appears also in [3] (p. 305–313, p. 466–473) and [4] (p. 176–185), along with treatments of
related identities from page 239 of the notebook.
The triad of modular forms that these equations serve to connect goes back to Klein
(see Conclusion). They parametrise the plane quartic curve given by equation (1a) below.
Known properties of theta-functions imply linear transformations of the plane that leave the
curve invariant (cf. [6]), and have the further interest that they comprise a simple group of
order 168.
Recently Liu [16] (Theorem 6) has presented further relations among the forms (strictly,
their images under modular inversion). In this paper I first derive the page 300 formulae
from known modular-form results with especially short, elegant proofs, by series and product
manipulations, that can be quoted from the literature. Many additional formulae, including
some new ones, then follow by elementary (“high-school”) algebra.
A trace of mystery does remain, for Ramanujan’s third entry is not in its simplest form.
To give a complete result, it must be combined with another entry in [17], namely 5(i) on
page 254, which answers to equation (1.16) in [16] and to my Corollary 3. Here, for want of
a tactical proof, I follow Hecke [9]. However, being essentially a fortified heuristic argument,
this approach might perhaps revive something in the original line of thought.

2

The main results

We shall need [10] the product form
∞
Y

(1 − q 2n )(1 + q 2n−1 z)(1 + q 2n−1 z −1 )

n=1

for the theta series

∞
X

θ(z, q) =

z n q [n] ,

n=−∞

where |q| < 1 and [n] in the exponent means n2 . Write q = exp(πiω) and x = q 2 . The
eta-function is defined then by
q −1/12 η(ω) = θ(−q, q 3 ) =

∞
Y

(1 − q 2n ) =

n=1

∞
Y

(1 − xn ).

n=1

Our initial concern is the last four lines on page 300 of [17]. To translate these results to
present notation, let
u = q 1/28 θ(−q, q 7 ),

v = q 9/28 θ(−q 3 , q 7 ),

w = q 25/28 θ(−q 5 , q 7 ),
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P∞

n [14n+j]/28
n=−∞ (−1) q
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for j = 1, 3, 5) and write

h = η(ω),

H = η(7ω).

Finally, let
Ω(ω) = h7 /H + 13(hH)3 + 49H 7 /h.
Proposition 1 We have
u2 /v − v 2 /w + w2 /u = 0,

(1a)
2

uvw = hH ,
2

2

(1b)

2

1/3

v/u − w/v + u/w = [Ω(ω)]

3

3

/H .

(1c)

Start of the proofs

Equation (1b) is an immediate consequence of the product formulae. For symmetry and
consistency with [7], I make a change of notation
(b, c, d) = (u, −w, v).
In this context the sign

P

will denote summation over a cyclic permutation of b, c, d.

Lemma 1 We have
1 + η(ω/7)/η(7ω) = −

X

(c/b).

(2)

Proof. Equation (2) specialises [1, Lemma 6] to “q = 7”.



Remark The formula occurs as entry 17(v) of [17] (p. 239). The proof in [1] uses Watson’s
quintuple product identity, for which the authors give a non-elementary
proof. See [12] for
√
a simple proof,
based
on
the
fact
that
every
integer
m
+
n
−2
is
congruent
to 0, 1 or -1
√
(mod 1 + −2). For history, see [19].
Lemma 2 Equation (1a) holds.
Proof. By equation (2)
−[η(ω/7)/η(7ω)]3 = 7 + 3

X

[2b/c + c/b + (c/b)2 + b2 /cd + cd/b2 ] +

X

(c/b)3

The right-hand side may be brought to the form A0 + A1 y + A2 y 2 + ... + A6 y 6 , where
y = x1/7 and each Aj is a Laurent series in x. Noting that by −1/8 , cy −25/8 and dy −9/8 are
such series, we see that so too are (b/c)y 3 , (c/d)y −2 and (d/b)y −1 . The terms are easily
sorted, to produce the formula A3 y 3 = c/b + (d/c)2 + b2 /cd.
However, in the Jacobian identity [11]
∞
Y

(1 − q 2n )3 = (1/2)

∞
X

(−1)n (2n + 1)q n(n+1)

−∞

n=1

the series is lacunary; we cannot have n(n + 1) ≡ 4 (mod 7), i.e. (2n + 1)2 ≡ 3 (mod 7),
because 3 is not a quadratic residue. Thus A3 = 0, giving
d2 /c + b2 /d + c2 /b = 0,
equivalent to equation (1a).



For the next results, write T = (h/H)4 . (The function T is well known as a “Hauptmodul”
for the principal congruence subgroup Γ0 (7).)
Lemma 3 We have both
8+T =−

X

(c2 d/b3 ),

5+T =

X

(b3 /c2 d).
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Proof. These relations are established in [15] (Eq. (5.20)-(5.21)) and also [18] (p. 242243).

Remark The formulae appear on page 300 of [17], separated by a horizontal dash from the
last four lines. But the meanings of u, v, w differ. In terms of those below, the ones above
are respectively v/w, u/v and w/u.

4

Algebraic interlude

I digress briefly, reinterpreting b, c, d merely as indeterminates, and introducing five cyclicpermutation invariants as follows.
X
X
X
X
s = bcd, p =
b3 c, q =
b2 c3 , r =
bc5 , t =
b7 .
These particular expressions arise in the expansion
Y
(a + bτ 3 + cτ 5 + dτ 6 ) = a7 + 14sa4 − 7pa3 + 14qa2 − 7(r + s2 )a + (t + 7sp),
where the product is over all seventh roots of unity τ . (Of course, the new q is not the same
as q = exp(πiω), both above, and defining Θ(ω) below.)
There are five of these quantities, dependent on only three indeterminates, so we expect
two independent algebraic relations connecting them. To find such relations, begin comput2
2
ing
Pproducts
Pp , pq, q , pr, ... in order of increasing degree. Note that, by cyclic invariance,
p b2 c3 = pb2 c3 . Thus we find
X
pq =
b5 c4 + rs + 3s3 ,
(3a)
X
q2 =
b4 c6 + 2ps2 ,
(3b)
X
pr =
b4 c6 + ps2 + ts,
(3c)
X
p3 =
b9 c3 + 3pqs − 3s4 ,
(3d)
X
X
qt =
b9 c3 +
b2 c10 + rs2 ,
(3e)
X
X
r2 =
b2 c10 + 2s
b5 c4 .
(3f)
Subtracting equation (3c) from equation (3b) gives a first relation
q 2 + st = p(r + s2 ).
(4)
P 2 10
For the second relation, eliminate P
b c between
(3e) and (3f). After use of
P 9equations
equations (3a) and (3d) to eliminate
b5 c4 and
b c3 , we arrive at
qt + 5pqs = p3 + r2 + 3rs2 + 9s4 .

5

(5)

The proof concluded

Now let b, c, d revert to their original meanings. Lemma 2 gives p = 0, so equations (4) and
(5) reduce to
q 2 + st = 0, qt = r2 + 3rs2 + 9s4 .
(6)
Thence, by eliminating t we obtain the formula
q 3 = −s(r2 + 3rs2 + 9s4 ).

(7)

The second relation in Lemma 3 reads
T = r/s2 − 5.
The first one reduces also to (8), by use of equation (3a) with p = 0.
P
Lemma 4 We have [ (b/c2 )]3 = Ω/H 9 .

(8)
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Proof. Equations (7)-(8) give q 3 = −s5 (49 + 13T + T 2 ). But s = −hH 2 by equation (1b),
so (q/s2 )3 = Ω/H 9 as claimed.

