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Editorial

These are exciting times for mathematics. Not only are longstanding problems knocked off
at an alarming rate, see the President’s column, but here in Australia we have seen the
recent birth of the Australian Mathematical Sciences Institute AMSI. In Math matters
its director Garth Gaudry invites us all on board of AMSI, and outlines what changes in
attitudes are needed to make AMSI a success.
Mathellaneous features Daniel Mathews’ third and final contribution to the Gazette,
and tells of extreme sports. Abseiling, base jumping, rock climbing and orienteering in the
Diophantine wonderland of quadratic geography make a fitting conclusion to this series. We
are sorry to see Daniel go and thank him for sharing his adventures with the readers of the
Gazette.
This issue of the Brain drain contains a contribution by young gun Terry Tao, who now
calls California home.
Two of our stars, Robert Bartnik and Peter Forrester have earlier this year been elected as
fellows of the Australian Mathematical Society. The secret to their success will be revealed
in Gravity matters and Statistical properties of the primes and the Riemann
zeros.
Readers may try their luck on the mathematical Olympiad problems presented by Hans
Lausch. For each unsolved problem we expect the submission of a problem of similar difficulty for future Olympiads.
Finally we recommend Peter Hall’s amazing but true story of how saving on the cost of
accommodation may turn into an uplifting mathematical experience, the sticky buns and
broken glass notwithstanding.

Deadlines for submissions to the Gazette
Volume
31
31
32

Number
Deadline
4
10 August 2004
5
12 October 2004
1
15 February 2005
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President’s column

I am sure many readers will share with me
the enthusiasm I feel for the range of interesting articles in The Gazette. Please do
encourage your colleagues to take a look,
especially if they have been in the habit of
leaving their precious copy enshrouded in
its protective plastic mailer. Better still,
put pen to paper, or fingers to keyboards,
and contribute something of interest to your
peers.
This is certainly an exciting time for
mathematics, with a number of outstanding results being proved, or claimed to be
proved. It is also interesting to see knowledge of some of these great problems entering the mainstream. Last month the New
York Times ran an essay on the Millennium
Problems, and surprisingly focussed on the
most obscure, and technically difficult to
grasp, the Hodge conjecture. The author’s point seemed to be that most mathematicians are confounded by the problem statement, so what does it ultimately
mean? More concretely, Andrew Wiles’s
proof of Fermat’s Last Theorem is now so
well known that most educated laymen are
aware of it. But more recently we’ve had
Perleman’s proof of the Poincaré conjecture,
that still seems to be holding up to scrutiny.
Even if it turns out to be flawed, it is undoubtedly the case that his contribution will
have a major impact on developments in
low-dimensional topology.
One very recent result that is available on
the arXiv and subject to the inspection of
the mathematical community is that of Ben
Green and Australia’s own Terry Tao. They
have a proof of a long-standing conjecture

by Tony Guttmann

that there exist arithmetic progressions of
prime numbers of arbitrary length. Hardy
and Littlewood conjectured in 1923 that the
number of such k-term progressions grows
as Ck N 2 / logk N , with Ck a given numerical factor. Green and Tao have obtained
a lower bound (γ(k) + o(1))N 2 / logk N for
some very small γ(k) > 0. Terry has also
kindly contributed to this issue in the Brain
Drain series. I was also going to cite Arenstorf’s recent claimed proof of the Twin
Prime conjecture, but I see from the arXiv
that this has now been withdrawn due to an
error in a key lemma. Hopefully it can be
repaired.
Louis De Branges de Bourcia, who
proved the Bieberbach conjecture more
than 20 years ago, has recently claimed to
have proved the Riemann hypothesis. As
he previously published a flawed proof, it is
likely that it will take longer than usual for
people to work through this one. At the recent Random Matrix Applications in Number Theory workshop at the Newton Institute, the mood was certainly pessimistic regarding a resolution of this problem within
the next decade or two. It was posited
that the Swinnerton-Dyer conjecture was
intimately connected with the Riemann hypothesis, and indeed, that it was not inconceivable that they may be proved simultaneously.
Turning from great events in mathematics to local developments, I am delighted to
report on the official opening of the Melbourne premises of the ARC Centre of Excellence for Mathematics and Statistics of

President’s column

Complex Systems by the Minister for Science, the Hon. Peter McGauran on May
14. Minister McGauran spoke enthusiastically and knowledgeably about the importance of mathematics in general, and the
Centre in particular.
Last week the Federal Government and
The University of Melbourne signed an
agreement to establish ICE-EM, the International Centre of Excellence for Education
in Mathematics. I am both hopeful and optimistic that ICE-EM will catalyse a significant improvement in school mathematics
education. While I was never a believer in
the trickle down benefits Reaganomics were
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supposed to spawn, I am a firm believer
in the “gushing up” effect that improved
school mathematics instruction will have on
the improved intellectual functioning of the
populace, the quality of the student intake
at tertiary level and, eventually, the prosperity of the nation.
For member universities of AMSI there
is an immediate prospective benefit, that
of assistance with the installation of Access
Grid Rooms. A workshop will be held at
the ANU on July 16 to help members better
understand the technology and plan accordingly for its use. See the AMSI web-site for
further information.
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Letter to the editors

As President, I have declined to publish a letter by Dr Marty Ross responding to recent letters from past and present members of the Mathematics Department at Monash
University. Those who wish to hear Marty’s views can contact him directly at martinski@iprimus.com.au.
Tony Guttmann,
President, The Australian Mathematical Society
E-mail: tonyg@ms.unimelb.edu.au
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Math matters

Garth Gaudry
Groucho Marx famously quipped that he
would not want to belong to a club that would
have him as a member. What can we say of
the Australian mathematics club of the early
21st century and of its prospects for the future? Who will want to belong to it?
Looking back at the Australian academic
world as it was 40 or so years ago, the picture
was extremely rosy and the attractions of an
academic career irresistible to many very able
young people. The same applied to careers in
the CSIRO, the Aeronautical Research Laboratories and various other research organisations. The nation was hungry for scientific
talent and enthusiastic about developing it;
it was in the heyday of post-war expansion,
and the heady excitement of the Sputnik era.
The glory days of Menzies’ passion for university education were at their peak. Community support for education generally, and
university education in particular, was high.
Though university mathematics departments
were small and contained few productive research mathematicians, optimism about the
future was palpable. By comparison with today, universities seemed closer to their communities, whether through research directly
related to the nation’s emphasis on primary
production, the creative writing of novels, poetry and short stories by many of the staff
of university English departments or the direct and highly visible involvement of university staff in syllabus setting and examining
in the public examinations system. And university graduates were not pestered by their
Alma Mater, as they are now, for donations
in support of grand-sounding and expensive
‘market-related’ ventures of dubious worth.

In his recent article (Gazette 31 (2004),
6), Peter Hall painted a comprehensive and
accurate picture of the difficulties facing the
mathematical sciences in Australia. There
can be no doubt, the situation is serious.
In the dog-eat-dog world of contemporary
Australian universities, key departments have
been allowed to wither and many able people have left Australia, having given up hope
of improvement. Continual cutbacks by successive governments, of both political persuasions, and the use of market forces as one of
the main determinants of worth have undermined morale. Thus, there is an obsession
with counting publications—but not reading
them—adding up the money a person has
“brought in”, and counting the number of
PhD degrees produced, irrespective of quality. Rarely, in the last twenty years, has a
Vice-Chancellor spoken publicly about academic values, scholarship and the like. Most
readers of the Gazette will be familiar with
these facts and with many other similarly deplorable aspects of current university life.
These recitals having been made, is there
anything to be done other than to accept
the seemingly inevitable demise of Australian
mathematics? Do mathematicians need to
adopt a different outlook? I think it is clear
that nothing can be taken for granted in modern Australia. Each group, no matter how
worthy its cause and endeavours, has to earn
its place in the sun. Bright young people have
an array of job options that nobody could
have foreseen 30 or 40 years ago. So the progression from mathematical ability to the honours degree, PhD and academic life is just one
of many options—and among the less attractive. Why not simply take a job in the outside
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world, be rewarded better and be able to afford a house in Sydney?
Australian mathematicians therefore face
daunting challenges. Yet there are hopeful
signs that it may be possible to reverse the
trends of the past twenty years or so. In the
last 18 months, the Australian mathematical
community has been given extraordinary opportunities to rebuild. In 2002, the Victorian
Government established the Australian Mathematical Sciences Institute (AMSI), jointly
with a consortium of Australian universities
and other mathematical organisations. The
Federal Government announced in January
2004 the award to AMSI of the International
Centre of Excellence for Education in Mathematics (ICE-EM). The combined annual budget of AMSI and ICE-EM is approximately
$3M. Not long after AMSI was established,
the ARC awarded the Centre of Excellence in
the Mathematics and Statistics of Complex
Systems (MASCOS) to a consortium of researchers spread across five universities, with
AMSI as a partner. I know that the commitment to cooperate across institutional boundaries, already evident in AMSI, was a key consideration in this further success. The Federal Minister, Dr Brendan Nelson, speaking
at the first AMSI Summer School in Melbourne in February 2003, praised that initiative and said that the cooperative and collaborative approach underlying the Summer
School and AMSI was a model for others
to emulate. Underlying these major grants
is a recognition that, through national collaboration, the mathematical sciences can be
rebuilt and made to flourish. This applies
to schools, undergraduate education, cuttingedge research and joint endeavours with industry and commerce.
The Australian mathematical sciences
community now needs to show that it can
deliver on its promises by working together
to make a success of AMSI, ICE-EM and
MASCOS. This will require a significant shift
away from past attitudes and behaviour. The
dominant viewpoint hitherto has been one
Australian Mathematical Sciences Institute, VIC 3010
E-mail: garth@amsi.org.au

of “winner take all”. To illustrate what is
now possible through cooperation, consider
the programs of AMSI and MASCOS in industry and commerce. AMSI and MASCOS
have recently appointed jointly a highly qualified and very experienced Industry Marketing Manager, Dr Thomas Montague. One of
his tasks will be to help mathematicians and
statisticians collaborate on projects in which
the pooling of expertise, wherever it is found
among member institutions, will be essential.
The availability of funding to support such
projects is not in question. A willingness to
put aside initial impulses to go-it-alone will
be one of the keys to success.
Taking a further example from ICE-EM,
we intend funding people in member institutions to work with colleagues in other disciplines to produce new undergraduate course
material in cross-disciplinary areas, to be
made available nationally. Some of the areas
under consideration are quantitative biology,
data mining and risk management. Based on
the many positive experiences I had as Head
of School at UNSW, I would expect an enthusiastic response from many people in other
disciplines. Once again, the key to success is
genuine cooperation and a willingness to listen to the other side.
In my time as Director of AMSI, I have
been gratified by the extraordinary support
we have had from people outside of the mathematical sciences. The level of appreciation
of our discipline and its extraordinary impact
is extremely high. Many of these people are
contributing enthusiastically and generously
to the work of AMSI, ICE-EM and MASCOS.
I believe that one of the challenges we face in
rebuilding the mathematical sciences in this
country is for us in the profession to broaden
our horizons and to demonstrate our willingness to cooperate, not only among ourselves
but with people from the many other endeavours in which the mathematical sciences play
a significant role. The future is in our own
hands.
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Mathellaneous

by Daniel Mathews

Quadratic geography, algebraic extreme sports
and magical Farey trees
1

Beauty and (quadratic) form

Part of the beauty of mathematics comes from the existence of unexpected connections
between apparently simple concepts, concepts we thought we knew, until they leap out,
surprise us, and fit themselves together in the most audacious ways.
I once spotted a book entitled “The Sensual Form” which, in a mathematics library, was
a little too exciting. It is by John Conway, and typically entertaining and chock full of
amazing mathematics.
Closer inspection reveals the title actually to be “The Sensual (Quadratic) Form”, and the
book involves rapid increases in difficulty after the first chapter (a predicament well known
to mathematicians!). But there was no disappointment. Conway connects the theory of
quadratic forms to pictures and concepts so simple that high-school students could use his
methods to solve otherwise very difficult problems. This is no exaggeration: it has been
verified by experiment. But while the mathematics involved is quite simple, we must offer
some caution. The techniques of proof involved require knowledge of geomorphology and
extreme sports, but only at a high-school level.

2

Quadratic Diophantine equations

We are interested in quadratic Diophantine equations: quadratic equations, for which we
want integer solutions.
Sometimes solving these is not too difficult. Using high-school techniques we should be
able to find all integer solutions (indeed, all real solutions) of
x2 + 6x + 5 = 0.
But things become more complicated when more variables are involved. For instance, can
we solve
3x2 + 6xy − 5y 2 = 7
in integers?
The general problem we will consider is the following.
Problem. Given integers a, b, c, n, find all solutions to the equation
ax2 + bxy + cy 2 = n
for integers x, y.
Conway’s method allows us to “see” all the possible values of a quadratic form like
3x2 + 6xy − 5y 2 , by following a simple procedure. Actually, our “picture” is a jagged
rocky landscape, consisting of vast mountains, valleys, plateaus, and sheer cliff faces. We
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base jump onto these inhospitable lands, then abseil down and climb up until we reach the
altitude which defines a solution.
Our problem, in general, is quite a difficult one, but we should not assume this is always
the case. I will leave the following Diophantine equations, which can be solved by methods
far easier than Conway’s, as puzzles for the reader. (Solutions are provided at the end.)
Find a solution to each, or show that none exists.
(1) 5x2 + 25xy + 10y 2 = 892
(2) 3x2 − 11xy + 9y 2 = 9
(3) x2 − 6xy + 9y 2 = −2
(4) −100x2 − 60xy + y 2 = 7

3

Base jumping and laxity

Let’s suppose we have our equation to solve:
ax2 + bxy + cy 2 = n.
For ease of notation, let f (x, y) = ax2 + bxy + cy 2 and condense (x, y) to a vector v. So we
solve f (v) = n.
There are two initial considerations. First, note that f (v) = f (−v). So, we do not
really care whether a vector is positive or negative — whatever. In such a state of algebraic
permissiveness we’ll refer to such a vector ±v (we don’t care which) as a lax vector.
Secondly, we can see that if k is an integer, then f (kv) = k 2 f (v). So it is sufficient to
look at v = (x, y) where x, y have no common factor (other than ±1), i.e. x, y are relatively
prime. If we can solve the problem in this case, then the case where x, y do have a common
factor follows easily. Call a vector v = (x, y) with x, y relatively prime a primitive vector. If
we think of our vectors as lattice points in the plane, the primitive vectors are those which
are visible from the origin.
Unfortunately, before we can get anywhere we need to define a few words. Words, words,
words. Well, four of them. They are four types of objects which we call “bases”. Before we
can base jump, we will need to know what the bases are!
A strict base is a pair of vectors {v1 , v2 } whose integral linear combinations cover all
integer vectors. That is, any possible pair of integers can be obtained as mv1 + nv2 , where
m, n ∈ Z. (The knowledgeable reader will note that this is just the familiar notion of a basis
in algebra.) It is not difficult to see that a strict base must consist of primitive vectors.
A lax base is a pair of lax vectors {±v1 , ±v2 }, where {v1 , v2 } form a strict base.
A strict superbase is a triple of vectors {v1 , v2 , v3 } such that v1 + v2 + v3 = 0 and
{v1 , v2 } form a (strict) base. Thus we obtain a superbase from a base by adding a third
vector, so that the three sum to zero.
A lax superbase is a triple of lax vectors {±v1 , ±v2 , ±v3 }, where {v1 , v2 , v3 } is a strict
superbase.

4

Tectonic construction

The key to constructing our landscape is the relationship between bases and superbases.
We want to get from a base to a superbase by adding a vector; and we want to get from a
superbase to a base by removing a vector.
From a strict superbase {v1 , v2 , v3 }, there are three ways to get to a strict base: by
removing any one of the three vectors. But from a strict base {v1 , v2 }, there is clearly only
one way to get to a strict superbase: by adding v3 = −v1 − v2 . And this will go back to
the original superbase.

Mathellaneous
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Things are more interesting if we consider the lax versions. (From now on, when referring
to bases or superbases, we mean the lax versions.) From a lax superbase {±v1 , ±v2 , ±v3 },
there are again three ways to get to a lax base.
{±v1 , ±v2 , ±v3 }

7→ {±v1 , ±v2 }
7→ {±v1 , ±v3 }
7→ {±v2 , ±v3 }

But from a lax base {±v1 , ±v2 }, there are two possibilities:
{±v1 , ±v2 }

7
→
{±v1 , ±v2 , ±(v1 + v2 )}
7→ {±v1 , ±v2 , ±(v1 − v2 )}

So, here is our construction. Let the superbases represent vertices, or junctures. Let the
bases represent edges, or cliffs, or rifts, or fault lines. Thus we obtain a graph, which will
serve as the map of our landscape. For this reason it is known as a topograph.

Note how, if we label our bases and superbases intelligently, then each region, or plateau,
of the topograph corresponds to a single lax vector.
It is not yet clear that our topograph is connected: there might be several components,
with different bases, superbases, and vectors. And our picture above seems to show the
graph as a tree, but we do not know this yet either.
The perspicacious reader will note that we haven’t looked at any quadratic forms yet!
But now that we have constructed the tectonics of our world, this situation is easy to rectify.
Each plateau corresponds to a single lax vector v; so given a quadratic form f , f (v) will
represent the altitude of that plateau.
We have now fully constructed our landscape. As we can see, the tectonics are independent of the particular quadratic form, but the geomorphology — the altitudes of different
plateaus — is determined by the quadratic form.
We have a jagged mountain landscape of interlocking plateaus. Plateaus meet at rifts,
where cliffs have formed, and cliffs meet three at a time, at junctures. Each pattern of
mountain ranges, and the particular heights of various cliffs, is the “landscape” of the quadratic form. Solving f (v) = n corresponds to asking the question: are there any plateaus of
altitude n?
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Mountain climbing

Intrepid mathematical adventurers would like to indulge in all their favourite extreme sports
on quadratic landscapes. We start with mountain climbing. At first it appears that getting
around the landscape will not be too hard.
Theorem 1 (Apollonius’ theorem) Mountains are not too steep. More precisely, in the
situation shown, with altitudes labelled a, b, c, d,

we have c + d = 2(a + b). That is, d, a + b, c forms an arithmetic progression.
Denote the common difference h of the arithmetic progression by a label and put an
arrow on the rift, pointing upwards, as shown. If the common difference is 0, then the edge
is neutral and we draw no arrow. The arrow gives us an idea of which way is up, and how
fast we are going up. If three arrows point outward from a juncture, then we are in a bit of
a rut! We will call such a place, where three arrows radiate outward from a juncture (or are
neutral), a well.
Why is this Apollonius’ theorem? The usual form of the theorem is that, given a triangle
as shown, with a median drawn,


 c 2 
.
a2 + b2 = 2 m2 +
2
With vectors v1 , v2 as shown, this becomes


2
2
2
2
|v1 − v2 | + |v1 + v2 | = 2 |v1 | + |v2 | .
But note that |v|2 = |(x, y)|2 = x2 + y 2 is just one particular quadratic form. In fact the
same holds for any quadratic form f (v) = ax2 + bxy + cy 2 :
2

2

f (v1 − v2 ) + f (v1 + v2 ) = a (x1 − x2 ) + b (x1 − x2 ) (y1 − y2 ) + c (y1 − y2 )
2

2

+ a (x1 + x2 ) + b (x1 + x2 ) (y1 + y2 ) + c (y1 + y2 )


= 2a x21 + x22 + 2b (x1 y1 + x2 y2 ) + 2c y12 + y22
= 2f (v1 ) + 2f (v2 ).

