HORATIO SCOTT CARSLAW
1870 - 1954
A CENTENNIAL ORATION

J.C. JAEGER, F.A.A.,F.R.S.
Edited by H.O. Lancaster

[The following account of Carslaw's life and work is published with the kind
permission of the Australian Academy of Science. The text of the address as given was
found among the papers of the late Professor John Conrad Jaeger (30th July 1907 - 15th
May 1979) by Dr. M.S. Paterson, F.A.A. of the Research School of Earth Sciences
of the Australian National University, Canberra, who is preparing the formal obituary of
Jaeger for the Australian Academy of Science and who has kindly forwarded a copy to me.
Pages 1 and 41-44 are missing. We can assume that page 1 consisted of formalities.
Although pages 41-44 are missing, page 45 begins a discussion of a new topic and no
apparent discontinuity is present.

The editing has been kept to a minimum. However, some minor judgment has
been required on a few passages which Jaeger has altered, possibly for ease of delivery.
Headings have been inserted to aid the reader and a few notes appended to identify persons
mentioned in the text. The staff of Carslaw's department, 1903-1935, is detailed in
Note 18.

The Committee established to commemorate the centenary of Carslaw's birth
chose Jaeger as Orator - an obvious choice. He had been a student of Carslaw and
had gone like Carslaw to Cambridge and then in later years had collaborated closely
with Carslaw in journal articles and in two noteworthy books to be mentioned
below. Jaeger accepted the invitation to deliver the Oration and came to
Sydney with his wife, Martha Elizabeth. The Oration was delivered on 19 October 1970
at 5.00 pm in the Stephen Roberts Theatre at the University of Sydney. Professor H.O.
Lancaster, F.A.A. was in the Chair and drew attention to the propriety of the choice of
Orator and the pleasure all would draw from his acceptance of the task of preparing the
Oration. There were several former colleagues of Carslaw in the audience and many old
students. The Oration was greatly admired and enjoyed by the audience because of the
Orator's great respect for and knowledge of Carslaw; the Orator delivered it with great
verve and, where appropriate, humour. The Oration was followed by a formal dinner,
presided over by Professor G.E. Wall, F.A.A., at which there were several short speeches
given by former colleagues and students. In all, the occasion was worthy of the late
Professor Carslaw and his Orator. H.O.L.]

Introduction

[Professor Jaeger began by stating that it was a great honour to be }9vited
by the University of Sydney to deliver the Centennial Oration on H.S. Carslaw( s
Professor of Mathematics at the University from 1903-1935, for which he was grateful
to the University. He then went on as follows. H.O0.L.]

By a very curious coincidence only a few days before I was asked to give this
Oration, I discovered a very large number of letters [from Carslaw to me, indeed,] well
over 100 covering the years 1940-1948. These were no mere scribbles but usually two or
three pages of single-spaced typing and they were written for his own and other people's
pleasure in the manner of the great letter writers of the past. Carslaw had a wide
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circle of correspondents, mathematicians, relatives, University friends and politicians.
Looking through these letters recreates this period of a quarter of a century ago for me
and so, as far as possible, I will let Carslaw himself speak to you. But extracts do not
do him justice and the real flavour comes only from the complete letters with their
mixture of local events, gossip and mathematics. His letters to me are so good partly
due to my wife, who typed our books and my replies to him and even, in the difficult war
years, supplied stationery. All good writers need a continuous stimulus and with others
the replies did not come fast enough. [Some comments in his letters are] '"Wallace

(3) (4)

is as bad as Madsen in the matter of writing" and "Wellish must be absorbed in

(5)

public examinations,'" but '"Selle is a naoble person and I should hear from him soon."
The world of mathematics in Carslaw's time was completely different from that
of today. Mathematics then was a subject which had been evolving continuously since
Fourier's day. Essentially, Carslaw of 1940 and Fourier of 1840 could communicate and
talk about much the same problems in much the same language. But I doubt if Carslaw of
1940 could communicate at all with a modern expert on Fourier series. Sometime before
Fourier, there was a discontinuity between the eighteenth and nineteenth century styles:
sometime in the recent past there seems to have been another, symbolized, perhaps, by
the term the 'New Mathematics" and by the growth of organised research. Carslaw and
his colleagues did not research in the modern sense: they did mathematics for pleasure.
Among other things was a great delight in purely manipulative skill. I can remember the
present Astronomer Royal saying of Fred Hoyle - "He is an artist: I am a craftsman'.
Carslaw would have liked this - he was a craftsman. And the practice of craftsmen was
to erect the finest building they could on the best foundations they could manage: and
if doubts arose about the foundations they would do a little probing and remedial con-
struction: the method has produced Ely Cathedral, the Leaning Tower of Pisa and the
Sydney Opera House. The present tendency seems to be toward deeper foundations, more
abstraction and less interest in the consumer; but Carslaw always wanted to be useful
to the consumer whether he was a schoolteacher, a taxpayer or a scientist. Indeed the
mathematics which engineers, geologists and biologists use nowadays is still Carslaw-
mathematics. The only change is the increasing use of computer techniques and it will
be a major tragedy if these become divorced from mathematics instead of living in harmony
with it.

2. Carslaw tn Scotland

To begin at the beginning, Horatio Scott Carslaw was born at Helensburgh on
12 February 1870 being the son of Rev. W.H. Carslaw. He was always very proud of his
Scots background. He once wrote to me 'Your study of the Glasgow calendar led you to
the name of my father, minister of the Free Church in Helensburgh on the Clyde and
devoted to the history of the Covenanters with some claim to descent from a Howie of
Lochgoin'". This ancestry, apparently, was something for a Scot to be proud of.

T.M. Macrobert(6) wrote "I was only beginning my second year as an undergra-
duate when Carslaw left for Australia. The late Professor Gossip, a distinguished
preacher, once told me that he was married to Carslaw's sister. Carslaw's father,

Dr. Carslaw of Helensburgh, wrote books about the Covenanters. Gossip told me that

Dr. Carslaw was descended from the Howies of Lochgoyne in Ayrshire, Lochgoyne, a lonely
farm surrounded by bogs, was a place of refuge for the Covenanters. It is still
inhabited by Howies".