= m2 +mn+2n2 , a binary quadratic form of discriminant
To simplify (1c), write
P∞Q(m, n) Q(m,n)
(-7), and let Θ(ω) = n,m=−∞ q
. In [17] (p. 254), Θ(ω) appears as its well known
Lambert series.
Corollary 3 We have Ω(ω) = Θ3 (ω) so v/u2 − w/v 2 + u/w2 = Θ/H 3 .
Proof. (Sketch). As theta-series for the sum of three copies of Q, Θ3 is a modular form of
weight 3, and of “Nebentypus”, for Γ0 (7). So too is E = h7 /H by [9] (p. 936-937) (see
also [7]). It follows that Θ3 /E is a modular function, and hence a rational function of the
Hauptmodul T . Moreover, Ω/E = (13 + T + 49/T )/T is manifestly of that form.
Now, replacement of ω by −1/7ω interchanges T with 49/T and leaves Θ3 (ω)/Ω(ω)
invariant. Thus the Laurent series in 1/T for T Θ3 /E must be a linear combination of terms
of the form T i + (49/T )i . The q-series expansion then determines the coefficients.


6

The T -formulae

Lemma 3 gives expressions by T for two cyclic sums of the form
X
bβ cγ dδ , β + γ + δ = 0.
As next illustrated, formulae of this pattern extend indefinitely.
Proposition 2 We have
X
(c2 d/b3 ) = −(8 + T )
X
(b3 /c2 d) = 5 + T
X
(cd4 /b5 ) = −(46 + 13T + T 2 )
X
(b5 /cd4 ) = 3
X
(c4 d2 /b6 ) = 54 + 14T + T 2
X
(b6 /c4 d2 ) = 41 + 12T + T 2
X
(c7 /b7 ) = −(57 + 14T + T 2 )
X
(b7 /c7 ) = −(289 + 126T + 19T 2 + T 3 )
X
(b8 /c3 d5 ) = −(44 + 12T + T 2 )
X
(b9 /c6 d3 ) = 248 + 114T + 18T 2 + T 3
X
(b11 /c5 d6 ) = −(204 + 102T + 17T 2 + T 3 )
X
(b14 /c7 d7 ) = −(1069 + 854T + 207T 2 + 23T 3 + T 4 )

(9a)
(9b)
(9c)
(9d)
(9e)
(9f)
(9g)
(9h)
(9i)
(9j)
(9k)
(9l)

122

Maurice Craig

Proof. Equations (3a)–(3f), expressing products of powers of p, q, r, t by cyclic sums, can be
continued to products of arbitrarily
homogeneous degree in b, c, d. Let p = 0 in these
P high
relations and solve for the sums
bβ cγ . When β + γ is divisible by 3, the expressions of
interest prove to be functions of r and s alone. Thus
X
b5 c4 = −s(r + 3s2 )
X
b2 c10 = r2 + 2rs2 + 6s4
X
b9 c3 = 3s4
X
b6 c9 = −s(r2 + 3rs2 + 6s4 )
X
b13 c2 = −s(r2 + 2rs2 + 9s4 )
X
b3 c15 = r3 + 3r2 s2 + 9rs4 + 3s6
X
b10 c8 = s2 (r2 + 4rs2 + 9s4 )
X
b17 c = −(r3 + 2r2 s2 + 7rs4 − 6s6 )
X
b21 = −(r4 + 3r3 s2 + 12r2 s4 + 9rs6 + 24s8 )/s
X
b7 c14 = −s(r3 + 4r2 s2 + 11rs4 + 9s6 )
X
b14 c7 = −s3 (r2 + 4rs2 + 12s4 ).
The results then follow by equation (8).



Remark Equations (9a)–(9h) form four pairs under negation
of β, γ, δ, P
whereas (9i)–(9l) all
P
have β > 0. The companion for (9i) involves the sum (c3 d5 /b8 ), i.e. (c11 d13 )/s8 , where
the numerator has homogeneous degree 24. It failed to appear only because we did not
proceed so far.
Equations (1.21)–(1.27) of [17] correspond respectively to my equations (1a), (9a), (9b),
(9g), (9h), (9c) and (1c). Equation (1.19) answers
(1.28) comes easily
P 7 7 to (2). Further,
by combining equation (7) with the formula
b c = −qs(r + 2s2 ), which arises from
developing the degree-14 P
products t2 , pq 2 and p2 r. Finally, (1.20) reduces to a combination
of (2) with the relation p b3 c2 = 0.

7

Conclusion

Equations (9d)–(9f) and (9i)–(9l), while possibly new, are seen to be only part of a longer
sequence of such formulae. Every product pX q Y tZ of degree 4X + 5Y + 7Z ≡ 0 (mod 3)
has the form (pq)X (qt)Z q 3K so, by equations (6)–(7), becomes 0 (if X > 0) or a rational
function of r and s after we put p = 0.
For prior occurrence of equation (1a), see equations (4) and (7) in [8] (Bd II, p. 393–394),
and equation (8) of [8] (Bd I, p. 730). The parametrisation in [14] (p. 456) evidently results
from a 7-partition of θ(−q 7 , q 3 ). Burnside [5] (p. 364, p. 497) used Klein’s quartic curve for
illustration, while Hurwitz [13], whose method I followed in [6], solved (1a) as a Diophantine
equation.
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The asymptotic solution of a difference equation
considered by Ramanujan
Michael D. Hirschhorn

1

Introduction

In the last year of his life, while he was dying in India, Ramanujan managed to produce
some startling results, which he duly recorded, mostly without any indication of derivation,
as was his wont. These results, about 600 of them, have come down to us in a manuscript
dubbed by George E. Andrews the “Lost Notebook”. This “Lost Notebook” was reproduced
[1] in 1988, for the Centenary of Ramanujan’s birth. Since Andrews’ discovery of the LNB
in 1976, he and latterly Bruce C. Berndt have been working on editing it, with a view to
publication. I have recently been privileged to see a draft version of the Springer book (at
least the first volume of the projected four volume work). I have been inspired to solve one
problem in my own way (though I owe the first steps to Andrews and Berndt). This note is
the result.
In Chapter 8 of their book, Andrews and Berndt gather together results of Ramanujan
concerning the continued fraction
1
1
1
1
1 − 1 + q − 1 + q 2 − · · · − 1 + q N −1 + a
and related material. They present and give a proof of Ramanujan’s result that this continued fraction has three different limits as N → ∞, according to the residue class of N modulo
3. They describe this result as one of the most fascinating in the Lost Notebook. In the
same chapter they present Ramanujan’s study of the behaviour of the continued fraction
1
1
uλ =
1 + q λ+1 − 1 + q λ+2 − · · ·
as q → 1, where he replaces q by ex and considers x → 0. He finds an expression for uλ as a
series in powers of x. I shall tackle the same problem. In reading this, I invite you to realise
that this problem represents perhaps half a day’s work of a dying Ramanujan. It took me
a week, on and off, with the benefit of MAPLE to avoid doing a partial fractions expansion
by hand, and to check my working.
I shall carry out the calculations as far as the term in x2 , as does Ramanujan, and
although my solution “looks different” from Ramanujan’s, the two are equivalent.
With uλ defined above, we have
1
= 1 + eλx .
uλ +
uλ−1
Let vλ = 1/(uλ − 1). It follows that
vλ =

vλ−1 + 1
.
1 + (eλx − 1)(vλ−1 + 1)

If we set x = 0, we find vλ = vλ−1 + 1, of which the solution is vλ = λ + c where c is
arbitrary, and
1
1
λ+c+1
uλ = 1 +
=1+
=
.
vλ
λ+c
λ+c
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Now suppose
uλ =

λ+c+1
+ a(λ)x + · · · .
λ+c

Then
λ+c
+ a(λ − 1)x + · · ·
λ+c−1


λ+c−1
λ+c
1+
a(λ − 1)x + · · ·
=
λ+c−1
λ+c

uλ−1 =

and
1
uλ−1


λ+c−1
a(λ − 1)x + · · ·
1−
λ+c

2
λ+c−1
λ+c−1
=
−
a(λ − 1)x + · · · .
λ+c
λ+c
λ+c−1
=
λ+c



It follows that
uλ +

1
uλ−1

2



λ+c−1
a(λ − 1) x + · · · .
= 2 + a(λ) −
λ+c

Thus we want to find a(λ) to satisfy

a(λ) −

λ+c−1
λ+c

2
a(λ − 1) = λ.