If we notice that the four lax vectors corresponding to the four regions in our diagram are
±v1 , ±v2 , ±(v1 − v2 ) and ±(v1 + v2 ), then this generalised version of Apollonius’ theorem
gives us the result.
Apollonius’ theorem tells us that, if we know the altitudes at a single juncture, then we
may find other altitudes nearby. By repeating the process, we can figure out the altitude
anywhere... well, almost anywhere. If the topograph has several components, we can only
figure out altitudes in the “local” component.
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Actually we can improve on Apollonius’ theorem. The entire landscape (including all
of its components) is determined by an “eruption” from a single juncture. We can see
this directly. Suppose we know f (0, 1) = 3, f (1, 0) = −6, and f (1, 1) = 11. It follows
immediately from substitution that
f (x, y) = −6x2 + 14xy + 3y 2 .
Linear algebra tells us that the same is true, if we know the values of f at any superbase.
In fact there is a formula.
Theorem 2 (Eruption theorem) Suppose we have a juncture with superbase {±v1 , ±v2 , ±v3 }
where v1 + v2 + v3 = 0, as shown.

Then the quadratic form is given by
f (m1 v1 + m2 v2 + m3 v3 )
= α(m2 − m3 )2 + β(m1 − m3 )2 + γ(m1 − m2 )2 .
(Note that since v1 + v2 + v3 = 0, there is more than one way to express a vector in the
form m1 v1 + m2 v2 + m3 v3 .)
From Apollonius’ theorem, we know that
b+c−a
c+a−b
a+b−c
α=
, β=
, γ=
.
2
2
2
Clearly our purported formula is a quadratic form, and it agrees with f at v1 , v2 and v3 ,
using the above expressions. So it is correct.
Thus, surveying a quadratic landscape from a given vantage point is a very precise and
simple matter. But while mountain climbing is quite safe, the prospects of mountain climbers
scaling summits are soon dashed.
Theorem 3 (Futility theorem) Suppose we have a well with surrounding plateau altitudes
positive. Then no matter how you traverse the landscape, without backtracking you must
keep going up. There are no summits.
To see why, consider the situation below around the well. All of a, b, c are positive and
h ≥ 0. Labelling altitudes and arrows as shown, because of the direction of the arrow, we
have c ≥ a + b. Therefore a + c > b and b + c > a. So the other (undrawn) arrows at Q
must point away from Q. Continuing this process, arrows must continually point outwards.
So you keep going up.

6

Bushwalking and abseiling

We now turn to bushwalking; an expedition along a plateau would be a good idea. A circuit
of a plateau might be quite an experience! Sadly, again this is not very feasible.
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Theorem 4 (Tree theorem) Each plateau continues out to infinity. The topograph has no
loops.
Pick an arbitrary juncture/superbase, and consider the quadratic form with surrounding
altitudes 2, 2, 2, i.e. with α = β = γ = 1. Such a quadratic form exists: we could, if we
wanted, explicitly work out its formula from the eruption theorem. Then we have a well
with surrounding altitudes positive. So, by the futility lemma, all arrows radiate outwards
from the well. As we attempt to circumnavigate the plateau, surrounding cliffs just get
higher and higher. They cannot return to the starting altitude, so there cannot be a loop.
Note the rather amazing character of this proof. We have proved a fact about the topograph, which is an object consisting of connections between bases and superbases, completely
independent of quadratic forms. But by imposing some geomorphology, through a particular
quadratic form, we have proved something about it.
While a circuit of a plateau is impossible, if we are prepared to climb up and abseil down
cliffs, it turns out that we can visit any part of our quadratic universe! That is...
Theorem 5 (Odyssey theorem) All the primitive vectors occur on the one topograph. They
are all connected.
To see why, we will apply similarly shifty reasoning. Again choose a random lax superbase
V = {v1 , v2 , v3 } and the quadratic form which makes it a well, and associates altitudes
2, 2, 2 to it, i.e. α = β = γ = 1. From the eruption theorem, we have
f (m1 v1 + m2 v2 + m3 v3 ) = (m2 − m3 )2 + (m1 − m3 )2 + (m1 − m2 )2 .
In particular, f (v) > 0 for all primitive vectors v.
It’s not difficult to see that if v = m1 v1 + m2 v2 + m3 v3 is a primitive vector distinct
from ±v1 , ±v2 , ±v3 , then m1 , m2 , m3 are all distinct. Therefore f (v) ≥ 3. It follows that
the three minimum values of f are precisely 2, 2, 2, and are achieved only at the three lax
vectors ±v1 , ±v2 , ±v3 . That is, the plateaus around our well are strictly the lowest in the
whole universe.
Consider a random vertex (superbase) on the topograph. If it is not a well, then we can
always climb “down” to lower levels, following the arrows along edges backwards. Because
f (v) > 0 always, we must eventually stop and come to a well W = {w1 , w2 , w3 }.
But now apply the same reasoning to W as we did to V . Let the three altitudes around
W be a, b, c, so a, b, c ≥ 2, and we obtain f (m1 w1 + m2 w2 + m3 w3 ) = α(m2 − m3 )2 +
β(m1 − m3 )2 + γ(m1 − m2 )2 , where α + β + γ = (a + b + c)/2. Away from ±w1 , ±w2 , ±w3
we have m1 , m2 , m3 all distinct and f (v) ≥ α + β + γ = (a + b + c)/2 ≥ 3. But 2, 2, 2 must
occur somewhere! It follows that V = W .
That is, from any random vertex, if we climb down, we come to our original well V . We
conclude that our topograph is connected, and our quadratic “universe” consists only of one
landscape.
This is another proof of a non-trivial fact purely about plate tectonics, which has nothing
to do with any particular quadratic form. But applying the geomorphology of a particular
form gives us a simple proof!

7

Exploring new worlds

We now have enough information to make a basic classification of the possible quadratic
landscapes. We can classify based on whether a landscape goes above and/or below sea
level. Thus there are 7 types: 0, +, −, +−, 0+, 0− and 0 + −. We adventurous types wish
to see what all these types look like.
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The least interesting world is the 0 world — “waterworld”. As for + worlds, by similar
methods to the previous section, we can show that the entire landscape radiates outwards
and upwards from a well or abyss. If all α, β, γ > 0 around the well, our abyss is a simple
well. But if (say) γ = 0, then the abyss is a “double well”. The − worlds are of course
inverted underwater versions of the + worlds.

In a +− world, plateaus go from positive to negative altitude, without ever taking the
value 0. Thus there is a “river” of edges separating positive from negative altitudes. Consider
a portion of the river, i.e. an edge separating plateaux of altitudes a > 0 and b < 0. At the
next juncture, the altitude c is either positive or negative; and so the river never stops, but
continues infinitely. Apollonius’ theorem shows us that, if we climb away from the river on
the positive side, we go upwards indefinitely, while if we climb down on the negative side,
we go downwards indefinitely. In fact it can be shown that the river is periodic — if you
continue along, the pattern of altitudes will repeat over and over again.

In a 0+ world, there must be a lake of altitude 0. Furthermore, Apollonius’ theorem
shows us that the plateaus around the lake form an arithmetic progression. As the lake has
infinite circumference, the arithmetic progression will go negative somewhere (which is not
allowed) unless it is actually constant. Walking away from the lake, we see that we must
continually climb up. So the world consists of a single lake, from which hills radiate in a
symmetric fashion. Obviously 0− worlds are inverted forms of the 0+ worlds.

This only leaves 0+− worlds. Again there is a lake at altitude 0. Around its circumference
there is again an arithmetic progression, which changes from positive to negative somewhere.
So at this point a river flows out of the lake. Since infinite rivers eventually become periodic,
this river must be finite, and run into another lake. Therefore, the world consists of two
lakes, joined by a river, separating the world into a positive and negative part. There is
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also the possibility of a “degenerate river”, in which case the two lakes adjoin each other,
forming a weir.

8

Extreme-sports solutions to Diophantine equations

Armed with our newfound knowledge of quadratic tectonics and geomorphology, we are
ready for some high-speed Diophantine-equation-solving action! It is a four-step process.
Recall we are attempting to solve the equation f (x, y) = ax2 + bxy + cy 2 = n, where
a, b, c, n are integers. That is, we want to find all plateaux of altitude n.
(1) Base jump. Launch yourself randomly into the landscape — choose a random superbase and evaluate the quadratic form there. (Surprisingly, I always seem to land
at the superbase {±(1, 0), ±(0, 1), ±(1, 1)}.)
(2) Abseil. From there, use Apollonius’ theorem to abseil down (or climb up, if we land
below see level) the landscape to a well, or river, lake, or weir.
(3) Climb. From this base point, climb up in all possible directions until you get up to
n or past it. This can only take finitely long. The worst case is where there is a
river, but rivers are periodic.
(4) Check. If we find an altitude of n exactly, we have a solution. If we find f (v) = kn2
for some integer k, then we also have a solution also as f (kv) = n. Otherwise, there
is no solution.
Note that the only time we actually evaluate f is in step 1. From there, all calculations
are done using Apollonius’ theorem, and our knowledge of the landscape. Thus, we have an
algorithm to solve the problem, and to “see” the values of f , quite literally.

9

The Farey tree

We have constructed the highly exciting and extreme topograph in the course of our adventures, which turned out to be a tree. In fact this tree turns out to have more magical
properties, if we take its dual. Any planar graph has a dual, obtained by placing a vertex in
every face, and joining two of these vertices if the faces are adjacent. (A tree only has one
“face”, usually, but we can consider every plateau of our topograph as a “face”. We will call
the dual of our topograph a Farey graph.
The Farey graph inherits a number of properties from the topograph. It is an infinite
planar graph. The vertices correspond to the primitive lax vectors. Each vertex has infinite
degree. The edges are precisely the lax bases. The faces are precisely the lax superbases.
They are all triangles.
Now, around each vertex or juncture of the original graph, we had three lax primitive
vectors ±v1 , ±v2 , ±v3 , where v1 + v2 + v3 = 0. So, we could have constructed the original
graph by starting from the edge {±(1, 0), ±(0, 1)}. Then the two superbases at either end
would be {±(1, 0), ±(0, 1), ±(1, 1)} and {±(1, 0), ±(0, 1), ±(−1, 1)}. So, from two vectors
±v1 and v2 , we obtain two new vectors, one on either side: ±(v1 + v2 ) and ±(v1 − v2 ).
This process could be continued to yield the entire graph.
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A similar process could be used to construct the dual graph. Start from vertex ±(1, 0).
Next add ±(0, 1). Since these two vectors form a lax base, they are connected by an edge.
Then we add two more vectors, corresponding to the two possible superbases. And so we
continue, forming a triangle on each available edge.
Let us consider the graph after a few steps. I have arranged it in a certain way. In
particular, each “row” corresponds to a particular value of y in (x, y).

Alternatively, as suggested by the diagram, we can consider this graph as starting from
the “highest” vector ±(1, 0), and continually adding on lower and lower vectors (“lower”
vectors have greater second coordinate). If we have two vectors ±(a, b) and ±(c, d), and we
arrange them so that b > 0 and d > 0, then the “lower” vector which is eventually connected
to them will be ±(a + c, b + d). (The other possibility, ±(a − c, b − d) will be on a “higher”
level”.)

10

Farey orienteering

The coup de gras comes when we notice that there is a perfect correspondence between
primitive lax vectors and rational numbers. The “primitiveness” precisely removes the po2
tential problem that, say, 48 = 12 , and “laxity” precisely removes the problem that −2
−1 = 1 .
So now label all the vertices with rational numbers. (For convenience always write rationals
with positive denominator.)
We know that all the rational numbers occur exactly once in the graph, by the odyssey
theorem. Therefore, if we consider the graph down to level n, it must contain all the rational
numbers with denominator up to n.
Now, when we go down from level n − 1 to n, the new vertices are all attached through
the process discussed in the previous section.
a
b

&

.

c
d

a+c
b+d

Such new vertices can only be attached when b + d = n, and since each addition of a
vertex completes a new triangle, ab , dc must be joined by an edge. However, a base can only
extend to a superbase in two ways. So if an edge (base) is already part of two triangles
(superbases), we call that edge spent and it can no longer be used to form new triangles.
We claim that the rational numbers with denominator up to n, if “lined up” in order
from left to right as in the diagram below, are all consecutively connected by edges. We’ll
call this the level n road. You can see from the diagram that, as n increases, we obtain
progressively harder and harder orienteering courses for mathematical adventurers! After
construcing the diagram to level n, all edges not on the level n road are spent. All of the
new vertices are added by putting “detours” on this road, as in the diagram above, thereby
forcing the original portion of the road to be spent. Furthermore, it is easy to check that
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c
if ab < dc then ab < a+c
b+d < d . So if the triangles are inserted with the lower fraction lying
horizontally between the two upper ones, then the fractions are horizontally in order, and
the level-n road connects them consecutively, and all other edges are spent. By induction
we prove our claim.
Consider any two fractions ab < dc connected by an edge. Then (a, b), (c, d) form a base.
It is a well-known fact from linear algebra that this implies ad − bc = ±1. Hence we have
proved:

Theorem 6 (Farey fractions) Let Sn be the set of rational numbers with denominator ≤ n,
written in order. If ab < dc are consecutive fractions in this sequence then ad − bc = −1.
Further, Sn+1 can be obtained from Sn by inserting into the sequence, between consecutive
c
a+c
a
b and d , the fraction b+d , wherever b + d = n + 1.
This gives an unorthodox connection between the theory of quadratic forms, and this
nugget of number theory known as Farey fractions.
Finally, for the interested reader, we point out that the topograph we have constructed
actually occurs “in nature”, in tiling the hyperbolic plane by fundamental domains of the
group P SL(2, Z), acting via isometries.

11

Solutions
(1) There is no solution as the left hand side is a multiple of 5 and the right hand side
is not.
(2) (0, ±1) is an obvious solution. I leave determination of all solutions to the interested
reader!
(3) There is no solution as x2 − 6xy + 9y 2 = (x − 3y)2 ≥ 0.
(4) Considered modulo 10 we have y 2 ≡ 7. But 7 is not a quadratic residue modulo 10,
so there is no solution.
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Brain drain

There is growing concern about Australia’s brain drain. The Gazette is running a series of
personal essays by mathematicians who went overseas. This issue features a contribution by
Terry Tao, whose many honours include a gold medal at the 29th International Mathematics
Olympiad at the tender age of 13, the 2000 Salem Prize, the 2002 Bôcher Memorial Prize
and a 2003 Clay Research Award.