"But the best impression of the early days is given in a long letter from
another distinguished Glaswegian, Professor R.J.T. Bell.(7) "Carslaw belonged to a
family of Glasgow graduates. His father, a Presbyterian minister at Helensburgh, a
town on the Clyde estuary about 20 miles from Glasgow where many Glasgow business men
had their residences, graduated M.A. in 1857 and after years in the ministry became an
Honorary D.D. His three brothers were all M.A. and two of them M.B., Ch.B. as well.
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H.S. was a pupil of Glasgow Academy and in 1887 stood sixth in the Glasgow University
Entrance Bursary competition. The rigid Arts course of these days included the subjects
Latin and Greek; English, Moral Philosophy and Logic; Mathematics and Natural Philosophy.
The last two formed the honours group which H.S. took. He gained prizes in both in 1890
and was awarded the Cunninghame Gold Medal in Pure Mathematics. The following year he
graduated with First Class Honours in Mathematics and Natural Philosophy and was awarded
the Eglinton Fellowship of £100 for three years. Then followed his Cambridge days about
which I know little." :

In fact, Carslaw went to Emmanuel College, of which he subsequently became a
Fellow. He was Fourth Wrangler in 1894. He always retained a keen interest in the old
order of merit system and used to recommend that I buy a Calendar which contained the
lists which always made interesting reading.

Professor Bell continues:- "In 1894, Sedgwick and Adie shared the Senior
Wranglership and H.S.C. with Leathern and F.W. Lawrence (now Lord Pethick-Lawrence)
shared fourth and W.E. Philip, who became an Inspector of Schools in Scotland, was third.
I think that H.S.C. showed that, while a bad hand at examinations,. he was not so bad as
a mathematician.

"In November 1895, when I was a student in Mathematics I at Glasgow, George
A. Gibson, the senior assistant toProfessor Jack, was appointed to the mathematical
chair in Glasgow Technical College. After the Xmas vacation H.S.C. arrived to take
his place. That winter was a particularly trying one and at the end of the session
H.S. had some lung trouble and went off to the Continent for a year. He came back to
his work at the beginning of session 1897. 1In 1899, he submitted a thesis for the
degree of D.Sc. My impression is that its subject was Fourier Analysis. He duly
graduated D.Sc.

"The following year I became junior assistant and so was a colleague till he
left for Sydney.

"William Jack, the professor of mathematics, was a charming old fellow.
Brought up at Irvine, the town from which the publishers Macmillan came, he had been
second wrangler, Professor of Mathematics at Manchester, Inspector of Schools, Editor
of the Glasgow Herald, and then Professor of Mathematics at Glasgow for 30 years. He
succeeded Blackburn (of pendulum fame and a most incompetent teacher) who had retired
on a pension at the age of 59 after 30 years' service and had gone to live in the West
Highlands where a son was farming. He drew his pension for 30 years and Jack retired
in 1908 a few months after Blackburn's death. Jack had done great work in putting
the courses in Mathematics on a proper footing when Blackburn retired but he was
showing signs of age when H.S.C. was lecturer. The pass classes were very large, 150
students being about the regular size. There was one class at the Queen Margaret
College whose women members ran to 180. It was mostly left to the two assistants.
The girls called H.S. "Pretty Carslaw" and used to lay a beautiful flower buttonhole
on his desk. One day when he was unable to take the class I went in his place and
found the waiting rose and placed it aside, not in my buttonhole. All the honours work
was done by the assistants and most of the advanced too. We ran special courses in the
summer term which the honours students found very helpful.

"In Natural Philosophy things were far from satisfactory from the student point

of view. Kelvin(s) had his nephew, Bottomley, as his first assistant and Magnus Maclean,
a Gaelic speaking Highlander, as second. Bottomley produced in 1881 one of the earliest
books of 4-place logarithms which all students had to apply. Both Kelvin and he were
hopeless as lecturers. Kelvin simply wandered from one thing to another and one never
knew where he might end. There was a physics Laboratory, but it was mostly used to
experiment on electrical apparatus which Kelvin was constantly designing at the request
of authorities all over the world. When Natural Philosophy ceased to be compulsory for
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the M.A. Degree the number of students fell to about a fourth of what it had been,
much to Kelvin's surprise and annoyance. -In the summer sessions Magnus Maclean and
the mathematical assistants ran courses in Appliec Mathematirs and Mathematical
Physics without which honours students could never have face tuneir degree tests."

The last statement coincides with Carslaw's views as expressed to me when I
asked him about the inspiration he must have derived from Kelvin "We never saw him -
he was always away consulting on the Atlantic telegraph'".

As stated by Bell, Carslaw took his M.A. in Glasgow in 1891 and then became
a scholar of Emmanuel College, Cambridge and fourth wrangler in the Mathematical Tripos
of 1894. He thus initiated the practice he followed with many of his Sydaey students
of sending them to Cambridge to work for the Tripos. In 1896, he returned to Glasgow
but spent the year 1896-7 on the Continent, at Gottingen, Rome and Palermo, %robably the
formative year in his mathematics. Certainly at Gottingen under Sommerfeld 9 he
acquired his interest in the use of complex variable techniques for the solution of
partial differential equations and produced perhaps his most sophisticated work. As

late as 1928 he could still complain (in his review of Jeffreys'(lo) tract) "It is

only in England and America that the mathematical physicist is afraid of the elementary
theory of the functions of a complex variable'. Some time in this period, also, he
acquired a fluency in Italian and an interest in things Italian which never left him.
Probably, also, the idea of writing a book on conduction of heat was formed. He says,

apropos of a proposal by Jack Reed(ll), one of Sydney's ablest students, for a trans-
lation of Riemann-Weber "I told him how in my early days I had had a similar idea
(strange to say my choice was Weber's Algebra and I had got to the length of writing to

Weber and getting his blessing) but Forsyth(lz) advised me against any such plan and
‘urged me to make some subject my special study and try a book later in my chosen field.
Very good advice it was'. 1In his later years at Glasgow he gave a course of lectures
which was finally worked up into the Introduction to Fourier's Series and Integrals and
the mathematical theory of the conduction of heat, Macmillan, 1921.

3. Professor of Mathematics

In 1903, Carslaw was elected to the Chair of Mathematics at this University

(13)

in competition with, among others, W.H. Young . He was assisted by a very Laudatory
testimonial from that same Lord Kelvin whom, he complained, he never saw.