This can be written
(λ + c)2 a(λ) − (λ + c − 1)2 a(λ − 1) = λ(λ + c)2 = λ3 + 2cλ2 + c2 λ.
Summing on λ gives
(λ + c)2 a(λ) =

1 2
c
c2
λ (λ + 1)2 + λ(λ + 1)(2λ + 1) + λ(λ + 1) + c2 α
4
3
2

where α = a(0) is arbitrary. So
a(λ) =

1 2
4 λ (λ

+ 1)2 + 3c λ(λ + 1)(2λ + 1) +
(λ + c)2

c2
2 λ(λ

+ 1) + c2 α

.

Thus far we have
uλ =

1 2
λ (λ + 1)2 + 3c λ(λ + 1)(2λ + 1) +
λ+c+1
+ 4
λ+c
(λ + c)2

c2
2 λ(λ

+ 1) + c2 α

x + ··· .

Now suppose
1 2
λ (λ + 1)2 + 3c λ(λ + 1)(2λ + 1) +
λ+c+1
uλ =
+ 4
λ+c
(λ + c)2

c2
2 λ(λ

+ 1) + c2 α

x + b(λ)x2 + · · · .
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Then
uλ−1

1
(λ − 1)2 λ2 + 3c λ(λ − 1)(2λ − 1) +
λ+c
=
+ 4
λ+c−1
(λ + c − 1)2

c2
2 (λ

− 1)λ + c2 α

x

+ b(λ − 1)x2 + · · ·

1
c
c2
2 2
2
λ+c
4 (λ − 1) λ + 3 λ(λ − 1)(2λ − 1) + 2 (λ − 1)λ + c α
=
1+
x
λ+c−1
(λ + c)(λ + c − 1)

λ+c−1
2
b(λ − 1)x + · · ·
+
λ+c
and
2

1
uλ−1

1
(λ − 1)2 λ2 + 3c λ(λ − 1)(2λ − 1) + c2 (λ − 1)λ + c2 α
λ+c−1
1− 4
x
=
λ+c
(λ + c)(λ + c − 1)
"
2
( 1 (λ − 1)2 λ2 + 3c λ(λ − 1)(2λ − 1) + c2 (λ − 1)λ + c2 α)2
+ 4
(λ + c)2 (λ + c − 1)2
#
!
λ+c−1
−
b(λ − 1) x2 + · · ·
λ+c
2

=

1
(λ − 1)2 λ2 + 3c λ(λ − 1)(2λ − 1) + c2 (λ − 1)λ + c2 α
λ+c−1
− 4
x
λ+c
(λ + c)2
"
2
( 41 (λ − 1)2 λ2 + 3c λ(λ − 1)(2λ − 1) + c2 (λ − 1)λ + c2 α)2
+
(λ + c)3 (λ + c − 1)
#

2
λ+c−1
−
b(λ − 1) x2 + · · · .
λ+c

It follows that
uλ +

2

"

1
uλ−1

( 1 (λ − 1)2 λ2 + 3c λ(λ − 1)(2λ − 1) + c2 (λ − 1)λ + c2 α)2
= 2 + λx + b(λ) + 4
(λ + c)3 (λ + c − 1)
#

2
λ+c−1
−
b(λ − 1) x2 + · · · .
λ+c

We want to find b(λ) to satisfy
2

b(λ) +

( 41 (λ − 1)2 λ2 + 3c λ(λ − 1)(2λ − 1) + c2 (λ − 1)λ + c2 α)2
(λ + c)3 (λ + c − 1)

2
λ+c−1
λ2
b(λ − 1) =
,
−
λ+c
2

or,
144(λ + c)2 b(λ) − 144(λ + c − 1)2 b(λ − 1)
= 72λ2 (λ + c)2 −

(3(λ − 1)2 λ2 + 4cλ(λ − 1)(2λ − 1) + 6c2 (λ − 1)λ + 12c2 α)2
.
(λ + c)(λ + c − 1)
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If we convert the right hand side to partial fractions with respect to c, we can write the last
equation as

144(λ + c)2 b(λ) − 144(λ + c − 1)2 b(λ − 1)
= (−36λ4 + 72λ3 + 36λ2 − 144αλ2 + 144αλ − 144α2 )c2
+ (−24λ5 + 60λ4 + 96λ3 + 12λ2 + 96αλ3 − 144αλ2 + 48αλ + 288α2 λ − 144α2 )c
+ (−16λ6 + 48λ5 + 20λ4 + 24λ3 − 4λ2 − 120αλ4 + 240αλ3 − 168αλ2 + 48αλ
− 432α2 λ2 + 432α2 λ − 144α2 )
λ4 (λ4 − 2λ2 + 1 + 24αλ2 − 24α + 144α2 )
λ+c
(λ − 1)4 ((λ − 1)4 − 2(λ − 1)2 + 1 + 24α(λ − 1)2 − 24α + 144α2 )
−
.
λ+c−1
+

If we sum on λ we find

5040(λ + c)2 b(λ) − 5040c2 β
= (−252λ5 + 1260λ3 + 1260λ2 + 252λ − 1680αλ3 + 1680αλ − 5040α2 λ)c2
+ (−140λ6 + 1540λ4 + 2520λ3 + 1120λ2 + 840αλ4 − 840αλ2 + 5040α2 λ2 )c
+ (−80λ7 + 700λ5 + 1260λ4 + 700λ3 − 60λ + 840αλ3 − 840αλ − 5040α2 λ2 )
+

35λ4 (λ4 − 2λ2 + 1 + 24αλ2 − 24α + 144α2 )
λ+c

where β = b(0) is arbitrary. It follows that

b(λ) =


1
(−45λ8 + 630λ6 + 1260λ5 + 735λ4 − 60λ2 )
5040(λ + c)3

+ (−220λ7 + 2240λ5 + 3780λ4 + 1820λ3 − 60λ)c
+ (−392λ6 + 2800λ4 + 3780λ3 + 1372λ2 − 840αλ4 + 840αλ2 + 5040βλ)c2
+ (−252λ5 + 1260λ3 + 1260λ2 + 252λ − 1680αλ3 + 1680αλ − 5040α2 λ + 5040β)c3
n

1
=−
λ(λ
+
1)
15λ(λ + 2)(3λ4 − 9λ3 − 21λ2 − 3λ + 2)
5040(λ + c)3
+ 20(11λ5 − 11λ4 − 101λ3 − 88λ2 − 3λ + 3)c
+ 28λ(14λ3 − 14λ2 − 86λ − 49 + 30αλ − 30α)c2