Terry Tao
In this essay I briefly summarize my personal experience with education and work
both in Australia and in the United States,
and compare the two.
I completed my undergraduate degrees at
Flinders University, and on the advice of
my undergraduate advisor, Garth Gaudry,
started looking at overseas institutions for
my PhD program. Eventually I accepted an
offer from Princeton, as well as a Fulbright
fellowship to support me. After I finished
at Princeton, my primary choices for postdoctoral positions came down to choosing
between offers at UNSW and at the University of California, Los Angeles; I accepted
the (three-year) offer at UCLA, planning to
then apply for more permanent positions in
Australia afterwards (when my visa would
expire). However, near the end of my postdoctoral position I was offered a tenuretrack position at UCLA. I was torn between returning to Australia and accepting
at UCLA (which I had become quite happy
at); I eventually compromised by spending
half the year at UCLA for my new position,
and half the year at an Australian institution (UNSW and then ANU) for the next

four or five years (this being partly because
of my visa requirements stemming from the
Fulbright fellowship). This cycle was finally
completed at the end of last year; in the
meantime, I have put down roots in Los
Angeles, both academically (for instance,
I currently have four graduate students at
UCLA) and personally (having married an
American, and now having a son in Los
Angeles). As such I now view Los Angeles as my primary home, and am not seriously contemplating moving to another institution (either in Australia or elsewhere)
for a while yet.
At the postgraduate and postdoctoral
levels, I feel it is certainly beneficial to experience different institutions, both at home
and overseas, both in order to attain as
broad and complete a mathematical education from multiple viewpoints, and also to
“network” by meeting as many mathematicians in one’s chosen field as possible; by
artificially restricting one’s choices of places
to work I feel that one may not achieve one’s
full potential. One attraction of institutions
in North America and Europe in this regard
is simply the sheer amount of mathematics
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going on in those regions, and the dynamic
contact between mathematicians from different institutions from visits, conferences,
workshops, etc.; at these early stages of
one’s career it seems particularly vital to be
exposed to as much of this type of activity
as possible. Of course, it is also possible
that in this process one gets more attached
(as I did) to life overseas than in Australia,
but this plays an essential part in maintaining mathematical contacts between the
Australian and international communities,
and is vastly preferable to the alternative of
isolating Australian mathematics from the
rest of the world. For similar reasons I believe it is important to attract talented international students for postgraduate study
in Australia.
The situation with more permanent positions is of course more complex, and many
factors, both academic and non-academic,
influence one’s decisions here. For myself, personal reasons, positive experiences
at UCLA, and a certain amount of inertia
were the main factors encouraging me to
stay in Los Angeles, though of course the
situation would vary from individual to individual. Like a number of Australian expatriates, I have found the environment in
the US to be more appealing than that in
Australia, although the comparison is not
wholly one-sided, and several recent initiatives in Australia may restore some balance, notably the Federation Fellowships
and the various programs at AMSI, the former of which allows for quite internationally
competitive packages for prestigious recruitments (for instance, I have read recently
while visiting the UK of some concern there
of a brain drain towards Australia, caused
by some eminent scientists moving their entire laboratories to Australia based on these
fellowships), and the latter of which should
serve to raise the level of mathematical activity and access to resources throughout
Australia. Somewhat more intangibly, I feel
that Australia offers a high quality of life
and relatively low cost of living, which helps

offset any disadvantages in nominal salary
levels, and the undergraduate student base
is quite well educated and motivated, making teaching here more rewarding (at least
for me) on the average than in, say, the
United States.
There are perhaps two other disadvantages that affect Australian mathematics.
One is the lukewarm and fluctuating level of
support of mathematics (both financial and
rhetorical) from the community, and particularly the state and federal governments,
on which the universities in Australia are so
highly dependent; this not only limits access
to financial resources, but also makes longer
term planning (such as new permanent appointments) quite difficult. But the situation here may improve as initiatives such as
the ones mentioned above become well established. The other disadvantage is the relatively small population and geographical
isolation; this means our universities are few
and far between, and that visitor programs
and conference activity are thus reduced as
a consequence. As mentioned above, this is
more of a problem for younger mathematicians than for more senior ones (who may
have their own resources to invite visitors),
but it does mean that the academic environment in Australia may be seen as less
exciting than elsewhere. In the long-term,
this isolation might become less of a problem as the mathematical scene in Asia matures, and as increasingly widespread and
cheap use of communication technologies
(e.g. videoconferencing) become adopted;
in the near-term, I feel that perhaps more
effort could be made to attract overseas visitors, and pool them between universities
(as is done with the Mahler lectureship, for
instance), though I am not sure how such
an effort could be co-ordinated. The use
of AMSI resources to promote conferences
within Australia and raise visibility overseas may also help in this regard. This lack
of “excitement” in Australian mathematics
does lead to a certain vicious circle; it hurts

Brain drain

the universities’ efforts to recruit good people for postgraduate, postdoctoral, and permanent positions, which in turn may lower
the level of perceived mathematical activity
and prestige further, and so forth.
The situation is not irreversible, though;
there are certainly many talented and internationally well-known mathematicians in
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Australia, and there are a number of internationally recognized mathematical activities here, such as ICIAM. A more aggressive promotion of Australian mathematical activities overseas, and recruiting of
overseas talent at all stages of career, may
build enough momentum to raise the profile
of Australian mathematics, and to attract
people who may otherwise by default not
have considered moving to Australia.

Department of Mathematics, UCLA, Los Angeles, CA 90095-1596, USA
E-mail: tao@math.ucla.edu
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Australian Academy of Science fellows
Twenty of Australia’s leading scientists were honoured on 25 March by election to the Australian Academy of Science, see http: // www. science. org. au/ academy/ fellows/ 2004.
htm . Among the new fellows are mathematicians Robert Bartnik (University of Canberra)
and Peter Forrester (University of Melbourne). In the next pages they will describe some of
their research interests.

Following undergraduate and master’s studies at the University of Melbourne,
Robert Bartnik received his PhD from Princeton University in 1983. Postdoctoral positions at New York University and Stanford University followed
before he returned to Australia in 1985. Since then he has held positions at
the Australian National University, University of New South Wales, University
of New England and University of Canberra as well as visiting positions in
Hong Kong, Taiwan, Austria, Germany, the United States and France. He is
perhaps best known for his work with John McKinnon on particle-like solutions
of the Einstein Yang-Mills equation, but he has worked widely on applications
of geometry and analysis to the study of spacetime structure.

Peter Forrester is a mathematical physicist specialising in random matrix theory and probabilitistic combinatorial models. He completed his MSc at the
University of Melbourne in 1982, and his PhD at the Australian National University in 1985, under the supervision of Professors E.R. Smith and R.J. Baxter
respectively. He did postdoctoral research at the C.N. Yang Institute for Theoretical Physics, Stony Brook, USA, until 1987, and then returned to Australia
to take up a lecturing position at La Trobe University. In 1993 he was awarded
the Medal of the Australian Mathematical Society, and was also granted the
first of three successive ARC research fellowships, all of which have been taken
up at the University of Melbourne. His research has found application in the
study of the Riemann hypothesis from prime number theory, which is regarded
as the most outstanding problem in mathematics today.
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Gravity matters
Robert Bartnik

1

Geometry

One equation says it all:
Gab = 8πTab .

(1)
1
2 Rgab

On the left we have mathematics, represented by the Einstein tensor Gab = Ricab −
of
the spacetime metric gab , where Ric is the Ricci curvature tensor. The metric gab determines
geodesics and dynamics in general; Gab controls one half of the spacetime curvature tensor
directly, and the remaining pieces, the Weyl curvature, indirectly through an essentially
hyperbolic evolution.
On the right we have physics, represented by the stress-energy tensor Tab built from the
matter fields. Matter is messy — sometimes it’s dark, sometimes it’s light, and the physicists
are still arguing about what is there — so for the most part we ignore matter and consider
simply the vacuum Einstein equations
Gab = 0.

(2)

So we have geometry — but Lorentzian, rather than Riemannian, since gab has Minkowski
signature gab ∼ diag(−1, 1, 1, 1) rather than Riemannian positive definite. Curves s 7→
x(s) = (xa (s)) are timelike if g(ẋ, ẋ) = gab ẋa ẋb < 0, lightlike (or null ) if g(ẋ, ẋ) = 0 and
spacelike otherwise.

2

Analysis

Choosing a spacelike hypersurface M is a natural idea, since a globally hyperbolic spacetime
(where the Cauchy problem is well-posed) is then diffeomorphic to M × R. A fundamental
result of Y. Choquet-Bruhat [12] shows that the spacetime is determined by the Einstein
equations with initial data consisting of the induced (Riemannian) metric gij and the second
fundamental form Kij , since (1) becomes a hyperbolic system for the 10 functions gab when
a wave map gauge is imposed.
The Choquet-Bruhat existence result introduces the most interesting mathematical theme,
partial differential equations. Many other applications are not hyperbolic, but elliptic or even
parabolic. One simple example is the maximal surface equation Trg K = 0, which in flat
space Rn,1 reduces to


1
Di uDj u
2
p
δij +
Dij
u = 0,
(3)
1 − |Du|2
1 − |Du|2
for M = graph u. A priori estimates for (1 − |Du|2 )−1/2 , analogous to gradient bounds for
the minimal surface equation, ensure (4) is uniformly elliptic and existence and regularity
for the Dirichlet problem follows by standard arguments. This was my introduction to
non-linear PDE [9]. Note that (4) has applications to wheat flow in silos [13].
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The geometric initial data (gij , Kij ) are not freely specifiable; the Einstein equations
imply the ubiquitous constraint equations
0 = 2G00
0 = G0i

= R − |K|2 + (Trg K)2
j

= ∇ Kij − ∇i Trg K

=: 2Φ0 (g, K)

(4)

=: Φi (g, K).

(5)

The scalar curvature R in the Hamiltonian constraint (4) illustrates the structure of the
space of solutions of the constraints: for any 3-metric ḡij and positive function φ ∈ C ∞ (M ),
the conformally related metric gij = φ4 ḡij has scalar curvature
R = R(g) = −8φ−5 (∆ḡ φ − 81 R(ḡ)φ).

(6)

Thus R(g) can be prescribed if the associated elliptic equation for φ admits a positive
solution. This conformal approach (and its extension to the full system (4,5)) has been
extensively studied; see [7] for a recent survey.
A parabolic construction for metrics with prescribed scalar curvature was introduced in
[4]; the idea is to assume a radial foliation with metric
g = u2 dr2 + gAB (dxA + bA dr)(dxB + bB dr),

(7)

A

where the 2-metric gAB and shift vector b are given, such that the leaves have positive
mean and Gauss curvature. The second variation identity with prescribed scalar curvature
R = 2Dn H + 2KG − H 2 − kIIk2 − 2u−1 ∆u,

(8)

leads to a parabolic equation for u, flowing radially outward. One easy application is the
existence of non-flat spacetimes which contain a flat subregion; others are given in [18, 17].
Parabolic equations also arise in the Robinson-Trautman spacetimes [11]; and in the proofs
of the Penrose Conjecture [14, 10].
The ADM Hamiltonian [1]
Z
HADM = −
ξ a Φa (g, K) dvg ,
(9)
M

where the lapse-shift ξ acts as a Lagrange multiplier, generates the Hamiltonian form of the
evolution equations
  

d g
0 1
=
DΦ∗a ξ a .
(10)
−1 0
dt K
For non-compact M this ignores boundary terms, which in the asymptotically flat case give
the ADM (total) energy-momentum vector
I
32πE =
(∂j gij − ∂i gjj )ni dS,
(11)
S∞
I
16πPi =
(Kij − Trg Kgij )nj dS,
(12)
S∞
2
1
which is consistently defined for (g, K) in the weighted Sobolev space δ + H−1/2
× H−3/2
[2]. The proofs [15, 16, 19] that (E, Pi ) is future timelike — the celebrated Positive Mass
Theorem — both rely heavily on elliptic PDE, using minimal surface theory [15, 16] and the
Riemannian Dirac equation [19]. A detailed existence proof for the Witten spinor Dψ = 0
with spectral boundary conditions is given in [6].
The ADM energy-momentum (E, Pi ) is only defined asymptotically and coordinate invariance means it is not possible to give a geometrically consistent expression for a local
energy density for the gravitational field. The correspondence principle demands at least
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a quasi-local quantity mQL (Ω) which measures the gravitational mass of a bounded region
Ω ⊂ M . Minimal desirable properties of mQL are
(a) positivity: mQL (Ω) > 0 for Ω non-flat;
(b) monotonicity: if Ω1 ⊂ Ω2 then p
mQL (Ω1 ) ≤ mQL (Ω2 );
(c) compatibility with mADM = E 2 − |P |2 : mQL (Ω) ≤ mADM (M̃ ) for admissible
extensions of Ω, where “admissible” means satisfies the conditions of PMT and has
no black holes.
In [3] I suggested
mQL (Ω) = infimum{mADM (M̃ ) : M̃ is an admissible extension of Ω},

(13)

which satisfies the basic conditions (a), (b), (c), but presents many computational difficulties
and analytical questions. Extrema (if they exist) are stationary spacetimes i.e. admit a
timelike Killing vector. The Stationary Metric Conjecture proposes that the infimum is
achieved, and has PMT and the remarkable Penrose inequality [14, 10]
Area(Σ) ≤ 16πm2ADM ,

(14)

for the area of a black hole Σ as special cases.

3

Numerics

Numerical simulation is important for physics, since it should be able to predict the gravitational wave signatures of astrophysical phenomena such as black hole collision, supernovae
collapse, etc. Coordinate invariance also greatly complicates the task of constructing reliable
algorithms, and there is still no clear picture of the optimal approach. With Andrew Norton
[8] we constructed a 4th-order 4D code which models the interaction of gravitational waves
with a black hole, using the space-time metric in null quasi-spherical form
ds2N QS = − 2u dz (dr + v dz) + 2|rΘ + βdr + γdz|2 ,

(15)

based on outgoing light rays and the corresponding null coordinate z. Denoting by U certain
first derivatives of the metric functions (u, v, β, γ), the Einstein equations imply the transport
equation
∂
U = F (U, β) and βz = G(U, β),
∂r
which forms the basis of the code (http://www.relativity.ise.canberra.edu.au). Analysis of the numerical results gives new insight into asymptotic structure [5].

4

Challenges

Finally, the current big three relativity problems:
• Extend local existence (and uniqueness??) theorems for the Einstein equations to
data (g, K) ∈ H 2 × H 1 , consistent with the optimal Hamiltonian phase space.
• Prove the Stationary Metric conjecture for quasi-local mass.
• Produce a reliable numerical simulation of the inspiral and collapse of a binary black
hole system.
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Statistical properties of the primes and the Riemann
zeros
P.J. Forrester
My objective in this article is to introduce the reader to some fundamental probabilistic
and statistical properties of the primes and the Riemann zeros. This topic is at once profound
— containing the celebrated Riemann hypothesis — and accessible, relating to familiar
quantities and allowing for a degree of experimentation. The experimentation may take the
form of numerical computations, which in relation to the primes can be a simple exercise once
one is equipped with appropriate software, or heuristic reasoning, whereby partial insights
can be used to formulate precise conjectures.
Private hand produced tables of primes in the late 1700’s and early 1800’s by Gauss and
Legendre led to the first conjectured statistical property of the primes. This concerned an
asymptotic formula for π(N ), the number of primes out of the first N natural numbers. The
data suggests that up to 10n , for increasing n, the proportion of primes in about 1 : 2.3n.
This then led to Legendre’s logarithmic law, which states that to leading order, out of the
first N natural numbers 1 in log N are prime, and thus
π(N ) ∼

N
.
log N

(1)

Gauss refined the estimate (1) by observing that for large N the mean spacing between
primes is to leading order 1/ log N . In general integration of the density gives the expected
number, so Gauss obtained
Z
π(N ) ∼
2

N

dt
=: Li(N ).
log t

(2)

The quantity Li(N ) is called the logarithmic integral. It’s leading asymptotic form reproduces (1), but in its entirety Gauss’ estimate is typically much more accurate than Legendre’s
(see e.g. [3, Table 7-3]). The empirical observation (1) is indeed a theorem, referred to as the
prime number theorem, as proved in separate works near the end of the 1800’s by Hadamard
and de la Valleé Poussin.
We now turn our attention to an empirical observation associated with (1) which turns
out to be false in general. This relates to the sign of Li(N ) − π(N ). All numerical data gives
that Li(N )−π(N ) > 0 and further indicates this to be an increasing function of N . However
in 1914 Littlewood proved that these numerical observations do not persist for general N ,
and in fact Li(N ) − π(N ) changes sign infinitely often. In recent times it has been proved
that a sign change must occur in the vicinity of 1.39822 × 10316 [3, pg. 236], which is the
best upper bound on the first sign change known to date. The enormity of this number
indicates that at the least some degree of caution must be exercised when relying solely on
numerical data to formulate conjectures of this type. As an aside we remark that recent
analytic studies [12] have quantified the proportion of x values for which
Li(x) − π(x) < 0.

(3)
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In particular, Rit has been shown that that the logarithmic density of the set (3), which is the
value of log1 X dt/t integrated over all values of t for which (3) holds in the range [2, X], is
approximately equal to 0.26 × 10−6 as X → ∞.
A natural question relating to Li(N ) − π(N ) is a bound on √
its size. Littlewood showed
that this difference oscillates in both directions by at least Li( x) log log log x. Van Koch
noted that the Riemann hypothesis (RH) implies
√
π(x) = Li(x) + O( x log x),
(4)
and furthermore it is known that the bound on the error term in (4) implies RH [2]. Thus
(4) is in fact equivalent to RH. It is thus appropriate to now recall RH. Encoding Euclid’s
theorem on unique factorization of a natural number into primes (the fundamental theorem
of arithmetic) is the formula
∞
X
1
=
s
n
n=1

Y

(1 − p−s )−1 ,

Re(s) > 1

primes p

due to Euler. Riemann studied this function of s, now referred to as the Riemann zeta
function ζ(s), for complex values of s in relation to his studies on the Gauss formula (1).
He was led to conjecture that the analytic continuation of ζ(s), for 0 ≤ Re(s) ≤ 1, has zeros
along the critical line Re(s) = 1/2 only (of which there must be an infinite number), and
his conjecture is now referred to as√RH.
The occurrence of the factor x in the bound (4) is most interesting, for it ties in
with probability theory. As an illustration, suppose we choose a sequence of numbers
x1 , x2 , x3 , . . . uniformly at random from the unit interval [0, 1]. What is the distribution
PN
of the sum j=1 xj for large N ? This question is answered by the central limit theorem,
which tells us that
N
X
√
1
xj ∼ N + O( N ).
2
j=1
More generally the central limit theorem tells us that fluctuations about the mean of order
√
N are typical of processes involving independent random numbers.
This observation gives motivation for Cramér’s probabilistic model of the primes. Here
it is hypothesized that statistical properties of the primes are well described by a model in
which each natural number N is a prime with probability 1/ log N . Note in particular that
there are no built in correlations between primes. By construction, this model is consistent
with the prime number theorem. Moreover, it can be used to predict the asymptotic form
of the quantity πm (x) — the number of prime pairs (p, p + m). The probabilistic model
suggests that the number of such prime pairs is proportional to
Z x
x
dt
∼
.
x→∞
log
x
log(x
+
m)
(log
x)2
2
This can’t possibly be correct for general natural numbers m as for a start πm (x) = 0 for
m odd. Nonetheless, at a heuristic level (see [11]) these arithmetic considerations can be
overcome, and for m even one is led to a well known conjecture of Hardy and Littlewood,
namely that
Y p−1
x
πm (x) ∼ 2C2
,
(5)
(log x)2 p>2 p − 2
p|m

where C2 =

Q

2
p>2 (1 − 1/(p − 1) ) (all products are over primes only).
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Associated with (5) is a density function
dm (x) =

d
πm (x).
dx

(6)

(For fixed x, (6) only makes sense when considering a smoothed version of πm (x), but this
is not a concern in relation to (5).) If d0 (x) denotes the asymptotic density of primes at x,
so that d0 (x) = 1/ log x, we see from (5) and (6) that
Y p−1
dm (x)
= 2C2
.
2
x→∞ (d0 (x))
p−2
p>2
lim

(7)

p|m

If the primes were truly asymptotically independent the right hand side of (7) would equal
unity. Its nontrivial dependence on m is due to the arithmetic effects incorporated in (5).
For large m the right hand side of (7) has the smoothed form [7]
1−

1
.
2m

(8)