On his arrival in Sydney he threw himself into the task of improving both the
University and the public examination syllabi. Characteristically, this was done by
writing books. His little An Introduction to the Infinitesimal Calculus (Longmans,
1905) was a model of its kind, very brief, to be filled in by the lecturer, with plenty
of examples. Carslaw believed that books must be cheap, so that they could be got into
the hands of all students. It followed, to some extent, that they should be concisely
written for a special purpose. The Calculus was followed by the Plane Trigonometry
(Macmillan, 1909) in which he tried to be rather more rigorous than was usual in such
text books. These books were reprinted again and again. Easy Numerical Trigonometry
(Angus and Robertson, 1916) appeared in 1916: I can remember starting trigonometry from
it - it was easy with large fat diagrams.

His work on non-Euclidean geometry, again, had a double stimulus, partly from
his early days in Gottingen and Italy and partly from his preoccupation with the improve-
ment of mathematical teaching. No one who has not had to examine in geometry in public
examinations, based as late as the 1940's on A School Geometry of Hall and Stevens can
realise how much guidance and stimulus were needed. His own history of the matter is
interesting.
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"I got a copy of Coxeter's Non-Euclidean Geometry with his and the University
of Toronto Press's compliments a few days ago, and I am swelling with pride at the
number of references to my little book (price 4/6 but now out of print; his is $3.25,
which seems a big price for a book of that size). Of course, he is a Geometer, and it
is a very fine piece of work. It was impudent of me to write the book I did. The
Editors of Longmans series asked me to do the job. I replied that it should be Sommer-
ville's business; but they persisted that in their view I should write the book. My
fame as a Geometer was due to the translation (with additions) of Bonola's Geometria
non-euclidea, which was my own idea; and, though I say it myself, it was a useful bit
of work. I happened to strike the book in its original form and, as a teacher who
enjoyed teaching, I wanted other teachers to know how interesting a topic it was.

"If Coxeter had looked at Liebmann's Nichteuklidische Geometrie, he would
have found that I owed, as I acknowledged in my preface, much to him. We were at
Gottingen together in 1896-7. He often sent me his writings "in Errinnerung" and I
have three editions of that book and two of his translation of Bonola. I have also the
Russian translation from them being a reference to my own translation.

"I am posting Coxeter's book on to you in case you have not been equally
favoured. You will find only one emendation by me, and it will amuse you to see that
it refers to a curious lapse in punctuation. When you write to Coxeter, you might refer
to it. I have not mentioned it in my letter to him thanking him for his gift.

"I have suggested to Coxeter that he should get the "Open Court" to bring out
a new edition of my translation of Bonola's history, with additions of his own; and said
that, so far as I am concerned, I would gladly allow this. I don't know how one would
stand with the representatives of Bonola. They regarded me long ago with affectionate
esteem; as I arranged that any royalties due to me would go to the family, who were, I
imagine, not well off, especially after Bonola's death, and in these years American
dollars were worth much in Italy."

This interest in non-Euclidean geometry probably was transitory. He never
referred to the translation nor to The Elements of Non-Euclidean Plane Geometry and
Trigonometry (Longmans, 1916) in contrast to his Plane Trigonometry in which he was
alvays making amendments. It is probably similar to his interest in Napier's logarithms
which was aroused by having to give a commemorative lecture and developed into several
papers.

4. Incremental Rates of Income Tax

Another abiding interest throughout his life was, as the TZmes obituary states,
"in formulae designed to help in the just and efficient collection of income tax". His
first paper "A progressive income tax'" was written in 1917 and he continued to expound
the principle that "each pound should pay a little more than the one before', and that
the scale should be expressed in simple algebraic formulae. Students of the 20's will
remember with affection his exposition of the tax schedules. And as late as the 40's
he used eagerly to await the tax schedules and would then rewrite them in a series of
papers in the Economic Record. 1 had the task of doing the calculations and drawing
the diagrams.

He had an extensive correspondence with the Press, the Taxpayers' Association,
and Treasury, and seems to have exerted considerable influence.

"The N.S.W. Taxpayers' Association Secretary wrote to me some days ago asking
for my views on the uniform tax schedules and remarking that he thought they were unne-
cessarily complicated: he enclosed what he declared to be a simpler set of formulae
which did pretty much the same as those of the Bill. Here he fell down rather badly.



The formulae would no doubt please Giblin(l4): the rate is continuous and of the form
ax + b, but there is a big jump DOWN at £400. This will certainly not do and I told
Mr. MacKellar White that.

"The Financial Editor of the S.M.H. spent New Year's Day, or part of it,
concocting a letter to me in which he enclosed a cutting from their issue of 19 December
headed in large type "Anomaly in Taxes: Earn more and keep less'". The Sydney Accountant
whom the Federal Government employed to advise them in recent discussions was asked for
his remarks on the above and he very stupidly asserted that on the upper strata of his
income the man is paying 21/3 and 23/6 in the pound, respectively, so that (but for the
18/- tax ceiling) with every pound he earns the poorer he will be. The Financial Editor
wants my comments, if possible, for publication. He sends me some 'priceless graphs";

I mean they are so absurd in their misunderstanding as to be priceless. To make the
average rate of tax on an income of, say, £10,000 be 18/- in the pound is, of course,
absurd; and the idea that this 'ceiling" removed the anomalies brought out in the
various letters to the press is surely no credit to Giblin."

And of another correspondent (Readsls) formerly Professor of Organic Chemistry,
and a great friend). '"He misses the point of my agitation about our absurd Income Tax
rates. One does not need to use the Calculus, and my agitation has been against the
claim that Australia, Federal and States, was "leading the world in income tax technique".
It has been the most absurd jumble imaginable."

Finally his efforts bore fruit. '"You will have noticed the Income Tax rates
devised by the Committee and recognise that my long crying in the wilderness has borme

some fruit; evidenced also by the letter from Mills"(l6). Except for the one point

£200, the rates seem logical and Giblin must now admit his past errors. The "Carslaw
scale" seems to have found favour and no doubt Giblin looks longingly on his lost square
roots".

He had strong views on politics, being a staunch Liberal in the English sense
and in the taxation letters are passages such as: "I warn you that in Hansard, No. 6,
March 10th, 1943 issue on p.1165, Grenfell Price, one of the reactionary group which
follows Menzies, once with some connection with the University of Adelaide or one of

its Colleges, points out that 'the mathematical economist, Mr. H.S. Carslaw very strongly
criticises the taxation scale laid down in respect of the uniform tax."