+ 84(3λ3 − 3λ2 − 12λ − 3 + 20αλ − 20α)c3
o
− 5040βλc2 + (5040α2 λ − 5040β)c3 .
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Thus we have
o

n

λ+c+1
1
2
2
x
+
12αc
λ(λ
+
1)
3λ(λ
+
1)
+
(8λ
+
4)c
+
6c
uλ =
+
λ+c
12(λ + c)2
n

1
−
λ(λ
+
1)
15λ(λ + 2)(3λ4 − 9λ3 − 21λ2 − 3λ + 2)
5040(λ + c)3
+ 20(11λ5 − 11λ4 − 101λ3 − 88λ2 − 3λ + 3)c
+ 28λ(14λ3 − 14λ2 − 86λ − 49 + 30αλ − 30α)c2

+ 84(3λ3 − 3λ2 − 12λ − 3 + 20αλ − 20α)c3
o
− 5040βλc2 + (5040α2 λ − 5040β)c3 x2 + · · · .
Ramanujan’s formulation is


φ0
λ + 1 φ1 + (λ2 − 1)( 12 − 23 λφ0 + 14 λ2 φ20 )
uλ = 1 −
+
+x
1 − λφ0
2
(1 − λφ0 )2


(
(λ2 + 13 )φ20
1
0
φ2 + λ(λ2 − 1)(λ2 − 4) 45
− λφ
+
36
112
λ(λ
+
1)(λ
+
2)
−
+ x2
12
(1 − λφ0 )2
2 )

λ
1
λ2 − 1
−
(1 − λφ0 )
+ ··· .
φ1 +
(1 − λφ0 )3
6
2
Ramanujan’s formulation is equivalent to mine, with his φ0 , φ1 , φ2 related to my α, β, c by
c = −1/φ0 , α = φ1 , β = −φ2 .
It is tempting to go on and try to extend the series to the term in x3 , but life isn’t long
enough!
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A difficult limit
Michael D. Hirschhorn

Let u(m, n) =

Pn

(nk)

k=0 m+k ,

(−1)k (n
k)
m+k

Pn

v(m, n) =

k=0

u(m,n)
v(m,n) .

2n 2n
. It
n

and w(m, n) =

It is shown in

is shown in [1]
[1] that, surprisingly, w(m, n) is an integer. Let c(n) = w(n, n)/
that
2
c(n) →
as n → ∞.
(10)
3
The object of this note is to give an alternative route to (10) and to give an asymptotic
expansion for c(n).
In order to get a lower bound for c(n), we start with the formula, given in [1],
Z 1
−n
c(n) = 2 n
xn−1 (1 + x)n dx.
0

We have
C(q) =

X

n

c(n)q =

n≥0

X

−n

2

nq

n

Z

1

xn−1 (1 + x)n dx

0

n≥1

=

1

Z

X

2−n nxn−1 (1 + x)n q n

0 n≥1

Z

1

=
0

Z

n≥0

1

=
0

Z

X
1
(1 + x)q
n
2

1

=
0

1
(1 + x)q 
2



x(1 + x)q
2
1

x(1 + x)q
1−
2

n−1
dx

2 dx

2(1 + x)q
dx.
(2 − qx − qx2 )2

This is a standard integral, and the editors tell me that MATHEMATICA can evaluate it.
MAPLE 8 cannot, and MAPLE 9 gives p
me something that I should be able to massage into
what I get by hand, which is, with s = 8q + q 2 ,
C(q) =

1+
5q + q 2
2q 2
+ 3 log
(8 + q)(1 − q)
s
1−

5q + q 2
2q 2
=
+ 3
(8 + q)(1 − q)
s

s
4−q
s
4−q

s
2
2
+
4−q 3



s
4−q

3

2
+
5



s
4−q

!

5
+ ···

5q + q 2
4q
4q 2
4q 3 (8 + q) 4q 4 (8 + q)2
+
+
+
+
+ ···
3
(8 + q)(1 − q) (8 + q)(4 − q) 3(4 − q)
5(4 − q)5
7(4 − q)7
q(3 − q)
4q 2
4q 3 (8 + q) 4q 4 (8 + q)2
=
+
+
+
+ ··· .
(4 − q)(1 − q) 3(4 − q)3
5(4 − q)5
7(4 − q)7
=
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Hence

q(3 − q)
(4 − q)(1 − q)
and
 n
2 1 1
c(n) ≥ +
.
3 3 4
To obtain an upper bound for c(n), we start with the formula, also given in [1],


n 
X
m+n m+k−1
w(m, n) =
.
m+k
k
C(q) >

k=0

We have
X



n 
XX
m+n m+k−1

yn
m+k
k
n≥0 k=0


∞ 
XX
m+n m+k−1 n
=
y
m+k
k
k≥0 n=k
X X m + k + nm + k − 1
y k+n
=
k
m+k
k≥0 n≥0
X m + k − 1
=
y k (1 − y)−(m+k+1)
k
k≥0
X  m + k − 1  y  k
−(m+1)
= (1 − y)
1−y
m−1
k≥0

−m
y
= (1 − y)−(m+1) 1 −
1−y

w(m, n)y n =

n≥0

= (1 − y)−1 (1 − 2y)−m






m+1 2 2
m
2
2y +
2 y + ··· .
= (1 + y + y + · · · ) 1 +
m−1
m−1
It follows that



2n − 1
2n − 2
+ 2n−1
+ ··· + 1
n−1
n−1


X
2n − 1 − k
=
2n−k
.
n−1

w(n, n) = 2n



k≥0

Hence
c(n) =

X

n−k

2

k≥0

=

X

2−k

k≥0

=

X




 
2n − 1 − k
n 2n
/2
n−1
n

n!n!
(2n − 1 − k)!
·
(n − 1)!(n − k)! (2n)!

2−(2k+1)

k≥0

(2n)(2n − 2) · · · (2n − 2k + 2)
.
(2n − 1)(2n − 2) · · · (2n − k)

It follows that
c(n) <

1
2n X −(2k+1)
1 1
2n
2
1
+
2
= + ·
= +
.
2 2n − 1
2 6 2n − 1
3 6(2n − 1)
k≥1
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In summary,
2
2
1
1
≤ c(n) < +
+
.
3 3 × 4n
3 6(2n − 1)
So (10) holds.
But much more is true! We have
1 1
2n
1
2n(2n − 2)
1
2n(2n − 2)(2n − 4)
c(n) = + ·
+
+
+ ···
2 8 2n − 1 32 (2n − 1)(2n − 2) 128 (2n − 1)(2n − 2)(2n − 3)








1
1
1
1
0
1
1
1 1
1 + 2 + ··· +
1 + 2 + ··· +
1 + + ··· +
1 − + ··· + ···
= +
2 8
n
32
n
128
n
512
n
2
2
= +
+ ···
3 27n
after some calculation. Indeed,
2
2
2
110
1459
13493
2
+
−
−
−
+
··· .
c(n) = +
2
3
4
5
3 27n 81n
729n
6561n
69984n
9447840n6
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Handbook of the
geometry of Banach spaces
Vol. 2
Edited by W. B. Johnson
and J. Lindenstrauss
North-Holland Publishing Co. 2003
ISBN: 0-444-51305-1
There is much merit in limiting one’s
projects to a scale at which they might actually be completed. Mathematics, and Banach space theory in particular, has any
number of multi-volume publications where
the authors and/or the publishers ran out of
steam before providing the details enticingly
promised in Volume 1. In the case of Banach space theory, such problems were often
intimately connected to the perceived lack
of momentum in the subject in the 1970s
and 1980s. Fortunately (at least for those
of us who work in this area), the preparation of obituaries was a little premature and
much deep and interesting research continues to be done.
I am pleased to say that the Handbook
of the Geometry of Banach Spaces project
has not at all suffered from any loss of momentum. The editors, Bill Johnson and
Joram Lindenstrauss have continued the
steady hand they applied to the first volume to this second and final part of the
Handbook. (Volume 1 was reviewed in Aust.
Math. Soc. Gazette 30 (2003), 168–169.)
The style of the Handbook is to provide
carefully written articles, each devoted to
an important and current topic in Banach
space research. Each essay is written by
between one and three of the top experts
in the field. Almost without exception it