This is a feature of great importance in the study of the statistics of the Riemann zeros.
The Riemann zeros refer to the zeros of ζ(s) on the critical line Re(s) = 12 . Riemann
showed that the number of zeros in the critical strip 0 ≤ Re(s) ≤ 1 with imaginary part
between 0 and T grows asymptotically as (T /2π) log(T /2π). Assuming RH, this implies that
the density of the Riemann zeros has the leading asymptotic form (1/2π) log T . Unlike the
situation with primes, there is no truth in modelling the zeros as occurring independently at
random with this density along the critical line. Rather, analytic evidence of Montgomery
[9] and numerical evidence of Odlyzko [10] indicates a markedly different scenario. This is
that the statistical properties of the large Riemann zeros agree with the statistical properties
of the eigenvalues of large random Hermitian matrices. Here it is assumed that both the
sequences of zeros and eigenvalues have been rescaled to have their mean spacing unity.
To test this hypothesis (referred to as the Montgomery-Odlyzko law [6]) numerically, in
addition to having available large sequences of high zeros [10], one requires knowledge of
the statistical properties of large Hermitian matrices. This is a topic initiated in theoretical
physics over 40 years ago, and is still an active research area today (see e.g. [5]). It is also my
own main research area. One reason for the continued activity is the essential role played by
Painlevé transcendents. To illustrate a result of this type of relevance to the Riemann zeros,
let us consider the problem of computing the distribution of closest neighbour spacings pcn (s)
of the bulk eigenvalues for large Hermitian matrices. For a sequence · · · < xn−1 < xn <
xn+1 < · · · the closest neighbour spacing at xn is defined as min(xn − xn−1 , xn+1 − xn ). If
E(−s, s) is the probability that about an eigenvalue at the origin, there is no other eigenvalue
in the interval (−s, s), it is easy to see that
pcn (s) = −

d
E(−s, s).
ds

In the case of random Hermitian matrices from the so called Gaussian unitary ensemble,
orthogonal polynomial methods allow E(−s, s) to be expressed as a Fredholm determinant,
and this Fredholm determinant can in turn be characterized as the solution of a nonlinear
equation [4]. The final result is that
Z 2πs

σ(2πs)
σ(t)
pcn (s) = −
exp
dt
(9)
2πs
t
0
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where σ satisfies the nonlinear equation


(sσ 00 )2 + 4(−1 + sσ 0 − σ) (σ 0 )2 − {1 − (1 − sσ 0 + σ)1/2 }2 = 0

(10)

subject to the boundary condition
s3
.
12π
s→0
In [14] σ is expressed in terms of a Painlevé V transcendent, while in [13] the equation (10)
itself is identified with the equation satisfied by an auxiliary Hamiltonian in the Painlevé III
theory.
The result (9) was used in [4] as a test of the Montgomery–Odlyzko law. Thus one
compares the empirical determination of pcn (s) for large sequences of Riemann zeros, starting
at different positions along the critical line, with the random matrix distribution (9). The
results, which are consistent with the Montgomery–Odlyzko law, are reproduced in Figure
1.
σ(s)

∼+ −

nn(t)
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Figure 1. Comparison of nn(t) := pcn (t) for the GUE (continuous curve) and for 106
consecutive Riemann zeros, starting near zero number 1 (open circles), 106 (asterisks)
and 1020 (filled circles).

A statistical quantity for the eigenvalues of large Hermitian random matrices which has
a particularly simple functional form is the two-point correlation function ρ2 (s). This is
defined as the density of eigenvalues a distance s from a particular eigenvalue. One has that
ρ2 (s) = 1 −

sin2 πs
.
(πs)2
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From this one computes the so called structure function
Z ∞
(ρ2 (x) − 1)eikx dx
S(k) := 1 +
−∞

 |k| , |k| < 2π
2π
=
1,
|k| ≥ 2π.
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(11)

Montgomery proved that S(k) for the Riemann zeros has exactly this functional form for
|k| < 2π. Heuristic reasoning in [7] to give (11) for |k| ≥ 2π makes essential use of the
smoothed form (8) for the asymptotic density of prime pairs (7).
Methods developed in the semi-classical analysis of chaotic billiards [1] gives much insight
into the interplay between the Riemann zeros and the primes. Before finishing, I would like
to mention too that random matrix theory has shed light not only on the distribution of the
Riemann zeros, but also the value distribution of ζ(s) itself on the critical line (see e.g. [8]).
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In quest of Olympiad problems
Hans Lausch

In an earlier article [1], where the activities of the Problems Committee of the Australian
Mathematical Olympiad Committee (AMOC) were summarised, readers were invited to
donate problems for use in national, regional and international mathematics competitions.
Perhaps another call for olympiad-type problems will serve as a reminder to all who have been
aware of those contests and at the same time inform those who have joined our mathematical
community more recently of a noble way of enhancing school mathematics for budding
mathematicians.
Participants in those competitions are usually senior secondary-school students, although
brilliant younger students have been identified through the mathematical olympiads almost
every year. The problems they have to solve are from “pre-calculus” areas: number theory,
geometry (with a strong preference for “Euclidean” geometry), algebra, discrete mathematics, inequalities, functional equations. In [1], a sample of five competition problems was
reproduced to give the potential problem donor an idea what type of problems would be
appropriate. It might be useful to repeat that exerise, this time with competition problems
that were set during the last two years.
(1) The AMOC Senior Contest is held in August of each year. About 100 students,
most of them in year 11, are confronted with five problems and are given four hours
to solve them. The following problem, Question 1 of the 2001 contest, rated “of easy
to medium difficulty”:
Prove that there is no function f defined for all real numbers and taking real
numbers as values such that for every real number r,
(i)
1
f (r2 ) − (f (r))2 ≥ ,
4
(ii) the equation f (x) = r has at most one solution;
(2) Question 3 of the 2003 AMOC Senior Contest rated as “medium to hard”:
For any three distinct real numbers x, y, z, let
(|x| + |y| + |z|)3
.
|(x − y)(y − z)(z − x)|
Determine the minimum possible value of E(x, y, z).
(3) The Australian Mathematical Olympiad (AMO) is a two-day event in February
with about 100 participants. On either day, students are given a four-hour paper
containing four problems. The following problem, Question 7 of the 2002 AMO,
turned out to be of medium difficulty:
Let n and q be integers, n ≥ 5, 2 ≤ q ≤ n. Prove that q − 1 divides b (n−1)!
c.
q
[Note: bxc is the largest integer not exceeding x.]
(4) Here is a medium-to-hard geometry problem from the 2003 AMO (Question 6):
Let AD be a median of triangle ABC. Let point E lie on AD (extended if
necessary) such that CE is perpendicular to AD. Suppose that angle ACE equals
angle ABC.
Prove that either AB = AC or BAC is a right angle.
E(x, y, z) =
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(5) The Asian Pacific Mathematics Olympiad (APMO) takes place in March. The
contest is a four-hour event with five problems to be solved. About twenty countries,
most of them from the Pacific Rim, take part in the APMO. Usually, 20 to 25
Australian students are invited to participate in this competition. Here is a Question
1 from the 2003 APMO, which Australian students found of “easy to medium”
difficulty:
Let a, b, c, d, e, f be real numbers so that the polynomial
p(x) = x8 − 4x7 + 7x6 + ax5 + bx4 + cx3 + dx2 + ex + f
factorises into eight linear factors x − xi , with xi > 0 for i = 1, 2, . . . , 8. Determine
all possible values of f .
Problems of recent International Mathematical Olympiads have been reported regularly
in the Gazette. The complete set of AMO problems and solutions covering the period 1979–
1995 can be looked up in [2], whereas the problems and solutions of all APMOs between
1989 and 2000 have appeared in [3].
Problem donations will be gratefully received by me as Chair of the AMOC Problems
Committee.

References
[1] H. Lausch, A call for olympiad problems, Aust. Math. Soc. Gazette 28 (2001), 143–145.
[2] H. Lausch and P. Taylor, Australian Mathematical Olympiads 1979–1995, Australian Mathematics
Trust, Canberra 1997.
[3] H. Lausch and C. Bosch Giral, Asian Pacific Mathematics Olympiads 1989–2000, Australian Mathematics Trust, Canberra 2000.
School of Mathematical Sciences, Monash University, VIC 3800
E-mail: hans.lausch@sci.monash.edu.au

172

ICIAM 2003 - the last word
Noel Barton
Congress Director

The accounts for the 5th International
Congress on Industrial Mathematics have
now been all but finalised. The Congress
income was $1.312 million, which included
cash sponsorship of $0.338 million and perhaps half as much again in in-kind sponsorship. With a few hundreds of dollars still to
be tidied up, expenditure is expected to be
$1.282 million. All those figures are exclusive of GST.
ICIAM 2003 returned a surplus, and the
balance of more than $30K will be shared
by AustMS and ANZIAM in the ratio of
4:1 reflecting the risk capital that was made
available to run the Congress. The surplus
carries with it a delicate issue. Our international community wants registration fees for
ICIAM congresses to be as low as possible,
and, before ICIAM 2003, the International
Council for Industrial and Applied Mathematics pressured us on this matter. So, how
to handle the surplus?
As Congress Director, I took the following decisions:
• We paid a voluntary licence fee of
USD25,000 to Council; such a fee has been
imposed as an obligation on the organisers
for ICIAM 2007, but had not been imposed
on ICIAM 2003.
• We donated an aboriginal painting to the
US-based Society for Industrial and Applied
Mathematics. SIAM had been extremely
helpful to us with publicity, coordination of
NSF funding for invited speakers, and use
of the SIAM web site to receive abstracts.
A photograph of the painting is shown below. It is a big painting (183 cm by 120

cm, acrylic on canvas) by Gabrielle Possum
Nungurrayi, and is a symbolic depiction of
tribal women engaged in gathering food and
participating in ceremonies in the Tanami
Desert. On my way to the recent Council
meeting in Zurich, I took the opportunity
to travel via SIAM’s offices in Philadelphia
to hand over the painting formally. They
are delighted with it.
I’m also happy to report that all comments on ICIAM 2003 in Zurich, including
the handling of the surplus, were strongly
positive. A full report on ICIAM 2003 is
available at www.iciam.org. This web site
also has information about ICIAM 2007 and
the Council. All of the people who contributed so strongly to ICIAM 2003 are
mentioned in the web report, and I pay full
tribute to them all.

Jim Crowley (SIAM Executive Director) and
Noel Barton (ICIAM 2003 Congress Director)
with the aboriginal painting donated to SIAM
in gratitude for their assistance with ICIAM
2003.

Sunoba Renewable Energy Systems, PO Box 1295, Macquarie Centre, North Ryde, NSW 1670
E-mail: Noel.Barton@sunoba.com.au
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On the importance of not jumping to conclusions
Peter Hall

This is a true story. It is worth telling
because it illustrates a remarkable faith in
mathematics, and in the capacity of mathematics to improve our lives.
Earlier this year I was invited to a dinner in the US, to commemorate a colleague
in an east-coast university Mathematics Department. I was to fly over, give a short
talk after dinner, and return home. All
costs would be paid, but I balked because
of the unreasonableness of the plan. I could
not go, I said, because the schedule was so
breathless; and if I went, I would have to go
for a longer period than proposed, so that I
got a little rest.
In the end my arm was twisted, and I
accepted the invitation, but other commitments meant I could not be away for long.
So I planned to arrive at my destination
town at about midnight, give my short talk
the next evening, and head home the following morning. It wasn’t a healthy timetable,
but at least it minimised jetlag on my return.
My indecision caused a problem, however. By the time I had settled on a schedule the Memorial Union was booked out, as
too were all the reasonable hotels in town.
So I was put up in a rather run-down motel well away from the university campus.
It was dilapidated; the carpet was stained,
the furniture was battered, the iron (which I
had to borrow from Reception) had a black
sticky substance on the hotplate, and the
ironing board was a 75 cm plank with cloth
stapled to it.
My window looked out onto a street
which seemed to consist mainly of warehouses. That was good, I thought, because
it meant that my room would be quiet at
night. However, the night before I left there
was a fight in the corridor. The next morning the carpet outside my room was strewn
with broken glass from a smashed Exit sign.

Breakfast was included, but was taken
from a small tray of stiff sticky buns, the
sort that never show their age. The buns,
like the iron, were available only from Reception. The morning receptionist, a greyhaired man in his fifties, spent his time
hunched over a television set which had
obviously seen better days. It was monochrome; the picture revealed itself only in
different shades of green. There was a bent
wire aerial on top.
The receptionist looked up only if you approached his counter. The breakfast buns
were on a table by the door, and so the receptionist and I didn’t speak until, on the
second morning, I took my bags downstairs
to check out. I gave him my name, and he
combed through his records, which seemed
to be all on paper.
“Your bill is paid by the university,” he
said. He squinted at the page that represented my account. “Mathematics Department, it says.” I nodded.
He looked at me curiously. “What sort
of mathematics do you do?”
We have all been asked that kind of question. It is usually part of being viewed as
some sort of curiosity, like an exhibit in a
sideshow. From this point the conversation
generally takes a familiar course.
“I do statistics,” I said. “And probability
theory.”
He looked at me more carefully this
time. “Do you know anything about martingales?”
I almost fell over. Here I was, in a decidedly down-market motel tucked between
a row of warehouses and a busy four-lane
highway, and the receptionist was asking me
whether I knew about stochastic processes.
“As it happens, I do know a little,” I said.
“I’m amazed that you ask. Why do you
want to know?”
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He explained that he was interested in
the stock market, and trying to understand
financial mathematics. We talked about
martingales for a while. He wanted to understand, intuitively, why the martingale
assumption was appropriate in mathematical modelling. (He already knew all about
the mathematical definition of a martingale.) So, our conversation turned to fair
games, and mathematical gambling models.
Then he asked whether I could explain
unit root tests, and ARCH and GARCH
models. I found unit root tests a real
challenge. However, ARCH and GARCH
processes (heavy-tailed stochastic processes
that are sometimes used to model financial
data) were more amenable to my explanations. Fortunately I had written a paper on
the topic two years previously.
We stood there for quite a while, discussing stochastic processes and statistics,
while the guests wandered in to collect their
stale sticky buns for breakfast. It was a
Saturday morning, and no-one was rushing.
There weren’t many guests anyway, and noone besides me wanted to talk to the receptionist.

I learned that, contrary to what I had expected, he was not a student. He had last
been a student a very long time ago. But
he was interested in investing on the stock
market, he read widely, and he wanted to
understand the mathematical theories that
were used to model the fluctuations of stock
prices. He went to the university library in
his free time, and was teaching himself the
theory of stochastic processes.
The longer we spoke, the more I felt that
this man was extraordinary. His grasp of
stochastic processes was fairly good, but
that was only one aspect of his abilities.
The most impressive part was his determination to really appreciate which features
of the theory were the most important, and
why. It was not enough for him to simply
understand the theory.
When I finally departed for the airport I
felt more uplifted and inspired than I had
been for a long time. I had gained a far
better impression of this little motel than I
had believed was possible. And my impression of the receptionist had soared. Here,
among the dust in the backblocks of this
college town, I had found a diamond.

Mathematical Sciences Institute, Australian National University, Canberra, ACT 0200
E-mail: Peter.Hall@maths.anu.edu.au
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Real world mathematics in action 2002!
Christine Mangelsdorf, Peter Taylor and Antoinette Tordesillas
Abstract
In this paper, we describe a one-day event which changed student perceptions
about the relevance of mathematics in today’s world. We discuss in detail a
competition held during this event in which Year 11 and 12 mathematics students
were given an opportunity to experience consulting in the area of promotions and
marketing.

1

Introduction

“I saw areas I didn’t realize Maths was important to.” and “I learnt plenty. In particular,
about lateral thinking.” are typical student comments on the 2000 inaugural fair Real world
mathematics in action! I’d like to see that! [1, 2] that inspired the follow-up event on June
19th, 2002. Interest from Victorian schools in Real World Mathematics in Action 2002!
was so great that registered numbers quickly reached capacity and, unfortunately, many
missed out. In the end, the Department of Mathematics and Statistics at the University
of Melbourne played host to three hundred and thirty students and staff from twenty-eight
schools across Victoria.
Designed for year 11–12 students and their teachers, this fair engages and informs participants through two key events, Mathematicians Exposed! and the Mathematics in Industry
and Technology (MIT) Challenge. The aims of the fair are to:
• promote the importance and broad applications of mathematics and problem solving
skills;
• raise awareness of career opportunities for mathematics and statistics graduates.
The survey of the fair showed the event to be an overwhelming success with 91% of respondents saying that it was both enjoyable and informative. The personal interactions with
various research students and staff in the Department, combined with the opportunity to
meet graduates from a wide range of areas and to learn about where their mathematical
training has taken them, have served as a great inspiration to many students. Apart from
having accomplished our objectives, this event has clearly proven to be an effective means
of recruiting students. In fact, a number of students who attended the Maths Fair are now
studying mathematics at the University of Melbourne.

2

Mathematicians Exposed!

The fair began with the morning session of Mathematicians Exposed!, an event designed to
showcase career profiles of mathematics and statistics graduates. Various industry representatives, from the areas of botany, medicine, business consulting, finance, manufacturing
and telecommunications, gave a series of short presentations. The speakers discussed how
and where mathematics and statistics are used in their daily work, and the level of mathematical training needed to pursue careers in their profession. All of the guest speakers have
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international experience in their chosen fields. To illustrate the breadth and expertise of the
speakers, we include the career profiles of two of the speakers.
Dr John Carlin is the Deputy Head of the Clinical Epidemiology and Biostatistics Unit
at the Murdoch Children’s Research Institute, Royal Children’s Hospital. John has worked
in health and medical research at the Royal Children’s Hospital since 1991, after doing Honours in mathematics and statistics and a PhD in statistics. He is involved in a wide range
of projects concerned with improving the clinical care of sick children and preventing the
development of diseases, injuries and unhealthy behaviours.
Dr Les Trudzik is the Managing Director of KPMG Consulting. Les has extensive experience assisting organisations achieve world-class operations through managing business transformation and change programs, through reviewing and reengineering core business processes
and through general management, business strategy and operations research activities. Les
is also National Coordinator for Knowledge Management activities within KPMG Consulting and has extensive experience designing and implementing improvements to knowledge
management and business intelligence capabilities, including the rollout of KWorld, KPMG
Consulting as international knowledge sharing environment. Les has worked with a large
number of public and private sector organizations, particularly within the Justice, Defence,
Government Administration and Manufacturing sectors.
A new addition to the Maths Fair program in 2002 was the graduate and student profiles.
This session provided an opportunity to get “up close and personal” with new mathematics
graduates and current undergraduate and postgraduate students who talked about the trials
and tribulations of doing mathematics, and their mathematical adventures. Below is the
career profile of one of the recent graduates who spoke during the session.
Dan Boulton is a supply chain analyst at Carlton and United Breweries (CUB). In
1995, Dan completed an Honours degree in mathematics, specializing in operations research.
Before joining CUB Dan worked in strategy and operations planning in places such as the
US, Ireland and Adelaide. In his current role at CUB, Dan makes operations decisions
about how to best utilise 5 breweries and 31 distribution centres to minimise the cost of
fulfilling customer demand across Australia and New Zealand for hundreds of products such
as Victoria Bitter, Carlton Cold, Cascade and Subzero.