"A.E.H. would have found difficulty in expressing adequately in polite words
his feelings as to the pmctuation, capitals and spelling fathered on the writer. Labour
on the three or four occasions on which I had referred to the Party in Office was spelt
(but not in my MS) without its third vowel; Federal Government received a capital G:
but State ditto a small one; this properly expresses my personal views but was not
employed by me in my MS: and has been corrected. Commas are important, as you agree,
and have to be carefully employed."

5. Fourier Series

Now I would like to deal in greater detail with the major and continuing topic
of Carslaw's work, his association with Fourier's series and conduction of heat and
later with operational methods and the early development of the Laplace transformation.
To appreciate this, it is necessary to go back to Fourier himself. Fourier wrote exten-
sively on conduction of heat and in 1811 the French Academy proposed the problem '"To
set out the mathematical theory of the laws of propagation of heat and to compare the
results of this theory with accurate experiment'". The Academy crowned this work in-
cluding however a small criticism '"that the manner in which the author arrives at his
equations is not free from difficulties and that his analysis in integrating them still
leaves something to be desired, both in generality and in the matter of rigour".
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This memoir, revised and enlarged, became the great treatise of 1822. 1In it, Fourier,
for the first time, set up the general differential equation and boundary conditions -
this was by no means a simple matter since at that time the dynamical theory of heat
had not appeared and there was a great deal of speculation about the mechanism of its
propagation. Having got his equations, Fourier had to develop his series and integrals
for their solution, and proceeded to solve an enormous number of practical problems on
flow of heat in slabs, cylinders and spheres.

The most interesting point is the readability of Fourier's work at the present
day: his deduction, both of his equations and boundary conditions, his method of finding
Fourier coefficients, and his methods of solving problems are essentially those set out
in Carslaw's book of 1906 and carried through to its last edition of 1959. There are
modifications and extensions, but the spirit remains the same. By contrast, if one
tries to read the work of Coulomb only half a century earlier, it, while still valid,
is incredibly difficult to read, being couched in the language and spirit of Newton's
Principia.

The reason for the appearance of Fourier series in conduction of heat is
obvious. The equation of linear flow of heat

M 1w _
et K Ot -
x
is satisfied by any term of type
-Kn2ﬂ2t/22 cos nmx
€ sin %

and an attempt to combine terms of this type in a series leads to a trigonometric
series when t = 0. Fourier was therefore led to consider the expansion of a function
f(x) in a trigonometric series and being, like many of his successors, what I would
call an "experimental" mathematician he experimented with methods for finding the
coefficients for simple values of f(x).

His first example was f(x) = I, for which he sought a cosine series.

1 = al cos x + as cos 3x + a5 cos Sx + ...

He obtains a set of equations by differentiating this successively and putting x =0.
Solving these he gets

32 52 2
. —

3 -1 52—1 77-1

which is Wallis's expression for 4/m. Having got his series
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he re-examines it by showing that the sum of m terms is
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and discussing the behaviour of this as m > . This is precisely the method used by
Dirichlet many years later to study convergence rigorously. Later he came to the
usual method of finding the coefficients by multiplying by cos nx and using the ortho-
gonality property: in fact, he sets out the procedure in precisely the way one still
does it in an elementary course.

Fourier's standard of mathematical rigour was that of all the great mathema-
tical physicists of the nineteenth century. It is what is called formal or heuristic
today, but its standards were always maintained. They were concerned with ordinary
functions which would appear in physical problems with at most ordinary discontinuities.
Occasionally, as still happens today, the formal mathematics would give surprising
results in special cases: nowadays we would take it that they are probably true in-

some sense and seek that sense, but Fourier was chided by his critics for summing the
series

1 -1+1-1+...
to %.

After Fourier's day, the convergence of his series was put on a firmer basis
by Dirichlet and at the same time the arithmetical bases of analysis were improved by
Dedekind, Weierstrass and many others. However, concurrently with the increase of
rigour among pure mathematicians, there occurred a decrease of rigour in formal text-
books, Joseph Edwards' Calculus of 1886 was always held up as a representative bad
example. It was at this stage that Carslaw stepped in in an attempt to hold the
balance.

In the introduction to his book of 1906, he stated that no English text book
‘gave a reasonably rigorous discussion of the convergence of Fourier series, even for
the case of ordinary functions which arise in physical problems. As always, he is
writing to make things clear to the reader "the chief difficulty of the physicist
consists in seeing how a series of continuous functions can represent a function which
is discontinuous ...'". He also had to discuss convergence of infinite integrals
"because this subject still remains untouched in the standard English treatises on the
calculus". This was his attitude throughout, writing in 1943 about a proposed fourth
edition of the Fourier series he says "I am inclined to cut out all the Lebesgue
business and try to set out clearly what can be done with the common or garden integral
which the average man knows about. The book was written for the average man and was,
and still is, of use to such'". 1In fact, what Carslaw always wanted to do was to give
the clearest treatment for the average man, but there was to be nothing slipshod and
no points glossed over. The matter of the Lebesgue integral is typical: certain
difficulties which appear in Riemann integration disappear with the Lebesgue formulation:
would it therefore be possible to produce a simple version of the Lebesgue theory?
Carslaw devoted a great deal of thought to this question, I can remember him in 1928
when I was an honours student working through his own version of L.C. Young's Theory
of Integration with me. He tried several other versions and finally, against the advice
of one of his students, Dr. George Walker, settled on an adaptation of Goursat's
treatment. Again, with hindsight, he says '"my only regret about the third edition is
that I tried my hand at the Lebesgue business, relying on Goursat. It would have been
better omitted. Titchmarch does the job. I did not." Another time he writes "I have
never felt satisfied with it - as I have with the rest of the edition - it does not get
the reader anywhere or at least far enough to see what the Lebesgue integral does for
Fourier series. But reviewers and its students seem to have found it praiseworthy."
In another context, "Titchmarsh uses very heavy artillery. I, and I presume you, would
use the weapons of an earlier day".