would be hard to find a better choice of
authors for each topic than the ones provided. Some evidence for the vitality of this
field is that two of the authors in the Handbook, Jean Bourgain (1994) and Tim Gowers
(1998), were awarded Fields Medals, at least
in part for their Banach space research. Volume 2 contains 19 essays, bringing the total
over the two volumes to 41. The split between volumes is essentially along alphabetical lines. Volume 1 contains first authors
Abramovitch to König; Volume 2 contains
Ledoux to Zizler, as well as a few articles
that missed the Volume 1 deadline.
As the editors admit, there are a number
of topics that might have warranted their
own essay, but which were not included.
Four of these are listed in the preface, and
it wouldn’t be too challenging to think up a
couple more. Looking at the final list of 41
essays however, there is ample justification
for their claim that the Handbook contains
a ‘reasonably comprehensive and accessible
view of the present state of the subject’.
Indeed the Handbook is refreshingly
democratic. Starting from the shared basic concepts which are covered in the introductory essay in Volume 1, the essays can
be tackled in any order and so the reader is
left to make their own choice as to what is
interesting or important. The typical essay
is around 50 pages, which provides enough
room to give some details, without asking
for an excessive investment of time from the
reader in order to get somewhere interesting.
The essays themselves sit in varying
points on the scale between classical and
cutting edge.
The material in Maurey’s essay ‘Type, cotype and K-convexity’,
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for example, generally contains mathematics developed in the 60s, 70s and
80s.
Others, such as Mankiewicz and
Tomczak-Jaegermann’s ‘Quotients of finitedimensional Banach spaces; Random phenomena’, contains extra sections added just
before publication covering the latest (September 2002) developments. Volume 2 also
contains four short addenda/corrigenda updating essays from Volume 1.
Even for the more classical topics, such as
interpolation theory, the essays tend to lean
away from covering material for which there
are excellent alternative sources, and concentrate on the newer material, or material
which is more central to Banach space practitioners. On the other hand, many of the
essays contain excellent expositions of material that is well-understood by experts, but
for which there is few accessible sources for
the beginner. Pisier and Xu’s article ‘Noncommutative Lp -spaces’ is an example here.
Throughout, there is a common theme
of trying to get the reader up to the point
where they can see what is happening currently at the research front. Open problems,
as well as helpful heuristic explanations, occur frequently in many of the essays. Each
article contains a substantial list of references. This is backed up by comprehensive author and subject indexes which cover
both volumes. The author index alone runs
to 24 pages.
The emphasis on recent research means
that it is inevitable that some of the essays
will end up ageing better than others. Nevertheless, it is clear that these two volumes
will become a standard and important reference for both graduate students and more
experienced Banach space researchers. The
Handbook is a must for any serious mathematics library and highly recommended for
researchers in this and neighbouring fields.

Ian Doust
School of Mathematics, University of New South
Wales, NSW 2052, Australia
E-mail: iand@maths.unsw.edu.au
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Combinatorics and Graph Theory
John M. Harris, Jeffrey L. Hirst
and Michael J. Mossinghoff
Undergraduate Texts in Mathematics
Springer New York 2000
ISBN 0-387-987326-3
There are quite a few textbooks on combinatorics, or graph theory, or both. This
book attempts to give a grounding in three
areas: graph theory, enumerative combinatorics and infinite set theory. In a sense
the book is like a sampler, giving the reader
a taste of each topic and listing references
for further reading. The book is aimed
mainly at third/fourth year undergraduate
students, but the authors note that graduate students looking for an introduction to
these topics may find the book helpful.
Chapter 1, “Graph theory”, covers trees,
planarity, colourings, matchings and Ramsey theory, and contains a discussion of the
four-colour problem. Chapter 2, “Combinatorics”, looks at inclusion-exclusion, ordinary generating functions, Pólya’s theory
of counting, and a couple of other topics.
Chapter 3, entitled “Infinite combinatorics
and graphs”, covers infinite pigeonhole theorems, the ZFC axioms of set theory, ordinals and cardinals, and other topics including a discussion of Gödel’s incompleteness
theorem.
The authors motivate their topics with
concrete applications or examples. They
also strive to “enliven” the book with jokes
and quotations. Depending on your taste,
this may be entertaining or distracting.
There are exercises at the end of every section, and each chapter concludes with some
references for further reading. I was surprised that some well-known graph theory
textbooks (such as Diestel’s “Graph Theory”) were not mentioned in the reference
list of Chapter 1, while the reference list of
Chapter 2 is not very user-friendly since references are only cited by number (such as
[122]) without giving the authors’ names. I
felt that the material in Chapter 3 was more
difficult than the rest of the book, though

134

Book Reviews

this may just be because I am much less familiar with it than the material of the first
two chapters.
By treating three areas in one book, the
authors are necessarily unable to cover these
areas in as much depth as someone writing
an entire textbook on one of the areas. But
there are a lot of interesting and useful results gathered together in this book, and I
believe that it would make a good introductory text for anyone who wanted to know a
little about any of these three topics.
Catherine Greenhill
School of Mathematics, University of New South
Wales, Sydney 2052, Australia
E-mail: csg@maths.unsw.edu.au













Lie Groups, Lie Algebras
and Representations:
An Elementary Introduction
Brian C. Hall
Springer Heidelberg 2003
ISBN 0-387-40122-9
This book differs from most of the texts on
Lie Groups in one significant aspect. Instead of dealing with Lie groups defined as
differentiable manifolds with a group structure, it develops the whole theory on matrix Lie groups. This approach results in a
less abstract approach and will be appreciated by those who find differential geometry difficult to understand. I have taught
for many years an honours course on differential geometry which included a basic
introduction to Lie groups and from my experience I can testify that many students
grasped the fundamental concepts only after working through examples which usually involved matrix Lie groups. Thus
there seems to be some merit in such an
approach.
A matrix Lie group is defined as a closed subgroup of the complex
general linear group and immediately after the definition the author systematically
proceeds through all classical examples :

special linear, orthogonal, special orthogonal, unitary, special unitary, generalized orthogonal, Lorentz, and Heisenberg groups.
Physics students will appreciate a detailed
discussion of the relationship between SU(2)
and SO(3). Even though concentrating on
matrix groups makes the development of
the theory more accessible, mathematical
rigour is not compromised. This book is
no Lie groups for pedestrians, it is a rigorous mathematical text. Even in the main
text an example of a Lie group which is
not a matrix Lie group is mentioned, while
Appendix C gives a precise brief introduction to the manifold approach. The exponential map is defined using the standard
exponential of a matrix, but the connection between Lie algebras and Lie groups is
again studied in detail, including examples
where the map is not onto. The abstract
definition of a Lie algebra is also given and
the connection between Lie group homomorphisms and Lie algebra homomorphisms
is discussed thoroughly. After about one
third of the main text the author begins
the presentation of the representation theory. The exposition is heavily based on examples. There is a whole chapter on representations of SU(3), again very useful for
students of Physics. The second half of the
book is all about semisimple Lie algebras
and Lie groups leading the reader through
roots and weights and Dynkin diagrams to
the classification of semisimple Lie algebras.
About fifty pages of the book are taken
by five appendices. Appendix A is a short
review of the theory of groups, appendix B
is a review of linear algebra, the above mentioned appendix C describes the standard
approach to Lie groups including the Lie
algebra of left-invariant vector fields. Appendix D is again useful to physicists as
it explains Clebsch-Gordan theory and the
Wigner-Eckart theorem, while the last appendix discusses fundamental groups and
gives even a definition of a fibre bundle.
Readers who study both the main text as
well as the appendices will get a substantial
introduction to Lie groups as well as a brief
one to differential geometry.
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Finally, one should mention that each of
the eight chapters plus appendix A contain
a good collection of exercises. Solutions are
not included, but questions are well structured and often include hints. As the exercises often include additional examples,
they should be attempted by every serious
reader.
I believe that the book fills the gap between the numerous popular books on Lie
groups on one side and highly abstract texts
on the other side and as such it is a valuable
addition to the collection of any mathematician or physicist interested in the subject.
P.K. Smrz
School of Mathematical and Physical Sciences, University of Newcastle, NSW 2308, Australia
E-mail: smrz@maths.newcastle.edu.au













