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• Group representation theory is sometimes a valuable tool
for analyzing Markov chains.

• The method (at least for nonabelian groups) was perhaps
first popularized in a paper of Diaconis and Shahshahani
from 1981.

• They analyzed shuffling a deck of cards by randomly
transposing cards.

• Because the transpositions form a conjugacy class, the
eigenvalues and convergence time of the walk can be
understood via characters of the symmetric group.

• Character theory, in the guise of the discrete Fourier
analysis, was probably used earlier for random walks on
abelian groups.



Random permutation models

• The Birkhoff-von Neumann theorem says that a finite
state Markov chain can be modelled via random
permutations iff it has a uniform stationary distribution.



Random permutation models

• The Birkhoff-von Neumann theorem says that a finite
state Markov chain can be modelled via random
permutations iff it has a uniform stationary distribution.

• Formally, you have a finite group G acting on a finite set
Ω and a probability P on G.



Random permutation models

• The Birkhoff-von Neumann theorem says that a finite
state Markov chain can be modelled via random
permutations iff it has a uniform stationary distribution.

• Formally, you have a finite group G acting on a finite set
Ω and a probability P on G.

• A step of the chain randomly chooses an element of G
and acts by it.



Random permutation models

• The Birkhoff-von Neumann theorem says that a finite
state Markov chain can be modelled via random
permutations iff it has a uniform stationary distribution.

• Formally, you have a finite group G acting on a finite set
Ω and a probability P on G.

• A step of the chain randomly chooses an element of G
and acts by it.

• Sometimes the representation theory of G can be applied
to the analysis of the chain.



Random permutation models

• The Birkhoff-von Neumann theorem says that a finite
state Markov chain can be modelled via random
permutations iff it has a uniform stationary distribution.

• Formally, you have a finite group G acting on a finite set
Ω and a probability P on G.

• A step of the chain randomly chooses an element of G
and acts by it.

• Sometimes the representation theory of G can be applied
to the analysis of the chain.

• The group G and the action are not unique.



Random permutation models

• The Birkhoff-von Neumann theorem says that a finite
state Markov chain can be modelled via random
permutations iff it has a uniform stationary distribution.

• Formally, you have a finite group G acting on a finite set
Ω and a probability P on G.

• A step of the chain randomly chooses an element of G
and acts by it.

• Sometimes the representation theory of G can be applied
to the analysis of the chain.

• The group G and the action are not unique.

• But what about chains with nonuniform stationary
distribution?



Random mapping models

• Any finite state Markov chain can be modelled via random
mappings.



Random mapping models

• Any finite state Markov chain can be modelled via random
mappings.

• Take a finite monoid M acting on a finite set Ω and a
probability P on M .



Random mapping models

• Any finite state Markov chain can be modelled via random
mappings.

• Take a finite monoid M acting on a finite set Ω and a
probability P on M .

• A step of the chain randomly chooses an element of M
and acts by it.



Random mapping models

• Any finite state Markov chain can be modelled via random
mappings.

• Take a finite monoid M acting on a finite set Ω and a
probability P on M .

• A step of the chain randomly chooses an element of M
and acts by it.

• For good choices of M , the representation theory of M
can be applied to the analysis of the chain.



Random mapping models

• Any finite state Markov chain can be modelled via random
mappings.

• Take a finite monoid M acting on a finite set Ω and a
probability P on M .

• A step of the chain randomly chooses an element of M
and acts by it.

• For good choices of M , the representation theory of M
can be applied to the analysis of the chain.

• Monoid representation theory is more difficult, and less
well known, than group representation theory.
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• The first attempt to use monoid representation theory for
Markov chains was in a paper of Bidigare, Hanlon and
Rockmore (1999 Duke).

• They analyzed the Tsetlin library chain and random walks
on chambers of a hyperplane arrangement using monoids
all of whose elements are idempotent (satisfy x2 = x).

• This was followed by work of Brown and Diaconis and
later by many others including Björner, Chung and
Graham, Schilling and the speaker.

• In all these early examples, the monoids in question have
only 1-dimensional irreducible representations.

• A finite group has only 1-dimensional irreducible reps iff it
is abelian, but lots of monoids have this property.
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• A busy professor has no time to organize her books.