3

A crash course on mathematical modelling

Following the industry presentations was an interactive session on the art of mathematical
modelling. Dr. David Stump, the Manager of Quantitative Risk Analysis at ANZ Banking
Group, conducted this session. The aim of this presentation was to give a crash course on
the techniques of mathematical modelling. David demonstrated how to develop and analyse
a mathematical model for a loan portfolio. The specific problem he discussed was: If there
are 100 loans in a portfolio, how much money do you have to set aside to cover a 1 in 100
year loss? For those competing in the MIT Challenge, this was a crucial introduction for
what was to follow, while the rest learned how businesses use mathematics to maximize their
profits.

4

For those not participating in the MIT Challenge

Two parallel events took place in the afternoon: the MIT Challenge competition and the
second session of Mathematicians Exposed!. In the latter, the teachers, along with students
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who chose not to compete in the MIT Challenge, tried their hand at solving short maths
problems (Analyze This!) and met people who use mathematics and statistics in their jobs
(Exhibits).
Analyze this! Students and teachers competed in a 1-hour problem solving competition organized by the Melbourne University Mathematics and Statistics Student
Society. Around 45 teams consisting of either 3–4 students or 3 teachers were asked
a series of short mathematical problems. The winning teams received movie passes
or chocolates, and certificates.
Exhibits There was a wide range of interactive exhibits and displays of current
research and consulting projects undertaken by postgraduate students and research
staff from the Department of Mathematics and Statistics including the Statistical
Consulting Centre. These exhibits covered a wide range of areas such as medicine,
commerce, genetics, telecommunications, transportation, bio-informatics, colloid
science, nanotechnology, defence, operations research, geometry, atmospheric sciences, optics, statistical mechanics, solid-state physics, and food manufacturing.
The exhibits highlighted the use of mathematical and statistical skills and techniques to solve real-world problems in these areas as well as provide information
about careers for mathematics and statistics graduates.

5

Mathematics in Industry and Technology (MIT) Challenge

Forty-two teams consisting of four Year 11–12 students competed in the Mathematics in
Industry and Technology (MIT) Challenge. The main objective for the MIT Challenge was
to give students a taste of real world consulting in the format of a competition. With
this in mind we designed a team competition that would engage students in all aspects of
consulting: meeting the client, understanding the client’s problem, working together as a
team, planning a solution strategy, communicating ideas to the client in both written and
oral presentations.
The format of the competition was as follows: an industry representative (“the client”)
presents a real world problem for the teams (“the consultants”) to establish a solution approach within 3 hours. The teams then submit a written report of their proposed solution
approach to a panel of judges who evaluate the written reports, selecting the top 5 ranked
teams. A representative from each of the 5 top ranked teams gives a 5-minute oral presentation of their team’s findings.
A key aspect of organising the MIT Challenge was to find a real life problem that was
accessible to Year 11 and 12 mathematics students so that they could make a reasonable
attempt at solving the problem in under 3 hours. Students were not expected to solve the
problem completely; the main aim was for teams to demonstrate that they understood the
key aspects of the problem and to develop a solution approach or strategy to solve the
problem.
During the MIT Challenge, students were able to consult with the client about their
proposed solution approach. In fact, this consultation process was necessary to successfully
complete Part 1 of the MIT Challenge, which required teams to determine whether or not
they had been given sufficient information to solve the problem. Teams were required to ask
the client for any information that was missing.
The MIT Challenge problem was developed and presented by Professor Peter Taylor
(Department of Mathematics and Statistics, University of Melbourne). In recent years,
Peter was Director of the Teletraffic Research Centre at the University of Adelaide. The
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MIT Challenge stems from a problem that was presented to the Teletraffic Research Centre
by a marketing company on behalf of one of its food manufacturing company clients. Peter
gave a broad overview of the Teletraffic Research Centre, and then discussed the particular
problem the teams would be considering in the MIT Challenge. The following sections give
the actual MIT Challenge problem and possible solution strategies for this problem.
5.1

The MIT Challenge problem

Imagine that you are working for a mathematical consulting company which was recently
approached by a marketing company AA Marketing on behalf of one of its clients Brand X
Foods.
AA Marketing wishes your company to determine the value of prizes that Brand X Foods
might be liable to pay in a supermarket docket competition that it is planning to conduct.
The competition works as follows. The backs of the rolls of paper used for printing supermarket dockets have a repeating series of advertisements. One of these advertisements is
for Brand X Foods. If a shopper presents a docket in which the printout for a Brand X
Food item on the front coincides with the advertisement for Brand X Foods on the back,
then that shopper will win $50 for each such advertisement. This situation is illustrated in
Figure 2. The left hand side of the figure depicts the back of the roll, with the repeating
series of advertisements. The right hand side depicts the front of the roll with the purchase
information.
AA Marketing has supplied the following information:
• The distance B between the beginning of one Brand X Foods advertisement and the
beginning of the next Brand X Foods advertisement on the back of a roll of docket
paper is 1190mm.
• The height C of a Brand X Foods advertisement is 35mm.
• The baseline-to-baseline height a of the printout a single item on the front of a
shopping docket is 5mm.
• The length l of non-item information on a single shopping docket is assumed to be
constant with a value of 105mm.
• The average length d of the purchase item information on a shopping docket is
85mm.
• One in 30 items purchased by the shopper is a Brand X Food item.
To complete this problem you need to undertake two tasks:
1) Determine whether any extra information is needed and, if so, ask for it.
2) Calculate how much money in prizes Brand X Foods can expect to pay per 59.5
metre docket roll.
5.2

Solution to the MIT Challenge problem

On each roll there are fifty Brand X Food advertisements, so the expected amount that
Brand X Foods might have to pay out per roll is fifty times the expected amount that it
might have to pay out per advertisement. Brand X Foods will have to have to pay out on
an advertisement if:
• The advertisement on the back of the docket lines up with at least some, let’s say
n, purchases on the front of the docket.
• Of the n purchases, at least one is a Brand X Food item.
• The shopper with the winning docket would have to notice that he/she had won
and claim the prize.
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5.2.1 Probability of claiming the prize. Let the probability that a Brand X Food item lines
up with a Brand X Food Advertisement be pline−up . Then, if every shopper claimed the
prize, Brand X Foods would have to pay the $50 prize with probability pline−up . This leads
to an expected liability of
L = 50 × pline−up
However, not all shoppers would notice that they have won. Let pclaim be the probability
that a shopper with a winning docket will claim the prize. A shopper would both win and
claim the prize with probability pline−up × pclaim . Therefore, the actual expected liability
will be
L = 50 × pline−up × pclaim
(1)
5.2.2 Calculation of pline−up given n. We know that n purchases line up with the advertisement. Each one is a Brand X Foods item with probability 1/30. The only way that
there will be no Brand X Food item lining up with the advertisement is if every item is not
a Brand X Food item. Assuming independence of the items, this occurs with probability
(29/30)n . Thus we have
 n
29
pline−up (n) = 1 −
30
Since the baseline-to-baseline height of an item on the docket is 5mm and the height of the
Brand X Foods advertisement is 35mm, the highest value that n can be is 7. Thus, assuming
that we know the value π(n) of the probability that n items line up with the advertisement,
we can calculate pline−up via the equation

 n 
7
7
X
X
29
π(n) 1 −
π(n) pline−up (n) =
(2)
pline−up =
30
n=0
n=0
5.2.3 Extra information needed. There are two pieces of information that are needed to solve
the problem, but have not been given by AA Marketing. They are:
(1) The probability that a shopper with a winning docket will claim the prize. Students
who realized this fact and requested this information were asked to consider two
scenarios:
• A conservative scenario, where we assume pclaim = 0.2 ;
• A “best-guess” scenario obtained by looking at data from past competitions,
where we assume pclaim = 0.05.
(2) Although AA Marketing has given us the average length d of the purchase item
information on a shopping docket, they have told us nothing about the variability
of this information. The value of π(n) depends heavily on this variability. To solve
this problem, we need to know the distribution of the lengths of the purchase item
information or equivalently, the numbers of items each customer buys. Students
who realized this fact and requested this information were given an Excel table with
the lengths of the purchase item information on dockets purchased by 500 different
customers.
5.2.4 Calculation of π(n). One possible method of calculating π(n) is to run a simulation
based on the purchase length data. This can be done by picking docket lengths randomly
from the data and ”constructing” the front of the roll. You could then record the proportion
of advertisements on the back of the roll that match up with n items as n varies from 0 to 7.
This will give estimates for π(0) to π(7), which can be inserted in equation (2) to obtain the

180

Christine Mangelsdorf, Peter Taylor and Antoinette Tordesillas

Figure 2. Diagram of the front and back of a typical supermarket docket with relevant
measurements labelled.

answer. This is the method that the organisers hoped that the best student teams would
use.
An analytical solution can be derived using renewal theory. In this problem, we think of
time as going along the front of the docket and the renewal points as the points t1 , t2 , . . .
where the start of the purchase items for the successive customers occurs. The first part of
each interval between renewal points is taken up with purchase item information and the
last 105mm is taken up with the non-item information.
For each value of x, we can use the data on docket lengths to work out the distribution
of these intervals between the renewal points
F (x) = P (tj − tj−1 ≤ x).

(3)

Now think of the beginning of a Brand X Food advertisement on the back of the docket as
defining a random point s along the docket. Let tj be the next point after s (see Figure 3
for details).
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Consider the three cases of renewal point locations depicted in Figure 4. If tj − s ≤ 105,
the entire 35mm of the advertisement will line up with non-item information and so the
number of items lining up will be 0. On the other hand, if tj − s > 140, the entire 35cm
of the advertisement will line up with purchase item information and the number of items
lining up will be 7. In between, if 105 < tj − s ≤ 110, then one item will line up, if
110 < tj − s ≤ 115, then two items will line up and so on. Thus, for n = 0, . . . , 7, we can
work out the probability of n items lining up if we can work out the probability that tj − s
lies in the various intervals 0 − 105, 105 − 110, . . . , 135 − 140, 140 − ∞. Renewal theory tells
us that
Z b
1
[1 − F (x)] dx,
(4)
P (a < tj − s < b) =
190 a
where F (x) is given by equation (3).
Using equation (4) for the data given, we can calculate that π(n) is given by


.578947 if n = 0




.024768 if n = 1





.023311 if n = 2



.021940 if n = 3
(5)
π(n) =

.020649 if n = 4





.019434 if n = 5




.018291 if n = 6




.292660 if n = 7
Substituting equation (5) into equation (2), we get pline−up = 0.0753 and, using equation
(1), we derive a value of 0.753 for L, assuming that pclaim = 0.2. Similarly, if we assume
pclaim = 0.05 then L = 0.1883. Since there are 50 advertisements per roll, the liability

Figure 3. Diagram of the front and back of a typical supermarket docket with renewal
points and random point labelled.
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Figure 4. Diagram of the front of a typical supermarket docket depicting three different
random point locations.

per 59.5 metre docket roll is 50L. This gives a final liability per docket roll of $37.65 if
pclaim = 0.2 and $9.41 if pclaim = 0.05.
5.3

How the students fared

Most of the teams realized that they needed at least one of the two extra pieces of information
to solve the problem completely. As expected no team presented a correct fully worked
solution for the liability per docket roll. However, many teams correctly identified some
of the key elements required in the calculation. Whilst their solutions did not produce
the correct numerical result, the winning teams presented a number of the correct problem
elements and displayed good mathematical intuition and insight in their solution approach.
Some of the student oral presentations were of a high standard.
Prizes were awarded according to the quality of the proposed written solution and oral
presentation. Teams from the following schools won the major prizes in the MIT Challenge:
1st Prize: Korowa Anglican Girls School ($800 for team)
2nd Prize: Thomas Carr College ($400 for team)
3rd Prize: The King David School ($200 for team)
Other short listed teams were awarded certificates of merit.

6

The closing show and student feedback

The closing show was performed by Dr Burkard Polster (Monash University) or Burke the
Mathematical Juggler as he is better known. Burkard entertained the audience with his
superb juggling skills while explaining the mathematics behind the juggling.
The short problem solving competition Analyze this! was the highlight of the fair with
nearly 96% of participants saying they enjoyed the event. Removing the trivia questions
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and focusing on mathematics calculations made the competition accessible to all Year 11
and 12 students. The new format worked well and the questions were of suitable difficulty
for the time allowed.
The MIT Challenge was also popular, with 88% of participants saying they enjoyed the
event. Competing teams found the MIT Challenge thought provoking, challenging and fun.
Some of the teams comprising weaker Year 11 students found the problem too difficult for
their current mathematical skill level and consequently did not enjoy the competition as
much we hoped. The format of the MIT Challenge worked very well except that teams had
to wait for a long time to speak with the client.
The talks by guest speakers were met with mixed responses. Burke the mathematical
juggler was a hit with students. The short talks (7 minutes) by recent graduate and current University students were very popular with students and teachers. However, some of
the longer talks (15-20 minutes) were unsuitable for year 11-12 students as they were too
technical and too detailed. In future fairs, the emphasis will be on having shorter talks by
recent graduates covering a wide range of career opportunities.
Those participants attending the exhibits found them to be very informative and enjoyable. However, attendance at the displays was very disappointing; many students chose to
explore the University grounds instead of attending the displays.
Some of the specific comments made on the survey were:
• “I didn’t know that you could have so many jobs that involved maths.”
• “The whole day was terrific! I hope there will be many more.”
• “It was interesting and opened my eyes to other career opportunities.”
• “Very informative. May have to change my Uni preferences to include maths.”
• “It was interesting and challenging.”
• “A unique experience.”
• “It was fun!”
• “Broadened my horizon.”
• “A great opportunity for my students to meet other mathematicians and students
and to get an insight into University Maths and beyond.”
Following the overwhelming success of the first two Maths Fairs, the Department of
Mathematics and Statistics has decided to hold a Maths Fair every two years. We look
forward to seeing more students and teachers in the upcoming Maths Fair to be held on
Wednesday June 16th, 2004. For more details of past Maths Fairs and information about
the upcoming fair, please see the website: http://www.ms.unimelb.edu.au/msaction/
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Abstract
In this paper we consider a particular integral from which we may develop identities for π.
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1

Introduction

The ratio of the circumference to the diameter of a circle produces, arguably the most
common (famous) mathematical constant known to the human race, π.
It appears that most school children know, or have been taught, that π has a value of
about 22/7. Throughout the ages π and its reciprocal has been represented by various
formulae and the following are listed for interest.
Vieta (∼1579)
v
s
r s
r u
r
u
1
1 1 1 1 1t1 1 1 1 1
=
+
+
+
··· .
π
2 2 2 2 2 2 2 2 2 2
J. Wallis (∼1650) gave
∞
Y
π
=
4

k=1

1−

!

1

,

2

(2k + 1)

and
∞
Y
2
=
π

k=1

1−

!

1
2

(2k)

.

Leibnitz (∼1670)
π
1 1 1
= 1 − + − + ··· .
4
3 5 7
Newton (∼1666)
√
Z1/4p
3 3
+ 24
π=
x − x2 dx
4
0
√

∞ 
3 X 2k
1
3 3
=
+2−
.
4
4
k 16k (k + 1) (2k + 5)
k=0

John Machin (1680–1751) found a formula, in 1706, of the form
 


π
1
1
= 4 arctan
− arctan
,
4
5
239
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there are many other formulae of this form including arccot(x) type functions, and the
interested reader is refereed to an excellent article by Wetherfield [9].
Fibonacci type formulae, see [3] for a fuller list of such formula, are given typically by


∞
π X
1
=
arctan
2
F2k
k=1

where Fk+2 = Fk+1 + Fk , F0 = 0, F1 = 1.
Euler (∼1748)
2

π = 18

∞
X

1

k 2 2k
k
k=1

.

Ramanujan (1914)
3
∞ 
X
2k 42k + 5
1
=
.
k
π
212k+4
k=0

Ramanujan gave many other identities for π and its reciprocal and the interested reader is
referred to the excellent books by Berndt [4].
Comtet (1974)
∞
3240 X 1
π4 =
.
17
k 4 2k
k
k=1

D. and G. Chudnovsky (1989)
∞

X
(6k)!
1
13591409 + 545140134k
k
= 12
(−1)
.
·
3
k+ 1
π
(k!) (3k)!
(6403203 ) 2
k=0
Bailey, Borwein and Plouffe (1996)


∞
X
2
1
1
1
4
−
−
−
π=
.
16k 8k + 1 8k + 4 8k + 5 8k + 6

(1)

k=0

Bellard [3]
∞

π=

k

1 X (−1)
64
210k



k=0

4
4
1
−
−
10k + 9 10k + 7 10k + 5

64
256
1
32
.
−
+
−
−
10k + 3 10k + 1 4k + 3 4k + 1

Lupas [8]
∞
X

2k
k


40k 2 + 16k + 1
π =4+
(−16)
.

2
4k 2
k=1
2k 2k (4k + 1)
The original Lupas formula contained a minor misprint which has been corrected here.
Almkvist, Krattenthaler and Peterson [1]
k



∞

π=

X −89286 + 3875948k − 34970134k 2 + 110202472k 3 − 115193600k 4
1
.

k
8k
9 · 25 · 49
(−4)
k=0

4k

Borwein and Girgensohn [5]
π = ln 4 + 10

∞
X

1
.
k k 3k
2
k
k=1
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Many other results of this type exist and recently Chudnovsky and Chudnovsky [6] obtained a master theorem from which they calculate
∞
X
π
2r

= −1 +
2r
2
r=1 r

and using the Taylor series expansion of the arcsin(x) function, we can obtain other similar
formulae, such as
√ ∞
√
9 3X r
.
π = −3 3 +
2 r=1 2r
r
In this paper we consider a general definite integral from which we can develop various
other formulae for the representation of π. The following integral will be needed for the
formulation of π.