Until late in the 1940's when his eyesight became really troublesome he was
still contemplating a new edition of his Fourier series. At one time I lent him my
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notes of Hardy's Cambridge lectures on Fourier series. 'The shorthand is new to me
and I have had to interpret by various attempts at translation. Please tell me what
... will be in ordinary script'". The symbols and the shorthand referred to were those
which were beginning to creep in from the theory of sets of points to make mathematics
more concise but less readable. For Carslaw, a mathematical statement was a mixture
of equations, statements such as inequalities, and words, to be read and punctuated

as a sentence. The words, usually few and short, and the punctuation I believe gave

a continuity of the whole and made it easier for the "average man" to read. He goes
on "I trust that the loan of the Notebook may extend for a time, as I would much like
to get some ideas from it. I have not had a chance before of seeing what Hardy does
do in Fourier Series nor have I ever seen a set of his lectures. It must, for the good
man, be a great treat to sit at his feet. Did Hérdy repeat this course year by year?
It might have been worth while having it set up and handed to his hearers; and then
elucidated by the great man himself".

The proposal for a fourth edition lapsed and he finally suggested to Dover -
of whom he had complained so bitterly about the piracy of Conduction of Heat that they
should take it over.

6. Conduction of Heat

I do not think Carslaw had any great interest in conduction of heat as such.
Very few people of his time had. The interest comes, I think, from problems appearing
in practice which can be precisely formulated and for which one can attempt an exact
solution. The best example of such interest I know of was that of the late E.W. Hicks
of C.S.I.R.0. Division of Food Preservation. The reason is that food is preserved in
finite circular cylinders or rectangular parallelepipeds so that conduction of heat
in such solids ceases to be an academic exercise and can give rise to some fascinating
problems.

The best Carslaw could say for the subject in the introduction to the 1906
book was that it "forms a suitable introduction to the other branches of applied mathe-
matics since in this case we have to deal with only one unknown function, the temperature,
while the equation of conduction is less complicated than the partial differential
equations which have to be employed in the mathematical theories of electromagnetism
and sound". He did have an abiding interest in the use of contour integrals for the
solution of partial differential equations in general, and, in particular, in the theory
of the Green's function. Apart from his book and his later work he only wrote half
a dozen papers on problems of conduction of heat.

The history of the theory of conduction of heat is interesting. It was one
of the important subjects in the nineteenth century. Most of the great mathematical
physicists wrote extensively on it. Then it went into the doldrums, partly because
theory had outrun experiment. With the development of technology in the second world
war the subject suddenly became and has remained of immense importance from the techno-
logical point of view. The few remaining copies of the 1921 version disappeared and,
to our great surprise there appeared an American reprint without Carslaw's permission.
We were at the time working on a new edition and Carslaw got what was described as "the
only advertisement ever to appear in the correspondence columns of Nature'.

To the Editor of Nature
Dover Publications
Sir,
I have just learnt from an advertisement in Mathematical Reviews, June, 1945

(Vol. 6, No. 6) that Dover Publications, New York, have issued a reprint of my book
on Conduction of Heat, published in 1921 and out of print since 1940.
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The mathematical treatment of Heat Conduction has made many advances in the
last 24 years and a new edition of my book would have had to be completely revised and

in many places added to and rewritten. Thus, quite apart from the question of copyright,
I have grave objections to this reprint.

Further, if Dover Publications had applied to me, I would have told them that,
instead of a new edition, a new book, Carslaw and Jaeger's Conduction of Heat would
soon be published.

Several firms in U.S.A. have recently brought out reprints of important German
mathematical works, presumably under the authority of the U.S. Alien Property Custodian.

To what extent this ought to be continued seems worth consideration and I feel that it
might well now be stopped.

The publication of reprints of English works without reference to authors or
publishers is another matter. I write this letter partly to protest against the practice
and partly to make clear that I regard my old book as now out of date.

Burradoo, N.S.W.
September, 1945. H.S. Carslaw

7. Integral Transforms

The event which probably led to Carslaw's remarkable activity in the field of
integral transforms after his retirement was his review of Jeffreys' Cambridge
Tract, Operational methods in mathematical physics, 1927, in the Mathematical Gazette
14(1928), 216-228 and the correspondence which followed. But first, the phenomenon of

Heaviside(l7) must be discussed for it was he who was to revitalize the Fourier mathe-
matics. He was, like Ramanujan, a very great intuitive mathematician, self taught, and
with enormous gaps in his knowledge. Ramanujan, however, had Hardy as his mentor:
Heaviside had no one. It needs to be stressed that Heaviside was, like Fourier, an
experimental mathematician. His Electrical Papers contain an enormous number of studies
of special problems in electromagnetism worked out by classical Fourier methods and I
can say in all seriousness that Heaviside knew in 1890 more about the propagation of
electromagnetic waves in cylindrical systems than did the wave guide experts of 1940.
Heaviside's '"operational methods" were thus not inadequately founded on guesswork, they
were the product of many years experiment of the same type as that by which Fourier
reached the Fourier integral. Heaviside took a completely different route, but in places
something very like a Fourier transform appears in his work.

The tragedy was that, unlike Fourier, much of this work is written in an
extremely obscure manner. His earlier work, Electrical Papers, while never easy to read,
is most stimulating, but in his Electromagnetic Theory he becomes increasingly hard to
follow. Much of this obscurity may have been deliberate following his disputes with
mathematicians of the '"Cambridge or Conservatory class' so that he tended to throw out
results with remarks such as '"the solution would frighten timid readers and perhaps
some Cambridge mathematician as well". He divided mathematics into two classes, 'Rigo-
rous or Narrow'" and "Physical or Bold and Broad'". He said "To have to stop to formulate
rigorous demonstrations would put a stop to most physicomathematical enquiries'. There
is no doubt that the Bold and Broad method got results, some of which could be produced
by conventional methods and some of which could not. There is no doubt also that it was
laid on the very solid foundation of experimental mathematics to which I have referred.

Heaviside's work impinged on conduction of heat, partly as a possible new
technique and partly because of his solution of the problems of the cooling of a compo-
site spherical solid, ‘using which he and Perry showed that Kelvin's celebrated estimate
of the age of the earth at 20 million years could be extended to 2000 million.
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Kelvin's error was in bad physics, not bad mathematics. Both Carslaw, Phil. Mag. 39
(1920) 603-610, and Bromwich wrote out solutions of this problem in 1920 and Bromwich
"strongly urged'" on Carslaw "a greater use of Heaviside's methods in the second edition
of his book".

Heaviside's methods were to some extent justified in 1916 by Bromwich using
contour integration and by Carson in 1926 and they became very popular with electrical
engineers for solving problems on electric circuit theory. Right up to the present
time there have been a number of expositions for engineers, some of them very unsatis-
factory.