• She uses the following self-organizing system.

• Each time she finishes with a book she places it at the
front of the shelf.

• Long-term behavior: favorite books move to the front.

• Although the state set is all permutations of the books,
the stationary distribution is not uniform.

• So this is not a random walk on the symmetric group.

• Unless all books are used equally often = random-to-top
shuffle.
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A monoid model: the free LRB

• The free LRB F (A) on a set A consists of all
repetition-free words over the alphabet A.

• Product: concatenate and remove repetitions.

• Example: In F ({1, 2, 3, 4, 5}):

3 · 14532 = 3145✓32 = 31452

• Notice the action of a letter on a permutation is to move
that letter to the front.

• So F (A) models the Tsetlin library.

• F (A) is free among monoids satisfying x2 = x, xyx = xy
(LRBs).
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Brown’s q-analog

• Let q be a prime power.

• Fq,n is the set of ordered linearly independent subsets of
Fn
q .

• Product: concatenate and remove elements dependent on
their predecessors.

• This monoid models a random walk GLn(q).

Example: In F2,2:

[

1
0

]

·

[

1 0
1 1

]

=

[

1 1 ✓0

0 1 ✓1

]

=

[

1 1
0 1

]

This construction generalizes to matroids and interval
greedoids.



Faces of a hyperplane arrangement

A set of hyperplanes partitions Rn into faces:

b



Faces of a hyperplane arrangement

A set of hyperplanes partitions Rn into faces:

bb

the origin



Faces of a hyperplane arrangement

A set of hyperplanes partitions Rn into faces:

b

rays emanating from the origin



Faces of a hyperplane arrangement

A set of hyperplanes partitions Rn into faces:

b

rays emanating from the origin



Faces of a hyperplane arrangement

A set of hyperplanes partitions Rn into faces:

b

rays emanating from the origin



Faces of a hyperplane arrangement

A set of hyperplanes partitions Rn into faces:

b

rays emanating from the origin



Faces of a hyperplane arrangement

A set of hyperplanes partitions Rn into faces:

b

rays emanating from the origin



Faces of a hyperplane arrangement

A set of hyperplanes partitions Rn into faces:

b

rays emanating from the origin



Faces of a hyperplane arrangement

A set of hyperplanes partitions Rn into faces:

b

chambers cut out by the hyperplanes



Faces of a hyperplane arrangement

A set of hyperplanes partitions Rn into faces:

b

chambers cut out by the hyperplanes



Faces of a hyperplane arrangement

A set of hyperplanes partitions Rn into faces:

b

chambers cut out by the hyperplanes



Faces of a hyperplane arrangement

A set of hyperplanes partitions Rn into faces:

b

chambers cut out by the hyperplanes



Faces of a hyperplane arrangement

A set of hyperplanes partitions Rn into faces:

b

chambers cut out by the hyperplanes



Faces of a hyperplane arrangement

A set of hyperplanes partitions Rn into faces:

b

chambers cut out by the hyperplanes



Product of faces (LRB structure)

xy :=

{

the face first encountered after a small
movement along a line from x toward y

x

y



Product of faces (LRB structure)

xy :=

{

the face first encountered after a small
movement along a line from x toward y

x

y

b

b



Product of faces (LRB structure)

xy :=

{

the face first encountered after a small
movement along a line from x toward y

x

y

b

b



Product of faces (LRB structure)

xy :=

{

the face first encountered after a small
movement along a line from x toward y

xy

x

y

b

b



Product of faces (LRB structure)

xy :=

{

the face first encountered after a small
movement along a line from x toward y

xy

x

y

b

b

This generalizes to an LRB structure on oriented matroids.
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The braid arrangement

• The braid arrangement in Rn is given by the hyperplanes
xi = xj with 1 ≤ i < j ≤ n.

• The chambers of this arrangement are in bijection with
σ ∈ Sn (the symmetric group).

• The corresponding chamber is xσ(1) < xσ(2) < · · · < xσ(n).

• Bidigare, Hanlon and Rockmore observed the riffle shuffle
and the Tsetlin library are random walks of the face
monoid of the braid arrangement on the chambers.