2

The Integral

Theorem 1 For k, m and α real positive numbers and a ≥ 1, then
Z

1/a

I (a, k, m, α) =
0
∞
X

xm
α dx
(1 − xk )

(2a)

(α)r
r!
(rk
+
m
+ 1) ark+m+1
r=0


(m + 1)/k, α
= T 0 2 F1
a−k
(m + 1 + k)/k

=

(2b)
(2c)

where
T0 =

1
,
(m + 1) am+1

(3)

(b)s is Pochhammer’s symbol defined by (b)0 = 1 and

(b)s = b (b + 1) · · · (b + s − 1) =

Γ (b + s)
,
Γ (b)

Γ (b) is the classical Gamma function and 2 F1 is the Gauss hypergeometric function.
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Proof.
1/a

xm
α dx
(1 − xk )
0
Z 1/a
∞
X
(α)r kr
m
x
=
x dx
r!
0
r=0
Z 1/a X
∞
(α)r kr+m
=
x
dx
r!
0
r=0
#1/a
"∞
X (α) xkr+m+1
r
=
r! (kr + m + 1)
r=0
Z

I (a, k, m, α) =

0

∞
X

(α)r
r!
(kr
+
m
+ 1) akr+m+1
r=0


(m + 1)/k, α
= T 0 2 F1
a−k
(m + 1 + k)/k
=

where T0 is given by (3).
We can now match (2b) and (2c) so that
∞
X
r=0




(α)r
(m + 1)/k, α
= T 0 2 F1
rk+m+1
(m + 1 + k)/k
r! (rk + m + 1) a

−k

a


,

(4)

and the left hand side of (4) converges absolutely for a−k < 1. In the case when a = 1 we
can state the following corollary.
Corollary 1 For a = 1, k > 0, m > −1 and 0 < α < 1 then
∞

(α)r
k Γ (α) Γ (1 − α + (1 + m)/k) sin (απ) X
π=
.
Γ ((1 + m)/k)
r!
(rk
+ m + 1)
r=0

(5)

Proof. From (2a)
1

Z
I (1, k, m, α) =
0

xm
α dx
(1 − xk )

k

and by the substitution z = 1 − x we have


1
1+m
I (1, k, m, α) = B 1 − α,
k
k
where B is the classical Beta function. From (2b) and (6)


∞
X
(α)r
1+m
B 1 − α,
=
k
r!
(rk
+ m + 1)
r=0
Γ (1 − α) Γ ((1 + m)/k)
Γ (1 − α + (1 + m)/k)

=

∞
X
r=0

(α)r
.
r! (rk + m + 1)

From
Γ (1 − α) =

π cosec (απ)
,
Γ (α)

(6)
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∞
X
(α)r
π cosec (απ) Γ ((1 + m)/k)
=k
Γ (α) Γ (1 − α + (1 + m)/k)
r!
(rk
+ m + 1)
r=0

and a rearrangement leads to the result (5).

(7)


√

Remark Bailey, Borwein, Borwein and Plouffe [2] utilised (2a) for a = 2, α = 1, k = 8 and
m = β − 1, β = 0, 1, . . . , 7 to prove the new formula (1). Subsequently Hirschhorn [7] has
shown that (1) can be obtained from standard integration procedures.
Some examples are now given.
Example 1 For m + 1 = 3k/2, then
∞

π=

(α)r
Γ (α) Γ (5/2 − α) sin (απ) X
.
Γ (3/2)
r! (r + 3/2)
r=0

For α = 1/2, and using
2r (1/2)r

2
we have

r!

 
2r
=
r

∞  
π X 2r
1
=
.
r
4
r 4 (2r + 3)
r=0

In general, from (5), for α = 1/2, we can deduce, after some basic algebra, that
∞  
2p! X 2r
1
π=
, p = 0, 1, 2, . . .
r
(1/2)p r=0 r 4 (2r + 2p + 1)
and

∞  
(p − 1)! X 2r
1
=
,
r (r + p)
(1/2)p
4
r
r=0

p = 1, 2, 3, . . . ,

which is a special case of the Gauss sum.
Example 2 For m + 1 = k (α + p) , p = 0, 1, 2, . . . and α = 7/30
p
√
√ 
∞
30 + 6 5 + 1 − 5 X
15p!
(7/30)r
π=
.
4 (7/30)p
r!
(30r
+ 30p + 7)
r=0
For m = 25, k = 24, α = 1/12
π = 36

√

6−

∞
√ X
2
r=0

(1/12)r
.
r! (12r + 13)

Both of these nice representations for π, it can be argued, are less suitable for the numerical
calculation of π than those given in the previous example.
Example 3 In the case when (m + 1)/k = integer = s say, and using (7), then we obtain the
numerical constant
∞
X
(α)r
B (s, 1 − α) =
.
r!
(r
+ s)
r=0
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For other cases of the value of a in the integral (2a) we may also obtain identities for π. In
these cases the integral is a little more difficult to handle and these results will be reported
in another forum. As an indication of the type of results we can derive, for an arbitrary
choice of (a, k, m, α) = (2, 2, 120, 9/2) we obtain
∞  
1 X 2r (2r + 1) (2r + 3) (2r + 5) (2r + 7)
Ω1
√ +
,
π=
(2r + 121) 16r
Ω2 3 Ω3 r=0 r
where
Ω1

=
=

Ω2

=

15604102274295581508678435968572864501995513795052733
(46042305118509401202197) (338907929004245243145594887689) ,
26 · 35 · 52 · 72 · 11 · 13 · 17 · 19 · 23 · 29 · 31 · 37 · 41 · 43 · 47 · 53 ·
59 · 61 · 67 · 71 · 73 · 79 · 83 · 89 · 97 · 101 · 103 · 107 · 109 · 113

and
Ω3 = 211 ·33 ·5·7·13·17·19·23·29·31·37·59·61·67·71·73·79·83·89·97·101·103·107·109·113.
There are, of course, a multitude in this class of identities for π for other various values of
(a, k, m, α) .
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Ramanujan’s approximation to the zero of a continued
fraction
Michael D. Hirschhorn
On page 48 of the Lost Notebook [2], Ramanujan writes
If
aq aq 2 aq 3
1−
=0
1 − 1 − 1 − ···
then
1
1
2
6
21 79 311 1266 5289 22553
q = − 2 + 3 − 4 + 5 − 6 + 7 − 8 + 9 − 10 + · · ·
a a
a
a
a
a
a
a
a
a
 
2
1
p
q=
+O
a8
a − 1 + (a + 1)(a + 5)
2
1
1
2
6
21 79 311 1265 5275 22431
p
= − 2 + 3 − 4 + 5 − 6 + 7 − 8 + 9 − 10 + · · ·
a
a
a
a
a
a
a
a
a
a
a − 1 + (a + 1)(a + 5)
1

q=
p
a − 1 + (a + 1)(a + 5)
+
2
He also writes
If
1−

!3 .
p
(a + 1)(a + 5)
p
a − 1 + (a + 1)(a + 5)

(1)

a+3−

q q2 q3
=0
1 − 1 − 1 − ···
q = 0.5762

and later jottings include
5

7
9

1
√
=
3−1

(Actually, in all the above, I have taken the liberty of replacing Ramanujan’s x by the now
more usual q.)
As we shall see, everything Ramanujan wrote is correct, except that the statement (1) should
be


1
1
q=
.
!3 + O
p
p
a11
a − 1 + (a + 1)(a + 5)
a + 3 − (a + 1)(a + 5)
p
+
2
a − 1 + (a + 1)(a + 5)
Note that if the result (1) were exact, then putting a = 1 would give that the zero of
q q2 q3
1
√
 ≈ 0.57611879, whereas in fact the zero ≈ 0.57614877.
1−
is
7
1 − 1 − 1 − ···
5 9 3−1
Let me start out by saying that it is well–known that the continued fraction can be written
X (−1)n an q n2 . X (−1)n an q n2 +n
aq aq 2 aq 3
1−
=
1 − 1 − 1 − ···
(q)n
(q)n
n≥0

n≥0
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where
(q)0 = 1, (q)n = (1 − q)(1 − q 2 ) · · · (1 − q n ) for n ≥ 1.
Indeed, this continued fraction is known as the Rogers–Ramanujan continued fraction, which
is discussed in Hardy and Wright, Chapter 19.
Thus, the continued fraction is zero when
X (−1)n an q n2
= 0.
(2)
(q)n
n≥0

If we consider a large, it is obvious from the first two terms of this equation,
aq
= 0,
1−
1−q
that
 
1
1
q = +o
as a → ∞.
a
a
1
1
If we want the solution of (2) as a series in powers of up to, say, the term in 11 , we can
a
a
a3 q 9
ignore all the terms in the sum on the left of (2) beyond the term −
, since
(q)3


1
a4 q 16
=O
.
(q)4
a12
So we consider
a2 q 4
a3 q 9
aq
+
−
=0
1−
2
1 − q (1 − q)(1 − q ) (1 − q)(1 − q 2 )(1 − q 3 )
 
1
or, recalling that q = O
,
a
1−aq(1 + q + q 2 + q 3 + q 4 + q 5 + q 6 + q 7 + q 8 + q 9 + q 10 + q 11 )
+ a2 q 4 (1 + q + 2q 2 + 2q 3 + 3q 4 + 3q 5 + 4q 6 + 4q 7 + 5q 8 + 5q 9 )

− a3 q 9 (1 + q + 2q 2 + 3q 3 + 4q 4 + 5q 5 ) = 0 (mod a−12 ).
If we write
1
c1
c2
c3
c4
c5
c6
c7
c8
c9
c10
q = + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 + 10 + 11 + O
a a
a
a
a
a
a
a
a
a
a
and substitute, we find that



1
a12




0 −c1 − 1 −c2 − 2c1
−c3 − 2c2 − c21 + c1
+
+
+
· · · = 0 (mod a−12 ),
a
a2
a3
a4
and if we equate all the numerators to 0, we find (I used MAPLE, and it took less than 2
seconds!)
c1 = −1, c2 = 2, c3 = −6, c4 = 21, c5 = −79, c6 = 311
c7 = −1266, c8 = 5289, c9 = −22553, c10 = 97763,
so
1
2
6
21 79 311 1266 5289 22553 97763
1
− 2 + 3 − 4 + 5 − 6 + 7 − 8 + 9 − 10 + 11 + O
a a
a
a
a
a
a
a
a
a
a
Thus, we have certainly verified Ramanujan’s first statement.
q=



1
a12


.
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It is easy using MAPLE to verify all Ramanujan’s other statements. Thus
1
p
a − 1 + (a + 1)(a + 5)
+
2
=

a+3−

p

a−1+

p

(a + 1)(a + 5)

!3

(a + 1)(a + 5)

1
2
6
21 79 311 1266 5289 22553 97760
1
+ 3 − 4 + 5 − 6 + 7 − 8 + 9 − 10 + 11 + O
−
a a2
a
a
a
a
a
a
a
a
a



1
a12


.

But the real question is, how did Ramanujan discover the “pseudo–rational” functions with
the “almost exact” series expansions?
I am going to hazard the following guess: The series that matters here is
s = 1 − z + 2z 2 − 6z 3 + 21z 4 − 79z 5 + 311z 6 − 1266z 7 + 5289z 8 − 22553z 9 + · · · .
The reciprocal of this series is
s−1 = 1 + z − z 2 + 3z 3 − 10z 4 + 36z 5 − 137z 6 + 544z 7 − 2231z 8 + 9378z 9 + · · · .
On the other hand, Ramanujan may have had in his kit–bag the fact that
p
1 + 6z + 5z 2 = 1+3z −2z 2 +6z 3 −20z 4 +72z 5 −274z 6 +1086z 7 −4438z 8 +18570z 9 + · · · .
He may have spotted that
√

1 + 6z + 5z 2
+ z 7 − 12z 8 + 93z 9 + · · ·
2
√
1 − z + 1 + 6z + 5z 2
=
+ z(z 2 − 4z 3 + 15z 4 + · · · )3
2

s−1 =

1−z+

and so
s=

1−z+

√

1
1 + 6z +
2

5z 2

.
2

3

4

+ z(z − 4z + 15z + · · · )

I do not put it past Ramanujan to see all this, and further that
p
1 + 3z − 1 + 6z + 5z 2 = 2z 2 (1 − 3z + 10z 2 + · · · ),
1−z+
and so

p

3

1 + 6z + 5z 2 = 2(1 + z − z 2 + · · · )

√
1 + 3z − 1 + 6z + 5z 2
√
= z 2 − 4z 3 + 15z 4 + · · · .
1 − z + 1 + 6z + 5z 2

The rest is easy.
I carried the calculations a little further, and found
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1
2
6
21 79 311 1266 5289 22553 97763 429527
1
− 2 + 3 − 4 + 5 − 6 + 7 − 8 + 9 − 10 + 11 −
a a
a
a
a
a
a
a
a
a
a
a12
1908452 8560532 38713510 176318081 808018789 3723242051
−
+
−
+
−
+
a13
a14
a15
a16
a17
a18
17239848937 80174546765 374319144257 1753833845882 8243964424236
+
−
+
−
+
a19
a20
a21
a22
a23
38865436663306 183723384886286 870653110451115 4135450843397738
+
−
+
−
a24
a25
a26
a27
19684477775566090 93882029721904349
−
+
− ··· .
a28
a29
Note added: Bruce Berndt points out that Ramanujan’s claims are discussed in [1].

q=
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Euler Polynomials of Higher Order Involving the
Stirling Numbers of the Second Kind
Qiu-Ming Luo
Abstract
The object of the present note is to prove certain new explicit formulae for the Euler numbers and polynomials of higher order, these representations include the Stirling numbers
of the second kind.
Key words: Euler numbers of higher order; Euler polynomials of higher order; Stirling
numbers of the second kind; difference operator.
MSC: Primary 11B68, 33E20; Secondary 11B73.

1

Introduction
(α)

In the usual notations, let En (x) denote the Euler polynomial of higher order of degree n
in x, defined by (see [1, P. 66, Eq. (64)])
∞
 2 α
X
zn
(α)
xz
E
(x)
e
=
, (|z| < π)
(1)
n
ez + 1
n!
n=0
for an arbitrary (real or complex) parameter α.
From the generating relation (1), it is fairly straightforward to deduce the following
formulae
n   (α) 
X
n Ek
α n−k
(α)
En (x) =
x
−
k 2k
2
k=0

En(α) (x)

= (−1)n En(α) (α − x)
(α)

in terms of the Euler numbers of higher order En (see [1, P. 66, Eq. (65)]).
Recently, Qiu-Ming Luo et al gave certain new classes of recursion formulae for the Euler
numbers and polynomials of higher order (see [2, p. 2, Eqs. (9) and (10); p. 3, Eqs. (24)
and (25)]). In the present note we first prove the following explicit formula for the Euler
polynomials of higher order


n  
s
X
n n−s X (−1)k k! α + k − 1
x
En(α) (x) =
S(s, k)
(2)
s
2k
k
s=0
k=0

We shall also apply the representation (2) in order to derive certain interesting special cases.

2

Proof of the Explicit Formula (2)

By Taylor’s expansion and Leibniz’s rule, the generating relation (1) yields
n  
X
n n−s s n 2 α o
d
En(α) (x) =
x
Dz
, Dz =
.
z +1
e
dz
s
z=0
s=0

(3)

Euler Polynomials of Higher Order

Since
(1 + w)−α =


∞ 
X
α+k−1
k

k=0

(−w)k
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(|w| < 1),

setting 1 + w = (ez + 1)/2, and applying the binomial theorem, we find from (3) that


n  
s
X
n n−s X (−1)k α + k − 1
En(α) (x) =
Dzs {(ez − 1)k }|z=0
x
k
k
s
2
s=0

(4)

k=0

Now make use of the well-know formula (cf. [3, 24.1.4, I. def. B and C])
(ez − 1)k =

∞
X
zr
r=k

r!

∆k 0r
(5)

1
S(r, k) = ∆k 0r ,
k!
where S(r, k) denotes the Stirling numbers of the second kind, defined by
r  
X
x
r
x =
k!S(r, k),
k
k=0

where, for convenience,
∆k ar = ∆k xr |x=a =

k
X

(−1)k−j

j=0

 
k
(a + j)r ,
j

(6)

∆ being the difference operator defined by (cf. [3, p.822,III])
∆f (x) = f (x + 1) − f (x),
so that, in general (cf. [3, p.823,24.1.1,C]),
∆k f (x) =

k
X

(−1)k−j

j=0

 
k
f (x + j),
j

by formula (5) readily yields
Dzs {(ez − 1)k }|z=0 = ∆k 0s = k!S(s, k)

(7)

and upon substituting this value in (4), leads us immediately to the explicit formula (2).

3

Application

 
α
(α)
(α) α
, En = 2n En
, gives us the
2
2
(α)
following for the Euler numbers of higher order En can be written as (new formula)


n  
s
X
n s n−s X (−1)k k! α + k − 1
En(α) =
2 α
S(s, k),
s
2k
k
s=0
The first special case of our formula (2) when x =

k=0

further, upon setting α = 1, we provide an interesting result for the classical Euler numbers
(1)
En :≡ En
n  
s
X
n s X (−1)k k!
En =
2
S(s, k).
s
2k
s=0
k=0
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The second special case of our formula (2), for α = 1, obtain to an explicit formula for
the classical Euler polynomials En (x)
n  
s
X
n n−s X (−1)k k!
S(s, k)
En (x) =
x
2k
s
s=0
k=0

This last representation, for x = 0 in (2) yields


n
X
(−1)k k! α + k − 1
S(n, k),
En(α) (0) =
k
2k
k=0

further, upon setting α = 1, we have
En (0) =

n
X
(−1)k k!
k=0

4

2k

S(n, k).
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On Weighted Means preserving Regular Variation
Slavko Simic
Abstract
We give a necessary and sufficient condition for the weight sequence such that
the classical weighted means of arbitrary order preserves regular variation of the
target sequence. Some other properties of this class of weights are also considered.
Key words: Weighted Means, Regular Variation, Karamata.
MSC: Primary 26A12.