Sir James Cockle:
First Chief Justice of Queensland
1863-1879
J. M. Bennett
Federation Press Annandale 2003
ISBN 1-86287-485-9
This book is the seventh and most recent
in the series Lives of the Australian Chief
Justices. As this information might indicate, its focus is legal rather than mathematical, although its subject achieved eminence and recognition in both fields. [He
was the first Chief Justice of the (then)
Colony of Queensland, and was knighted in
consequence; he was also elected to a fellowship of the Royal Society and was for two
years president of the London Mathematical Society.]
The author of this latest and most extensive biography is an eminent authority on
the law, and here he is concerned to rebut
the judgement that Cockle made little contribution in that area. This certainly is the
clear message of earlier biographies [1], [2],
which imply that his mathematical contributions overshadowed his legal legacy. My
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own assessment [3] tends to take the side of
those who hold the opposite view.
Although the author expresses some
reservations about my brief article [3], he
and I are not in real disagreement on the
point. Rather, the Mathematics is mentioned, but rarely described in any detail. Indeed, there is an active disclaimer:
“This is not the place to attempt any informed assessment of Cockle’s mathematical achievements.” (p 116). The description of Cockle’s involvement with Mathematics occupies only some seven pages (3-7,
115-116) of the total text of 117, although
perhaps we might add to these a few obiter
dicta found scattered through the rest of the
text.
Even so, what assessment of Cockle’s
Mathematics is offered is somewhat ingenuous, and would seem to be based on the public recognition it received, rather than on
any detailed analysis. There are even some
strange judgements. To describe George
Birch Jerrard as a “lesser luminary [than
Cockle]” (p 6) is a notable instance. [Jerrard has an entry in the Dictionary of Scientific Biography; Cockle does not. This
reflects the contemporary assessment of the
relative contributions of the two men.] It is
also most unlikely that the current eclipse
of Cockle’s mathematical reputation is due
to the “cynicism bred of the computer age”.
The Foreword (by Mr Justice B. H.
McPherson, Judge of Appeal in Queensland) supplies, inter alia, a pithy and accurate summary of the work. The opinion there given is that Cockle merits a biography in the series on account of “the
strength of the man’s personal character
and his achievement sustained against powerful odds”.
The background is related in my earlier
study [3], but here the matter is dealt with
in much greater detail. Cockle was appointed Chief Justice of Queensland over
the head of the only resident judge in
the new colony, Alfred Lutwyche, who had
fallen out with the government of the day.
Cockle not only curbed Lutwyche’s inappropriate political aspirations, but formed
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a firm friendship with his brother judge as
well.
Cockle’s lack of influence on the subsequent course of the law is partially explained
on p 60. “ ‘We must be careful’ he said in a
typical instance, ‘that we do not, in deciding
this case, decide any collateral matter’. Because of that narrowness [and also for other
reasons], it is difficult to find many judgements of his authorship that still stand as
leading authorities.”
The impression given is one of strictly
literal interpretation, and indeed Bennett
makes this point explicitly (on p 90): “In
interpreting statutes, the Chief Justice inclined towards literalism”. This is perhaps
an example of a mathematically trained
mind at work, although it is not flagged as
such. In other instances, there is explicit
comment along such lines, taking the form
of auctorial obiter dicta. One example will
suffice. On p 78 an excerpt from an address
in summation to a jury is presented. It takes
the form of a combinatorial argument, and
one readily accepts the comment that “he
probably spoke over [the jurors’] heads”.
Cockle’s principal mathematical correspondent was the Reverend Robert Harley,
and Bennett has located their correspondence in the Cambridge University Library.
It covers the years before Cockle’s residence
in Brisbane, and Bennett makes little use of
it, but the information may perhaps be of
interest to other researchers.
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Radical Theory of Rings
B J Gardner and R Wiegandt
Series of Monographs and Textbooks
in Pure and Applied Mathematics, Vol 261
Marcel Dekker New York 2004
ISBN: 0-8247-5033-0
In the beginning, radicals were perceived as
obstacles to decent algebraic structure theorems. For example, while every linear representation of a finite group G over the complex numbers is a direct sum of irreducible
representations, linear representations over
a field of characteristic p have no such nice
decomposition whenever G contains an element of order p. The reason is that the corresponding group ring has a nilpotent ideal
that lies in every maximal ideal, and hence
the group ring itself does not have a nice decomposition as a direct sum of simple ideals.
During the first half of the 20–th Century, when rings began to be studied as
mathematical structures in their own right,
radicals were recognized as important structural components of a ring. For example,
Wedderburn in 1908 and Köthe in 1930 recognized that a ring A might contain a ‘bad’
ideal r(A) such that the factor ring A/r(A)
is ‘good’ in the sense that it has an essentially unique decomposition into indecomposable components. The ‘bad’ ideal
studied by Köthe was the nil radical, the
maximal ideal containing only nilpotent elements. In the 1940’s and 1950’s, other
radicals with similar properties were recognized, named after their discoverers such as
Baer, Brown and McCoy, Divinsky, Jacobson and Levitzky. The main problem in
Ring Theory during this period was to describe the inclusion relations among the various flavours of radicals for various classes of
rings.
A third stage of progress began in the
1950’s when Amitsur and Kurosh independently showed that the classical radicals
shared certain ring theoretic properties and
used these properties to axiomatise the notion of radical class of rings. For example,
a Kurosh–Amitsur radical class is a class
of rings closed under homomorphic images,