• Bidigare proved Solomon’s descent algebra for Sn is the
algebra of Sn-invariants of the algebra of the face monoid.
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Free partially commutative LRBs

• The following example is from Margolis, Saliola, BS
(JEMS 2015).

• The free partially commutative LRB B(G) on a graph
G = (V,E) is the LRB with presentation:

B(G) =
〈

V
∣

∣

∣
xy = yx for all edges {x, y} ∈ E

〉

• If E = ∅, then B(G) is the free LRB on V .

• B(Kn) is the free commutative LRB on n generators.

• These are LRB-analogues of right-angled Artin groups.
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Acyclic orientations

• Elements of B(G) correspond to acyclic orientations of
induced subgraphs of the complement G.

Example

G =
a b

d c
G =

a b

d c

Acyclic orientation on induced subgraph on vertices {a, d, c}:

a

d c

In B(G): cad = cda = dca (c comes before a since c → a).
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Random walk on B(G)

States: acyclic orientations of the complement G

a b

d c

Step: left-multiplication by a generator (vertex) reorients all
the edges incident to the vertex away from it.

Athanasiadis-Diaconis (2010): studied this chain using a
different LRB (graphical arrangement of G).

We connected the representation theory of B(G) to the
cohomology of the clique (or flag) complex of G.

The global dimension of CB(G) is the Leray number of the
clique complex.
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How to use monoid representation theory

• Let M act on Ω and P be a probability on M .

• Then CΩ is a CM-module.

• P =
∑

m∈M P (m)m ∈ CM .

• The transition matrix T of the random walk of M on Ω is
the matrix of P acting on CΩ with respect to the basis Ω.

• CM-submodules give T -invariant subspaces.

• The eigenvalues of T are determined by the images of P
under irreducible composition factors of CΩ.

• Easiest to compute when irreducible reps of M are
1-dimensional.

• Ayyer and BS (2018) used representation theory to
analyze random applications of ax+ b maps over finite
commutative rings.

• These monoids have higher dimensional irreducible reps.
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Diagonalizability

• Brown and Diaconis proved diagonalizability for transition
matrices of hyperplane chamber walks using topology.

• Brown then proved all LRB random walks are
diagonalizable via a technical argument.

• I gave a simple proof of Brown’s diagonalizability theorem
in my book using the order structure of an LRB.

• There is a partial generalization for walks on monoids with
left divisibility a partial order (Ayyer, Schilling, BS,
Thıéry).

• We applied this to a Tsetlin library analog for reduced
expressions of the longest element of a Coxeter group.

• Idea: Randomly multiply on the left by a simple reflection
and apply the exchange condition.

• Finite right-angled Coxeter groups give the Tsetlin library.
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Triangularizable monoids

Theorem (Almeida, Margolis, BS, Volkov (TAMS 2009))

Let M be a finite monoid. The following are equivalent.

1. All irreducible reps (over C) of M are 1-dimensional.

2. M admits a faithful triangular representation over C.

3. All representation of M are triangularizable.

4. CM is a basic algebra (CM/rad(CM) ∼= Cn).

5. M satisfies the following two conditions:
• e, f ∈ M idempotent with MeM = MfM , implies

(ef)2 = (ef) and MefM = MeM .
• The group of units of eMe is abelian for all idempotents e.

We call such monoids triangularizable.
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Theorem (BS, (Adv. Math. 2008))

There are explicit formulas for the eigenvalues with
multiplicities for a random walk of a triangularizable monoid
on a set.

• There are results bounding mixing times and describing
stationary distributions for special families of
triangularizable monoids.

• LRBs (Brown and Diaconis 1998).

• Monoids with left divisibility a partial ordering (Ayyer,
Schilling, BS, Thiéry 2015).

• Methods for computing stationary distributions for
arbitrary finite state Markov chains (Rhodes and Schilling,
Adv. Math. 2019).
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The representation theory of triangularizable monoids

• LRBs and triangularizable monoids encode interesting
combinatorial structures and random walks.

• Their representation theory should be interesting.

• If A is a finite dimensional algebra (over C), there is a
unique basic algebra B which is Morita equivalent to A.

• An algebra is basic if all its irreducible reps are
1-dimensional.