1

Introduction
(r)

Denote by Mn (p; c) the classical weighted mean of order r with positive weights p = {pi }ni=1
and the target sequence c = {ci }ni=1 (Definition 2, below). In this article we shall solve the
following problem:
Characterise somehow the weight sequence p such that the asymptotic equivalence
Mn(r) (p; k) ∼ kn

(n → ∞),

(1)

takes place for each r ∈ R and each regularly varying sequence k of arbitrary index.
(r)

It follows from (1) that, for properly chosen weight sequence, the mean Mn (p; k) varies
regularly independently of order r.
Denoting

P

i≤n

pi := Pn and

P

i≤n

Pi := Qn , it turns out that the condition

n(1 − Qn−1 /Qn ) → ∞

(n → ∞),

(2)

is necessary and sufficient for (1) to hold.
More explicitly, it is enough to take Pn in the form
X
Pn = exp(an +
bm /m),
m≤n

where {an } is a non-decreasing sequence and {bn } is an unbounded sequence of positive
numbers.

2

Preliminaries

We begin with some basic definitions from Karamata’s theory of regularly varying sequences
Definition 1 It is said that a sequence {kn }n≥1 of positive numbers is regularly varying
with index a if it can be represented in the form
kn := na `n , a ∈ R, n ∈ N;
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where {`n }n≥1 is a slowly varying sequence (SVS) i.e. satisfying
`[λn] ∼ `n

(n → ∞),

for each positive λ(cf. [1, 2]).
Some examples of slowly varying sequences are
logb n, b ∈ R; logc (log n), c ∈ R; exp(logd n), 0 < d < 1; exp(log n/ log log n); n > n0 .
For n ≤ n0 we can put `n = 1.
Note that, if {cn } and {dn } are SVS, then also
{cn + dn }; {cn · dn };

{cn /dn },

are SVS.
In the sequel we shall need the following lemma [2].
Lemma 1 We have
sup (m`m ) ∼ n`n ;
m≤n

inf (`m /m) ∼ `n /n

m≤n

(n → ∞).

(r)

Recall the definition of weighted means Mn (p; c) [3, p. 72].
Definition 2 For a sequence of positive numbers c = {ci }ni=1 and positive weights p =
{pi }ni=1 , the weighted mean of order r is defined as
 Pn

r 1/r
(r)
i=1 pi ci
Mn (p; c) =
, r ∈ R/{0};
Pn
!1/Pn
n
Y
pi
(0)
Mn (p; c) =
ci
,
i=1

where Pn :=

Pn

i=1 pi .

The following lemma will be useful [3, p. 76].
(r)

Lemma 2 The weighted mean Mn (p; c) is an increasing function of r.

3

Results

Denote by P the class of all sequences p of positive numbers satisfying the condition (2).
The manner in which the class P acts on the class of regularly varying sequences is given in
the next theorem.
Theorem 1 For each r ∈ R and every regularly varying sequence k = {km }m≥1 of arbitrary
index, as n → ∞, the following are equivalent
X
i) Qn /nPn → 0; ii)
km pm ∼ kn Pn ;
m≤n

P

m≤n

iii) Mn(r) (p; k) ∼ kn ; iv)
P
P
where Pn := m≤n pm and Qn := m≤n Pm .

pm log km
Pn

− log kn → 0,

On Weighted Means preserving Regular Variation

199

Note that i) is equivalent to the condition (2) above.
If p ∈ P then {Pn } and {Qn } are of rapid growth in the sense that nα /Pn → 0 (n → ∞)
for each α ∈ R. What is the representation form of Pn is an open question. We are satisfied
here with the following
Theorem 2 Let {an }n≥1 be an arbitrary non-decreasing sequence and {bn }n≥1 an arbitrary
unbounded sequence of positive numbers. Then
X
Pn = exp(an +
bm /m),
(3)
m≤n

implies p ∈ P .

4

Proofs

Proof of Theorem 1
For kn = n, by Abel’s partial summation we get
X
mpm = (n + 1)Pn − Qn .
m≤n

P
Hence, as n → ∞,
m≤n mpm ∼ nPn is equivalent to Qn /nPn → 0, i.e. the condition i) is
necessary for ii) to hold. To prove that it is also sufficient, the following lemmas are needed.
Lemma 3 Denote, as usual, ∆rn := rn+1 − rn . If, as n → ∞, rn → ∞ and
then also rtnn → s.

∆tn
∆rn

→ s,

This is a well-known classical assertion (cf. [4, p. 30]).
Lemma 4 Under the condition i) of Theorem A, for each real α we have
X
i) nα Qn → ∞; ii)
mα pm ∼ nα Pn (n → ∞).
m≤n

Proof. Since nPn /Qn → ∞, for n > n0 and fixed α ∈ R, we have
nPn
Qn − Qn−1
|α| + 1
Qn−1
|α| + 1
|α| + 1
> |α| + 1 i.e.
>
i.e.
<1−
< exp(−
).
Qn
Qn
n
Qn
n
n
It follows
X
Qn  exp((|α| + 1)
1/m)  exp((|α| + 1) log n).
m≤n

Hence
nα Qn  nα+|α|+1

(n → ∞),

i.e. the part i) is proved.
By (2) we get
Pn ∆nα
Pn ∆nα
=
→α
∆(nα−1 Qn−1 )
nα−1 Pn + Qn ∆nα−1

(n → ∞).

Hence, applying part i), Lemma 3 and (2), for each real α we obtain
X
Sn :=
Pm ∆mα ∼ αnα−1 Qn = o(nα Pn ) (n → ∞).
m≤n
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Therefore, by partial summation we have
X
mα pm = (n + 1)α Pn − Sn = (n + 1)α Pn + o(nα Pn )

(n → ∞),

m≤n

and the part ii) of Lemma 4 is also proved.
Now, for kn := nα `n , α ∈ R, using lemmas 1 and 4 (part ii)), we get
X
X
mα `m pm ≤ sup (m`m )
mα−1 pm ∼ nα `n Pn (n → ∞),
m≤n

m≤n

m≤n

and
X

mα `m pm ≥ inf (`m /m)
m≤n

m≤n

Hence

X

mα+1 pm ∼ nα `n Pn

α
m≤n m `m pm
nα `n Pn

n

α
m≤n m `m pm
nα `n Pn

P

P
1 ≤ lim inf

(n → ∞).

m≤n

≤ lim sup
n

≤ 1,

i.e., parts i) and ii) of Theorem A are equivalent.
Remark Note that the previous proof yields the following:
i) {pn }n≥1 ∈ P ;

ii) {kn pn }n≥1 ∈ P,

are equivalent.
Now we shall prove ii) ⇐⇒ iii). Indeed, putting r = 1 in iii) it follows
X
Mn(1) (p, k) =
km pm /Pn ∼ kn (n → ∞).
m≤n

Hence iii) ⇒ ii).
Assume now that ii) holds. From Definition 1, it follows that if kn varies regularly with
index α, then knr also varies regularly with index αr.
Therefore, by ii)
X

r
km
pm ∼ knr Pn

(n → ∞),

m≤n

and, by Definition 2,
Mn(r) (p; k) ∼ (knr )1/r ∼ kn
In the case r = 0, applying Lemma 2, we obtain

∀r ∈ R/{0}.

kn ∼ Mn(−1) (p; k) < Mn(0) (p; k) < Mn(1) (p; k) ∼ kn

(n → ∞).

Hence
Mn(0) (p; k) ∼ kn
and the proof is done.

(n → ∞),

(4)


Taking logarithm on both sides of (4) we obtain the assertion iv) of Theorem A. Therefore
i) is sufficient for iv) to hold. To prove that it is also necessary, put kn = n in iv); then, by
partial summation we get
X
X
Pm ∆ log m/Pn = log(n + 1) −
pm log m/Pn = log(n + 1) − log n + o(1) = o(1).
m≤n

m≤n
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Since, for m ∈ [1, n]
∆ log m = log(1 +

2
1
1
1
)>
>
≥
,
m
2m + 1
2m
2n

we obtain
0 < Qn /nPn < 2

X

Pm ∆ log m/Pn → 0

(n → ∞).

m≤n

i.e. p ∈ P .
Proof of Theorem 2
Proof. For Pn = exp(an +

P

m≤n bm /m),

we get

∆(nPn )
Pn−1
Pn−1
= n(1 −
)+
> n(1 − exp(−∆an−1 − bn /n)) ≥ n(1 − exp(−bn /n)) → ∞,
∆Qn
Pn
Pn
since bn → ∞ (n → ∞).
Hence, by Lemma 3, we obtain nPn /Qn → ∞ (n → ∞) i.e. p ∈ P .



Note that if an → a, bn → b, a, b ∈ R, then (3) becomes the well-known representation
form for a regularly varying sequence of index b [1, p. 52].
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Fourier Analysis,
an introduction
E M Stein and R Shakarchi
Princeton University Press 2003
ISBN: 0-691-11384-X
This book is the first of a series of four, and
was supported in part by the 250th Anniversary Fund of Princeton University (which
accordingly predates Joseph Fourier’s birth
in 1768). The book with eight chapters and
a helpful appendix on Riemann integration,
is a good mixture of both older and more
recent mathematics. After looking in Chapter 1 with the classical physical problems of
vibrating strings and heat flow, Chapter 2
examines basic properties of Fourier Series
and includes the concept of “good kernels”
such as the Feyér kernel. Convergence of
Fourier Series is further explored in Chapter
3, with applications (including some early
20th Century ones) in Chapter 4. Moving to
the Fourier Transform on R, Chapter 5 introduces Laurant Schwartz’s space of indefinitely differentiable rapidly decreasing functions, plus other 20th Century applications
of Fourier Analysis of the Heisenberg uncertainty principles and the Black-Scholes
equation from finance theory. Chapter 6
discusses the Fourier transform on Rd with
applications to the Radon transform. Finite
Fourier Analysis, including the Fast Fourier
Transform and Fourier Analysis on Finite
Abelian Groups is considered in Chapter 7.
Chapter 8 on Dirichlet’s Theorem (if q and
l are relatively prime positive integers, then
the arithmetic progression l, l + q, l + 2q, . . .

contain infinitely many prime numbers) is
given as ‘a striking application’ of finite
Fourier Series.
As above, Stein and Shakarchi’s book is
a good mixture of old and new mathematics. It is appealing for a breadth of scope
with a clarity of exposition and is a useful
reference. The book would also be helpful for honours students studying modern
analysis. As such, it joins many significant
books on Fourier Analysis, including the
late Robert Edwards’ impressive two volume work Fourier Series: A modern introduction (Holt, Rinehart and Winston 1967).
Philip Laird
School of Mathematics and Applied Statistics, University of Wollongong, Northfields Ave Wollongong
NSW 2522
E-mail: phil laird@uow.edu.au













Mathematical Puzzles
A Connoisseur’s Collection
Peter Winkler
A. K. Peters Natick 2004
ISBN 1-56881-201-9
Puzzles are disseminated among the mathematical literati in the same way that jokes
are spread through the community — that
is, by word of mouth. And like a good joke,
the more appealing of these conundrums
have been bandied around classrooms and
offices, written on the backs of envelopes,
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and passed on from generation to generation until their origins have been lost in the
mists of time. This book is a collection of
more than one hundred of the best puzzles
which have, to some extent, become a part
of this mathematical folklore.
Of course, as with any compilation of this
nature, there is a great deal of subjectivity as to what makes a mathematical puzzle
worthy of inclusion. In the preface, the following five prerequisites are listed — amusement, universality, elegance, difficulty and
solvability. But ultimately, with such a myriad of problems from around the world to
choose from, the final say must come from
the author. In this case the author is the
reputable Peter Winkler, currently Director of Fundamental Mathematics Research
at Bell Labs, a man who has had a distinguished career in both academia and industry. In some circles he is best known as
the inventor of cryptologic methods for the
game of bridge, currently illegal for tournament play in parts of the world. But most
importantly, he is an avid puzzle solver and
it is evident that this is indeed the collection
of a connoisseur, as the title suggests.
This book is for anyone with a passion
for mathematical puzzles; for those who love
the thrill of being able to solve one as well
as the frustration of being unable. There is
no mention of concepts from higher mathematics such as groups or manifolds, and
you can safely leave your calculus text on
your bookshelf. Despite the lack of prerequisites, beware that the problems are generally very challenging. So apart from a certain amount of mathematical maturity, you
will also require the determination to invest
time in each problem before reading the solution. Remember that the satisfaction of
solving a puzzle is proportional to its difficulty and also keep in mind the following
words of the author.
“You can take pride in any puzzles you
solve, and even more in any for which you
find better solutions than mine.”
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So whether you are an amateur or a
professional mathematician, a student or a
teacher, this book will appeal to those with
an appreciation of the beauty and ingenuity
of mathematics. The following is one of the
easier offerings from the book, which should
give you a taste of the level of difficulty and
flavour of the puzzles.
“Soldiers in the Field: An odd number of
soldiers are stationed in the field, in such a
way that all the pairwise distances are distinct. Each soldier is told to keep an eye on
the nearest other soldier. Prove that at least
one soldier is not being watched.”
The puzzles are loosely classified into
twelve mathematical areas, each of which
constitutes a chapter of the book. The
list of chapters includes numbers, combinatorics, probability, geometry and games.
In turn, each of these chapters consists of
about ten puzzles, followed by a section containing solutions and interesting comments
for each of them. All of the solutions are
concise, sometimes forsaking detail to make
way for insight. The author takes the occasional excursion into the land of mathematical jargon, so for the less experienced
reader, it may be necessary to skip the solution to a puzzle every now and then.
Unfortunately, the book is marred by a
chapter entitled “Geography(!)”, which consists of America-centric questions that require little insight, no mathematics, and
access to an atlas of the world. The author claims that these are enjoyed by mathematical puzzle lovers, although I, and I am
sure many others, do not fit this mould.
However, in defense of this statement, and
indicative of the humourous and personal
style which pervades the book, the author
writes
“My publisher has assured me that the
book’s price would be the same without this
chapter, so it’s free and you can skip it with
a clear conscience.”
For those who find the first ten chapters
too basic, the author ups the tempo in the
penultimate chapter of the book, entitled
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“Toughies”. And if this is not enough for
you, the book concludes with a gem of a
chapter dedicated to unsolved puzzles. Although the statements of these problems are
tantalizing in their simplicity, many of them
have earned notoriety for withstanding attempts to prove them from mathematicians
of every calibre the world over.
As an enthusiastic solver and collector of
mathematical puzzles myself, I was absolutely delighted with this book. The sheer
density of mathematical ideas and challenges sets it apart from other books of a
similar nature while the lucid yet informal
style of exposition makes the journey from
ignorance to enlightenment enjoyable. This
book helped to remind me that beauty and
ingenuity in mathematics need not be found
in deep and abstract theories, but can be
appreciated through puzzles which almost
anyone can understand, though often few
can solve.
Norman Do
Department of Mathematics and Statistics, The
University of Melbourne, VIC 3010
E-mail: norm@ms.unimelb.edu.au













17 Lectures on Fermat Numbers
From Number Theory
to Geometry
Michal Křı́žek, Florian Luca
and Lawrence Somer
Springer Heidelberg 2001
ISBN 0-387-95332-9
This book was written in celebration of the
400th anniversary of the birth of Pierre de
Fermat (1601 – 1665), to whom can be credited the first significant advances in number
theory since classical times. There is a foreword (by Alena Šolcová) summarising his
life and his other extensive and influential
work, but the main focus of the book is on

those numbers bearing his name, the Fermat numbers
m

Fm = 22 + 1 for m = 0, 1, 2, . . .
The book, in its F2 lectures, or chapters,
is a comprehensive survey of the properties of the Fermat numbers, ranging from
the well-known to the obscure, and containing some results due to the authors and not
published elsewhere. It also mentions many
connections with other areas of mathematics, and applications such as pseudorandom number generation and the use of the
Fermat Number Transform in signal processing. Fermat numbers make their appearance in other surprising places, such
as hashing schemes and the period-doubling
bifurcations of the logistic equation.
Some of the material, such as the fact
that no Fm has been found to be prime for
m > 4, will be well-known to many. Fermat famously conjectured that all Fermat
numbers are prime, but in 1732 Euler found
that F5 = 641 · 6700417, and much work has
been done since in finding factors of individual Fermat numbers or otherwise proving them composite. A survey of all such
results known at the date of publication is
included in the early chapters, and in tables in the appendix. Some of the properties are probably much less well known, such
as the connection of Fermat numbers with
Pascal’s triangle. There are chapters on
pseudoprimes and pseudosuperprimes, certain Diophantine equations, sums of reciprocals of Fermat numbers, and a list of open
problems.
The famous theorem of Gauss that a regular polygon is constructible by ruler and
compass if and only if the number of its sides
is n = 2i p1 p2 . . . pj , where i ≥ 0, j ≥ 0, n ≥
3 are integers and p1 , p2 , . . . , pj are distinct prime Fermat numbers is mentioned
in Chapter 4 (which is entitled The Most
Beautiful Theorems on Fermat Numbers),
and proved in Chapter 16, after a brief discussion of Galois theory. The final chapter
describes in detail the construction of the
regular 17-gon.
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The authors state that the book is intended for a general mathematical audience,
and that only basic results from algebra are
assumed. The potential difficulties in trying to appeal to the wide spectrum from
the amateur to the specialist have been recognized and successfully avoided. Chapter 2 consists of the necessary fundamental
number theory, and though this could be
skipped by the expert, there has been a particular emphasis on presenting new and unusual interpretations and proofs, often with
a geometric flavour. Indeed, one of the very
attractive features of the book is the liberal
use of diagrams, graphs and photographs
(71 illustrations in all). For the occasional
proof requiring more specialized knowledge,
the reader is referred elsewhere. After the
first few chapters, the later sections can be
read independently. There is an extensive
list of references (17 pages) and a useful list
of web sites.
The clear writing style and the evident
enthusiasm of the authors make this book
a pleasure to read or to dip into. It is not a
text book, but might well inspire students
at any level, and it succeeds in making what
is potentially a dry and abstract topic fresh
and full of connections. It would be a valuable addition to any library.
Alison Wolff
School of Pure Mathematics, University of Adelaide, Adelaide, SA 5005
E-mail: awolff@maths.adelaide.edu.au