Book Reviews

unions of ascending chains and extensions.
Then for any radical class C there is a corresponding semi–simple class D such that
any ring A (in a suitable class of rings) has
an ideal r(A) in C with factor ring A/r(A)
in D. Dually, one can define semi–simple
class to be a class of rings D such that a
ring A is in D if and only if every non–zero
ideal of A has a non–zero factor ring in D.
Then there exists a corresponding radical
class C such that any ring A (in a suitable
class of rings) has an ideal r(A) in C with
factor ring A/r(A) in D. These definitions,
and variants introduced by mathematicians
such as Hoehnke and Plotkin, included not
only the classical radicals mentioned above,
but also such surprises as von Neumann regular rings.
The fourth stage, which began in the
1960’s and shows no sign of senescence, was
to apply the abstract definitions of radical
and semi–simple classes to more general algebraic objects than associative rings, for
example universal algebras and categories.
This development is particularly associated
with the names of Andrunakievich and
Ryabukhin. As an example, in 1966 Dickson defined a torsion theory in an abelian
category A to be a pair (T, F ) of disjoint
classes of objects for which T is closed under cokernels, F is closed under kernels and
every object A has a kernel r(A) in T with
cokernel A/r(A) in F .
The book under review tells the story,
and tells it well. Both authors have connections to Australia, Gardner at the University of Tasmania and Weigandt, from
Budapest, as a frequent visitor to these
shores. Both played important rôles in
the fourth stage described above. Before
launching into a description of the book itself, it is appropriate to mention its predecessors. The first monograph on the general theory of radicals was ‘Rings and Radicals’ by N J Divinsky, University of Toronto
Press, 1964. The next was ‘Radicals of
Rings’ by F A Szasz, Wiley, 1981 and then
came ‘Rings, Modules and Preradicals’ by
L Bican, T Kepka and P Nemec, Volume
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75 in the Dekker Series Lecture Notes in
Pure and Applied Algebra, 1982. The last
such predecessor was ‘Radical Theory’ by
Gardner himself, Longman, 1989. There
has been one undergraduate text on the
subject,‘A Radical Approach to Algebra’,
by Mary Gray, Addison–Wesley, 1970. The
present work subsumes all of these, as well
as much of the research which has appeared
in journal articles and Conference Proceedings during the past 25 years.
Now for a detailed analysis of the Contents: after a brief introductory chapter introducing the notation and the major properties and examples of rings, the authors
present in Chapter 2 the general theory of
radicals following the method of Amitsur
and Kurosh. In Chapter 3, the major classical radicals, which the authors refer to as
concrete radicals, are introduced. Chapter
4 is a comprehensive study of concrete radicals and the resulting structure theories of
various classes of rings. Finally, Chapter 5
concerns the basic features of radical theory
in more general categories, including nonassociative rings, rings with involution and
near–rings.
The book as a whole is well–designed in
the usual Dekker–LaTeX format and is free
of obtrusive typographical errors. The index is reasonably complete. Occasionally
the list of references fails to follow standard
mathematical practice of listing books and
papers by the same authors in chronological order of publication, but this hardly detracts from its usefulness.
To summarise, this is an essential book
for the specialist in Radical Theory, a useful handbook for algebraists and students
of ring theory, and a book which should be
in the library of every Institution which regards itself as a centre for the study of Algebra.
Phill Schultz
School of Mathematics and Statistics, The University of Western Australia, 35 Stirling Highway, Nedlands, 6009, Australia
E-mail: schultz@maths.uwa.edu.au

138

News

Real World Mathematics In Action 2004!
A one day Maths Fair for Year 11–12 students and their teachers will be held in the Department of Mathematics and Statistics at The University of Melbourne from 9am–3.30pm on
Wed 16th June 2004.
Web: http://www.ms.unimelb.edu.au/msaction/












The Kirkman Medal
Dr San-Ming Zhou of the Department of Mathematics and Statistics of the University of
Melbourne has been awarded the Kirkman Medal of the international Institute of Combinatorics and Its Applications (ICA). The Kirkman Medal is awarded for distinguished research
by an ICA member who is within four years of receiving his/her doctoral degree.












Australian Academy of Science
Professor Robert Bartnik and Professor Peter Forrester have been elected as Fellows of
the Australian Academy of Science. Election to the Academy recognises a career that has
significantly advanced, and continues to advance, the world’s scientific knowledge.












Vacancy – ANZIAM Treasurer
The ANZIAM Treasurer, Dr Marcus Randall, will stand down at the end of the present
session after serving 4 years in the position. This means ANZIAM will require that another
member be nominated to be Treasurer, technically from the 30th General Meeting which
will be held during ANZIAM 2005. The venue for the conference is in Napier, New Zealand,
and the conference will be held from 30 January to 3 February 2005.
Consequently, ANZIAM seeks an expression of interest from a member who would be
Treasurer for at least several years, who has access to secure document storage facilities, and
who has easy access to several other members of ANZIAM two of whom can be appointed to
countersign cheques. Interested members should, in the first instance, contact the ANZIAM
Secretary at the designated e-mail address.
W. Summerfield, Honorary Secretary, ANZIAM
E-mail : william@frey.newcastle.edu.au
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Appointments
Griffith University:
• Dr Roger Braddock of the School of Environmental Engineering has been promoted
to Professor.
La Trobe University:
• Dr Geoff Prince has been appointed as Deputy Director of AMSI.
Monash University:
• Dr Paul Cally has been appointed as Professor of Solar Physics.
• Dr Michael Reeder has been appointed Professor of Meteorology.
• Dr Alina Donea has been appointed as a Postdoctoral Fellow for 2004 and will take
up an appointment as a Lecturer in Solar Physics in 2005.
• Dr Simon Clarke has been promoted to Senior Lecturer.
RMIT:
• The Department of Mathematics and Statistics has amalgamated with the Department of Geospatial Science to form the School of Mathematical and Geospatial Sciences. Professor John Hearne, the former Head of the Department of Mathematics
and Statistics, has been appointed as Head of the new School.
• Dr Rini Akmeliawati resigned in February to take up a position in the School of
Engineering and Science at Monash University, Malaysia.
• Dr Lynne McArthur, from the School of Mathematics and Statistics, University of
South Australia, has been appointed as Lecturer (Level B).
• Dr Sergei Schreider has been appointed as Lecturer (Level B). Sergei previously
worked in the CRC for Catchment Hydrology, based at the Department of Civil
Engineering, Monash University.
Swinburne University of Technology:
• The School of Mathematical Sciences at Swinburne University of Technology will
cease to exist at the end of the year, with its Mathematics staff going to the new
School of Engineering and Industrial Sciences and the Statistics staff going to the
new School of Social and Health Sciences.
University of Adelaide:
• Prof. Charles Pearce has been promoted to Professor Level E and consequently
appointed Elder Professor.
University of Melbourne:
• Dr Felisa Vazquez-Abad (University of Montreal) has been appointed at level D; her
research interests are in stochastic processes.
• Dr Owen Jones (University of Southampton) has been appointed to a level C position
in Statistics.
• Dr Sanming Zhou (University of Melbourne) has been appointed to a level B position
in Operations Research.
• Dr Paul Norbury (University of Melbourne) and Dr Lawrence Reeves (University of
Marseilles) have accepted level B positions in pure mathematics.
University of Queensland:
• Dr Cathy Holmes has been promoted to Lecturer C.
• Dr Elliot Tonkes has taken leave without pay for Semester 1 2004 to work as a
manager for Ergon Energy.
• Andrew Blinco and Birgit Loch have been appointed as Temporary Lecturers (Level
A) for Semester 1, 2004.
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• Dr Phil Pollett has been appointed Director of Research in the School of Physical
Sciences.
• Dr Darryn Bryant and Dr Jon Links have been offered continuing appointments at
the completion of their ARC Fellowships.












Completed PhDs
ANU:
• Dr Sergey Ajiev, Singular and Supersingular Operators on Function Spaces, Approximation and Extrapolation, supervisor: Alan McIntosh.
Monash University:
• Dr Ashley Crouch, The interaction of solar oscillations with magnetic field, supervisor: Paul Cally.
• Dr David Graham, Geometric measure theory and geometric evolution equations,
supervisor: Maria Athanassenas.
• Dr Jeffery Kepert, The wind-field structure of the tropical cyclone boundary layer,
supervisor: Michael Reeder.
• Dr Terrence O’Kane, The statistical dynamics of geophysical flows, supervisor: David
Karoly.
• Dr Yuri Skrynnikov, Nonlinear coupled waves in stratified flows, supervisor: Simon
Clarke.
• John Buckland, Mean curvature flow with free boundary on smooth hypersurfaces,
supervisor: Klaus Ecker.
• Amanda Karakas, Asymptotic giant branch stars: their influence on binary stars
and the interstellar medium, supervisor: John Lattanzio.
University of Melbourne:
• Dr Terence Jegeraj, Polynomial birth-death approximation of pattern occurrences in
an independent, identically distributed sequence, supervisor: Aihua Xia.
University of New England:
• Dr Andrew Percy, An Eckmann-Hilton dual to the Π-algebras of homotopy theory.