• Gabriel described in the 70s all basic algebras via quivers
with relations.
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Quivers

• A quiver Q is a finite directed graph.
• The path algebra CQ has basis the directed paths in Q
and product extending path concatenation.

• An ideal I ⊳ CQ is admissible if it is contained in the
ideal generated by paths of length at least 2.

• Gabriel proved the basic algebras are those of the form
CQ/I with I admissible.

• Q is unique but I is not.
• The vertices of the Gabriel quiver Q of A are the
irreducible reps.

• The number of edges from V to W is dimExt1A(V,W ).
• A is hereditary if submodules of projective modules are
projective.

• Gabriel proved that the hereditary finite dimensional
algebras are the path algebras of acyclic quivers.
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Quivers of monoid algebras

• Saliola (2006) gave a combinatorial description of the
quiver of an LRB.

• It is always acyclic.

• Margolis, Saliola and BS (JEMS 2015) proved that the
path algebra of every acyclic quiver is an LRB algebra.

• The rep theory of LRBs is at least as rich as the rep
theory of hereditary algebras.

• We computed the quiver of a triangularizable monoid with
Margolis in 2012 using Hochschild cohomology.

• We still do not have good methods to find admissible
ideals for monoid algebras.
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The case of hyperplane arrangements

• For face monoids of hyperplane arrangements, oriented
matroids and CAT(0) cube complexes, we were able to
find the admissible ideal using algebraic topology.

• I’ll stick to the hyperplane case.

• The intersection lattice of a hyperplane arrangement A is
the poset of all subspaces that are intersections of
hyperplanes from A.

• Dual to every hyperplane arrangement is a polytope called
a zonotope.

• One chooses an appropriate point from each chamber and
then takes the convex hull.

• Zonotopes are affine images of hypercubes.



A zonotope dual to an arrangement

Figure: The zonotope dual to a line arrangement.



Permutohedron

Figure: Permutohedron for braid arrangement in R4 by Mike Zabrocki



Zonohedra

Figure: 3-dimensional zonotopes (zonohedra)
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Zonotopes and projective resolutions

• The faces of the zonotope Z are in bijection with the
elements of the face monoid F .

• The face poset of Z is isomorphic to the lattice of
principal right ideals of F .

• F acts on the left of its lattice of principal right ideals by
multiplication: aF ⊆ bF implies saF ⊆ sbF .

• This induces an action of F on Z by cellular maps.

• The augmented cellular chain complex of Z is the minimal
projective resolution of the trivial module.

• Minimal projective resolutions of the other simple modules
are obtained from the zonotopes of the contractions of
the arrangement.



The structure of the face algebra

Theorem (Margolis, Saliola, BS, Memoirs)

Let F be the face monoid of a hyperplane arrangement (or
oriented matroid or CAT(0) cube complex).



The structure of the face algebra

Theorem (Margolis, Saliola, BS, Memoirs)

Let F be the face monoid of a hyperplane arrangement (or
oriented matroid or CAT(0) cube complex).

1. The quiver Q of CF is the Hasse diagram of the
intersection lattice L of the arrangement.



The structure of the face algebra

Theorem (Margolis, Saliola, BS, Memoirs)

Let F be the face monoid of a hyperplane arrangement (or
oriented matroid or CAT(0) cube complex).

1. The quiver Q of CF is the Hasse diagram of the
intersection lattice L of the arrangement.

2. CF ∼= CQ/I where I is generated by the sum of all paths
of length 2.



The structure of the face algebra

Theorem (Margolis, Saliola, BS, Memoirs)

Let F be the face monoid of a hyperplane arrangement (or
oriented matroid or CAT(0) cube complex).

1. The quiver Q of CF is the Hasse diagram of the
intersection lattice L of the arrangement.

2. CF ∼= CQ/I where I is generated by the sum of all paths
of length 2.

3. CF is a Koszul algebra and its Koszul dual is the
incidence algebra of L.



The structure of the face algebra

Theorem (Margolis, Saliola, BS, Memoirs)

Let F be the face monoid of a hyperplane arrangement (or
oriented matroid or CAT(0) cube complex).