Jeffrey's Cambridge tract was the first book by a mathematician. Carslaw's
review begins with '""Many readers of the Gazette must have heard of Heaviside's opera-
tional method of solving the equations of dynamics and mathematical physics. If they
have tried to learn about them from Heaviside's own works they have attempted a diffi-
cult task. Nothing more obscure than his mathematical writings is known to me. A
Cambridge tract is now at their disposal. From it much may be learned; but the air of
mystery still - at least in part - remains'". And again his own philosophy: <bidem p.217,
"There is no room for mystery in mathematics. If we can be clear let us be so'". The
plain fact is that everyone who has used these methods, even in their later integral
transform form, Jeffreys, Bromwich and, as I shall confess later, myself; everyone that
is except Carslaw, has tried to push beyond the bounds of what has been, or even can be,
proved. Carslaw again on p.222: "In this matter I think Jeffreys' tract is subject to
criticism. Heaviside was quite open about it. He belonged to the Bold and Broad School.
Jeffreys we take it to be of the Cambridge school, in which Mathematics is Mathematics.
It is true that he obtains correct solutions of the problems he discusses. But it seems
to me that too little is said in justification of the method employed."

. In reply to this, Bromwich rather weakly states that '"Heaviside's method has
never led me astray. What further justification Professor Carslaw asks for I hardly
understand". Jeffreys says "I cannot see Professor Carslaw's objection. I find it
difficult to believe that he wants every stage of every proof developed to the last €".
Carslaw I think felt that both Jeffreys and Bromwich in their invited commentary on
his review had dodged the issue and he resented the imputation of pedantry. From this
time on he was going to clear up the mystery.

[The author in his original script now gives a quotation, too long to quote
here, from pages 388-389 of E.T. Bell's Development of Mathematics, written in that
author's idiosyncratic style. Bell portrays Heaviside as a rebel attacking restrictive
orthodoxy and having his papers rejected by the journals because of a supposed lack of
rigour. Bell states that Heaviside's methods were only accepted after his death. A
rather happier view of the appreciation of Heaviside during his life is taken by C.
Susskind in his note on him in the Dictionary of Scientific Biography. H.0.L.]

Bell's book has been widely read. Carslaw's comment on the cited passage is
"On Heaviside he [Bell] is, it seems to me, both ignorant and wrong ... Doetsch does
not seem to me either supple, or hoity-toity or an acrobat". McLachlan agrees and says
that Bell has 'the typical American tendency to be inebriated with his own witticisms'".
Certainly Bell did not know the Heaviside story - most of Heaviside's bitterness was
for the engineers and particularly for the Chief Engineer of the Post Office, Sir
William Preece who did not understand the simplest electromagnetic principles.

Carslaw returned to the attack with a paper in the Mathematical Gazette, 22
(1938) 264-280, in which he "hoped to remove some of the mystery'" and our collaboration
dates from his sending me a copy of the manuscript for criticism. Now I have been to
Jeffreys' lectures and read his book and a good deal else on the subject but have never
been happy with it: I can still remember reading Carslaw's manuscript and everything
suddenly appeared simple - this was the good treatment at last. Carslaw, of course,
was far from being the first user of the Laplace transformation in more or less its
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present form: Bateman had it complete in 1910; Doetsch advocated it from 1925; van
der Pol used it in 1929; and one of my favourite sources was Humbert's stimulating
little tract Le calcul symbolique of 1934,

From this time, Carslaw and I collaborated extensively and soon decided to
write our own book. At this stage problems of notation, which have never really been
satisfactorily settled began to crop up. Doetsch, following the tradition in Fourier
transforms used

fls) = reTStF(t) at . (1)
0

But the engineers, who were the bulk of the users were familiar with the variable p so.
we chose .

x(p) = re_ptx(t) dt (2)
0

this "bar" notation, which I still prefer because it is applicable to all symbols has
now practically disappeared and the modern usage is

F(s) = re—Stf(t) dt (3)
0

which we once tried and discarded. A further difficulty was that xz(p) as defined in
.(2) did not correspond with the older "operational forms" and to get correspondence
the "p-multiplied" form

p fm e Plart) dt (4)
0 .

had to be used. This led to two sets of tables, some of the form (2) and some of the
form (4) and to endless confusion. For this reason, the change of notation from p to
s has a great advantage. However, just at the time when our book was being completed,
N.W. McLachlan's important Complex variable and operational calculus, 1939, appeared
and perpetuated the p-multiplied form for some time. McLachlan's was a book written
by an engineer for engineers, beginning with an exposition of complex variables and
basing its treatment on Bromwich's. Carslaw worked through the book and sent some
criticisms and received a long and curiously revealing reply. '"I doubt whether an
engineer could write a mathematical work to satisfy a mathematician or that a mathema-
tician could write one on engineering to appeal to an engineer. As the mathematician
is unacquainted with the problems and psychological peculiarities of the technologist
and as the latter has to use mathematics, whether he likes it or not, we have to write
books for ourselves, sometimes with disastrous results. Nevertheless, our attempts are
quite honest and we do not profess to know mathematics, at least I don't ... I have
always respected the views of mathematicians on the subject of technical mathematics.
I know that you will appreciate that rigour must be sacrificed to expediency, to an
extent, in a work for technologists. I suppose that the mathematician feels towards a
person like myself that he desecrates mathematics, just as the jazz dance bands
desecrate music".

This curious correspondence continued sporadically. [A quotation from a
letter of McLachlan is as follows] '"Heaviside was a typical example of mathematical
genius growing wild. It knows no laws but its own and will not accept and profit by
criticism. I wouldn't call Doetsch an acrobat ... . He goes into detail when not
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necessary and omits it when essential - a typical German attitude. An American called
Coulthard has written a book on Transients in Electric Circuits. It is a dreadful book.
Such books ought to be burned".

Then he (McLachlan) got a copy of our book and could get a little of his own
back. '"On the whole I was favourably impressed. You have got a wonderful collection
of problems. In some cases a little more physics would have relieved the severely
mathematical side of the work. You and Jaeger are mathematicians” and so would not
appreciate this as much as a mathematical physicist or a physicist.'" Having hurt my
feelings with this remark he proceeds to be hurt "Finally in your historical introduction
you rightly trounce books on operational calculus for engineers written by engineers.
As you omitted all reference to my effort I presume that it is included with the
undesirables'. -

Carslaw on this ''was not so distressed as you seem to be about the wording
on page xv. [Operational Methods in Applied Mathematics, Carslaw and Jaeger, 1941].
All the same McLachlan might think about his book was included and I, of course, regret,
as you do, that such an inference is possible. Hence my rather Uriah Heep letter. My
humility is also due to his so-frequent emphasis on his mathematics being self-taught
and inadequate".