Conferences
Polynomial-Based Cryptography
7 – 12 July, AMSI headquarters, Melbourne
Web: http://www.it.deakin.edu.au/cryptography2004
This conference on Polynomial-Based Cryptography is sponsored by Deakin
University in collaboration with AMSI, iCORE and the Australian Computer
Society.
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Computational Techniques And Applications Conference: CTAC 2004
27 September – 1 October 2004, The University of Melbourne
Web: http://www.conferences.unimelb.edu.au/CTAC2004/
48th Australian Mathematical Society Annual Conference (2004)
28 September – 1 October 2004, RMIT, Melbourne
Web: http://www.ma.rmit.edu.au/austms04/
International Conference on Mathematical Inequalities and their Applications
6 – 8 December 2004, Victoria University, Melbourne
Web: http://rgmia.vu.edu.au/conference/index.html
The aim of this conference is to stimulate researchers from all fields of science
to collaborate and present new results in mathematical inequalities and their
applications. The Journal of Inequalities in Pure & Applied Mathematics will
publish the proceedings of the conference, after a normal refereeing procedure.
For an expression of interest to attend the conference, please contact Professor
S.S. Dragomir at sever@matilda.vu.edu.au no later than 31st May, 2004.
6th International Conference on Optimization: Techniques and Applications
9 – 11 December 2004, University of Ballarat
Web: http://www.ballarat.edu.au/icota
2004 World Conference in Natural Resource Modelling
12 – 15 December 2004, RMIT, Melbourne
Web: http://www.ma.rmit.edu.au/2004RMAconference
The 2004 NZIMA Conference in Combinatorics and its Applications and The
29th Australasian Conference in Combinatorial Mathematics and Combinatorial
Computing (29ACCMCC) (Joint Conference)
13 – 18 December 2004, Lake Taupo, New Zealand
Web: http://www.nzima.auckland.ac.nz/combinatorics/conference.html
Sponsored by the New Zealand Institute of Mathematics and its Applications
(NZIMA) and the Australian Mathematical Society (AustMS).
Topics include: Graph Theory; Matroid Theory; Design Theory; Coding Theory; Enumerative Combinatorics; Combinatorial Optimization; Combinatorial
Computing and Theoretical Computer Science; Combinatorial Matrix Theory.
Geometry: Interactions with Algebra and Analysis
January – June 2005, Auckland
Web: http://www.math.auckland.ac.nz/Conferences/2005/geometry-program
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Visiting mathematicians
Visitors are listed in the order of the last date of their visit and details of each visitor are
presented in the following format: name of visitor; home institution; dates of visit; principal
field of interest; principal host institution; contact for enquiries.
Prof. Gary Lieberman; Iowa State U; 15 January to 5 May; Applied and nonlinear analysis;
ANU; Prof. Neil Trudinger
Prof. Krzysztof Wojciechowski; Indiana at Purdue; 22 January to 10 May; Analysis and geometry; ANU; Prof. Alan Carey
Prof. Amnon Birman; RAFAEL ADA Israel; to 21 June; Advanced computation modelling
program; ANU; Dr S Roberts
Dr. Kien Ming Ng; National University of Singapore; 12 May to 23 June; Industrial and
Systems Engineering; USA; Prabhu Manyem and Vladimir Ejov
Dr David Mason; South Africa; 1 February to 15 July; - ; UWA
Dr Howard Silcock; ANU; to 31 July ; Advanced computation and modelling; ANU; Dr
Markus Hegland
Prof. Anyue Chen University of Greenwich; 8 July to 1 August; Stochastic Processes; UQL;
Dr Phil Pollett
Prof. Kangrong Tan; Kurume U; to 1 August; Stochastic analysis; ANU; Dr Daryl Daley
Dr Aliki Muradova; Tbilisi State U; to 17 September; Advanced computation and modelling;
ANU; Dr Markus Hegland
Prof. M.X. Tang; Michigan State U; August 2004; –; UNE; –
Prof. Raymond Caroll; Texas A&M; 1 August to 30 September; Statistical science; ANU;
Prof. Peter Hall
Prof. Li Ma; Tsinghua U; September 2004; –; UNE; –
Prof. Z.M. Guo; Donghua U; September to November 2004; –; UNE; –
Etienne Ghys; ENS-Lyon; 18 September to 3 October; Geometry and Dynamical Systems;
LTU; Grant Cairns
Marcel Nicolau; Universitat Autonoma de Barcelona; 18 September 18 to 3 October; Differential Geometry; LTU; Grant Cairns
Prof. Samuel Muller; U Bern; 27 October to 1 November; Statistical science; ANU; Prof.
Alan Welsh
Dr Michael Levitan; USA; January to December 2004; – ; UWA
Prof. Dongsheng Tu; Queen’s U; 1 February to 31 December; Statistical science; ANU; Profs.
Peter Hall and Sue Wilson
Prof. Gi-Sang Cheon; Daejin U, South Korea; 15 January 2004 to 15 January 2005; linear
algebra and combinatorics; ANU; Dr Ian Wanless
Prof. Ralph Stohr; UMIST; 27 August 2004 to 27 January 27 2005; Algebra and Topology;
ANU; Dr Laci Kovacs
Prof. Chaohua Dong; China; 1 February 2004 to 31 January 2005; – ; UWA
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AustMS bulletin board

AustMS Accreditation
The secretary has announced the accreditation of:
Dr Anthony Sofo, Victoria University of Technology, as an Accredited Member (MAustMS).

MathMedia
Brendan Nelson’s case for more (male?) mathematics teachers
Recently, the Catholic Education Office (CEO) and the Sex Discimination Commissioner (SDC)
Pru Goward brokered a deal concerning the offering of male-only scholarships, in a bid to tackle
the problem of low numbers of male teachers in Catholic schools. As a result of this deal, the CEO
can now offer special male-only scholarships as long as these are balanced by an equal number of
scholarships for women.
On the ABC’s Saturday AM programme of March the 20th, the Federal Minister for Education
Brendan Nelson expressed his discontent with the deal between the CEO and the SDC.
[Brendan Nelson] It has been told that in order to attract more men into teaching,
it (the CEO) has to attract more women into teaching as well, and if you offer
in this case, twelve male and twelve female scholarships, how on earth does that
change the percentage of primary school teachers who are men?
Of course, had the honourable member for Bradfield been reading his Gazette, he no doubt
would have had little trouble in answering his own question. According to the CEO, in 2001 the
total number of primary school teachers at Catholic schools in the ACT and New South Wales was
5202. Of these, 937 were male teachers. Making the assumption that the 24 scholarships on offer
will attract men and women not currently considering a carreer in teaching, and assuming that
without the new scholarships the 2001 figures are stationary, the total number of teachers is going
to rise from 5202 to 5226, with 949 male teachers. (The Gazette admits to using a perhaps less
than optimal lower bound on the number of states of Australia). The above figures correspond to
the number of male teachers jumping from 18.0123% to 18.1592%. Perhaps not impressive, but
the 12 female scholarships can hardly be blamed for the very modest change in percentage. Indeed
without the 12 female scholarships 18.1592% would have read 18.201%. It thus seems the only fair
criticism would be that 12 (or 2 × 12) simply is too low a number to make a significant impact. May
we suggest the need for more (male or female) mathematics teachers to explain this to the parties
involved?
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