1. The quiver Q of CF is the Hasse diagram of the
intersection lattice L of the arrangement.

2. CF ∼= CQ/I where I is generated by the sum of all paths
of length 2.

3. CF is a Koszul algebra and its Koszul dual is the
incidence algebra of L.

Notice that CF is determined up to isomorphism by the
intersection lattice L.



Interlude

And now for something completely
different...
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To infinity and beyond

• Representations of infinite semigroups and monoids play a
role in operator theory.

• Let X = {a, b}N be the Cantor set.

• Let ℓ2X be the Hilbert space with orthonormal basis X .

• Consider operators sc(x) = cx for x ∈ X , c = a, b.

• The adjoint satisfies s∗c(cx) = x and s∗c(dx) = 0, d 6= c.

• Note that s∗asa = 1 = s∗bsb, s
∗

asb = 0 = s∗bsa and
sas

∗

a + sbs
∗

b = 1.

• The C∗-algebra generated by sa, sb (the Cuntz algebra) is
simple.

• The C-algebra generated by these 4 operators is also
simple (the Leavitt algebra).

• The monoid 〈sa, sb, s
∗

a, s
∗

b〉 is an inverse monoid that
encodes both algebras.
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Inverse semigroups

• A partial isometry of a Hilbert space is an operator s with
ss∗s = s.

• ∗-semigroups of partial isometries are precisely inverse
semigroups.

• An semigroup S is inverse if ∀s ∈ S, there exists unique
s∗ ∈ S with

ss∗s = s, s∗ss∗ = s∗.

• Groups are inverse semigroups.

• Idempotents commute in an inverse semigroup.

• The Lie pseudogroup of all partial homeomorphisms of a
topological space X is an inverse semigroup.
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Inverse semigroups and groupoids

• The monoid algebra construction generalizes easily to
finite categories.

• The category algebra has basis the arrows of the category.

• Products extend those in the category with undefined
products declared 0.

• The algebra of a finite groupoid is isomorphic to a direct
sum of matrix algebras over group algebras.

• I gave an explicit isomorphism between the algebras of a
finite inverse semigroup and an associated finite groupoid
over any base ring (Adv. Math. 2008).

• I used the orthogonality relations for groupoid characters
to compute multiplicities of eigenvalues for random walks
on triangularizable monoids.
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Paterson’s universal groupoid

• An étale groupoid is a topological groupoid where all the
structure maps are local homeomorphisms.

• Jean Renault associated C∗-algebras to étale groupoids.

• Étale groupoid algebras are closely connected to inverse
semigroups.

• Paterson (1998) associated an étale groupoid to an
inverse semigroup.

• He showed the inverse semigroup C∗-algebra is isomorphic
to that of its universal groupoid.

• In the finite case, his groupoid was the same as the one I
used.

• The isomorphism is the same as well, except that I
explicitly computed the inverse using combinatorics.
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• I introduced (Adv. Math. 2010) algebras for étale
groupoids over arbitrary base rings.

• Thanks to Lisa Clark they are now called Steinberg
algebras.

• They give ring theoretic analogs of groupoid C∗-algebras.

• Many properties, like simplicity, have the same groupoid
description for the C∗- and purely algebraic settings.
(Work of Brown, Clark, Farthing, Sims and others.)

• Representations of Steinberg algebras can be disintegrated
to equivariant sheaves on the groupoid.

• There is now a nice community of algebraists and
operator theorists working on the subject.
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Applications

• The algebras of an inverse semigroup and its universal
groupoid coincide.

• This allowed me to describe the irreducible finite
dimensional representations of inverse semigroups.

• The description of simplicity for groupoid algebras allowed
me and Szakacs to answer an old question of Munn from
the 1970s.

• He wanted to characterize simple inverse semigroup
algebras.
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Leavitt path algebras

• Associated to every directed graph is a shift of finite type.

• Cuntz and Krieger associated to this data a graph
C∗-algebra encoding dynamical properties.

• Ring theorists introduced algebraic analogs called Leavitt
path algebras.

• It was long known that graph C∗-algebras and Leavitt
path algebras of the same graph shared algebraic
properties like simplicity.

• The groupoid is the Rosetta stone explaining why this
happens.

• The groupoid approach gives clean, conceptual proofs of
old results.

• It also led to new results on Leavitt path algebras.



The end

Thank you for your attention!