Contemporary Abstract Algebra
Joseph A. Gallian
Houghton Mifflin 1998, 4th ed.
ISBN 0-395-86179-9
This is an exciting introductory text on abstract algebra! Before you decide that is an
oxymoron, note Gallian’s remarks: We customarily assume that mathematics books, by
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the nature of the subject, must be humorless, lifeless, and sterile - and often they are.
But I have broken this convention by including lines from popular songs, poems, quotations, biographies, historical notes, hundreds of figures, dozens of photographs, and
numerous tables and charts.
Gallian has broken the convention in
other ways as well. He writes enthusiastically. He explains with great clarity. His
illustrative examples are interesting, significant and memorable. His style is sufficiently
informal that it is easy to read, yet sufficiently precise that it conveys the ideas accurately, economically, and with standard
terminology. His style consistently reassures the reader that the author is an experienced guide and friend who communicates
his subject as clearly and enthusiastically
as possible. Witness an early tip he gives
the reader: The best way to grasp the meat
of a theorem is to see what it says in specific cases. And witness this remark by Paul
Halmos that Gallian shares at the start of
Chapter 2: A good set of examples, as large
as possible, is indispensable for a thorough
understanding of any concept, and when I
want to learn something new, I make it my
first job to build one.
To demonstrate these points, let me
summarise Gallian’s introduction to groups
(pp.29–39). He begins with the symmetries
of the square, described with characteristic clarity and imagination: Suppose we remove a square from the plane, move it in
some way, then put the square back into
the space it originally occupied. Our goal
in this chapter is to describe in some reasonable fashion all possible ways this can be
done... To begin, we can think of the square
as being transparent (glass, say), with the
corners marked on one side with the colors
blue, white, pink and green. He soon produces the Cayley table for the group of symmetries of the square: To facilitate future
computations, we construct an operation table or Cayley table (so named in honor of
the prolific English mathematician Arthur
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Cayley, who first produced them in 1854).
The table follows, and he enthuses: Notice
how beautiful this table looks! This is no
accident! The example of the square introduces dihedral groups, soon illustrated by
the logos of Chrysler and Mercedes-Benz,
the symmetry of a pyramidal molecule such
as ammonia, the beautiful rose windows in
the Gothic cathedrals of Europe, some Xray diffraction patterns of crystals, more
logos, snowflake photographs, the 11-sided
Canadian dollar coin, and the HIV virus. In
just 11 pages Gallian introduces some key
terminology and ideas about groups, and
enriches the introduction by including several apt quotations, 19 illustrations of labelled squares accompanying the discussion
of symmetries of the square, 39 further images, 23 carefully chosen exercises (with succinct “answers” to odd exercises in the Appendix), a list of references to 7 books on
symmetry and a one-page biography of Abel
(illustrated by a portrait, a stamp and a
banknote), including the url of a website on
Abel. The conceptual power of the subject
is tapped into quickly (Ex. 8: In Dn , explain geometrically why a rotation and a reflection taken together in either order must
be a reflection.) And the variety of illustrations conveys the relevance of the subject
(Ex. 18: Does the agitator of a washing
machine have a cyclic symmetry group or a
dihedral symmetry group?).
Many chapters end with one-page biographies. That idea was pioneered well before this book, but Gallian’s selection of biographical subjects is a clear indicator of
his enthusiasm and originality. His subjects
include a number of contemporary mathematicians, as well as significant figures
of twentieth century mathematics. Look
at the list of biographical subjects in the
order in which they appear in the book:
Abel, Sylvester, Cauchy, Cayley, Lagrange,
Adleman, Galois, Jordan, Herstein, Jacobson, Dedekind, Noether, MacLane, Germaine, Wiles, Artin, Taussky-Todd, Kronecker, Kaplansky, Dickson, Sylow, Aschbacher, Gorenstein, Thompson, M. Hall,

Escher, Pólya, Conway, Burnside, Hamilton, Erdös, Hamming, MacWilliams, Pless,
P. Hall and Gauss. How much do you already know about the biography and mathematical significance of each of these? Gallian helps the reader gain an up-to-date
view and appreciation of our cultural heritage, conveying at the same time a sense of
the ongoing development and relevance of
algebra.
Gallian’s organization of subject matter
is essentially standard, starting with assorted preliminaries (23 pages), followed by
group theory up to the structure theorem
for finite abelian groups (194 pages), then
rings and integral domains (104 pages),
fields (61 pages) and special topics (189
pages). The special topics are Sylow’s Theorems, group generators and relations, symmetry groups, frieze groups and crystallographic groups, Burnside theory, Cayley
digraphs, algebraic coding, Galois theory
and cyclotomic field extensions. There are
1339 well-chosen exercises (averaging almost 40 per chapter), 239 supplementary
exercises (after groups of related chapters),
35 computer exercises (averaging one per
chapter), and an average of 4-5 references
and selected readings (with brief descriptions) at the end of each chapter. The book
would readily serve a two-semester sequence
in abstract algebra, with selection from the
special topics to adapt to time constraints.
Since this is the fourth edition, presumably
earlier editions established a positive reputation through classroom use. This edition
certainly merits an enthusiastic readership
and significant classroom use.
Roger B. Eggleton
School of Pure Mathematics, University of Adelaide, Adelaide, SA 5005, Australia
E-mail: roger@math.ilstu.edu
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Appointments
La Trobe University:
• Dr Brian Davey has been appointed Executive Editor for Algebra Universalis.
• Dr Volker Grimm, Dr Theo Tuwankotta and Dr Yajuan Sun have recently been
appointed as research fellows in Professor Reinout Quispel’s group.
University of Ballarat:
• Professor of Computer Science Mirka Miller joined UB in March from the University
of Newcastle.
• Dr Joe Ryan also joined the staff in March, from the University of Newcastle, as
Lecturer (Level B) in Information Systems and Mathematics.
• Dr Des Robbie also joined the staff in March, as a Principal Research Fellow and
Principal Teaching Fellow.
• Dr Sue Bolton has been appointed as Lecturer in Project Management. She will be
joining the University of Ballarat from Western Australia in mid-June.
University of Melbourne:
• Dr Natashia Boland has been promoted to Associate Professor.
• Dr Sue Finch has been appointed as a consultant in the department’s Statistical
Consulting Centre.
University of Newcastle:
• Dr Aidan Sims has been appointed to the position of Research Academic for a five
year period.
University of Southern Queensland:
• Dr Mingren Shi has joined the department as a Lecturer Level B.












Awards
Dr Gaurav Singh of the University of Western Sydney and Dr Yakov Zinder of the University
of Technology, Sydney won the best paper award on the branch of Scheduling Theory in The
International Symposium on Scheduling 2004, for their joint paper “Preemptive Scheduling
on Parallel Processors with Due Dates”. The conference was held from May 24–26 2004 at
Hyogo, Japan. The award was sponsored by the Scheduling Society of Japan.
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ATSE Clunies Ross Award 2005
Nominations are now invited for the ATSE Clunies Ross Award for 2005, providing an
opportunity to celebrate Australia’s outstanding scientific achievers. Since 1991 this Award
has now recognised and honoured 80 people for their successful application of science and
technology for the economic, social or environmental benefit of Australia.
Please note that nominations close on Friday 30 July 2004. The winners will be announced
and presented with a silver medal at the Award Ceremony Dinner in March 2005 at the Sofitel
Melbourne. A nomination form and criteria is available for downloading on the Clunies Ross
website at http://www.cluniesross.org.au or by contacting the Award Secretary on (03)
9347 0622 or e-mail maryb@atse.org.au.
Mary Bolger, Manager, ATSE Clunies Ross Award













Completed PhDs
University of Melbourne:
• Dr Stanislaus Suryadi Uyanto, Regression with symmetric alpha-stable distribution,
supervisors Dr Ray Watson, Prof. Tim Brown.
University of Newcastle:
• Dr Aidan Sims, C ∗ -algebras associated to higher-rank graphs, supervisor Prof. Iain
Raeburn.
University of Southern Queensland:
• Dr Zhirul Hoque, Improved estimation for linear models under different loss functions, supervisor Dr Shahjahan Khan.












Conferences
Polynomial-Based Cryptography
7 – 12 July, AMSI headquarters, Melbourne
Web: http://www.it.deakin.edu.au/cryptography2004
This conference on Polynomial-Based Cryptography is sponsored by Deakin
University in collaboration with AMSI, iCORE and the Australian Computer
Society.
Joint AMSI/CoE MASCOS Workshop “Integrable Systems, Rigorous Asymptotics and Applications”
22 – 23 August 2004, AMSI, Melbourne
Web: http://www.ms.unimelb.edu.au/~nsw/amsi2004/
Invited speaker: Professor Percy Deift (Courant Institute of Mathematical Sciences, New York University).
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Computational Techniques And Applications Conference: CTAC 2004
27 September – 1 October 2004, The University of Melbourne
Web: http://www.conferences.unimelb.edu.au/CTAC2004/
48th Australian Mathematical Society Annual Conference (2004)
28 September – 1 October 2004, RMIT, Melbourne
Director: Kathy Horadam
E-mail : kathy.horadam@ems.rmit.edu.au
Web: http://www.ma.rmit.edu.au/austms04/
Invited speakers:
Rosemary Bailey (QMC, London, Combinatorial designs)
Alberto Bressan (SISSA, Trieste, Hyperbolic PDEs)
Lou Caccetta (Curtin, WA, Complex systems/Optimisation)
Danny Calegari (Caltech, USA, Low-dimensional topology)
Etienne Ghys (ENS-Lyon, Geometry and dynamical systems)
Boris Mordukhovich (Wayne State, USA, Non-smooth analysis)
Neil Sloane (Shannon Labs AT&T, USA, Discrete mathematics)
Vladimir Voevodsky (IAS Princeton, Algebraic geometry, homotopy)
As well as the program of Invited Speakers, there are Special and General Sessions.
The Special Sessions are in Algebra, Coding and Cryptography, Combinatorics,
Complex systems, Group Actions, Nonsmooth analysis and optimisation with applications, PDEs and Harmonic analysis, and Geometry and Topology.
If you are interested in presenting a talk in a Special or general Session, please
contact the organiser directly.
International Conference on Mathematical Inequalities and their Applications
6 – 8 December 2004, Victoria University, Melbourne
Web: http://rgmia.vu.edu.au/conference
6th International Conference on Optimization: Techniques and Applications
9 – 11 December 2004, University of Ballarat
Web: http://www.ballarat.edu.au/icota
2004 World Conference in Natural Resource Modelling
12 – 15 December 2004, RMIT, Melbourne
Web: http://www.ma.rmit.edu.au/2004RMAconference
The First International Workshop on Intelligent Finance (IWIF 1)
13 – 14 December 2004, Crown Promenade Hotel, Melbourne
Web: http://www.iwif.org
This workshop is sponsored by Australia and New Zealand Banking Group
Limited (ANZ), Australian Technical Analysts Association (ATAA) and the
University of Ballarat. Workshop Official Contacts are: for academic issues, Dr
Heping Pan, h.pan@ballarat.edu.au ; for organizational issues, Wayne Hurst
w.hurst@ballarat.edu.au.
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The 2004 NZIMA Conference in Combinatorics and its Applications and The
29th Australasian Conference in Combinatorial Mathematics and Combinatorial
Computing (29ACCMCC) (Joint Conference)
13 – 18 December 2004, Lake Taupo, New Zealand
Web: http://www.nzima.auckland.ac.nz/combinatorics/conference.html
Geometry: Interactions with Algebra and Analysis
January – June 2005, Auckland
Web: http://www.math.auckland.ac.nz/Conferences/2005/geometry-program
Mathematics-in-Industry Study Group 2005
24 – 28 January 2005, Massey University at Albany, Auckland, New Zealand
Web: http://misg2005.massey.ac.nz
ANZIAM 2005
30 January – 3 February 2005, Napier, New Zealand
Web: http://www.math.waikato.ac.nz/anziam05












Visiting mathematicians
Visitors are listed in the order of the last date of their visit and details of each visitor are
presented in the following format: name of visitor; home institution; dates of visit; principal
field of interest; principal host institution; contact for enquiries.
Dr Vitali Kapovitch; University of California at Santa Barbara; 26 June to 12 July; –; UMB;
Prof. J Hyam Rubinstein
Dr David Mason; South Africa; 1 February to 15 July; - ; UWA
Prof. Dean Hoffman; Auburn University; 2 to 21 July; graph theory/discrete mathematics;
UQL; Dr Bevan Thompson
Prof. Larry Goldstein; University of Southern California; 4 to 25 July; –; UMB; Dr Aihua
Xia
Prof. David Clark; SUNY New Paltz; 12 to 30 July 2004; Universal algebra, duality theory;
LTU; Dr Brian Davey
Prof. Peter Cameron; Queen Mary University of London; 25 to 31 July; discrete mathematics/group theory; UQL; Dr Bevan Thompson
Dr Howard Silcock; ANU; to 31 July ; Advanced computation and modelling; ANU; Dr
Markus Hegland
Prof. Anyue Chen; University of Greenwich; 8 July to 1 August; Stochastic Processes; UQL;
Dr Phil Pollett
Prof. Kangrong Tan; Kurume U; to 1 August; Stochastic analysis; ANU; Dr Daryl Daley
Prof. Guy Latouche; Universite libre de Bruxelles; 19 July to 13 August; –; UMB; Prof.
Peter G. Taylor
Prof. Curt Lindner; Auburn University; 27 July to 15 August; discrete mathematics; UQL;
Dr Bevan Thompson
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Prof. Yongqiang Fu; Harbin University, China; until 15 August 2004; Partial Differential
Equations; UQL; Dr Bevan Thompson
Dr Tom ter Elst; Eindhoven University of Technology; 10 July to 21 August; Analysis and
Geometry; ANU; Prof. Derek Robinson
Prof. Amnon Birman; RAFAEL; to August 21; Advanced Computation and Modelling; ANU;
Dr Stephen Roberts
Dr Yueping Zhu; Nantong University; 5 July to 21 August; Analysis and Geometry; ANU;
Prof. Derek Robinson
Prof. David Evans; University of Wales; 2 to 25 August; Analysis and Geometry; ANU; Prof.
Alan Carey
Prof. Gregory Vial; ENS, France; 15 July to 25 August; Advanced Computation and Modelling; ANU; Dr Markus Hegland
Prof. Lenny Jones; Shippensburg University; 16 to 26 August; Hecke algebras, group theory
and number theory; UWS; Dr Andrew Francis
Dr Bryan Wang; University of Zurich; 1 August to 31 August; Analysis and Geometry; ANU;
Prof. Alan Carey
Prof. Yu Yuan; University of Washington; 1 to 31 August; Nonlinear and Applied Analysis;
ANU; Prof. Neil Trudinger
Prof. M.X. Tang; Michigan State U; August 2004; –; UNE; –
Prof. Michal Feckan; Bratislava, Slovakia; August 2004; Differential Equations; UQL; Dr
Bevan Thompson
Prof. Percy A. Deift; New York University; 16 August to 5 September; Riemann-Hilbert
problems and rigorous asymptotics; UMB; Dr Nicholas Witte
Dr Richard Samworth; University of Cambridge; 5 August to 7 September; Statistical Science; ANU; Prof. Peter Hall
Prof. Rosemary Bailey; Queen Mary University of London; 25 July to 10 September; experimental designs; UQL; Dr Bevan Thompson
Dr Aliki Muradova; Tbilisi State U; to 17 September; Advanced computation and modelling;
ANU; Dr Markus Hegland
Prof. Raymond Caroll; Texas A&M; 1 August to 30 September; Statistical science; ANU;
Prof. Peter Hall
Prof. Nina Ivochkina; St Petersburg State University; 1 August to 30 September; Nonlinear
and Applied Analysis; ANU; Prof. Neil Trudinger
Prof. Hsin-Chou Yang; Academia Sinica; 16 to 30 September; Statistical Science; ANU; Prof.
Richard Huggins
Zhiwen Qi; Shen Zhen Polytechnic; 30 March to September 2004; aspect-oriented programming and group decision support systems; UB; John Yearwood
Prof. Li Ma; Tsinghua U; September 2004; –; UNE; –
Prof. Z.M. Guo; Donghua U; September to November 2004; –; UNE; –
Etienne Ghys; ENS-Lyon; 18 September to 3 October; Geometry and Dynamical Systems;
LTU; Grant Cairns
Marcel Nicolau; Universitat Autonoma de Barcelona; 18 September 18 to 3 October; Differential Geometry; LTU; Grant Cairns
Dr Soenke Blunck; University de Cergy-Pontoise; 1 September to 15 October; Analysis and
Geometry; ANU; Prof. Alan McIntosh
Prof. Samuel Muller; U Bern; 27 October to 1 November; Statistical science; ANU; Prof.
Alan Welsh
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Prof. Denis White; University of Toledo; 3 to 24 November; Analysis and Geometry; ANU;
Prof. Alan Carey
Prof. Bill Lampe; University of Hawaii; 7 November to 11 December; Universal algebra,
lattice theory; LTU; Dr Brian Davey
Dr David Pike; Memorial University of Newfoundland; 18 October to 11 December; discrete
mathematics/graph theory; UQL; Dr Bevan Thompson
Prof. Chengxiu Gao; Wuhan University; 15 September to 15 December; –; UMB; Dr Sanming
Zhou
Dr Miroslav Haviar; M. Bel University, Slovakia; 18 October to 18 December; Universal algebra, duality theory; LTU; Dr Brian Davey
Dr Michael Levitan; USA; January to December 2004; – ; UWA
Prof. Dongsheng Tu; Queen’s U; 1 February to 31 December; Statistical science; ANU; Profs.
Peter Hall and Sue Wilson
Prof. Gi-Sang Cheon; Daejin U, South Korea; 15 January 2004 to 15 January 2005; linear
algebra and combinatorics; ANU; Dr Ian Wanless
Prof. Ralph Stohr; UMIST; 27 August 2004 to 27 January 2005; Algebra and Topology;
ANU; Dr Laci Kovacs
Prof. Chaohua Dong; China; 1 February 2004 to 31 January 2005; – ; UWA
Prof. Karl Hofmann; Technische Universitat Darmstadt; 1 October 2004 to 31 January 2005;
topological groups and semigroups; UB; Sidney A. Morris
Prof. Jean Bertoin; University Pierre et Marie Curie; 14 January 2005 to 14 February 2005;
Stochastic Analysis; ANU; Prof. Ross Maller
Dr Alex Lindner; Technischen University; 16 January to 12 April 2005; Stochastic Analysis;
ANU; Prof. Ross Maller
Prof. Wen-Han Hwang; Feng Chia University; February to August 2005; Statistical Science;
ANU; Prof. Richard Huggins
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