I have included this correspondence because the days of the self-taught
mathematicians are over and McLachlan's work was, for me, some of the most valuable in
the field.

8. Carslaw - Jaeger Collaboration

[Dr. E.D. Fackerell has kindly made a few emendations in this Section and has
provided the two diagrams. H.O.L.]

Our own book Operational methods in applied mathematics, Oxford University
Press, 1941, was intended to show off the paces of the Carslaw method with the minimum
of theory and the maximum number and range of examples. Carslaw was responsible for
the "Pure" chapters and that on conduction of heat. He remarked that '"the discerning
reader" would be able to decide on the authorship of the various chapters by their
literary style and, in particular, punctuation.

Here I may note that disease which attacks all users of operational methods
(except Carslaw), namely, the attempt to push beyond what is justifiable. Everyone
agrees that the solution of an ordinary linear differential equation with constant
coefficients and given initial conditions is justifiable but in electric circuit theory
it is easy to propose problems involving impulsive redistribution: for example, if the
initial current in one inductance is E/R and in another is zero. See Diagram 1. 1In
this case, using the rules one gets

((L+L")p + (R+R')1I E/p + LE/R.
So using this I derived the solution and added a note that

lim I = =.
t>0

and there is an impulsive redistribution of current between the two inductances at ¢ = 0.
Quite true, but quite unjustified. Carslaw did not notice this till the proof stage.
This is a BLOT he said, and there were many subsequent references to the removal of the
blot.
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Diagram 1.

At the time when we left it, the state of the art seemed to be that the use
of the method for the ordinary linear differential equation of order n with given
initial conditions, was completely justified. I do not think the case of simultaneous
ordinary linear differential equations of different orders, possibly including linear
algebraic equations, and some integral expressions, had been so. The general case is
a matter of some algebraic complexity and impulsive changes can occur. I have the
impression that there is still some lingering mystery about these. For partial
differential equations in general it seemed impossible to prove that, for any reasonably
general class of function, if one performed the operations of finding the Laplace
transform and subsequently inverting it the result so found would satisfy the differen-
tial equation and initial and boundary condition. For conduction of heat, on which
most of our work was done, the situation was a little simpler and it was possible in a
wide variety of cases to express the solution as a contour integral and to verify that
this solution did satisfy the requirements. This was the '"Path P" of Carslaw's early
work. The advantage of the Laplace transformation method was that it found the integrand

of this contour integral routinely, while in his early work it had to be found by skilled
manipulation and insight.

The method we invariably used in the Conduction of Heat in Solids was as
follows:

(i) multiply the equation and boundary conditions by e-pt to form the
subsidiary equations.

(ii) solve these to get the Laplace transform x(p)
(iii) write down x(t) by the inversion theorem

7 +7%

ant

M Z0) an.

Y-

x(t) =

Up to this stage these operations are purely formal.
(iv) for verification transform the countour to L' [for which see Diagram 2].

(v) for evaluation the complex integral may be expanded as
(a) a real infinite integral or series

(b) by expanding z(p) for small values of p a solution for large times
is obtained
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(¢) by expanding x(p) for large values of p a solution for small times is
obtained

(d) other forms of expansion are possible. Heaviside rarely used integrals
and always sought series. The methods are essentially his methods and
while the use of integral transforms may have made [Some words are missing
here. Editor] they do not bring rigour unless very heavy artillery is
concentrated.

As an example, I might take radial flow of heat in the region bounded inter-
nally by a circular cylinder with constant flux at the surface and zero initial
temperature

2
2;%-+ % %% - %-gy- = 0, r>a, t>0

22— —
dv , 1d 2—
SZra v =0
r
with dv/dr = -Q/(Kp) when r = a and where q = (p/k)%.
Therefore
QKO(qr)
) _—
KQpKl(qa)

and by the inversion theorem

, %5
Qk% YH® Ko[r(k/k) 1dA
2miK

e
yoio A 2K1[a(>\/k);5]

It is not asserted that either the operations leading to v or the use of the
inversion theorem are justified.

It can be shown that (a) the path y - Z®, y + i can be transformed into the
path L' as in Diagram 2 and (b) that the integral over the path L' satisfies the
differential equations and initial and boundary conditions.

Then to find a computable solution four possible methods may be used:

(i) Expression as a real infinite integral

Jw -kuzt) [Jo(ur)YJ(ua) - YO(ur)JZ(ua)]du
0 uZEJi(ua) + Y?(ua)]

Heaviside did not like integral expressions - he always sought series and

his series were suitable for either large or small values of the time. The
integrals fill in the most important practical range. Such integrals and their
numerical evaluation have been one of my specialties, but nowadays others would
prefer to solve the partial differential equation numerically.

- 15 -



~L

Diagram 2.

(ii) Use of the asymptotic expansion of the Bessel functions within the integrand
to give a small time solution

%
EQ-(EEE)2 {ierfb r-2a 4 }
Kor 2(kt)*

(iii) Use of the expansions of the Bessel functions in the integrand for small
values of the argument to get a large time solution

Qa , 4kt
2k ' T 2
Cr

‘(iv) Expression of the integrand in any other series or integral form.

v = + ...

Of these, (ii) and (iii) were Heaviside's methods and clearly analytical
justification may be complicated.

9. Retirement

While still in harness at Sydney he bought and developed a property of twenty
acres at Burradoo, which he visited at week-ends, and when he retired in 1935 he moved
there permanently to the leisurely life of an eighteenth century gentleman with his
retainers for garden and farm, visits with his neighbours, mathematics, correspondence
and books. The books came from Angus and Robertson and the Fisher Library and there are
many grumbles about the supply from the latter source. [The next few pages, of a dis-
tinctly lighter and idiosyncratic nature, have been omitted due to the pressure of space.
H.0. Lancaster and Editor] '

Until 1948, he remained active and interested in everything, still contem-
plating a fourth edition of his Fourier series. Then eye trouble began. In May, he
wrote: '"Eyes: Dr. Harbison paid his monthly visit to me four days ago - he tells me
that my complaint is quite well-known and common in the elderly and that I need not
anticipate any rapid degeneration of my powers of vision: that is, in fact, I can
confidently expect to remain in this respect much as I now am: that my eyes will in
all probability hold out for my life".

