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The paper addresses the optimal transport problem of minimising the cost of trans-

porting one domain, Ω1, to another domain, Ω2, both of which have the same

volume. This problem, originally posed in an economic context by Monge in 1781,

has become a foundational question within partial differential equations (PDEs) and

the field of optimal transport. Today, optimal transport theory finds applications

across a wide range of fields, including economics, game theory, image processing,

computer vision, meteorology, fluid dynamics, machine learning, and data science.

A central challenge in this area is understanding the degree of smoothness of optimal

transport maps. Specifically, determining conditions under which these maps are

smooth has been a major focus of research over recent decades. In 1996, Caffarelli

made a breakthrough by showing that optimal transport maps, though generally

potentially discontinuous, are smooth within the interior of Ω1 when Ω2 is convex.

He further demonstrated that if both domains are smooth and uniformly convex,

then the maps are smooth up to the boundary, with uniform convexity playing a key

role in the proof.

Building on this, Chen, Liu, and Wang have relaxed the uniform convexity requirement

and developed several new techniques, including an innovative affine renormalisation

argument, a novel choice of auxiliary function, and a refined approximation scheme.

These advances allow them to prove that smoothness up to the boundary holds when

the domains are merely smooth and convex.

One reviewer remarked, “this paper introduces significant new ideas to solve a central

piece of the puzzle surrounding a centuries-old problem that continues to find exciting

new applications.”
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