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The committee overseeing the 2015 Gavin Brown Prize is delighted to award
the prize to Andrew Hassell of ANU for his highly- acclaimed and well-cited
2010 paper

“Ergodic billiards that are not quantum unique ergodic,” Annals of
Mathematics, 171:2 (2010), 605 — 619.
(http://annals.math.princeton.edu/2010/171-1/p17)

In this paper, Andrew Hassell makes a breakthrough in the theory of quantum
ergodicity, by producing the first example of a planar domain for which the
billiard flow is quantum ergodic, but not quantum unique ergodic (QUE). The
study of quantum ergodicity is a young and active field, which gained
prominence when Elon Lindenstrauss won a 2010 Fields medal in part for
showing QUE holds on arithmetic surfaces. The domain on which Hassell
worked is a Bunimovich stadium (shown below).

The study of ergodicity of dynamical systems is an important subject in
mathematics. Quantum ergodicity, replaces the natural billiard flow on a
domain, by the consideration of the distribution of eigenfunctions of the
Dirichlet problem for the Laplacian on the domain. In a sense, the billiard flow
is the classical limit of the quantum system.

On a Bunimovich stadium, a billiard’s flow is ergodic, but not uniquely ergodic.
This is because as it can bounce back and forth periodically from between flat
sides, albeit with probability zero. The flow was also known to be quantum
ergodic, but it was an open question as to whether it was QUE, meaning that



eigenvectors of the Laplacian cannot concentrate on a proper subset. Hassell
has shown that they can indeed so concentrate. Thus, QUE typically fails on
such a domain.

Terry Tao discussed the problem of QUE on such a domain in his 2007 blog
[T1]. The next year, in [T2], he presented Hassell’s result on this problem,
describing it as “one of his favorite problems”. The result was also discussed in
Peter Sarnak’s survey article [S].

References

[T1] http://terrytao.wordpress.com/2007/03/28/open-question-scarring-forthe-
bunimovich-stadium/. This blog also appeared in Tao’s book Structure and Randomness,
published by the AMS in 2008.

[T2] http://terrytao.wordpress.com/2008/07/07/hassells-proof-of-scarringfor- the-
bunimovich-stadium/, “Hassell’s proof of scarring for the Bunimovich stadium”, was
republished by the AMS in Tao’s book Poincaré’s Legacies, Part Il, 2009.

[S] Peter Sarnak ,"Recent progress on the quantum unique ergodicity conjecture, Bulletin of
the AMS, vol 48 (2011), 211-228 (http://www.ams.org/journals/bull/2011-48-02/50273-
0979-2011-01323-4/home.html )