But a lot of reading was dropped. The print of Hansard was too bad. A wire-
less was bought to replace reading and gardening replaced mathematics. Comments on the

wireless replaced comments on books. ''Menzies is the most pleasing politician to whom
I have listened. But not convincing and my vote is not."
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10. Postseript

All his students owed much to him, he was described as ''good with shy students".
He enjoyed taking them in all years and tales of his little eccentricities were legion.
Once he wrote, apropos some book he had been reading "I hope you won't write an autobio-
graphy and retell stories about Cocky'". For those of us he sent overseas he took an
immense amount of trouble to see that we were correctly launched, and I find him writing
of Griffith Taylor "I sent him to Emmanuel and advised his tutor to enforce the gating
regulations and all such disciplinary rules - not that he was likely to get into trouble
through breaches of the same but because I thought the rule of law might be good for him."
I wonder what he prescribed for the rest of us.

I, of course, owe more to him than to any other person. He was the ideal
Mentor, human, kindly, knowledgeable about everything, interested in the problems and
advancement of his students. And I am sure that these qualities helped him to build up
the Department of Mathematics in Sydney to a considerable international reputation. The
University owes a great deal to a great man and it is good that he should be remembered.
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Notes by H.O.L.

Below DSB is the Dictionary of Scientific Biography.

1. Jaeger has written obituaries of Carslaw in J. London Math. Soec. 1956, 31, 494-501
and in Volume 7 of the Aust. Dict. Biography at p.578<9.
There is an obituary in the London Times of 26/11/1954 of 30 lines and one of 19

lines in the Sydney Mormning Herald 12/11/1954. See also I.S. Turner, 1953. The
first hundred years of mathematics in the Un1versity of Sydney. Austral. Math.

Teacher, No. 9, 12-17 and 26-34.

2. Robert Strachlan Wallace 1882-1961. Professor of English Language and Literature
at University of Melbourne, 1912-1928 and Vice-Chancellor of the University of
Sydney, 1928-1947.

3. John Percival Vissing Madsen, 1879-1969. F.A.A. 1954. Professor of Electrical
Engineering at University of Sydney, 1920-1949.

4, Edward Montague Wellish, 1882-1948. See Note 18.
5. Walter Albert Selle. 1888-1968. Registrar, University of Sydney, 1924-1947.

6. Thomas Murray MacRobert, 1884-1962. Professor of Mathematics in the University
of Glasgow.

7. Robert John Tainsh Bell. 1877-1963. Professor of Mathematics in the University
of Otago, formerly Lecturer in Mathematics, in the University of Glasgow.

8. William Thomson, Lord Kelvin. 1824-1907. Professor of Physics at the University
of Glasgow, F.R.S. 1851. O.M. 1902. See DSB and D N(ational)B.

9. Sommerfeld, Arnold Johannes Wilhelm, 1869-1951, the famous physicist. See DSB.
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10.

11.

12.

13.

14,

15.

16.

17.

18.

Harold Jeffreys. 1891~ . F.R.S. 1925, Plumian Professor of Astronomy and
Experimental Philosophy, Cambridge.

Reed, Jack Wilson. Graduated B.Sc. Sydney University, 1948. Later M.Sc. London.
Associate Professor in Mathematics, University of Alberta.

Forsyth, Andrew Russell. 1858-1942. Professor of Mathematics at Liverpool,
Cambridge and Imperial College, London. F.R.S. 1886. E.T. Whittaker said that
his Theory of Functions had more influence on mathematics in England than any
book since the Principia. See DSB.

Young, William Henry. 1863-1942, Elected F.R.S. in 1907. He had married Grace
Emily Chisholm in 1896 who had been ranked equal to a wrangler at Cambridge and
who later became eminent as a mathematician. Young, as the note in the DSB shows,
had not developed his research powers until after his marriage; but after 1900,

he wrote prolifically, although possibly too late to satisfy the Sydney University
Senate in 1902. Its members were determined not to repeat the failure of the
previous incumbent, T. Gurney, to produce research. See DSB and I.S. Turner cited
in Note 1.

Lyndhurst Falkiner Giblin. 1872-1951. Honours graduate in mathematics. Professor

of Economics at the University of Melbourne. Acting Commonwealth Statistician
1931-1932.

John Read. 1884-1963. Professor of Organic Chemistry, University of Sydney,
1916-1923. F.R.S. 1935. See Biog. Mem. F.R.S. 9,237 for an account of this
versatile scholar. A son A.H. Read (1920-1961) achieved distinction as a mathe-
matician before dying in a mountaineering accident.

Richard Charles Mills. 1886-1952. Professor of Economics, University of Sydney,
1922-1945. Later administrator of education of Australian Government. See Aus-
tralian Encyclopaedia.

Oliver Heaviside. 1850-1935. Electrical Engineer. See DSB.

The department of Mathematics, 1904-1931, usually consisted of Carslaw and one
to three assistants. '

As listed in the University Calendar, the assistants were as follows:-

Arthur Newham, Evening Lecturer, 1903-08. Assistant Professor 1909-13.

Edward Montague Wellish, in Applied Mathematics, Lecturer, 1915-25,
Assoc. Professor 1926-47, Acting Professor 1921.

Richard Jenkins Lyons, 1885-1951, Lecturer 1914-35.

Harold Henry Thorne, 1891-1953. Lecturer 1920-35.

Henry John Meldrum, Assistant Lecturer 1913-5; Evening Lecturer 1918-9;
Temporary Lecturer 1924; Acting Lecturer 1928-9.

John Proctor Tivey. 1907 only;

Sydney George Lusby, Trinity Term, 1908;

Arthur Lang Campbell, Lent Term, 1911.

Rupert Arthur Holloway, 1913;

Robert John Middleton, Assistant Lecturer 1913-5.

Eugene Francis Simonds, Evening Lecturer 1920-1.

William Roderick Smith-White, Acting Lecturer 1933-35.

Ivan Stewart Turner, Acting Lecturer, 1928, 1929, 1933-5.

George Walker, Assistant Lecturer, 1925, 1926.

Richard E.B. Makinson, Acting Lecturer, 1935.

From 1920-1935, it may be said that the regular staff was made up of Carslaw,
Wellish, Lyons and Thorne.

University of Sydney
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